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EUCLID’S ELEMENTS 




BIOGRAPHICAL NOTE 
Euclid, fi. c. 300 b.c. 


Etjcud is said to have been younger than the first pupils of Plato but older 
than Archimedes, which would place the time of his flourishing about 300 b.c. 
He probably received his early mathematical education in Athens from the 
pupils of Plato, since most of the geometers and mathematicians on whom he 
depended were of that school. Proclus, the Neo-Platonist of the fifth century, 
asserts that Euclid was of the school of Plato and “intimate \vith that philos- 
ophy.” His opinion, however, may have been based only on his view that the 
treatment of the five regular (“Platonic”) solids in Book XIII is the “end of 
the whole ElemerUs” 

The only other fact concerning Euclid is that he taught and founded a school 
at Alexandria in the time of Ptolemy I, who reigned from 306 to 283 B.c. The 
evidence for the place comes from Pappus (fourth century a.d.), who notes 
that Apollonius “spent a very long time with the pupils of Euclid at Alexan- 
dria, and it was thus that he acquired such a scientific habit of thought.” 
Proclus claims that it was Ptolemy I who asked Euclid if there was no shorter 
way to geometry than the Eknients and received as answer: “There is no royal 
road to geometry.” The other story about Euclid that has come down from 
antiquity conc^ems his answer to a pupil who at the end of his first lesson in 
geometry asked what he would get by learning such things, whereupon Euclid 
called his slave and said: “Give him a coin since he must needs make gain by 
what he learns.” 

Something of Euclid’s character would seem to be disclosed in the remark of 
Pappus regarding Euclid’s “scrupulous fairness and his exemplary kindness 
towards all who advance mathematical science to however small an extent.” 
The context of the remark seems to indicate, however, that Pappus is not giv- 
ing a traditional account of Euclid but offering an explanation of his own of 
Euclid’s failure to go further than he did with his investigation of a certain 
problem in conics. 

Euclid’s great work, the thirteen books of the EkmerUs, must have become a 
classic soon after publication. From the time of Archimedes they are constant- 
ly referred to and used as a basic text-book. It was recognized in antiquity that 
Euclid had drawn upon all his predecessors. According to Proclus, he “collect- 
ed many of the theorems of Eudoxus, perfected many of those of Theatetus, 
and also brought to incontrovertible demonstration the things which were only 
loosely proved by his predecessors.” The other extant works of Euclid include: 
the Data, for use in the solution of problems by geometrical analysis. On Di- 
visions (of figures), the Optica, and the Phenomena, a treatise on the geomeriy 
of the sphere for use in astronomy. His lost Elements of Music may have pro- 
vided the baris for the extant Sedio Canonis on the Pythagorean theesry 
music. Of lost geometrical works all except one belonged to higher geometiy. 

Since the later Greeks knew nothing about the life of Euclid, the mediaeval 
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traiuilstars and editcaz were left to their own devices. He was usually called 
Megamns, through confusion with the {Mosopher Euclddes of Megara, 
Plato’s contemporary. Ihe Arabs found that the name of Euclid, which they 
took to be compounded frmn vcli (key) and dit (measure) revealed the ‘‘key d 
geometry.” They claimed that the Greek phUoscphers used to post upon the 
doors of thw schools the weQ-knpwn notice: ‘‘Let no one come to our school 
who has not learned the Eletmls of Euclid,” thus transferring the inscription 
over Plato’s Academy to all scholastic doors and substituting the ElmenU for 
geometry. 
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BOOK ONE 


DEFINITIONS 

1. A potnf is that which has no part. 

2. A line is breadthless length. 

3. The extremities of a line are pomts. 

4. A straight line is a line which lies evenly with the points on itself. 

6. A surface is that which has length and breadth only. 

6. The extremities of a surface are lines. 

7. A plane surface is a surface which lies evenly with the straight lines on it- 
self. 

8. A plane angle is the inclination to one another of two lines in a plane which 
meet one another and do not lie in a strai^t line. 

9. And when the lines containing the angle are straight, the angle is called 
rectilineal. 

10. When a straight line set up on a straight line makes the adjacent angles 
equal to one another, each of the equal angles is right and the straight Une 
standing on the other is called a perpendicular to that on which it stands. 

11. An obtuse angle is an angle greater than a right angle. 

12. An acute angle is an angle less than a right angle. 

13. A boundary is that which is an extremity of anything. 

14. A figure is that which is contained by any boundary or boundaries. 

15. A circle is a plane figure contained by one line such that all the straight 
lines falling upon it from one point among those Ijdng within the figure are 
equal to one another; 

16. And the point is called the cerdre of the circle. 

17. A diameter of the circle is any straight line drawn through the centre and 
terminated in both directions by the circumference of the circle, and such a 
straight line also bisects the circle. 

18. A semidrde is the figure contmned by the diameter and the circumfer- 
ence cut off by it. And tihe centre of the semicircle is the same as that of the 
circle. 

19. Rectilineal figures are those which are contained by straight lines, trikd^ 
eral figures bdng those contmned by three, quadrilateral those contamed by 
four, and multilateral those contained by more than four straight lines. 

20. Of trilateral figures, an equilaterdl triangle is that which has its three sides 
equal, an isosceles triangle that which has two of its sides alone equal, ^ a 
Kolem triangle that which has its three ddes unequal. 

21. Further, of trilateral figures, a right-angled triangle is that whidrhas a 
ri^t angle, an obtuse-angled triangle that whi(^ hra an obtuse angle, and an 

Mangle that vdiidi has its three angles acute. 

1 
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22. Of quadrilateral figures, a square is that which is both equilateral and 
ri^t-ang^ed; au cblong that which is right-angled but not equilateral; a rAom- 
bus that which is equilateral but not right-angled; and a rhornboid that which 
has its opposite sides and angles equal to one another but is neither equilateral 
nor right-angled. And let quadrilaterals other than these be called trapezia. 

23. ParaUel straight lines are straight lines which, being in the same plane 
and being produced indefinitely in both directions, do not meet one another in 
either direction. 

POSTULATES 

Let the following be postulated: 

1. To draw a straight line from any point to any point. 

2. To produce a finite straight line continuously in a straight line. 

3. To describe a circle with any centre and distance. j 

4. That all right angles are equal to one another. 1 

6. That, if a straight line falling on two straight lines make thetoterior an- 
gles on the same side less than two right angles, the two stnught Imes, if pro- 
duced indefinitely, meet on that side on which are the angles l^ss tnpi the two 
right angles. \ 

COMMON NOTIONS 

1. Things which are equal to the same thing are also equal to one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be subtracted from equals, the remainders are equal. 

[7] 4. Things which coincide with one another are equal to one another. 

[8] 5. The whole is greater than the part. 


BOOK I. PROPOSITIONS 
Proposition 1 

On a given finite straight line to construct an equilateral triangle. 

Let AB be the given finite straight line. 

Thus it is required to construct an equi- 
lateral triangle on the straight line AB. 

With centre A and distance AB let the 
circle BCD be described; [Post. 3] 

again, with centre B and distance BA let 
the circle ACE be described; [Post. 3] 
and from the point C, in which the circles 
cut one anoth^, to the points A, B let the 
straight lines CA, CB be joined. [Post. 1] 

Now, sinoe the point A is tiie centre of the circle CDB, 

AC is equal to AB. [Def. 13] 

Again, since the point B is the centre of the circle CAE, 

BO is equal to BA. . P3ef. 13] 

But CA was also proved equal to AB) 

ther^ore each of the straight lines. CA, CB is equal to AB. 

And tilings which are equal to tiie same thing are also equal to onemiotter; 

therefore CA is also equal to CB. [C. 

Therefore the three straig^ fines CAr ABf BC equal to one anothw. ... 
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Hierrfore the tnang^ ABC\b equSateral ; uid it haa bam consteueted oir&e 
given finite straight line AB. 

was required to do. 

PBOPbsmoN2 

To place at a given point {as an extremity) a Biraighi line eguat to a given 
straight line. 

Let A be the given point, and BC the given straight line. 

Thus it is required to place at the point A (aa 
an extremity) a straight line equal to the ipveh 
straight line BC, 

From the point to the point B let the straight 
line AB be joined; [Post 1] 

and on it let the equilateral triangle DAB be con- 
structed. [I. )] 

F Let the straight lines AE, BF be produced in a 
straight line with DA, DB; [Post. 2] 

with centre B and distance BC let the circle COH 
be described; * [Post. 31 

and again, with centre D and distance DG let the circle GKL be described. 

[Post 3] 

Then, since the point B is the centre of the circle CGH, 

BC is equal to BG, 

Again, since the point D is the centre of the circle GKL, 

DL is equal to DG, 

And in these DA is equal to DB; 

therefore the remainder AL is equal to the remainder BG, IC.JV. 3] 
But BC was also proved equal to BG; 

therefore each of the straight lines AL,^ BC is equal to BG, 

And things which are equal to the same thing are also equal to one another; 

[C.iV.ll 

therefore AL is also equal to BC, 

Therefore at the given point A the straight line AL is placed equal to the 
given straight Une BC. ^ ^ do. 



PsorosmoN 3 


Given turn unequal straight lines, to cut off from the greater a straight line 
equal to the less. 

Let AB, (7 be the two given une(^al stral^t 
liom, and let be (jie greater of them. 

— ■ — ^ Thus it is rOquiredto cut off from 4J?ttie greater 



a straight line equal to C the leas. 

' At -the point A let AD be placed equal to the 
stnught line C} 2] 

and ^th centM' 'k. and distance AD let the <drele 
B DSP be described. IPosLfiJ 

Now, mtee the pdat A istfaeocptreoftbedcde 

def 

t 4 ^ 18 equal to AD, 
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But C is also equal to AD. 

, Therefore each of the straight lines AE, C is equal to AD; 

so that AE is also equal to C. [C.N. 1] 

Therefore, given the two straight lines AB, C, from AB the greater AE has 
been cut off equal to C the less. 

(Being) what it was required to do. 

Phoposition 4 

If two triangles have the two sides equal to two sides respectively, and have the an- 
gles contained by the equal straight lines equal, they will also have Ove base equal to 
the base, the triangle will be equal to the triangle, and the remaining angles wiU be 
equal to the remaining angles respectively, namely those which the equal sides subtend. 

Let ABC, DEF be two triangles having the two sides AB, AClequal to the 
two sides DE, DF respectively, namely AB to DE and AC to dM and the an- 
gle BAC equal to the angle EDF. \ 

I say that the base BC is also equal to the base EF, the triangle ABC will be 
equal to the triangle DEF, and the remaining angles will be equal to the re- 
maining angles respectively, namely those which the equal sides subtend, that 
is, the angle ABC to the angle DEF, and the angle ACB to the angle DFE. 

For, if the triangle ABC be applied to 
the triangle DEF, 

and if the point A be placed on the point D 
and the straight line AB on DE, 
then the point B will also coincide with 
E, because AB is equal to DE. 

Again, AB coinciding with DE, 
the straight line AC will also coincide with DF, because the angle BAC is equal 
to the angle EDF; 

hence the point C will also coincide with the point F, because AC is again 
equal to DF. 

But B also coincided with E; 

hence the base BC will coincide with the base EF. 

[For if, when B coincides with E and C with F, the base BC does not coincide 
with the base EF, two straight lines will enclose a space; which is impossible. 

Therefore the base BC will coincide with EF] and will be equal to it. [C.N. 4] 
Thus the whole triangle ABC will coincide wth the whole triangle DEF, and 
will be equal to it. 

And the remaining angles will also coincide with the remaining angles and 
will be equal to them, 

the angle ABC to the an^e DEF, 
and the angle ACB to the angle DFE. 

Therefore etc. 

(Being) what it was required to prove. 

Proposition 5 

Inisoscelestriangles the angles at the base are equal to one another, and, if the equal 
Straight lines be produced further, the angles under the base wUl be equal to orte 
another. 

Let ABC be an isosceles triangle having the dde AB equal to the ode AC ; 
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and let the stri|i^t lines JBD, CE b^ produced further in a straight line vith 
AB, AC. [Post. 21 

I say that the angle ABC is equal to the wgle ACB, and tire angle CBD to 
the angle BCE. 

A Let a point F be taken at random on BD; 

from AE the greater let AG be cut off equd to AF the 
less; (i. 3] 

and let the straight lines FC, GB be joined. [Post. 1] 
Then, since AF is equal to AG and AB to AC, 
the two sides FA, AC are equal to the two sides 
GA, AB, respectively; 

and they contain a common angle, the ang^e FAG. 

0 E Therefore the base FC is equal to the base GB, 

and the triangle AFC is equal to the trian^e AGB, 
and the remaining angles will be equal to the remaining angles respectively, 
namely those which the equal sides subtend, 

that is, the angle AC.P to the angle 

and the angle AFC to the angle AGB. [i. 4] 

And, since the whole AF is equal to the whole AG, 
and in these AB is equal to AC, 
the remainder BF is equd to the remainder CG. 

But FC was also proved equal to GB; 

therefore the two sides BF, FC are equal to the two sides CG, GB respectively; 
and the angle BFC is equal to the angle CGB, 
while the base BC is common to them; 
therefore the triangle BFC is also equal to the triangle COB, and the remaining 
angles will be equal to the remaining angles respectivdy, namely those which 
the equal sides subtend; 

therefore the angle FBC is equal to the anf^e GCB, 
and the angle BCF to the angle CBG. 

Accordingly, since the whole angle ABG was proved equal to the angle ACF, 
and in these the angle CBG is equal to the angle BCF,. 
the remaining angle ABC is equal to the remaining angle ACB; 
and they are at the base of the triangle ABC. 

But the angle FBC was also proved equal to the an^e GCB; 
and they are imder the base. 

Ther^ore etc. q. b. p. 


PBOPOsmoN 6 


If in a triangle two angles be equal to one another, the sides which subtend the equal 
angles wUl also be equal to one another. 

Let ABC be a triangle having the angle ABC equal to the angle ACB; . 



I say that the side AB is also equal to the ride AC. 

For, if AB is unequal to AC, one of thmn is greater. , 
Let AB be greater; and from AB the greater let DB be cut 
off equal to AC the less; 

let DC be jc^ed. 

Thepi^rinoe DB is equal to AC, 

. BC is ooBiinoa«; 



« mctm 

' ' ^ two adM DB, equal to the two tddw AC, CB ree/pvMy^yi ' 
and the an^e DBC is equal to the angle ACB] ' > 
therefore tile base Z>C 'is equal to-the base il5, 
and the trian{de DBC will be equal to the triangle ACB, 
the less to the greater: 
whieh is abauid. 

Therefore AB is not unequal to AC; 

it is therefore equal to it. 

Therefore ete. q. n. d. 


PBOFOSmON 7 

Given two strai^ lines constructed on a straight line (fnm its extremities) and 
meeting in a point, there cannot be constructed on the same straight lirk (from its 
extremities), and on lire same side of it, two other straight lines meetingdn another 
point and eqi^to the former two respectively, namely each to Uwt whi^ has the 
same extremity with it. \ 

For, if possible, ^ven two straight lines AC, CB constructed on thd^ straight 
line AB and meeting at the point C, let two other straight 
lines AD, DB be construct^ on the same strmght line 
AB, on the same side of it, meeting in another point D 
and equal to the former two respectively, namely each to 
that which has the same extremity with it, so that CA is 
equal to DA which has the same extremity A with it, and 
CB to DB which has the same extremity B with it; and let 
CD be joined. 

Then, since AC is equal to AD, 

the angle ACD is also equal to the angle ADC; ft. 6] 

therefore the angle ADC is greater than the angle DCB; 
therefore the angle CDB is much greater than the angle DCB. 

Again, since CB is equal to DB, 

the imgle CDB is also equd to the angle DCB. 

But it was also proved much greater than it: 

' ' which is impossible. 

Therefore etc. q. b. d. 

PnoposmoN 8 

If two triangles have the two sides equal to two sides respectively, and have also the 
base equal to the base, they will also have the angles equal which are contained by 
the ecpud straight lines. 

' Tjet ABC, DBF be two triangles having 
the two sides AB, AC equal to the two ades 
DE, DFrespeotivdiy, namriy AB to DE, and 
AC to DF; and kt than have the base B€ 
equal to the base EF; 

I say that (he 'S&gk BAC is also eq^ to 
the ao^e EDF. 

For, if the trian^e ABC be applied to the trianide DBF, and if the pcdnt J3 

be plaeed on the point £ and the straight liAo BO ' \ 

the 0 will ai^o(^ndde wilh F, 
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V ;;to 

Tkmt BO ^ i’ 

BA, AC will ^so coincide witii ED, DF] 
for, if the base BC coincides with thi h^ EF, and the sides BA, AC do not 
coincide with ED, DF but fall beride them as BQ,. OP, 
then, given two straight lines constructed on a straight line (from its ex* 
tremities) and meeting in a point, there will have been constructed on the same 
straight line (from its extremities), mdm the same side of it, two other straight 
Imes meeting in another point and equal to the former two respectively, name*^ 
ly each to that which has the same extremity with it* 

But they cannot be so constructed. [i. 7] 

Therefore it is not possible that, if the base BC be applied to the base EF, 
the sides BA, AC should not coincide with ED, DF; 

they will therefore coincide, 

so that the angle BAC will also coincide with the enk^e EDF, and whi be equal 
to it. 

If therefore etc. q. b. d. 

Proposition 9 

To bisect a given rectilineal angle, 

. Let the angle BAC be the given rectilineal angle: 

Thus it is required to bisect it. 

Let a point D be taken at random on AB; 

let AE be cut off j^m AC equal to AD; [i. 8] 

let DE be joined, and on DB let the equilateral triangle DBF be 
constructed; 

let iif be joined* 

I i^iy that the angle BAC has been bisected by the straight line AF, 
For, since AD is equal to AE, 

and AF is common, 

the two sides DA, AF are equal to the two sides EA, AF respectively. 
And the base DF is equal to the base { 

therefore the angle DAF is equal to the angte EAF, [i. $] 
Therefore the given rectilineal angle BAC has been bisected by the straight 
line AF. o. e* *• 

PROPOamoN 10 

: .it : ' *'''•> 

To bimt a gmafin&e ^cdghi Une. 

Let be the given finite straight 

Thus it is required to bisect the fidtestraii^t line AS.. : i > 

Let tl|«e equilateral tium^eASCWotHrstructed os it, ^ < , . (1* 4 

Ic and let tte ACB be biaeoted by tjh^ straight line 

CD-, ’ .*V . , 41.4 

lafQ'ihat.^beiStrai^t line AB has been Maected at 
thepbintS. ... ... j,,,, 

For, once AC iaeqetd to CS, 

the two jni^4A:v<Di4» 'equal to '^^8^ 

® reepeetivdy; i •• ;-.'5 

and the ang^ A^iWijBguni^tOitjKB an^. wD; 




« mm) 

< ' tothe twoiddeBiiC', 

and the an^e DBC is equal to the anj^e ACB; "•■ ’ 
tiierdfore the base iX^ is equal to tlie base iiS, 
and the triangle DBC will be equal to the triangle ACB, 
the less to the greater: 
which is absurd. 

Ibetefore AB is not unequal to AC; 

it is therefore ^ual to it. 

Theref<ne etc. q. b. d. 

PBOFOSmOM 7 

Given two stndght lines constructed on a straight line {from Us extremities) and 
meeting in a point, there carmot be constructed on the same straight line {from its 
extremUies), and on the same side of it, two other straight lines meetiiw in another 
point and equsA to the former two respectively, namely each to Uvat wXtcft has the 
same extremity with it. \ 

For, if possible, given two straight lines AC, CB constructed on toe straight 
line AB and meeting at the point C, let two other straight 
lines AD, DB be constructed on the same straight line 
AB, on the same side of it, meetmg in another point D 
and equal to the form^ two respectively, namely each to 
that which has the same extremity with it, so that CA is 
equal to DA which has the same extremity A with it, and 
CB to DB which has the same extremity B with it ; and let 
CD be joined. 

llien, since AC is equal to AD, 

the angle ACD is also equal to the angle ADC; [i. 5] 

therefore the angle ADC is greater than the angle DCB ; 
therefore the angle GDB is much greater than the angle DCB. 

Again, rince CB is equal to DB, 

the angle CDB is also equal to the angle DCB. 

But it was also i«oved much greater than it: 

which is impossible. 

Therefore etc. Q. n. n. 

PaososmoN 8 

If two triangles have the two sides equal to two sides respectively, and have ideo the 
base equal to the base, they will also have the angles equal whuh are contained by 
the equal straight lines. 

' Let ABC, DBF be two trianf^ having 
the two sides AB, AC equal to the two sides 
DEf JDFrespeotivdy, nam^ AB to DE, and 
AC to DF; and let Ihem have the base BC 
equal to the base 

' I Say that BAC is also eqtud to 

the ani^e EDF. 

For, if the triangle ABC be aiq>li<ed to the triangle DEF, and if the point B 
be jdaced cm the point B and the stridgfat line BC on 

the potot C will alto cmnddemthF, ^ 
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BC » 

BAf AC will also coincide with ED, DF; 
for, if the base BC coincides with the base J^iP, and the ades BA, AC do not 
coincide with ED, DF but fall beside Uiem as EOi GF^ 
then, given two straight lines constructed on a straight line (froiu its ex* 
tremities) and meeting in a point, there will have been constructed on the same 
straight line (from its extremities), and on the same side of it, two other straight 
lines meeting in another point and equal to the former two respectively » name^ 
ly each to that which has the same extremity with it. 

But they cannot be so constructed. [i. 7] 

Therefore it is not possible that, if the base BC be applied to the base EF, 
the sides BA, AC should not coincide with ED, DF; 

they will therefore coincide, 

so that the angle BAC will also coincide with the emi^ie EDF, and will be equal 
to it. . 

If therefore etc. Q* ». o. 

PnoposmoN 9 



To bisect a given rectilineal angle, 

, Let the angle BAC be the given, rectilineal angle: 

Thus it is required to bisect it. 

Let a point D be taken at random on AB; 

let AE be cut off from AC equal to AD; [i. 3] 

let DE be joined, and on DE let the equilateral triangle DEF be 
constructed; 

let AF be joined. 

I say that the angle BAC has been bisected by the strai^t Une AF, 
For, since AD is equal to AE, 

and AF is common, 

the two sides DA, AF are equal to the two sides EA, AF respectively. 
And^ the base DF is equal to the base, EF; 

therefore the angle DAF is equal to the angle EAF, Ii. 3] 
Therefore the given rectilineal angle BAG, has been bisected by the straight 
line AF, Q- 


PBOFOsmw 10 

To biaeet a given finite ^raightUne. 

Let AB be the given finite stnught Vam, 

Tbas it is required to bii^ct the finite Bti;iught line AB. i • , 

! be oonstiuoted on itr. 

and letjthe ani^ ACB be bkecited % tfa^ etmight lipb 
CDi ; 

I s(i>;^titatith»;«toug^t line AB has been Insected at 
tiiepointiL 

- For, once AC iBeqqal to CB, 

® req)ectiv^; A'r, ,»• .• ■ * 

and the aii«^e 4<CAiS angle BCD; 




« ^ EOCttD 

therefore the baae AJ) is'equal to the baae BD. (i. 4] 

Therefore the given finite straight line AB has beoi bisecIM at 2>. ft. r. 

Pboposition 11 

To drmo a airaighi line at right imgles to a given straight line from a given 
pointonit. 

Let AB be the given straight line, and C the given point on it. 

Thus it is required to draw from the pdnt C a straight line at ri^t an^es to 
the stra%ht line AB. 

Let a point D be taken at random on AC; 
let CE be made equal to CD; [i. 3] 
on DE let the equilateral trianf^e FDE be con- 
structed, • (r. 1] 

and let FC be joined; 

I say that the straight line FC baa been 
drawn at right angles to the given strmght line , ^ 

AB from C the given point on it. 

For, since DC is equal to CE, 

and CF is common, 
the two sides DC, CF are equal to the two sides EC, CF respectively; 
and the base DF is equal to the base FE; 
therefore the angle DCF is equal to the angle ECF; ll. 8] 

and they are adjacent angles. 

But, when a straight line set up On a straight line makes the adjacent angles 
equal to one another, each of the equal angles is right; ; [De-f* 10] 

therefore each of the angles DCF, FCE is right, 
l^erefoie the straight line CF has been drawn at right angles to the giVl^ 
straight line AB from the given point C on it. q. b. r. 

PBOBOSmOK 12 

To a given infinite straight line, from a given point which is nM on it, to draw a 
perpendicular straight line. 

Let dB be the given infinite straight line, and C the ^ven point which is not 
on it ; 

thus it is required to draw to the pven infinite straight line AB, from the ^ven 
point C which is not on it, a perpendicular 
straight line. 

For let a point D be taken at random 
on the other side of the straight line AB, 
abd with centre € and distance CD let 
the dMe BFO be described; [Post. 3] 

let tbe strai^t line EO be bisected at H, 

Til 10} 

and let ibe straight lines CO, CH, CE be 
joined. (Post. 1] 

I say that CH has been drawn perpendicular to the given infinite strai^t 
l^ta^ AS fhHh the point C vfiiieh is hot <m it. 

For, anoe OH is equal to HE, 

imd ffC* U eotnm<tt, 
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the two sides fllEr, EC ate equal to the t'dro iddes^ffi JEFC tespeotivdly; 

• and the base CG is equal to the base CM% 
therefore the ang^e CHG is equal to the angle EEC. (t 8] 

And they ate adjacent angles. 

But, when a straight line set up on a straight line makes tiiie adjacmit angles 
equal to one another, each of the equal an^es is right, and the straight line 
standing on the other is called a perpendicular to that <»i ifidiidi it sttuids. 

{Def. 10] 

Therefore CE has been drawn perpendicular to the given infinite straight 
line AB from the givoi point C which is not on it. q. s. f. 

Pboposition 13 

If a straight line set up on a atraighl line make angles, U urill make either two right 
angles or angles equal to two right angles. 

For let any straight line AB set up on the straight line CD make the angles 
CBA, ABD', 

I say that the angles CBA, ABD are either two rights an^bs or equal to two 
right angles. 

Now, if the angle CBA is equrd to the angle ABD, 
they are two right angles. [Def. 10] 

But, if not, let BE be drawn from the point B at 
right angles to CD; [i. 11] 

therefore the angles CBE, EBD are two right angles. 
Then, since the angle CBE is equal to the two ar^es CBA, ABE, 
let the angle EBD be added to each; 

therefore the angles CBE, EBD are equal to the three angles CBA, ABE, 
EBD. ■ [CAT, 2] 

Again, since the anjde DBA is equal to the two angles DBE, EBA, 
let tire angle ABC be added to each; 

therefore lire angles DBA, ABC are equal to the three wgles DBE, EBA, 
ABC. {C.N. 2] 

But the angles CBE, EBD were also proved equal to the same three angles; 
and things which are equal to the same thing Are also equid to one another; 

[CJ\r. 1] 

therefore the angles <7B£, EBD are also equd to the angles DBA, ABC. 
■But the angles CBE, EBD are two right angles; 

' therefore the an£^ DBA, ABC ate also equal to two tight ai^des* ' 
Ther^Ote etc. . q. is. ik > 



PB03N3BITI0N 14 

If with any straight line, and at a^timt on it, two straight Hites not Iging on tile 
same side make the adjacent angles equal to iwo rigklgmglea, the two aAt%A< lines 
vnllbe ika ttraMght line wWtoneemo&er. 

' For with any straif^line AB, and at tiispoiiit £ on it, let the two straight 
lines BC, BD not lying on the same side make the adjacent anglea ABC, At^ 
equal to two-jight m . 

I say that BD is in a straight line with CB. 

For, if BD is not in adtMdght fine BC, Idt BE he in a i t line with 

'■ ■ ' ■'! ,>i : ■ s,, : 
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TI^b; oatfaestndi^tl^ ; 

tiie aQ^es ABCy ABU aie equal to two anises. [i. 13] 
But the au^oe ABC, ABD ate ateo equal to two 
ris^t angles; 

ti^wfare- the fui^es CBA, ABE are equal to the 
iiOf^e&CBA,' ABD. {Post. 4 and CJV^. 1] 

Let the im^e CBA be subtracted from each; 2 B~ . 0 

tiierdbre the remaining angle ABE is equal to the remaining angle ABD, 

■ • . {CJV.3] 

the less to the greater: which is imposdble. 

Therefore BE is not in a straight line with CB. 

Similarly we can prove that neither is any other straight line except BD. 
Th^^ore CB is in a straight line with BD. < 

Therefore etc. ■* Iq. b. ». 

pBOPOsmoN 15 

If two tfyfaigfd Une»‘ cut one another, they make the verticoi angles eqiiid to one 


another. \ 

For let the straif^t lines AB, CD outgone another at \ 

the point E’, 

1 say that the angle is equal to the angle 

and the angle CEB to the angle AED. D ^ 

For, since the straight line AE stands on the straight 
line CD, making the aisles CEA, AED, ” 

the angles CEA, AED are equal to two right angles. [i. 13] 
Again, since the straight line DE stands on toe straight line AB, makihg toe 
angles AED, DEB, 

the angles AED, DEB are equal to t\vo right angles. [i. 13] 


But the angles CEA, AED w^ also proved equal to two right angles; 
therefore the CEA, AED are equal to the angles AED, DEB. 

[Post. 4 and C.N. 1] 

Let angle A£iD be subtracted from each; ' 

' ‘toer^ore the iemaming angle CEA is equal to the remaining an^e BED. 

[C.N. 3] 

Sknilaily it can be proved that the angles CEB, DEA ate also equf^ 

Therefore etc. 

[PofUmit. Fibxa tois it is mantfest that, if two straight Hnes cut (me another, 
thc^ make the angles at toe point of section equal to four rii^ angtes.] 

iPBorosmoN 16 

In anyfe^angle, eiieebe ptodueed, the exteriot mgle w greater 

eilher'ef'the interior miloppomte anf^., y v: 

LetABCbeatriangle, and let one tide it BCbe.produoed toll; « 
^ti:!^l<a4y<toat■totieKt«ior'«^^ AGD is geeatekt th an i e i 4fae r:of theiateriov and 
'''hj^atoani^-CBAjiBACi!’ o/.v .-isji; 

Let AC Insected at E [i. 10], and let BE be Joe^ and: {Moduohd 
stoai^t line to F; '.ii- -..r ; 

iU' i.-.'i hiyin, MiSFhe'raiBdeeqttolto-fllB,;!- ''1 Tt • • . j; .'•■■.-li. g] 

let FC be joined [Post. 1], and let AC be drawn through to G. [Posh 3} 
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Then, riuce is equal to ood to Jf.?, 
the two odes AE, EB aie equal to the two ades CE, EF mpeciMy ; 

and the angle AEB is equid to the an^ F^, 
for they are vertical an^es. (i. 15] 
Therefore the base AB is equal to the base FC, 
and the tiian^e is equal to the trianfde CFE, 
and the remuning angles are equal to the remain- 
ing an^es respectavdy, namely, those whidi the 
equal sides subtend; [l. 4} 

therefore the angle BAE is equal to the angle IXIF. 

But the anide ECD is greats than the angle 
ECF; [CE. 61 

therefore the angle ACD is greater than the angle BAE, 

Similarly also, if BC be bisected, the angle BCG, that is, the wgle ACD 
[i. 15], can be proved greater than the angle ABC as well. 

Therefore etc. q. n. n. 



Peoposition 17 

In any triangle tm angles taken together in any manner are less thantm 
right angles. 

Let ABC be a trian^e; 

I say that two angles of the triangle ABC taken together in any manner are 

less than two right angles. 

For let BC be produced to D. [Port. 3] 
Then, since the angle ACD is an exte- 
rior angle of the triangle ABC, 
it is greater than the interior and opposite 
angle ABC. [i. 15] 

Let the angle ACB be added to each; 
therefore the angles ACD, ACB are greater than the angles ABC, BCA. 
But the angles ACD, ACB are equal to two ri^ angles. [i. 13] 

Therefore the angles ABC, BCA are less than two right angles. 

Similarly we can prove that the angles BAC, ACB tm also less than two 
right angles, and so are the angles CAB, ABC as well. 

Therefore etc. Q. ®. ». 



Pbofosition 18 

In any trianf^ the greater side subtends the greater anifie. 

For let ABC be a triangle having the side AC greater than AB’, 

I say that the angle ABC is also greator titan the antde BCA. 

Fmr, smce iiC is greater than ilB, let 
be m^ equal to AB [j. 3], and let BD be 
jmned. 

X. w an exterior 

X / angle of tim triangle BCB, 

it is greater than (he interior and^oiiposite 
® ® angle BCB. , ^ t { 1 . 16 ] 

But the angle ilBB is equal to tits !dBl>, 

< anne the. aide vlBvis equal to AB;, ^ . >\ 
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ther^ore the angle ABD is also greater than the angle ACB; ' 
therefore the angle ABC is much greater thn^ the angle ACB. 
Therefore etc. q. b. d. 


Pboposition 19 

In any triangle the greater angle is svbtended by the greater side. 

Let ABC be a triangle having the angle ABC greater than the angle BCA ; 
I «iy that the side AC is also greater than the ride AB. 

For, if not, AC is either equal to AB or less. >«A 

Now AC is not equal to AB-, 

for then the angle ABC would also have been equal to the angle 
ACB‘, (i, 6] 

but it is not; 

therefore AC is not dqiial to AB. 

Neither is .dC less than AB, 

for then the angle ABC would also have been less than the angle ACB-\ [i. 18] 

but it is not; 

therefore AC is not less than AB. 

And it was proved that it is not equal either. \ 

Therefore AC is greater than AB. 

Therefore etc. <j. e. d. 



Pboposition 20 


In any triangle two sides taken together in any manner are greater than the re-" 
maining one. 

For let ABC be a triangle; 

I say that in the triangle ABC two rides taken together in any manner are 
greater than the remaining one, namely 

BA, AC greater than BC, 

AB, BC greater than AC, 

BC, CA greater than AB. 

For let BA be drawn through to the point D, let DA be made equal to CA, 
and let DC be joined. 

Then, since DA is equal to AC, 

the angle ADC is also equal to the angle ACD; [i. 5] 

. therefore the angle BCD is greater than the angle ADC. 

[C.N. 5] 

And, since DCB is a triangle having the angle ’BCD greater 
than the angle BDC, 

and the greater angle is subtaided by the greater ride, [i. 19] 
therefore DB is greater than BC. 

But DA is equal to AC; 

therefore BA, AC are greater than BC. 

Sunilaxly we can prove that AB, BC are also greater than CA, wd BC, CA 
than AB. 

Ther^ore etc. q. e. d. 

' PBOPOsmoN 21 

If on one of (he sides of a trimf^, from iU es^ermUes, (here be constructed two 
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$traight lim$ meeting within the triangle, the straight Urns so constructed mSjt he 
ksS iihan the remaining two sides of the triangle, buJt will contain a greeUer angle. 

On JSC, one of the sides of the triangle ABC, from its extremities B, C, let 
the two straight lines BD, DC be constructed meeting within the triangle; 

I say that BD, DC are less than the remaining two sides of the triangle BA, 
AC, but contain an angle BDC greater than the angle BAC. 

For let BD be drawn through to E, 

Then, since in any triangle two sides are greater 
than the remaining one, It. 20] 

therefore, in the triangle ABE, the two sides AB, 
AE are greater than BE, 

Let EC be added to each; 

therefore BA, AC are greater than BE, EC. 
Again, since, in the triangle CED, 
the two sides CE, ED are gioater than CD, 
let DB be added to each; 
therefore CE, EB are greater than CD, DB, 

But BA, AC were proved greater than BE, EC] 

therefore BA, AC are much greater than BD, DC, 

Again, since in any triangle the exterior angle is greater than the interior 
and opposite angle, [i. 16] 

therefore, in the triangle CDE, 
the exterior angle BDC is greater than the angle CED, 

For the same reason, moreover, in the triangle ABE also, 

the exterior angle CEB is greater than the angle BAC, 

But the angle BDC was proved greater than the angle CEB; 

thej*efore the angle BDC is much greater than the angle BAC, 
Therefore etc. Q. b. d. 



Proposition 22 

Out of three straight lines, which are equal to, three given straight lines, to construct 
a triangle: thus it is necessary that two of the straight lines taken together in any 
manner should be greater than the remaining one, [i. 20] 

Let the three given straight lines be A, B, C, and of these let two taken to- 
gether in any manner be greater than the remaining one, 


A- 

B- 

C- 


namely A, B greater than C, 

A, P greater than B, 
pm}: B, C tlufcu Ai 




m wo(^ 

tHiiikit is fequired to coostmct a triaiig^ out ol straight Hues equal to 
t^re be set out a Hue DBf terminated at D but of inihute 

in the direction of E, 

and let DF be made equ£d to A) FG equal to B, and GH equal to C. (z. ^ 
With centre F and distance FD let the circle DKL be described ; 
again, with centre G and distance GH let the circle KLH be described; 
and let KF^ KG be joined; 

I say that the triangle KFG has been constructed out of three straight lines 
e^ual to d, B, C, 

' For, since the point F is the centre of the circle DKL, 

FD is equal to FK. 

But FD is equal to A ; 

therefore KF is also equal to d. 

Again, since the point G is the centre of* the circle LKH, 

GH is equal to GK. 

But GH is equal to C ; 

therefore KG is also equal to C. 

And FG is also equal to B; 

therefore the three straight lines KF, FG, GK are equal to the three stjralght 
lines A, B, C, 

Therefore out of the three straight lines KF, FG, GK, which are equal to the 
three given straight lines A, B,C, the triangle KFG has been constructed. 

Q. E. F. 


Proposition 23 

On a given straight line and at a point on it to construct a rectilineal angle equal to 
a given rectilineal angle. 

Let AB be the given straight line, A the point on it, and the angle DCE the 
given rectilineal angle; 

thus it is required to construct on the given straight line AB, and at the 
point A on it, a rectilineal angle equal to the given rectilineal angle DCE. 


On the straight lines CD, CE respectively let the points D, E he taken at 
random; "" 

let DE be joined, 

and out of three straight lines which are equal to the three strsuglit lines CD, 
DE, CE let the triangle AFG be constructed in such a way that CD^ia equal to 
AF, CE to AG, and further DE to FG. [i* 22} 

Then, since the two sides DC, CE are equal to the two rides FA, AG wqieo- 
tively, " ‘ 

and the ba^ JDB is equrii to the base FG, 
the angle Z>CB Id equal to the ang^e BAA 





I Sill 

'IQwtfrfcm (m Une^fi^ tttiil itt 1itt|Hi&it A oii,it^ titoniisti- 

Qaea) angle FAG has been consUueted equal to thai^ven rei^iiieal>an|^ 
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If two iriangleo have the two eidee equal to two eidea reap^/tMy, hut have Ow one of 
^ angles contained hy4>e equal' straight lines greater titan the other, they will also 
have the base greater tium the base. 

Let ABQ, DBF be tinro triangles having the two rides AB, AC equal to the 
two rideis DB, DF resii^tively, namely AB to DB, and AC to DF, and let the 
angle at A be greater than the angle at 2); 

I say that the base B€ is also greater than the base FF.‘ 

For, since the angle BAC is greater 
than the angle BDF, let there be con> 
structed, on the straight line DB, and . at 
the point D on it, the angle BDG equal to 
,£ the angle BAC; U< 23] 

let DO be made equal to either o| the two 
straight lines AC, DF, and let BG, FO, be 
join^ 

Then, since AB is equal to DB, and AC to DO, 

the two sid^ BA, AC are equal to the two rides BD, DO, respecti^y; 

and the angle BAC is equal to the an^e BDG; ^ 

* therefore the base Be is equal to the base BG. [1.4] 

Again, since DF is equal to DO, 

the angle DOF is also equal to the angle DFO; {i. IQ 

therefore the angle DFO is greater than the angle BGF. 

Therefore the angle BFG is much greater than the angle BGF. 

And, since BFG is a triangle having the angle BFG skater than the angle 
BGF, 

and the greater anide is subtended by the greater ride, [i. 19] 
th§ side BG is also greater than BF. 

But BG is equal to BC. 

Therefore BC is also greater tiian BF. . . , . 

'nMrefore etc. q.b.i>. 

Phoposmbir^ 

If two triangles ham tiw two sides equal to two.trdesTespeqtivdy,hul have the base 
grea^ than the basejtiieywiU also luwetiw one of 4be (angles ee/ntained by the equal 
streught lines greater tiuf/n the ofher. . , 

Let A^^DBF be two tnimglaa having, the two rides AB, AC equaltoithp 
tprqrides DB, DF respectively, namely ABtoDB, and A0 to DF; ainl lBt:tl^ 
base BC be greater than tbe iW BF;; 

Isay that the an^ BAC ia also greats than' the aa|doBB>F .4 i 

For, if not,, it is either aquidtq, it or. lew* , 

Now the angle bJAC ujnoisqt^ to tioe angie B|>F; tfqr then the bsse BC 
wmtld also have beui equid to the base JEF» ; < .#>4) 

thonfore the aai^ BAC is not equal tq tboiOlide BlOF v^. -.m 
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. Nritlier ii^pin is tihe aa^e SAC less than the aaj^e EBPi for tiim l^ltaae 
BC would also have beat less than the base EF, . 


A D 
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but it is not; therefore the angle BAC is not less than the angle EDF. 
But it was proved that it is not equal either; 

therefore the angle BAC is greater than the an^e EDF. 

Therefore, etc. q. b. d. 

PnoPOsmoN^ i 

If iwo triangles have the two angles equal to two angles respectively, anyone side 
equal to one side, namely, either the side adjoining the equal angles, or mat svh- 
tending one of the equal angles, they wiU also have the remaining sides eqiM toHhe 
remaining si<ks and the remaining angle to the remaining angle. \ 

Let ABC, DEF be two triangles having the two angles ABC, BCA equal to 
the two angles DEF, EFD respectively, namely the angle ABC to the angle 
DEF, and the angle BCA to the angle EFD; and let them also have one side 
equal to one side, first that adjoining the equal angles, namely BC to i^F; 

. I say that they will also have the remaining sides equal to the remaining 
ades respectively, namely .415 to DE and AC to DF, and the remaining angle 
to Ihe remaining angle, namely the angle BAC to thei angle EDF. 



H C 


For, if AB is unequal to DE, one of them is greater. 

Eet AS be greater, and let BG be made equal to DE; and let GC be jcdned. 
Then, since BG is equal to I)E, and BC to EF, 
the two sides GB, BC are equal to the two sides DE, EF respectively; 
and the an^e (7£C is equal to the angle 
therefore the base OC is equal to the base DF, 
and the triw^e GBC is equal to the triangle DEF, 

Aihd the tMnahiing angl^ will be equal to the remaining angles, nam^^ those 
triiieli the eqdal mdes subtend; ‘ 

therefore the angle GCB is equal to th^ angte DFE. 

But the an^e DFE is by'hypothesis eqnal to the kn^O BCA ; ' ’ ' 

^erefore the fur^e BCG is eqpial to the angle J5<74i, 

the less to the greater: wWeh is impossible. ' '' 

Ther^ore riB is not unequal to Z>£, 

and is therefore equal to it. 

Bat BCW^^fM^EFf . 
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therefore the te^o sides AB, BC are equal to the two sides MF, res- 
pectively, 

and the angle ABC is equal to the angle DEF; 

therefore the base AC is equal to the base DF, 
and the remaining angle BAC is equal to the remaining angle EDF. [i. 4J 
Again, let sides subtending equal angles be equal, as AB to DE; 

I say again that the remaining sides will be equal to the remaining sides, 
namely AC to DF and BC to EF, and further the remaining angle BAC is equal 
to the remaining angle EDF. 

For, if BC is unequal to EF, one of them is greater. 

Let BC be greater, if possible, and let BH be made equal to EF’, let AH be 
joined. 

Then, since BH is equal to EF, and AB to DE, 
the two sides A B, BH are equal to the two ddes DE, EF rei^>ectively, and they 
contain equal angles; 

therefore the base AH is equal to the base DF, 
and the triangle ABH is equal to the triangle DEF, 
and the remaining angles will be equal to the remmning angles, namejiy those 
which the equal sides subtend; (i. 4] 

therefore the angle BHA is equal to the angle EFD. 

But the angle EFD is equal to the angle BCA ; 
therefore, in the triangle AHC, the exterior angle BHA is equal to the interior 
and opposite angle BCA : 

which is impossible. [i. .16] 

Therefore BC is not unequal to EF, 

and is therefore equal to it. 

But AB is also equal to DE', 

therefore the two sides AB, BC are equal to the two sides DE, EF ve^eedvtly, 
and they contain equal angles; 

therefore the base AC is equal to the base DF, 
the triangle ABC equal to the triangle DEF, 
and the remaining angle BAC equal to the remaining angle EDF. [i. 4} 
Therefore etc. q. s. D. ' 


PsoposwiON 27 

If a etraight line fatting on two Haight lines make ttie aUemate angles equal tti one 
another, the straight lines will he parattel to one another. 

For let the straight line EF falling on the two straight lines AB; CD make 
the alternate angles AEF, EFD equal to one another; 
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1 say that AB is parallel to CD. 

For, if not, AB, CD when produced will meet 
either in the direction oiB, D or towards A,C. .. 

Let them be produced and meet, in the chnso* 
tion of B, i>,,at<?. ^ 

Then, in the triangle GEF, 
the exterior angle AEF is' equal to theiihterior aaul opposite EFGi 
-n.. ' ,, iivhieb is iD9|iioseiblei tivl6j 

>' Therefore AB, CD when produced will not meet in the direction; lk:‘> 
Similarly itcaaibeprdyed.that'Xkririter will they meet towacds A, C. 
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But •tEtdt^tliiiaB!iHndi4o not meet iaeif^^teetion are - 

fDrf.88] 

theiefote AB is pmellel to CD. 

Theief(«e ete. U. B. n. 

PBOPOsmoN28 

If a stmighi linefaUing on two otraight lines make the exterior angle equal to Ike 
interior- arid opposite angle on the same side, or the interior angles on the same side 
equal to two right angles, ike straight lines wiU be parallel to one another. 

For let the straight line EF falling on the two sia^ght lines AB, CD make 
etterior anj^e EGB equal to the interior and oppodte angle GHD, or the 
interior angles on the same side, namely BGH, GHD, equal to two right angles; 
I say that AB is parallel to CD. 

For, since the an^e EGB is equal to the'tin^e 
GHD, A- 

while the angle EGB is equal to the an^e AGH, 

ti. 16] 

the anjde AGH is also equal to the angle GHD; 
and they are alternate; 
therefore AB is parallel to CD. [i. 27] 

Again, since the angles BGH, GHD are equal to two rigdit angles, and the 
aoides AGH, BGH are also equal to two ri^t angles, [i. 13] 

the angles AGH, BGH are equal to the angtes BGH, GHD. 

Let the angle BGH be subtracted from each; 

therefore the remaining angle AGH is equal to the remaining anide GHD; 

and they are alternate; ; 

therefore AB is parallel to CD. [i. 27] 

Therefore etc. q. b. d.] 



PnoposmoN 29 

A straight line fatting onparaUel straight lines makes ike cdtemoie angles equal to 
one anotker, the exterior an^ equal to the interior and opposite angle, and the inr 
terior angles on the same side equal to two right angles. 

For let the straight line EF fall on the parallel straight lines AB, CD; 

1 6ay that it makes the alternate angles AGH, GHD equal, the exterior angle 
EGB'^qaak to the interior and opposite angle GHD, and the interior an^es on 
tile same side, namely BOH, GHD, equal to two right angles. 

For,' if tire angie AGH is unequal to tire angle 
GHD, one of them is grmuter. 

Let tile angie AGH be-greater. 

' let tite an^ BGH be added to eacii; — 

tiierefoto the an^es AOS, BGH are greater tiian tin 

sai^BGHimD. 

But the angdes AGH, BGH are equal to two right 
angles; . ' , ft. 18] 

< .tiiecefoie'tiieiangden^lfi 'O'Fll are toss .tiian twdii^taagleia 
. < 3t(t straigdit lines pr^uced In^nitely from an^es less than two ligd^t aa- 

> tlpeaforedBy CD, if produced ind^iutefy, wUdmaeti; : 
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but uut meet, beesuM they aiU' hypotiieBig pitwdM- 

Tberefore the eni^e A'OJEf is not unequal to the eo^e 
imd is.ttorefwe ^ual'to it. 

Again, the angle AGH is equal to the angle EGB‘, [t., 15] 

< tiierefoFe the angle BOB is also equal to the aii^e OHD. [CJf. 1] 
Let tile angle BGH be added to each; 

therefore the angles EGB, BGH are equal to the an^ BGH, GHD. {C-Jf. 2] 
But the angles EGB, BGH are equal to two right anises; (i. 13 ] 

therefore the angles BGH, GHD are also equal to two ri|^t angles. - 
Therefore etc. o. *. n. 


PbopositionSO 

Straight lirws paraUel to the eame straight line are also parallel to one another. 
Let each of the straight lines AB, CD be parallel to EF’, I say that AB is also 
parallel to CD, 

A . <i/ B For let the straight line GK fall upon them, 

e u/ ^ ' Then, since the straight line GK has fallen on the paral- 

Y' lei straight lines AB, EF, 

Q Q the angle AGK is equal to tim angle GifF. [i. ^] 

Y ^ Again, since the straight line GK has fallen on the pa^ 

rallel straight lines EF, CD, 

the angle GHF is equal to the angle QKD. [i. 22] 

But the angle AGK was also prov^ equal to the angle GHF) 

therefore the angle AGK is also equal to the angle GKD', [C.N. 1] 
and they are alternate. 

TherefcHo AB is parallel to CD. q. u. n. 


Peopobition 31 

Through a given point to draw a straight line paraUd to a given straighl 
line. 

Let A be tire given pdnt, and BC the given straight line; 
tiius it is requir^ to draw throu^ the point A a strai^t line parallel- to the 
straight line BC. 

Let A . point 2 > be taken at randan on BC, 
and let AD be jdned; on the straight line DA, 
and at the point A on it, let the an^ DAS be 
constructed equal to the angle ADC [i. 23 ]; and 
let Ibe strai^t line AF be produced in a strad^t 
line witii ALA. 

Then, ance tbs straight line AO fallmg on tire two straigbf<liQes BC, EF has 
made tte altinnate am^es BAD, AOC equal to tme anothM', ^ 

. there£(»e BAF is parallel to BC. ^ 

Therefore throii;^ the givmi point A>:the stea^it linSBAB has bem dnwn 
paralldi to the givoaabrai^ line Bf?* q. s. p. 

inang triangle, ifoneof the siditehe produce^, titividerioran^isequalto the two 
interior and opposite angles, and the three interiotemglaeef^^’inaetgle me e^utd 
to two right angke. - . « : 

^ * < 470 t 
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Let ABC he a triangle, and let one side of it BC be prodneed to i>; 

I say that the exterior angle ACD is equal to the two interior and opposite 
angles CAB^ ABCy and the three interior angles of the triangle ABCy BCAy 
CAB are equal to two right angles. 

For let CE be drawn through the point C parallel to the straight line AB, 

[I. 31] 

Then, since AB is parallel to CEy 

and AC has fallen upon them, 
the alternate angles BACy ACE are equal to one 
another. [i. 29] 

Again, since AB is parallel to CEy 
and the straight line BD has fallen upon them, 
the exterior angle ECD is equal to the interior 
and opposite angle ABC. • j [i. 29] 

But the angle ACE was also proved equal to the angle BAC\ \ 
therefore the whole angle ACD is equal to the two interior and opposite angles 
BACy ABC, \ 

Let the angle ACB be added to each; \ 

therefore the angles ACDy ACB are equal to the three angles ABC\ BCA, 
CAB, 

But the angles ACD, ACB are equal to two right angles; [i. 13] 

therefore the angles ABC, BCA , CA B are also equal to two right angles. 

Therefore etc. q. e. d. 



PliOPOSITION 33 

The straight lines joining equal and parallel straight lines {at the extremities^ which 
are) in the same directions (respectively) are themselves also equal and parallel. 
Let AB, CD be equal and parallel, and let the straight lines AC, BD join 
them (at the extremities which are) in the same directions (respectively) ; 

I say that AC, BD are also equal and parallel. 

Let BC be joined. 

Then, since AB is parallel to CD, and BC has 
fallen upon them, 

the alternate angles ABC, BCD are equal to one 
another. [i. 29] 

And, since AB is equal to CZ>, 

and BC is common, 
the two sides AB, BC are equal to the two sides BC, CB ; 
and the angle ABC is equal to the angle BCD; 

therefore the base AC is equal to the base BB, 
and thi triangle ABC is equal to the triangle BCB, 
and the remaining angles \viil be equal to the remaining angles respectively, 
namely those which the equal sides subtend; [i. 4] 

therefore the angle ACB is equal to the angle CBD: . « ' 

And, since the straight line BC falling on the two straight lines AC, BD has 
made the alternate angles equal to one another, 

AC is parallel toBB. fi. 271 

Uv4^d it was also^jprpved equal to it. > 

Therefore etc, Q. e. 
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Proposition 84 

Jn parttOdogrammie area* ike opposite sides and angles are equal to one omoduOi 
and ike diameter biseds 'OvB areas. 

Lot ACDB be a paraUelogrammic area, axui BC its diameter; 

I say that the oppoc^ sides and angles of the paraUdogram ACDB are equal 
^ D ^ another, and the diameter BC bisects it. 

For, since AB is paralld' to CD, 

• and the straight line BC has fahen upon them,, 
the alternate angles ABC, BCD are equal to one 
another. ' [l. 29] 

Again, since AC is parallel to BD, and BC has 
fallen upon them, 
the alternate angles ACB, CBD are equal to one anoth^. [i. 29] 
Therefore ABC, DCB are two triangles having the two angles ABC, BCA 
equal to the two angles DCB, CBD respectively, and one side equal to one side, 
namely that adjoining the equal angles and common to both of them, BC; 
therefore they will also have the remaining sides equal to the cemaining 
rides respectively, and the remaining angle to the remaining angle; [i. 26] 
therefore the side AB is equal to CD, 
and AC to BD, 

and further the angle BAC is equri to tlw angle CDB. 

And, rince the angle ABC is equal to the angle BCD, 

and the angle CBD to the angle ACB, 
the whole angle ABD is equal to the whole angle ACD. [C.N. 2] 
And the angle BAC was also prov^ equal to thh angle CDB. 

Therefore in parallelogrammic areas the opporite sides and an^es are equal 
to one another. 

I say, next, that the diameter also bisects the areas. 

For, rince AB is equal to CD, 

and BC is common, 

the two rides AB, BC are equal to the two rides DC, CB reqjectively; 
and the angle ABC is equal to the angle BCD; 
therefore the base AC is also equal to DB, H 

and the triangle ABC is equal to the triangle DCB. (i. 4] 
Dierefore the diameter BC bisects the pcurrilelogram ACDB. q. b. n. 

Proposition 35 

ParaUdograms whidi are on the same base and in the same parallels are eguei to 
one another. 

Let ABCD, EBCF be parallelograms on the same base BC and in the same 
parellrie AF, BC] 

1 say that ABCD is equal to the parallelogram EBCF. 

For, since is a paanllelogram, 

AD is equal to BC. " {i. 84] 

Fcff Uie same reasum risoi ' ’ ! 

EF is equal to BC, ■ « 

sotliat Ai>is'a]BOe<lualto^F; ' 

and DE is crnmnon; 





m 


1 ECeilD'f 


therefore the whole AE u equel to the in4u)le DF. 2] 

But AB is also equal to 1X7; ‘ - O' • ’ ■ li. 84J 

t]uieforetiie*t\^^eeBA, AB are equal to the twaiirideBFBi IX^seq^ftetivdyi 
and the angle FDC is equal to the aa|^e BAB, > . 

i^'«xterior to the intmor; ^.29] 

■ 'ther^ore the base BB is: equal to the bade FC, ' , . 

and-tiie triaa^BAB will be equ^ to the triangle FDC. [i. 4] 
Let DGE be subtraeUed Irotp eaeh^ 

theeeftire the traftesium AsBGD wfaioh r^naiBS is equal to the trapezium EdCF 
whidi'riniams. (CJV!,3] 

Let the triangle GBC be added to each; 


Iherefore the a^ole pariallelc^ani AMSD is equal to the whde parallelogrmn 


EBCF. , , [C.]\r.2] 

Therefore etc. . jq. b. n. 


, , PnoposmoN 36 

ParaUelograms which are on eqtud bases and in ihe same parallels, are to one 

amdher. \ , 

Let ABCD, EFGH be parallelograms which are on equal bases BC, )FG £uad 
in the same parallels AH, BG; 

I say that the parallelogram ABCD is equal to EFGH. 

For let BE, CH be jdned. 

Then, since BC is equal to FG, 
while 

FG is equal to EH, 

BC is also equal to EH. IC.N. 1] 

‘ But they are also paralld. 

And EB, HC join them; B C 

but straight lines joining equal and parallel strmght lines (at the extremities 
which are) in the same directions (respectivdy) are equal and parallel, (l :33] 
Therefore EBCH is a parallelogram. [i. 34] 

And it is equal to ABCD; ' 

for it has the same base BC with it, and is in the same parallels BC, AB with 
it. [1. 36] 

, ; Ftnr the same reason ako EFGH k equal to the same EBCH; [i. 85] 
so that 1he puaUelogram ABCD is also equal to EFGH. . (CJV. 1] 
Therefore etc. q. e. d. 



, PnoposmoNS? . 

Triangles which are on the same base and in the same paraOds are e^ptal.to one 
another. . 

Let ABC, DBC be triangles on the same base BC and in the earn** papiii^ 
AD.BC ; . , I ; . 

1 say .that the tviiant^ ABC » equal .W the 
pkngkOBC. 

l«t AB be produeed in botii directions' to 
S,F; , 

: B BB hedhnnm p!Nadlsl;tQ:<lAr- 

: [ 1 . 81 ] 
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: I A. •< and tIuiDKti|): €'l 0 t CF^hs BD. [i. 31) 

Then eadi thb^figuMB EiBCAj DBCF Ur a paraltelogram; and they are 
equal, ’ . • * ' 

ffi^^thuy'-are on'tbeaame base BC and in the saiixe parqlldb BC, EF^ )l. 85] 
Moreover the triangle ABC is half of the paralldogram BBC A ; for the di> 
araettf AB bisects it. { 2 . >34] 

And the triangle DBC is half of the parallelogram DBCF) for the diameter 
DC bisects it. [i. 34] 

{But'the halves x/t equal things are equal to one another.] 

Therefore the triangle ABC is equal to the triangle DBC. 

TherrfCTfeetc. m • & 

Proposition 38 

Triangles which are on equal basee andi in the same paraMs< are iqtlal to 
one (mother. 

'^,ABC, DBF be triangles on equal bases BC, EF and inthesam^ parallels 
BCiAD) \ ' 

I say tiiat the triangle ABC is equal to the triangle DEF.\ 

For let AD be produced in both directions \oQ,H) 

through B let BG be drawn parallel to CA, * Il< 31] 
and through F let FH be drawn parallel 
to DF. ! 

Then each of the figures 6BCA, DEFH 
is a parallelogram; 

and GBCA is equal to DEFH) 
fcff they are on equal bases BC, BP and 
in the same paraliels BF, GH. ( 1 . 36] 
Moreover the triangle ABC is half of the parallelogram GBCA ; for the ^am- 
eter AB bisects it. {I. 34] 

And the triangle FED is half of the parallelogram DEFH ; for the diameter 
DF bisects it. [i. 84] 

[But the halves of equal things arc equal to one azibther.] ' ' 

Therefore the triangle ABC is equal to the trian(^e DBF. 

' Therefc^ ^to. q.B.n. 

Proposition 39 , ; 

Equal triangles which are on the same base and on the same side ari also m &S 
sanw parallels. . ■ ■ \ 

lj^. ABC^DBdhe equal triangles triiiobare (m the same :ba8e BC and on 
the samsiride ofit; . . 

[I say that tiiey are also in the same parallels.] 

And [For] let AB be joined; X say that Ai) is '^Arallel to' J^. 1 ;’ 

. For, if not, let AB be drawn through the point A 

paraM to the ^ndght line BC, < <[i. 31] 

and let EC be joined. ' 

Therefore th.e triangle ABC is equal to the triangle 
BBC) 

for it is on the same base BC mth it and in Ute nnie 
paraUeiSv' » •■■'i '• ' [I. ^7] 

^BtttABCnt'eqna^td BBC; 
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tber^ore DBC is also equal to 
the grmter to the less: which ia imposdble.i 
Therefore AE is not parallel to BC. 

Simiiariy we can prove that neither is any other straight line except AD} 
therefore AD is parallel to BC. 

Therefore etc. q. b. d. 


Proposition 40 

Equal triangles which are on equal bases and on the same side are also m the same 
parallels. 

Let ABC, CDE be equal triangles on equal bases BC, CE and on the same 
side. 

I say that they are also in the same parallels. 

For let AD be joined; . 

I say that AD is parallel to BE. 

For, if not, Jet AF be drawn through A parallel to BE 
[i. 31], and let FE be joined. 

Therefore the triangle ABC is equal to the triangle 
FCE; \ 

for they are on equal bases BC, CE and in the same parallels BE, AF. [i. 38] 

But the triangle ABC is equal to the triangle DCE; 

therefore the triangle DCE is also equal to the triangle FCE, 

[C.N. 1] 

the greater to the less: which is impossible. 

Therefore AF is not parallel to BE. 

Similarly we can prove that neither is any other straight line except 
therefore AD is parallel to BE. 

Therefore etc. q. b. d. 

Proposition 41 

If a parallelogram have the same base with a triangle and be in the same parallels, 
the parallelogram is double of the triangle. 

For let the parallelogram A BCD have the same base BC with the triangle 
EBC, and let it be in the same parallels BC, AE; 

I say that the parallelogram A BCD is double of the B ^ 

triangle BEC. VN. 

For let AC be joined. \ / 

Then the triangle ABC is equal to the triangle EBC ; \ 

for it is on the same base BC with it and in the same 
parallels BC, AE. [i. 37] 

But the parallelogram ABCD is double of the triangle ABC; 

for the diameter AC bisects it; [i*34] 

so that the parallelogram ABCD is also double of the triangle EBC, 
Therefore etc. Q. B. d. 

Proposition 42 

To ina given recUUneal angle, a parallelogram equal to a given triangle. 

Let ABC be the given triangle, and D the given rectilineal angle; 
thus it is required to construct in the rectilineal angle D a parallelogram e^^l 
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to tile triangle ABC. 

Let BC be bisected at B, and kt AB 
be joined; 

on the straight line EC, and at the point 
E on it, let the angle CEF be constructed 
equal to the angle D) [ 2 . 23] 

through let be draivn parallel to EC, and [i. 31] 

through C let CO be drawn parallel to EF. 

Then FECG is a parallelogram. 

And, since BE is equal to EC, 

the triangle ABE is also equal to the triangle AEC, 
for they are on equal bases BE, EC and in the same parallels BC, AG; fi. 88] 
therefore the triangle ABC is double of the triangle AEC. 

But the parallelogram FECG is also double of the triangle AEC, for it has 
the same base with it and is in the same parallels with it; [i. 41] 

therefore the parallelogram FECG is equal to the triangle ABC. 

And it has the angle CEF equal to the given angle D. 

Therefore the parallelogram FECG has been constructed equal to t]be given 
triangle ABC, in the angle CEF which is equal to D. q. b. f. 



PnoposmoN 43 

In any parallelogram ihe complements of the parallelograms (dnyut the diameter are 
eqml to one another. 

Let ABCD be a parallelogram, and AC its diameter; 
and about AC let EH, FG be parallelograms, and BK, KD the so-called omn- 
plements; 

1 say that the complement BK is equal to the complement KD. 

For, since ABCD is a parallelogram, and AC its diameter, 

the triangle ABC is equal to the triangle ACD. [i. 34] 

. ,, ^ Again, since is a parallelogram, and is 

its diameter, 

the triangle AEK is equal to the triangle AHK. 
For the same reason 

the trian^e KFC is also equal to KOC. . 
Now, since the triangle AEK is equal to the 
triangle AHK, 

and KFC to KGC, 

the triangle AEK together with KOC is equal to the triangle AHK together 
with KFC. [CJf. 2] 

And the whole triangle ABC is also equal to the whole ADC; 
therefore the complem^t BK which remains is equal to the complement KD 
which remains. [C JV. 3] 

Therefore etc. q. x. d. 



PaoposraoN 44 

To a given straight line to apply, in a given rectilineal angle, a parallelogram egual 
to a given triangle. 

Let AB be the pven straight line, C the ipven triangk and D the given recti* 
fiaeal angle; 





» warn 

thus it IB required to apply to tiie given stnught liiw ^ eqqal to 
tibe angle D, a .par^lelo^m eqiml to the given triangle C. 

Let the parallelogram BEFG be constructed equal to the triangle <7, in the 
angle EBO wl^h is equal to D [i. 42]^let it be placed so that BE is in a straight 
line wth AB; let FG be drawn through to H, and let be drawn through A 

parallel to either BG or EF. , {i. 31 ] 

Let HB be joined. 

Then, since the strmght 
line HF falls upon the 
parallels AH, EF, 
the angles AHF, HFE are 
equal to two right angles. 

[1.29] 

Therefore the angles BHG, GFE are less than two right angles; | 
and straight lines produced indefinitely from angles less than two right angles 
meet; 1 [Post. 5] 

therefore HB, FE, whm produced, will meet. \ 

Let them be produced and meet at i^; through the point K let KL ob drawn 
parallel to either EA or FH, \ [i. 31] 

and let HA, GB be produced to the points L, M. 

Then HLKF is a parallelogram, 

HK is its diameter, and AG, ME are parallelograms, and LB, BF the so>caIled 
complements, about HK-, 

tiierefore LB is equal to BF. [i. 43] 

But BF is equal to the triangle C ; 

therefore LB is also equal to C. [C.N. 1] 

And, sinoe the angle GBE is equal to the angle ABM, [i. 15] 

while the angle GBE is equal to D, 
the angle ABM is also equal to the angle D. 

Tbeniore the parallelogram LB equal to the given triangle C has been ap- 
plied to the given straight line AB, in the angle ABM which is equal to D. 

Q. E. F. 

Phoposition 45 


To ponslmct, in a given redHineal angle, a parallelogram equal to a given rec- 
tmnegl figure. 

Let ABCD be the given rectilineal figure and E the given rectilineal angle; 
thus it is required to construct, in the given angle E, a parallelogram equal to 
the rbctilibeai figure J1 .SC/). ' 



hek DB be joined, and let the parallelogram FH be constructed equal to the 
triaiii^ilBA;intheaag^lif;£F.whidi is.eqiiai.tb .S>;: M . ; . Ci.)42] 

let tira pwaDelogram OM equal to ilie triangle DBC be applied to 
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line OH, in the anj^ OHM which is equal to S. ■ 

Then, since the angle E is equal to each of the angles HKF, OHM, 

the angle HKF is also equal to the angle OHM. [ON. 1] 
: Let the angle KHO be added to each; 
therefore the angles FKH, KHO are equal to the angles KHO, OHM. 
But the angles FXff, are equal to two right angles; [i/29] 

therefore the a^les KHO, OHM are also' equal to two right ani^ea' 
Thus; with a straight line OH, and at the point H on it, two straight lines 
KH, HM not l3dng on the same side make the adjacent angles equal to two 
right angles; 

therrfore ifif is in a straight Ime with JCfAf. [i. 

And, since the straight line HG falls upon the parallels KM, FO, the alter- 
nate angles MHO, HOF are equal to one another. ri- '29] 

Let the angle HQL be added to each; 

therefore the angles MHO, HQL are equal to the angles HOF, HGL. [CAT. 2] 
But the angles MHO, HGL are equal to two right angles; ’ fi. 29] 

therefore the angles HOF, HGL are also equal to two right angles. \€.N. 1] 
Therefore FO is in a straight line with OL. .. [i. 14] 

And, since FK is equal and parallel to HQ, [l, 34] 

and HO to ML also, 

KF is also equal and parallel to ML; '[C.N. 1; i. Stf] 

and the straight lines KM, FL join them (at their extremities) ; therefore KM, 
FL are also equal and parallel. [l. 33] 

Therefore KFLM is a parallelogram. 

And, since the triangle ABD is equal to the parallelogram FH, 

and DBG to GM, 

the whole rectilineal figure ABCD is equal to the whole parallelogram KFLM. 

Therefore the parallelogram KFLM has been constructed equal to the ^ven 
rectilineal figure ABCD, in the angle FKM which is equal to Hie ghrm angle E. 

Q. n. F. 

PnoFOsmoM 46 


On a given etrai^ line to- deecribe a equare. ■'> 

Let AB be the giv^ straight line; thus it is required to 
describe a square on the straight line AB. 

Let AC be drawn at right tuigies to the straight line AB 
from the pomt A on it [i. 11], and let AD be made equal 
to AB; 

through the point D let DE be drawn parallel to A'S, 
and thtOugh the point B let BE be drawn paralld to ADi 

' Ther^oreADFJB isnpaFaliekgrain; 

therefore AB is equal to DE, and AD to BE. [i. 34] 
But AB is equal to All,’ 
therefore the four strait linw«BA, AD, DE, EB aoe iequal to ^e another; 
therefore the parallelogram ADi^ is equilateral. ■ ^ 

IsaQrnext'tliatitisalso-rightMangied.' > >>' 

For, since 'the atoaight line AD fails upon Hm pandlels A#; DE, ’ ' * 

the angles BAZ>,AI)B Me eiqail to two diihiuai^ i 
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But the angle BAD is right; 

therefore the angle ADE is also right. 

And in parallelogramxnic areas the opposite sides and angles are equal to one 
another; (i. 34] 

therefore each of the opposite angles ABE, BED is also right. 
Therefore ADEB is right>angled. 

And it was also proved equilateral. 

Therefore it is a square; and it is described on the straight line AB. q. x. r. 

Proposition 47 

In right-angkd trianglea the aquare on the aide aubtending the right angle ia equal 
to the aquarea on the aidea containing the right angle. 

Let ABC be a right-angled triangle having the angle BAC 
I say that the square on BC is equal to‘lhe 
For let there be described on BC the 
square BDEC, and on BA, AC the squares 
GB,HC; [1.46] 

through A let AL be drawn parallel to 
either BD or CE, and let AD, FC be joined. 

Then, since each of the angles BAC, 

BAG is right, it follows that with a 
straight line BA, and at the point A on it, f 
the two straight lines AC, AG not lying on 
the same side make the adjacent angles 
equal to two right angles; 
therefore CA is in a straight line with AG. 

[ 1 . 14 ] 

For the same reason 
BA is also in a straight line with AH. 

And, ance the angle DBC is equal to the 
angle FBA : for each is right: 

let the angle ABC be added to each; 
therefore the whole angle DBA is equal to the whole angle FBC. [CJf. 2] 
And, since DB is equal to BC, and FB to BA, 

the two sides AB, BD are equal to the two sides FB, BC respectively ; 
and the angle ABD is equal to the angle FBC; 
therefore the base AD is equal to the base FC, 
and the triangle ABD is equal to the triangle FffC. [i. 4] 

Now the parallelogram BL is double of the triangle ABD, for they have the 
same base BD and are in tiie same parallels BD, AL. [i. 41] 

And the square GBia double of the triangle FBC, 
for they again have the same base FB and are in the same parallels FB, GC. 

li.41] 

(But the doubles of equals are equal to one another.] 

Therefore the parallelogram BL is also equal to the square GB. 

Similarly, if AE, BK be joined, 

the parallelogram CL can also be proved equal to the square HC; 
therefore ^e whole 8quM:e BDEC is equal to the two squares GB, HC. [CJf, 2} 
And the square BDEC is described on BC, 
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and the squares GB, HC on BA, AC. 

Therefore the square on the side BC is equal to the squares on the sides BA, 
AC. 

Therefore etc. Q. b. d. 

Propositxok 48 

If in a triangle the square on one of the sides be equal to the squares on the remainr 
mg two sides of the triangle j the angle contained by the remaining two sides of &e 
triangle is right 

For in the triangle ABC let the square on one side BC be equal to the squares 
on the sides BA, AC; 

C . I say that the angle BAC is right. 

A For let AD be drawn from the point A at right angles to 
the straight line AC, let AD be made equal to BA, and let 
DC be joined. 

Since DA is equal to AB, 

the square on DA is also equal to the square on AB. 

Let the square on AC be added to each; 

0 k B therefore the squares on DA, AC are equal to th^ squares 
on BA, AC. 

But the square on DC is equal to the squares on DA, AC, for the angle DAC 
is right; [i. 47] 

and the square on BC is equal to the squares on BA, AC, for this is the hy- 
pothesis; 

therefore the square on DC is equal to the square on BC, 

BO that the side DC is also equal to BC. 

And, since DA is equal to AB, 

and AC is common, 

the two sides DA, AC are equal to the two sides BA, AC; 
and the base DC is equal to the base BC; 
therefore the angle DAC is equal to the angle BAC. [i. 8] 

But the angle DAC is right; 

therefore the angle BAC is also right. 

Therefore etc. »• 
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"■ DEFINITIONS '' 

1. Any rectangular parallelo{i^am is said to be ctmtoufed by the two straight 
Hhes eont^d^g the right angle. 

' 2i And in any parallelogrammic area let any one whatever of th^ parallelo- 
grams about its diameter with the two complments be called a j 






BOOK II.' PROPOSITIONS. 
Proposition 1 
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If there be two straight lines, and one of them be cut into any number of segments 
whntevefi^ ihe rectangle contained by the two straight lines is equal to the redangles 
contained by the uncut straight line and each of the segmerUs, 

Let A, BC be two straight lines, and let PC be cut at random at the points 
D,E-, 

I say that the rectangle contained by A, BC is equal to the rectangle con- 
tained by A, BD, that contained by A, DE Mid that contained by A^ EC. 

For let BF be drawn from B at right angles 
to BC] [ 1 . 11] 

let BO bb made equal to A, [i. 3] 
through 0 let OH be drawn parallel to BC, 

[ 1 . 81 ] 

and through D, E, C let DK, EL, CH be drawn 
parallel to BO. 

Then is equal to BK, DL, EH. 

Now BH is the rectangle A, BC, for it is 
contained by OB, BC, Mid BO is equal to A ; 

BK is the rectangle A, BD, for it is contained by OB, BD, and BO is equal to A ; 
and DL is the rectMigle A, DE, for DK, that is BO is equal to A. [i. 34] 
Similarly also EH is the rectai^le A, EC. 

Therefore the rectangle A, BC is equal to the rectangle A, BD, the rectani^e 
A, DE and the rectan^ A, EC. ~ 

Therefore etc. q. x. d. 


Proposition 2 

If 0 draight line be cut at random, the redangle contained by the whole and 
of the segments is egual to the square on the whole. 

For let the straight line AB be out at random at the point C; 

1 say that the rectangle ccmtained by AB, BC together with the reetai^ 
onatabed by BA, AC is equal to the square oh AB. 

80 
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For let beidesoribed aad M.GF be v 

Huno^C parallel tei«^ier;4il>>or££. i 

Then is equal to CiS. 

Now A is the square on ilJS; 

AF isihe rectangle contained by BA, AC, for it is con- 
tained by Z>A, AC, and A2> is equal to AB;:, . ; 

and CE is the rectangle AB, BC, for BE Is equal lo. AS. 
Tbereforethe rectangle BA, AC tc^ether with the rectan^e 
Afi, BC is equal to the square on AB. ' . <, i ' 1 
llierefore etc. > q. n. d. 

PsoposmoN 3 

If a ^raight line be cut ai random, the rectangle contain^ by the whole and one 0 / 
the aegmerUe is equal to the redangle contained by the segmerUa and the agmre on 
(he aforeaaid aegment. 

For let tibe straight line AB be cut at random at C; 

I say that the rectangle contained by AB, BC is equal to the rectangle con- 
tained by AC, CB together with the square on BC. 

" I For let the square CBBB be described on CB; [i.; 46] 

let ED be drawn through to F, 
and through A let AF be drawn p^uailel to either CD 
or BE. [1. 31] 

Then AB is equal to AZ>, CB. f 

, , ' ■ 1 — : . ,Now AB is the rectangle contained by, AB; BC, for 

it is contained by AB, BE, and.BB is equal tO BC; 
AjD is the rectangle AC, CB, for BC is equal to CB; 
and DB is the square on CB. 

Therefore the rectangle contained by AB, BC is equal to the rectangle con- 
tained by AC, CB together with the square on BC. ' 

Therefore etc. 0. kjk. > 



Proposition 4 

If a atraight Kne be cut at random, Ote agmre on the whole ia equal to the aquarea 
on the aegmenta and twice the rectangle contained by the . aegmaMa. 

For let the atraight line AB be cut at random at C; ' 

I say that the square on AB is equal to the squares on AC, CB and twice the 
^ rectangle contained by AC, CBi 

For let the square ABBB be described on ABy >. 

{I.46] 

. let B2> be joined,' ' 

through C let CB be drawn parallel ,to «tb^ AD or 
BB, 1 -r M f. '1 

and throu^ 6 let HK be drawn pandid to dthnr AB 
orBB. , * i ! : ,ir [1.31] 

Then, dnce CBas paralldto AA Md BBbsi^fdlelDi 
on them, ■ > ^ -:,v; 

tlie ektsfipr GOB isoqusl to the hiimdoi! ando^Hodt^aiiil^ABBy {x. 

I ! ADB is e^miito the;Bngis ABD; 
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/aaglfi COB is also equal to I'V- 

. the side BC is also equal to the side C0> m ' ^{t. 6] 

^ 0 GK, and CO to KB’, .[i. 34] 

therefore GK is also equal to KB’, 

/ therefore CGKB is equilateral. 

/t it is also right-angled. 

G is parallel to BK, 

ihe angles KBC, 6CB are equal to two right an^es. i[i. 29] 
*ngle KBC is right; 

therefore the angle BCG is also right, 
so that the opposite angles CGK, GKB are also right. [i. 34] 
Therefore CGKB is right-angled; 

and it was also prov^ equilateral; 
therefore it is a square; 

, and it is described on CB. 

For the same reason 

HF is also a square; 

and it is described on HG, that is AC. ^ [i. 34] 

Therefore the squares HF, KC are the squares on AC, CB. 

Now, since AG is equal to GE, 

and AG is the rectangle AC, CB, for GC is equal to CB, 
therefore GE is also equal to the rectangle AC, CB. 

Therefore AG, GE are equal to twice the rectangle AC, CB. 

But the squares HF, CK are also the squares on AC,CB; therefore the four 
areas HF, CK, AG, GE are equal to the squares on AC, CB and twice the rec- 
tangle contained by AC, CB. 

But HF, CK, AG, GE are the whole ADEB, 

' which is the square on AB. 

Therefore the square on AB is equal to the squares on AC, CB and twice the 
rectangle contain^ by AC, CB. 

Therefore etc. Q. e. d. 


Pbopositton 5 

If a straight line be cut into equal and unequal segments, the rectangle contained 
by the unequal segments of the whole together with the square on the straight line 
belwem Sw points of section is equal to the square on the half. 

For let a straight line riB be cut into equal s^ments at C and into unequal 
s^ments at D; 

' ’ 1 say that the rectangle contained by 
AD, DB together with the square on 
CD is equal to the square on CB. 

For let the square CEFB be described 
on CB, [1. 46] 

and let BE be joined; 
tfarbu^ D let DG be drawn parallel to 
rither CE or BF, 

through H again let KM be drawn parallel. to dthw AS'bt'EFi'-''^'''' • 
and ag{un through A let AK be drawn parallel to either CD dr BM. ^1] 

'■ Then, once the complement CH is equal to' the ebmpSement HF, [i. 43] 
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let DM added to each; 
therefore the whole CM is equal to the whole DF. 

But CM is equal to AL, 

ance dC is also equM to CB; [l. 3Q 

therefore AL is also equal to DF. 

Let CH be added to each; 

therefore the whole AH is equal to the gnomon NOP. 

But AH is the rectangle AD, DB, for DH is equal to DB, 

therefore the gnomon NOP is also equal to the rectangle AD, DB. 

Let LO, which is equal to the square on CD, be added to each; 
therefore the gnomon NOP and LO are equal to the rectangle contained by 
AD, DB and the square on CD. 

But the gnomon NOP and LG are the whole square CEFB, which is de- 
scribed on CB; 

therefore the rectangle contained by AD, DB together with the square on CD 
is equal to the square on CB. 

Therefore etc. . Q. B .»• 


Pboposition 6 

If a straight line be bisected and a straight line be added to it in a straighi line, the 
rectangle contained by the whole with the added straight line and the added straight 
line together with the square on the half is equal to the square on Bte straight line 
made up of the half and the added straight line. 

For let a straight line AB be bisected at the point C, and let a straight line 
BD be added to it in a straight line; 

I say that the rectangle contained by AD, DB together with the square on 
CB is eqiial to the square on CD. 

For let the square CEFD be described on CD, [i. 46] 

and let DE be joined; 

tiirough the point B let BO be drawn parallel to either EC or DF, 
through the point H let KM be dra\vn parallel to either AB or EF, 
and further through A let AK be drawn parallel to either CL or DM. (i. 31] 

Then, since AC is equal to CB, 

AL is Mso equal to CH. [i. 36] 
But CH is equal to HF. [i. 43] 

Therefore AL is also equal to HF. 

Let CM be added to each; 
therefore the whole AM is equal to the 
gnomon NOP. 

But AM is Hre rectangle AD, DB, 
for DM is eqxial to DB; 
i^erc^rae the gnomon NOP is also equal to tiie rectangle AD, DB. 

hsi'LO; Which is equal to the square on BC, be added to each; 
therefore the rectangle 'cbntaihed by AD, DB together with the square on CB 
is equal to the gnomon NOP and LO. 

But toe gnomon NOP ttod LO are the whole square CEFD, whito is de- 
scribed on CD; 

itoei^oie the rectai^^e contabed by AD, DB togetoer wito toe square on CB 
fi^equid to’toesquare ‘ 

: • Therefore etc. Q. b. n. 
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' :<•'/' tboefore the^agle C(SIB is also equal to 
j f'' so that the «de BC is also equal' to the side CQ^ m '{i‘< ^ 

But CB is equal to GK, aiid CO to KB; ,[l 3^ 

therefore GK is also equal to KB; 
therefore CGKB is equilatend. 

I say next that it is also right-angled. 

For, once CO is parallel to BK, 

the angles KBC, GCB are equal to two right an^es. >[i. 29] 
But the angle KBC is right; ! 

therefore the angle BCG is also right, 
so that the opposite angles COK, GKB are also right. [i. 34] 
Therefore CGKB is right-angled; 

and it was also proved pquilateral; 
therefore it is a square; 
and it is described on CB. 

For the same reason 

HF is also a square; 

and it is described on HG, that is AC. \ [l. 34] 

Therefore the squares HF, KC are the squares on AC, CB. ' 

Now, since AO is equal to GE, 

and AG is the rectangle AC, CB, for OC is equal to CB, 
therefore GE is also equal to the rectangle AC, CB. 

Therefore AG, GE are equal to twice the rectangle AC, CB. 

But the squares HF, CK are also the squares on AC, CB; therefore the four 
areas HF, CK, AG, GE are equal to the squares on AC, CB and twice the rec- 
tangle contained by AC, CB. 

But HF, CK, AG, GE are the whole ADEB, 

which is the square on AB. 

Therefore the square on AB is equal to the squares on AC, CB and twice the 
rectangle contained by AC, CB. 

Therefore etc. q. e. d. 


PnoposmoN 6 

If a straight line be eui into equal and unequal segments, the rectangle contained 
by the unequal segments of the whole together with the square on the straight line 
between the points of se-ction is equal to the square on the half. 

For let a straight line AB be cut into equal segments at C and into unequal 
segments at D; 

1 say that the rectangle contained by 
AD, DB together with the square on 
CD is equal to the square on CB. 

For let the square CEFB be described 
baCB, [1-46] 

and let BE be joined; 
liabag}) D let DO be drawn 'parallel to 
either CE or BF, 
through H again let KM be drawn parallel. to eith^ 
and again through Alai AK be drawn p^llel to either Cti6t ^1] 

; ' Then, since the complemoit CH is equal to the'cbmplement HF, [i. 43] 
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let DM be added to each; 
therefore the whole CM is equal to the whole DF. 

But CM is equal to AL, 

«nce AC is also equal to C£; [i. 86] 

therefore AL is also equal to DF. 

Let CH be added to each; 

iherefore the whole AH is equal to the gnomon NOP. 

But AH is the rectangle AD, DB, for DH is equal to DB, 

■ therefore the gnomon NOP is also equal to the rectangle AD, DB. 

Let LG, which is equal to the square on CD, be added to each; 
therefore the gnomon NOP and LO are equal to the rectangle contained by 
AD, DB and the square on CD. 

But the gnomon NOP and LG are the whole square CEFB, which is de- 
scribed on CB; 

therefore the rectangle contained by AD, DB together with the square on CD 
is equal to the square on CB. 

Therefore etc. Q. b.d. 


Proposition 6 

If a straight line he bisected and a straight line he added to it in a straight line, the 
rectangle contained hy the whole with the added straight line and the added straight 
line together with the sqimre on the half is equal to the square on the straight line 
made up of the half and the added straight line. 

For let a straight line AB be bisected at the point C, and let a straight line 
BD be added to it in a straight line; 

1 say that the rectangle contained by AD, DB together with the square on 
CB is equal to the square on CD. 

For let the square CEFD be described on CD, [i. 46] 

and let DE be joined; 

tiirough the point B let BG be drawn parallel to either EC or DF, 
through the point H let KM be dra^vn parallel to either dB or EF, 
and further through A let AK be drawn parallel to either CL or DM. [i. 31] 

Then, since AC is equal to CB, 

AL is also equal to CH. [i. 36] 
But CH is equal to HF. {i. 43] 

Therefore AL is also equal to HF. 

Let CM be added to each; 
therefore the whole AM is equal to the 
gnomon NOP. 

' But AM is the rectangle AD, DB, 
for DM is equal to DB; 
therefore the gnomon NOP is also equal to the rectangle AD, DB. 

Let LO, Which is equal to the square mi BC, be added to each; 
therefore the rectangle ccmtained by AD, DB together with the square on CB 
is equal to the gnomon NOP and LG. 

But the gnomon NOP ahd LG are the whole square CEFD, which is de- 
scribed on CD; 

ithen^ore the rectangle contained by AD, DB togjeiher witili the square on CB 
^ equid'to^the square OB Ci>. 

»’• 'Therefore etc. «. b. d. 
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IfaatmigMUnebeeiUatrandom, the square on the tJcheU and 

Segments both together are equal to twice the recUmgte contained hy the whole and 

the said segment and the square on the remaining segment. 

For let a straight line AB be cut at random at the point C.; 

I say that the squares on AB, BC are equal to twice the reot«ui|^e contained 
by AB, BC and t^ square on CA. 

For let tiie square^iDiSB be described on AB, {i. 460 

and let the figure be drawn. 

Then, since AO is equal to GE [i. 43], let CP be added to each; 
therefore the whole AF is equal to the whole CE. 

Therefore AF, CE are double of AF. 

Bnt AF, CE are the gnomon KLM and the Square CF‘ 
therefore the gnomon KLM and the square CF are 
double of AF. 

But twice the rectangle AB, BC is also double of AF; 
for BF is equal to BC ; 

therefore the gnomon KLM and the square CFaxe equal 
to twice the rectangle AB, BC. 

Let DO, which is the square on AC, be added to each; 
therefore the gnomon KLM and the squares BO, GD are equal to twice the 
rectim^ contained by AB, BC and the square on AC. 

But the gnomon KLM and the squares BO, GD are the whole ADEB and 
CF, 

which are squares described on ilB, BC; I 

tiierefore the squares on AB, BC are equal to twice the rectangle contained by 
AB, BC together with the square cm AC, 

Therefore etc. . q. B. n. 

, , Pboposition 8 

If a Haight line be cut at random, four times the rectangle contained by the whole 
> mnd one of die segments togeOwr wi^ the square on the remaining segment is equal 
to Ote square described on the whole and the aforesaid segment as on one straight line. 
For let. d stra%bt line AB be cut at random at the p<rint C; 

I say riiat four tunes tiie rectan^e contained by AB, BC together with the 
squace on iiC is ^|uSl to the square described on AB, BC as oni one strai^t 
line. 

For let{tbe‘Straight iine] ED be produced in » stnught line [with AB], and 
let BD be Blade equal to CB; 

let tile squares ABFB bedeembed on AD, and let the figure be drawn dOublfe 
Thm, since CB is equhl.to BD, iriiile CB is equal to OK, and BD.iX]^Kii■■, 

V\ tiierefore CB is also equcd'to iCiV'.: '■■■' . .n !-,,. si 

For the same reason 

.QB'iaalso'equal toliiPi .. s 

And, since BC is equal to BD, and OK to KN, y 

> 11 ' therdfere-tCBisalaoeqiudto.BI>,.andCiB to.JiiAf.'>;h 
But CB is equal to BN, for tiiey are complemenlB d the paraUelograinj CPi 

■-■0r,'48l 
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therefore KD is also eqM to <?£; • ‘ ! 

tiierefore the four areas DKyCKi^R, BN are equk to one another. 
Therefore the four are quadruple of CX; ^ ^ i ; ^ i ,,’ 

Agaih, dnoe CB is equal to JSD; 
while BD is equal to BKt that istCO^ 
and k equal to thatisfii^r ^ 
therefore CG is also equal to GQ. 

And, since CG is equal to (?Q, and Qi2 to 

fiP, 

AG is also equal to MQ, and QL to RF. [i. 36] 
But MQ is equal to QL, for they are comple- 
ments of ^e parallelogram ML; [i. 43] 

therefore AG is also equal to RF; 
therefore the four areas AG, JIfQ, QL, RF are 
equal to one another. r 

Therefore the four are quadruple of AG. 

But the four areas GJf, KZ), GJB, RN were ptt)ved to be quadruple of CK; 
therefore the eight areas, which contain the gnomon ST 17, are quadruple of 
AK. • 

Now, since AK is the rectangle AB, BB, for BK is equal to B©, 
therefore four times the rectangle AB, BD is quadruple of AJC. 

But the gnomon STU was also proved to be quadruple of AK; 
therefore four times the rectangle AB, BD is equal to the gnomon STU, 
Let OH, which is equal to the square on AC, be added to each; 
therefore four times the rectangle AB, BD together with the square on AC is 
equal to the gnomon STU and OH. 

But the gnomon STU and OH are the whole square AEFD, 
which is described on AZ>; 

therefore four times the rectangle AB, BD together with the square on AC is 
equal to the square on AD. 

But BD is equal to BC; . < . 

therefore four times the rectangle contained by AB, BC together with the 
square on AC is equal to the on AD, that is to the square described on 
AB and BC as on one str^ught line; 

Therefore etc. q. b. n. 

’ f r ' . ' 1 ' . ' 

,,, Pbopobixion9 

If a straight line be cut into equal and unequal eegments, the equam on (he unopud 
segments of t^ whole isredoukle of the square on the half and (f dU eqtiare oh (he 
sii^ht line between the points seciian, 
for let a stn^t line AB be cut into equal segments at C, and into unequal 
segments 4t 

< I tty i^at Ibe sofuares oo4A DB double of the squares oa AO; CBi 
~ for let CE be drawn fnan C at ri{^t angles to AB, and let it be made equal 
to^tber'lC^or-C£';>' ’ 

let be joined, - .l i’- 

..V > <>.>,' M lie dnM B ^aftdM to SC« 

n and fO tbrou# F pa^ld to iiJ3, ' '> 

. and let AF be joined. 
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Then, einoe AC is equal to CE, 

the EAC is also equal to the angle AEC. 

And, sinee the an^e at C is right, 

the remaining aisles EAC, AEC are equal to one right angle, [i. 32] 
And they are equal; 

theref<»« each of the angles CEA, CAE is 
half a right angle. 

For the same reason 

each of the angles CEB, EBC is also half 
a ri^t angle; 

therefore the whole an^e AEB is right. 

And, since the angle OEF is half a 
right angle. 

and the angle EOF is right, for it is equal 
to the interior and opposite angle ECB, 


the remaining angle EFG is half a right angle; \ [i. 32] 

therefore the angle OEF is equal to the angle EFO, 

so that the side EG is also equal to GF. \ [i. 6] 

Again, since the angle at B is half a right angle, \ 

and the angle FDB is right, for it is again equal to the interior and opposite 
angle ECB, [i. 29] 

the remaining angle BFD is half a right angle; [i. 32] 

th«*efore the angle at B is equal to the angle DFB, 
so that the side FD is also equal to the side DB. [i. 6] 

Now, since AC is equal to CE, 

the square on AC is also equal to the square on CE", j 


therefore the squares on AC, CE are double of the square on AC. 

But the square on EA is equal to the squares on AC, CE, for the angle ACE 
is right; [i. 47] 

therefore the square on EA is double of the square on AC. 

Again, since EG is equal to GF, 

the square on EG is also equal to the square on GF; 
therdore the squares on EG, GF are double of the square on GF. 

But the square on EF is equal to the squares on EG, GF; 

therefore the square on EF is double of the square on GF. 

■ But CrF is equal to CD; [i. 34] 

therefore the square on EF is double of the square on CD. 

But the square on EA is also double of the square on AC ; 
ther^mre the squares on AE, EF are double of the squares on AC, CD. 

. And the square on AF is equal to the squares on AE, EF, for the angle AEF 
is right; - [i. 47] 

therefore the square on AF is double of the squares on AC, CD. 

But the scpiares on AD, DF are equal to the square on AF, for the angle at 
Disri^t; [1.47] 

llierefore the squares on AD, DF are double of the squares on AC, CD. 
And DF is equal to DB; 

ther^ore the squares ml AD, DB are douUe the' -squares (m AC, CD. 
Therefore etc. Q. e. n. 
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Proposition 10 

If a atraight line be biaeeted, and a straight line be added to it in a straight line, the 
square on the whole with the added straight line and the square on the added straight 
Kne both together are dovMe of the square on the half and of Oie square described on 
the straight line made up of the half and the added straight line as on one straight 
line. 

For let a strught line^Pbe bisected at C,aad let a stra^ht VdieBD be added 
to it in a straight line; 

I say that the squares on AD, DB are double of the squares on AC, CD. 

For let CE be drawn from the point C at 
right angles to AB [i. 11], and let it be made 
equal to either AC or CB [i. 3]; 

let EA, EB be joined; 
through E let EF be drawn parallel to AD, 
and through D let FD be drawn parallel to 
CE. [1, 31] 

Then, mnce a straight line EF falls on the 
parallel straight lines EC, FD, 
the angles CEF, EFD are equal to two right angles; [i. 29] 
therefore the angles FEB, EFD are less than two right angles. 

But straight lines produced from angles less thra two right angles meet; 

[I. Post. Q 

therefore EB, FD, if produced in the direction B, D, will meet. 

Let them be produced and meet at 0, 

and let AO be joined. 

Then, since AC is equal to CE, 

the angle EAC is also equal to the angle AEC; [i. Q 

and tiie angle at C is right; 

therefore each of the angles EAC, AEC is half a ri^t angle, [i. 3S3 
For the same reason 

each of the angles CEB, EBC is also half a right an|^; 
therefore the angle AEB is right. 

And, since the angle EBC is half a right angle, 

the angle DBG is also half a right angle. 

But the angle BDG is also ri^t, 

for it is equal to the angle DCE, they bring altmiate; 
therefore the remaining angle DOB is half a right an^de; 
therefore the tmgle DOB is equal to the angle DBO, 

* so that the ride BD is also equal to the ride GD. 

, Agrin, rince the angle EOF is half a right angle, 

•hd the angle at F is right, for it is equal to the opposite angle, the aqi^e at C, 

• tr.84] 

the rmaining angle FEO is half a i^t angle; . 
therefore tihe an^e .EGF is eqmd to the'imgde 
so that the side OF is also equal to the ride EF. 

Now, since the square oh EC is equal to riie squaee on CA, 

the squares on EC, CA are doable d the square <m CA, 

But the square on EA is equal to the squares on 


[1.29] 

[ 1.319 

ft 6] 


( 1 . 3 ^ 

[ 1 . 0 ] 
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Ihaeiore the square on iSil is double the square on AC. [CJ/. 1] 
Again, since FG is equid to EP, ‘ ‘ < 

the square on FO is also equ^ to the ciquare on i^Iil' • . '< . . 

' therefore the squares on OF, FE are dcnibieiof thesquaiie on £F. . ' 

Butibesquare on is equal to ibe squares on G!F, FF; ■ ■fi.47] 

therdbre the square on EG is double of the square on EF. 

And EF is equal to CD; [i><84] 

!> Ibereforeithe square on EG is doulde of the sqmte on CD. . 

But the square on EA was also proved double of the square' on AC; • ' > 

therefore the squares on AE, are double of:the squares on AC, CD. 
And the square on AO is equal to the squares^ on AE, EG; [i. 47] 

ther^re the square on AO is doubte of the squares on 4^, CD. 

But the squares on AD, DO are equal to, the square on AO) , [i. 47] 
therefore the squares on AD, DO are doiil^e of the squares on ACl CD. 
And DO is equid to DB; \ 

therefore the squares on AD, DB are double of the squares oh AC,\ CD. 

' Therefore etc. q.W d. 

PnoposmoN 11 \ 

To out a given straight line eo Otat the re^angle contained bp the whole and one of 
the segments is equal to the square on the remaining segment. 

Let AB be the given strai^t line; 

tiuis it is required to cut AB so that the rectangle contained by the whole and 
one of the segments is equal to the square on the remaining segment. 

For let the square ABDC be described on AB; [i. 46] 

let AC be bisected at the point E, and let BE be joined; 1 
let CA be drawn through to F, and let EF be nmde equal i 

to BE; 

let the square FH be described on AF, and let OH be 
dmmi through to 

I say that AB has been cut at H so as to make the rec- 
tangle contained by AB, BH equal to the square on AH. 

For, since the stndgbt line AC has bear lasected at E, and 
FA is added to it, 

^the rectangle contained by CF, FA together with Ihe square 
on AE is equal to the square on EF. {n. Q 

; -!:j^t DF is equal to EB; 

itlmrefore 1he:reotan^ CF, FA together withthesquare on AE is equtd to the 
square on FB.' ■ * 

' But the squares on-BA^ AF are equal to the square on EBj for the angle at 
A is right: • •[ii47] 

theiefiHie, theiteetsiqde CFi FA together with Ihe equate cm AF is‘equal to^the 
liquates <m BA, AF. 

;; ;X«t Ihe square <m AF be inibtraoted Irdm ea^; 

tho^ore tharectang^ CF; FA width renudns w equid to toe squue on AB. 
J^w the reetaagle'CF/ FA; h FK, for AF is equal toFC; 

, r- - lit > and the equate on ABvis AD; . . 

,-<!,th»efore;FiiEt3s«quidto AJh-' •!;- - 
AFbesubtthot«l£t<»n;«M^; ‘ . 
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therefore Ffwhicli:maaiis& equal toff D. 1 , ' ! 

' Aad'ffD is the teetongle Aff, Bff, for-^B ie eq^ to fiD; ; 

and Fff is the squareon Aff; 

therefore tho rectan^e Gontained by Afi, Bff k equal to the square on ffA. 
toerefore the givat strai^t line AB has been cut at ff so as to make toe.iee* 
ta^e contiuned by AB,' Bff equal to <he sqiiaie on ffA. * q. x. f. 


Pnoposmox 12 


In obtuse-angled trian^ die square on the side ssAtending die obtuse angle is 
greater than the squares on the sides containing the obtiue angle by twice die reo. 
tangle contained by one of the sides about the obtuse angle, namely that on tohvdi the 
‘perpendicular faUs, and the straight line cut off outside by the perpendicular to- 
wards the obtuse angle. 

Let ABC be an obtuse-angled triangle having the angle BAG obtuse, and let 
BD be drawn from the point B perpendicular to CA produced; 

I say that the square on BC is greater than the squares on BA, AC by twice 
the rectangle contained by CA, AB. 



For, since the straight line CD has been cut at ran- 
dom at the point A, 

the square on DC k equal to the squares on.CA, AB 
and twice the rectangle contamed by CA, AB. [n. 4] 
Let the square on BB be added to each; 
therefore the squares on CD, DB are equal to the 


A c squares on CA, AB, BB and twice the rectan^ 'CA^ 


AB. 


But the square on CB is equal to the squares on CB, BB, for the angle at B 
k right; [i. 47] 

and the square on AB k equal to the squares on AB, BB; [i. 47] 
toerefore the square on CB k equal to the squares on CA, AB and twice toe 
rectangle contained by CA, AB; 

so that the square on CB k greater than toe squares on CA, AB by twice tlm 
rectangle contained by CA, AB. 

Iberefore etc. ' q. x. n; '• 


PnoposmoK 13 


In acute-angled triangles the square on the side subtending the acide angle is kst 
dian the squares on the sides containing the acute angle by twice the rectangle con- 
tttinedbyoneof the sides cdfoutdie acute angle, namely thatm which theperpen- 
dieular faUs, and the straight line cut off within by the perpendieular towards the 
acute arigle. ‘ ' 

'’Let ABC be an acute-anj^ed triangle having the ang^'at B acute, and let 



AB be drawn from the point A peipendidalar to BC; 

Isay tout the square on AC kleas toan tltosqukres 
m CB, BA by twite the rectattg^ ccmtamed l^^CB, BB. 

For, anto the tonight line CB has beai'cut at iWi- 

dbm at-'B,' ‘ ’’ - ■ r 

toe squares on CB, BB are equal to'twke‘to* 
eooteined l^CB, BB aad Hreequare <m BCl' 
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Let tile square on DA be added to eaeh; 
therefore the squares on CB, BD, DA are equal to twice the rectangle con- 
tained by CB, BD and the squares on AD, DC. 

But the square on AB is equal to the squares on BD, DA, for the angle at D 
u ntd^t; [i. 47] 

and the square on AC is equal to the squares on AD, DC; 
therefore the squares on CB, BA are equal to the square on AC and twice the 
rectangle CB, BD, 

BO that the square on AC alone is less than the squares on CB, BA by twice the 
rectangle contained by CB, BD, 

Iberefore etc. q. b. d. 


PaoposmoN 14 

To construct a square equal to a given rectiliileiS. figure. 

Let A be the given rectilineal figure; 
thus it is required to construct a square equal to the rectilineal 
For let there be constructed 
tile rectangular parallelogram BD 
equal to the rectilineal figure A. 

[1.46] 

Then, if BE is equal to ED, 
that which was enjoined will 
have been done; for a square BD 
has been constructed equal to the rectilineal figure A. 

But, if not, one of the straight lines BE, ED is greater. 

Let BE be greater, and let it be produced to F; ; 

let EF be made equal to ED, and let BF be bisected at G. 

With centre 6 and distance one of the straight lines OB, OF let the semi- 
circle BHF be described; let DE be produced to H, and let OH be joined. 

Then, since the straight line BF has been cut into equal segments at 0, and 
into unequal segments at E, 

the rectangle contained by BE, EF together with the square on EG is equal to 
the square on OF. [n. 5] 

But OF is equal to OH; 

therefore the rectangle BE, EF together with the square on OE is equal to the 
Square on OH. 

But the squares on HE, EG are equal to the square on OH; [i. 47] 

therefore the rectangle BE, EF together with the square on OE is equal to the 
squares cm HE, EG. 

Let the square on OE be subtracted from each; 
ther^ore the rectansdo contained by BE, EF wli^ remains is equal to the 
square on EH. 

But the rectangle BE, EF is BD, for EF is equtd to ED; 

, . therefore the parallelogram BD is equal to the square on HE. 

And BD is equal to the rectilineal figure A. 

Therefore the rectilineal figure A is also equal to the square which can be 
described cm EH. 

Therefore a square, nundly that which can be described on EH, has been 
ODits^cted equal to the given rectilineal figure A. q. b. t . 




BOOK THREE 


DEFINITIONS 

1. Equal circles are those the diameters of which are equal, or the radii of 
which are equal. 

2. A straight line is said to touch a circle which, meeting the circle and bdhg 
produced, does not cut the circle. 

3. Circles are said to touch one mother which, meeting one another, do not 
cut one another. 

4. In a circle straight lines are said to be equally distant from the centre when 
the perpendiculars drawn to them from the centre are equal. 

A And that straight line is said to be at a greater distance on which the great* 
er perpendicular falls. 

6. A segment of a circle is the figure contained by a straight line and a ciiv 
cumference of a circle. 

7. An angle of a segment is that contained by a straight line and a circum* 
ference of a circle. 

8. An angle in a segment is the angle which, when a point is taken on the cir- 
cumference of the segment and straight lines are joined from it to tiie mctrem- 
ities of the straight line which is the base of the segment, is contained by the 
straight lines so joined. 

9. And, when the straight lines containing the angle cut off a circumference, 
the angle is said to stand upon that circumference. 

ip. A sector of a circle is the figure which, wh^ an angle is constructed at the 
centre of the circle, is contained by the straight lines containing the angle and 
tte circumference cut off by them. 

1 1 . Similar segments of circles are those which admit equal angles, or in which 
the angles are equal to one another. 

BOOK III. PROPOSITIONS 
Pboposition 1 

To find the centre of a given cirde. 

Let ABC be the given circle; 

thus it is required to find the centre of the circle ABC. 

Let a straight line AB be drawn through it at random, and let it be bisected 
at the point Z); ' 

from £> let DC be drawn at right angles to AB and let it be drawn through to 

let C£ be bisected at F; 

I say that F is the centre of the circle ABC. 

For suppose it is not, but, if possible, let 0 be the centre, 
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r uid let OA, QD, OB be joined. 

Then, ^ce AD is equal to DB, and DO is common, 
the two sides AD, DO are equal to the two sides BD, DO respectively; 
and the base OA is equal to the base OB, for tiiey are 
radii; 

therefore the angle ADO is e(pial, |q<thq ODB. 

‘ [i.Si 

But, when a straight line set up on a straight line 
makes the adjacent angles equal to one another, each of 
tiie equal angles is right; [i. Def. 10] 

therefore the angle ODB is n^t. 

' Bnt.the angle FDB is also x%ht; 
therefore the angle FDB is equal to the angle ODB, 
iths greater to the less: which k impossible/' 

Therefore 0 is not the centre of the circle ABC. 

. Similiu'ly we. can prove that neither is any oth«: point except F. 

Therefore the point F is the centre of the circle ABC. 

; .PoBiSM. From tiiis it k manifest that, if in a circle a strai^t lin^ icut a 
straight line into two equal parts and at right angles, the centre of the ^rcle k 
on the cutting strai^t line. q. b. v. 



PnoPosmoN 2 

Jf on the drcumference o/ a circle two poirtis be taken at random, Oie strait Jam 
joining the points will fall within the circle. 

■ Let ABC be a circle, and let two points A, She taken at random on Its cir- 
oumferenoe; 

' I say that the straight line joined from A to B will fall within the circle. 

For suppose it does not, but, if possible, let it fall outside, as AEB] 
let the o^tre of the circle ABC be takm [m. 1], and let it be i); let DA, DB be 
joined, and let DFE be drawn through. 

'Hien, since DA k equal to DB, 
the angle DAE is also equal to the angle DBE. [i. 6] 

And, since one side AEB of the triangle DAE. k pro- 
duced, .. 

the angle DEB is greater than the angle DAE. [i. 16] 

But the angle DAE k equal to the angle DBE; 
ther^ore the angle DEB k greats than the angle 
DBE. 

And the greater angle k subtended by the greater 
^e; > ' {i.tQ] 

therefore k greater thim 2>.F. ■ 

But 2>B k equal to IXF; 

1 - thean^e.DFik greiutor than 2>J5, .. ,» 

the less than the greater: which is impossible. u; 

. M Tbesrefbte ^ struid^t line jok^ frcHu A to B^willnot fall outside the oin#.. 
Sunilaily we can prove that neither will it fall on the cireundfinence itself; 

:ttier^ore it will kU within., w > .>1 

'Hierrfoie etc. . > • .i -t 
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If in a eirele a straight Has thhfOgh ihd eerOre. bisect a straight line not through 
the centre, it also cuts it at right an^^ <md if Ueutitat rij^ angleSi it also 
Useetsit, : ' ' • ■ , 

Let ABC he a circle, and in it let a stnught line CD through the centre biseot.- 
a straight line AB not through the centxe at the point F; 
leay that it also cuts it at right angles. 

For let the centre of the circle ABC taken, and let it be E; let EA, EB be 
joined. 

Thai, dnoe AF is equal to FB, and FE is common, ' 
‘ two odes ese equal to two ades; 
and the base EA is equal to the base EB; 
therefore the migle 

is equal to the angle BFE. [i. S] 

But, when a straight line set upon a straight Ime 
makes the adjacent angles equal to one another, each 
of the equal angles is right; [i. Def. 10] 

ther^ore each of the angles AFE, BFE is right; 
Therefore CD, which is through the centre, and 
bisects AB which not through the centre, also cuts it at right angles. 
rAgain, let'em out AB at right angles; 

I say that it also bisects it, that is, that AF is equal to FB. 

For, with the same construction, 

since is equal to 

the angle EAF is also equal to the angle EBF. [i. ^ 

But the right angle AFE is equal to the right angle BFE, therefore EAF, 
EBF are two triangles having two angles equal to two angles and one side 
equal to one side, namely EF, which is common to than, and subtends (me of- 
the equal an^es; 

therefore they will also have the remaking sides equal to the remaimng eddes; 

• ■ [I.. 26 ] 

therefore AF is equal to FB. 

Therefore etc. q. b. d;' 

Proposition 4 

If 'in a circle tipo straight lines cut one anoQver which are not through the centre, 
do not bisect one another. 

Let ABCD be a circle, and in it lot the two strai^t Ikes AC, BD, which are 
not through tlie centre,' cut one another at JSr; 

I say that tlmy (k not yseet one anothe^ 

For, if posable, let them bisect one ancither, so that 
AE is equaito ECf Stod BE to ED; 
let the centre of the circle ABCD be taken [in. .1], 
and let it be F; let FE be joined. 

Itiai, skiih' a stiai^t Ike FE throu^ the coitre 
' bisects a Btral||it ike A<)' not ihroiigh Idle centie, 

'» it^teoeirteitatri^taDi^;. {in.3} 

tbefetoe ^ ai^e FILi k 
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Agiw, once a straight line FE bisects a strught line BD, 

it also cuts it at li^t angles; [m. 3] 

therrfore the angle FEB »' ri|^. 

But the anglu FEA was ako proved ri{^t; 
ther^ore the angle FEA is equal to the angle FEB, the less to the greater: 
which is'itnposdble. 

Therefore AC, BD do not bisect one another. 

Therefore etc. q. b. d. 

Phoposition 5 

If two cirdes cut one another, Owy will not have the same centre. 

For let the circles ABC, CDG cut one another at the points B, C; 

I say that they will not have the same centre. 

For, if possible, let it be B; let EC be joined,' and let EFO be drawn 
at random. 

Then, since the point E is the centre of the circle 
ABC, 

EC is equal to EF. [i. Def. 15] 

Again, since the point E is the centre of the circle 
CDG, 

EC is equal to EG. 

But EC was proved equal to EF also; 
therefore EF is also equal to EG, the less to the 
greater: which is impossible. 

Therefore the point E is not the centre of the circles ABC, CDG. 

Therefore etc. Q. 

Proposition 6 

If two circles touch one another, they will not have the same centre. 

For let the two circles ABC, CDE touch one another at the point C; 

I say that they will not have the same centre. 

Few, if possible, let it be F; let FC be joined, and let FEB be drawn through 
at random. 

Hien, since the point F is the centre of the circle 
ABC, 

FC is equal to FB. 

Again, once the point F is the centre of the 
circle CDE, 

FC is equid to FE. 

But FC was proved equal to FB; 
therefore FE is also equ^ to FB, the less to the~ 
greatm*: which is impossible. 

Therefore F is not the centre of the circles ABC, CDE. 

Therefore etc. Q. b. d. . 

Proposition 7 ’■ 

If on Ote diameter of a circle a point be taken whidi i» not the centre e/ the circle, 
ini from the point draight linafcM upon the cirde, that wdl be greated on whids 
^ ■centre is, the remainder of the aame diameter wdl be lead, and of the red the 
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nearer to the etraigkl Une tfte een/tre it alwaye greater than tJhe more remote, 

and only two equal straight lines will fall from the point on Ow cirtle, one on eocft 
side of the least straight line. 

Let ABCD be a circle, and let AD be a diameter of it; on AD let a point F be 
taken which is not the centre of the circle, let E be the centre of the circle, 
and from F let straight lines FB, FC, FO fall upon the circle ABCD'i 

I say that FA is greatest, FD is least, and of the rest FB is greater than FC, 
and FC than FQ. 

For let BE, CE, OE be joined. 

Then, mnce in any triangle two sides are greater than the remaining one, 

[1. 201 



For the same reason 


EB, EF are greater than BF. 

But AE is equal to BE) , 

therefore AF is greater than BF. 

Again, since BE is equal to CE, and FE is com- 
mon, 

the two sides BE, EF are equal to the two sides 
CE, EF. 

But the angle BEF is also greater than the angle 
CEF) 

therefore the base BF is greater than the base CF, 

[i.M] 


CF is also greater than FQ. 

Again, since QF, FE are greater than EG, 

and EO is equal to ED, 

GF, FE are greater than ED. 

Let EF be subtracted from each; 

therefore the remainder GF is greater than the remaindw FD. 
Therefore FA is greatest, FD is least, and FB is greater than FC, and FC 
than FG. 

I say also that from the point F only two equal straight lines will fall on the 
circle ABCD, one on each side of the least FD. 

For on the straight line EF, and at the point E on it, let the angle FES he 
constructed equal to the angle QEF [i. 23], and let FH be joined. 

Then, since GE is equal to EH, 

and EF is common, 

the two sides QE, EF are equal to the two rades HE, EF; 
and the angle GEF is equd to the angle HEF; 
therefore the base FQ is equal to the base FH. [i. 4] 

1 say again that another straight line equal to FQ will not fall on the circle 
from the point F. 

For, if possible, let BO fall. ■' ti, 

' Then, since Fi?: is equ^ to FG, and Fff to ft?, 

FK is also equal io FH, 

the nearer to the straiii^t line toroagh thee^tie being thus equal to the more 
remote: which is impotable.. 

Therefore another strai^t finie equal to QF wUl not fafl from the p^t F 



ftoefore etc. 


ficrcfilfi K‘. 

abiBttfym OB^ one stcni^t Ike wSl eoitlk. 

PsoposmoN 8 


Q. B. Zk> 



If a point be taken outside a eirde and from the point drai^ lines he drawn 
trough 16 the drde, one of xekieh is through the centre and the others are drawn at 
random^ dien, of the straight lines which faU on the concave cireumferencei that 
through the centre is greatest, while of the rest the nearer to that through the centre is 
cdways greater than the more remote, but, of the straight lines falling on the conv&e 
circumference, that between the point and the diameter is least, while 0 / the red, the 
nearer to the least is always less than the more remote, and only two equal straight 
lines win fall on &te drde from the point, one on eadi side of the least. 

Let ABC be a circle, and let a point D token outside ABtj) let 
drawn throuigh from it straight lines DA, DE,DF, DC, and let DA be 1 
tiie centre; 

I say that, of the straight lines falling on the concave circumference i 
the straight line DA through the centre is greatest, 

while DE is greater than DF and DF than DC; 
but, of the straight lines falling on the convex circumference HLKG, the 
straight line DG between the point and the diameter AO is least; and the 
nearer to the least DG is always less than the more remote, namely DK 
Ulan DL, and DL than DH. 

For let the centre of the circle ABC be taken [ra. 1], 
and let it be M; let ME, MF, MC, MK, ML, MH be 
joined. 

Then, mnce AM is equal to EM, let MD be added 
to each; 

therefore AD is equal to EM, MD. 

But EM, MD are greater than ED; 

therefore AD is also greater than ED. 

Agtun, since ME is equal to MF, 
and MD is common, 

therefore EM, MD are equal to FM, MD; 
ahd'tbe an^e EMD is greater than the ani^e FMD; 
therefore the base ED vs greater than the base FD. 

Similarly we can prove that FD is greater than CD; therefore DA is greatest, 
while DE is greater than DF,<and DF than DC. 

Next, ^ce MK, KD are greater than MD, (i. 20] 

1 ' and ilf(7 is equal to MK, 

! tha^fore'the remainder KDi b greater than lie imainder OD, 

' ’ SO that b less than iiCZr. 1 ! 

And, ennoe on MD, one of the sides of the triangle MLD, ti^oetraight Unee 
MK, KD ware constructed meeting within tbtitiiui^e, i ' . c . ^ 
Hierefore MK, KDnxa less tiran ML; LD; . > ; (iL j21] 

and MK b equal 

f « ■!' iOierafoie tiietomunder D^ib iendiiimillie'renuMbr DL. r 

Smilariy we can prove that DL b also less ; ’ ' ' > ' ’'i 

.‘^'ir^haanioie-DG & least, b less Unta'M/^’smd DL'^iaa DHa' > 

I say abo that only two equal straif^ lines win fall from the^plsiiit iHtadilp 
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circle, one on each ride d the l^t DO. 

On the straight line MD, and at'tiie point M on it, 
let the an^e DMB be constructed equal to -^e angle KMD, leai tet DB be 
joined. . , ; • » 

Then, since MK is equal to MB^ 

and MD is ctHnnum, 

t^e-two rides KM., MD are equal to the t^ rides BM, MD respecriTrily; 
and the angle KMD is equal to the angle BMD; 

■ ■ : itherriore the base DK is equal to the base DB. {i. 4] 

I say that no other straight line equal to the straight line DK will fall on 
the circle from the. point D. 

For, if possible, let a straight line so fall, and let it be DN. 

Th^, since DK is equal to DN, 

while DK is equal to DB, 

DB is also equal to DN, . 

that is, the nearer to the least DO equal to the more remote: which was proved 
impossible. 

Therefore no more than two equri straight lines will fall on the cirde ABC 
from the point D, one on each ride of DO the least. 

Therefore etc. »3. e. ». 


. PnoposmoN 9 

If a point be taken within a cirde, and more than two equal straight lines fall from 
^ point on the circle, the point taken is the centre of the circle. 

Let ABC be a circle and D a point within it, and from D let more than two 
equal straight lines, namely DA, DB, DC, fall on 
the circle ABC; 

I say that the point D is the centre of the circle 
ABC^ 

For let AB, BC be joined and bisected at the 
points E, F, and let ED, FD be joined and drawn 
through to the points 6, iiC, J7, L. 

Then, since AE is equal to EB, and ED is comr 
mon, 

the two sides AE, ED are equal to the two sidee 
BE, ED; , 
and the base DA is equal to the base DB; . . 

therefore the' angle is equal to Ihe angle ^D. ' ti'8] 

^erribre each of the itngles AED, BED is right; 1(9 

therefore OK cuts AB into two equal parts and at ri^dil' an^Os. 

And rince, if in a circle a stra^ht line oit a straight Une into two equal parte 
and at r%lit angles, the centre of the circle is on the cutting strai^t Une, 
’ (HI. 1/ Ru:.] 

tiie centre of the cirrie is on 
For the same reascm ] . 

~~ the centre of rire ciccle is also on 
And the stirri^t lines OK, HL have no other point oommbn but the point 
th^srione the point D isrthe ooihre M tiie rinrie ABC. 

TSmdsK etc. a. s; m 
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PBOFOSmON 10 

A circle doet not eat a drde at more pointe than two. 

For, if posable, let the circle ABC cut the circle DEF at more pointe than 
two, namely B, C, F, H; 

let BH, BG be joined and bisected at the points K, L, 
and from K, L let KC, LM be drawn at right angles to BH, BG and carried 
through to the points A, E. 

Then, since in the circle ABC a straight line AC cuts a straight line BH into 
two equal parts and at right angles, 
the centre of the circle ABC is on AC. 

[ni. 1, For.] 

Again, since in the same circle ABC a 
straight line NO cuts a straight line BG into 
two equal parts and at right angles, 
the centre of the circle ABC is on NO. 

But it was also proved to be on AC, and 
the strai^t lines AC, NO meet at no point 
except at P; 

therefore the point P is the centre of the 
circle ABC. 

Similarly we can prove that P is also the centre of the circle DEF; 
therefore the two circles ABC, DEF which cut one another have the same oen> 
tre P: which is impossible. [m. 6] 

Therefore etc. q. e. o. 



PBOPOSmON 11 

If two circles toudi one another irdemally, and their centres be taken, the straight 
line joining their centres, if it be also prodiiced, vnU fall on the point of contact of 
the circles. 

For let the two circles ABC, ADE touch one another internally at the point 
Ai and let the centre F of the circle ABC, and the centre G of ADE, be taken; 

I say that the straight line joined from Gix> F 
and produced will fall on A. 

■ For suppose it does not, but, if possible, let it 
fall as FGH, and let AF, AG be joined. 

Thai, since AG, GF are greater than FA, that 
is, than FH, 

let FG be subtracted from each ; 
iborefore the remainder AG is greater than the 
remainder GH. 

But AG is equal to GD; 

therefore GD is also greater than GH. 
the less than the greater: which is impossible. 

Therefore the straight line joined from F to 
0 will not fall outmde; 

fjierrfon it will fall at A on the point of contaot.i 

Therefore etc. 
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PitOFOBmOK ^ 

If two drdeB towh one anaBner extemaHy, theetrmghtKnej<ming SutreeahreamU 
pate Svrough the point of contact. 

For tet the two ckcles ABC, ADE touch oue another externally at Ihe point 
A, and let the centre F of ABC, and the centre 0 of ADE, be taken; 

I Bay that the straight line joined from F to G will pass throu^ point 
of contact at A. 

For suppose it does not, but, if posable, let it pass as FCDG, and let AF, AO 

be joined. 

Then, since the point F is the centre of 
the circle ABC, 

FA is equal to FC. 

Again, since the point 0 is the centre of 
the circle ADE, 

GA is equal to OD. 

But FA was also proved equal to FC; 
therefore FA, AG are equal to FC, GD, 
so that the whole FG is greater than FA, 
AO; 

but it is also less [i. 20]: which is impossible. 

Therefore the straight line joined from F to G will not fail to pass tlm)Ugh 
the point of contact at A ; 

therefore it will pass through it. 

Therefore etc. q. b. ®. 


%) 


PaoposmoN 13 

A drde does not toudi a circle at more points than one, whether it touch it inters 
nally or externally. 

Fm, if possible, let the circle ABDC touch the circle EBFD, first internally, 
at more points than one, namely D, B. 

Let the centre G of the circle ABDC, and the centre H of EBFD, be tak^. 
Therefore the straight line joined from G to H will fall (m B, D. [in. 11] 

Let it so fall, as BOHD. 

Then, since the point G is the centre of the 
circle A BCD, 

BG is equal to OD; 
therefore BO is greater than HD; 
therefore BH is much greats than HD. 
Again, since the point H is the centre of the 
drcle EBFD, 

BH is equal to HD; 

but it was also prov^ much greater tiiaa it: 
which is impossible. 

Ther^ore a circle does not touch a circle in- 
twnally at more pmnts than one. 

I say further that neither does it so tou(di it externally. 

For, if posable, let the eirele ACK touch the circle ABDC at mom points 
than one, namely A, C, 
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an4.1et udCte ^oi^. 

Then, ^ce on tiie circumfel'toce df'ealch 6f the circles ABDC, ACK two 
points A, € have been taken at randoshy iiie stara^t line joining the ptdhtk 
will fall wilhin each circle; ' ' ■ ptn.-ig 

but it fdl within Ibe circle ABDC and outnde ACK [ni. thU S]: whk& 'iB ab- 
surd. ‘ !■, .! 

' Iberefore a circle does not touch a circle extemaify at more points-lihaa one. 
And it was proved that neither does it so touch it internally. ; ' < ' 

Therefore etc. . . > ' ■ ,q. B. ns. 

PapposiTioN 14 

In a circle equal straight lines are equally distant from the centre, and those whith 
are equally distant from the centre are equal to one another, < 

Let ABDC be a circle, and let AB, CD be equal straight lines in ill; > 
I say that AB, CD are equally distant from the centre. T 

For let the TOntre of the cirde ABDC be taken [m. 1], and letit be 4-; fiom 
, E let BF, EO be drawn perpendicular to AB, CD, and let AE, EC be|oined. 
Then, since a straight line through the centre cuts a straight line Ab not 
through the centre at right angles, it also bisects it. ^i. 3] 

Therefore AF is equal to FB; 

therefore AB is double of AF. 

For the same reason 

CD is also double of CG] 
and AB is equal to CD; 
therefore AF is also equal to CO, 

And, since AE is equal to EC, 
the square on AE is also equal to the square on 
But the squares on AF, EF are equal to the square on AE, for the an^e at F is 
right; ' 

and the squares on EG, OC are equal to the square on EC, for the angle at O’ is 
right; [1.47] 

therefore the squares on AF, FE are equal to the squares on CO, GE, 
which the square on AF is equal to the square on CO, for AF is equal to CG; 
therefore the square on FE which remains is equal to the square on EG, 
therefore EF is equal to EG. 

But in a circle straight lines are said to be equally distant from the centre 
wh«i the perpaidiculars drawn to them from the centre are equal [ni. Def. 4]; 
therefore AB, CD are equally distant from the ce^atre. 

Next> let the straight lines AB, CD be equally distant frqeih the centre; that 
is, let BF be equal to EG. 

I say that AB is also equal to CD:- 

For, with the same ccnastruction, we can prove, similar^, that AB is double 
of AF,aadCBofCa 
And, since AE is equal to CE, 

the square on AB is equal tO' the square on CB. 

But the squares on EF,FA are equd to tlbe;square on AE, and the squares on 
(JC equal to the square cm OB. , " ’ ' * 

Hilihereiem the squares oa> BF, FA iue^4i^ial to the Squares BO, < 00 ; < 
of which the square on BF is equal to the square on BO, {o#BFiB*eqiudtoBOj 
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i , . ii t eitefaBB tihe aqaare on A¥ rmaiMuiM is equal ta tht> iBy uate riw irtW; 

tber^ore is equid to CO. * 

And AB is double of AF, and CD double «f ’CO; 

. . therefore AB is equal to CD. 

Ther^ore etjc. q. iLi}. 

i 

/ PBOP0«n3ONl5 

iOf strai^ lines in a circle the dvimaer is graOert, and of the rest t&e nea)%t^ le 'Ae 
tentre is dhoays heater Bum the more remote. 

Let ABCD be a circle, let AD be its diameter and E the centre; and let BC 
be nearer to the diameter AZ), and FO more remote; 

I say that AD is greatest and BC gtenler than FO. - 
For from the centre E Id; EH’, EK be draim p«rpen- 
diculu' to BC, FG. 

Thai, sinoe BC is nearer to the centre and FO more 
remote, EK is greater than EH. [nr. Def. 6] 

' Let EL be made equal to EH, throat L W LM be 
drawn at right angles to EK and carried -Uirough to N, 
and let ME, EN, FE, EG be joined. 

Then, since EH is equal to EL, 

BC is also equal to MN. (m.- 

Again, once AE is equal to EM, and ED to BN, 

AD is equal to ME, EN. 

But ME, EN are greater than MN, [i, 20] 

• and MN is equal to BC; 

therefore AD is greater than BC. 

And, ance the two sides ME, EN are equal to the two ddes FEf BO, 
and the angle MEN greater than the angle FEO, 
therefore the base AfiV is greater than the base FO. 

. But MN was proved equal to BC. 

. Therefore the diameter AD is greatest and BC greats than FO. 

Therefore etc. q. n. s; 

PimposinoN 16 

The strong line drawn, at right an^s to the diameter of a dndefrom its extremity 
wBifoll outside the drde, md into the, space between Bte strcdglk Une and the cir« 
amferam another. straight line cannot be interposed; further the cmgle of Bte semi- 
drde ie greater, and the remaining angle less, than any oeaie recdlineeil anfde. 
Let ABC be a circle about D. as centre and AB as diameter; 

I say that the straight line drawn from A dt right angles to AB from its 
extremity will fall outside the circle. 

For suppose it does not, but, -if posisible, let it fall within as CA, and let DC 
be.}0}Bied.;:V 
BSnce DA is equal to DC, 

; i : the angle DAC is aiso.equal'to the angle ACD. 

tlm'ahgle DAC Is 

therefore ihe angle ACD is also right: ‘ 

thus, in the triage ACD^^ 'two an^es DAC; ACD areequal to two right 
aufdes: whudr is impoanbik . frl'H 




Bi mcmy 

tbe line diaw from the point A at aagles'to tnll 

not fall within the circle. 

Similarly we can prove tiiatedthea: w91 it £afi 
on the circumference; 

therefore it will fall outside, 
let it fall as AE; 

I say next that into the space between tiie 
line AE and the cinximference CHA 
another straight line cannot be inta^Msed. 

iFor, if possible, let another straight line be so 
inteiposed, as FA, and let D6 be drawn from the 
ppint Z> perpendicular to FA. 

Th^, einoe the angle AOD is right, 

and the angle DAG is less ^an a right angle, 

< AD is greater than DO. \ [i. 19] 

But DA is equal to DH; \ 

therefore DH is greater tiian DO, the less than ifie greater: which is imposrible. 

Therefore another straight line cannot be interposed into the space Itetween 
the straight line and the circumference. \ 

I say further that the angle of the semicircle contained by the straight line 
BA and the circumference CHA is greater than any acute rectilineal angle, 
and the remaining angle contained by the circumference CHA and the straight 
line AE is less than any acute rectilineal angle. 

For, if there is any rectilineal angle greater than the angle contained by the 
straight line BA and the circumference CHA, and any rectilineal angle less than 
the angle contained by the circumference CHA and the straight line AE, then 
into the space between the circumference and the straight line AE a straight 
line will be int^posed such as will make an angle contained by straight lines 
lirhich is greatm* than the angle contained by the straight line BA and the cir- 
cumference CHA, and another angle contained by straight lines which is less 
than the angle contained by the circumference CHA and the straight Une AE. 

But such a straight line cannot be interposed; 
therefore there will not be any acute angle contained by straight lines which 
is greater than the angle contained by the straight line BA and the circum- 
feroiee CHA, nor yet any acute angle contained by straight lines which is less 
than the angle contained by the circumferaice CHA and the straight line AE . — 
. PoBB^. From this it is manifest that the straight line drawn at right angles 
to the diameter of a circle from its extremity touches the circle. q. e. n. 

PnoposmoN 17 

From a given point to draw a straight line Umddng 'd given cirde. 

Let A be the given point, end BCD the given circle; 

^us it is required to draw from the point A a straight line touching the circle 
BCD. 

For let the centre E of the circle be tfdcen; [m. 1] 

let AE be joined, and with centre E and distance EA let the drcle AFO be 
described; 

from D let DF be drawn at ri^t angles to EA, 
and let EF, AB be joined; 
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I say that AB has been drawn from the point A touching tiie oirole BCD. 
For, since E is the centre of the circles BCD, AFO, 

EA is equal to EF, and ED to EB] 
therefore the two sides AE, EB are equal to the two sides FE, ED; 

and they contain a common angle, the angle at E; 

therefore the base DF is equal to the base AB, 
and the triangle DEF is equal to the triangle BE A, 
and the remaining angles to the remaining angles; 

[1.4] 

therefore the angle EDF is equal to the angle EBA. 
But the angle EDF is right; 

therefore the angle EBA is also right. 

Now EB is a radius; 

and the straight line drawn at right angles to the di- 
ameter of a circle, from its extremity, touches the 
circle; [m. 16, For.] 

therefore AB touches the circle BCD, 

Therefore from the given point A the straight line AB has been drawn 
touching the circle BCD. q..e. f. 



Propobitiok 18 


If a straight line touch a circle, and a straight line be joined from Oie centre to the 
point of contact, the straight line so joined mU be perpendicular to the tangent. 

For let a straight line DE touch the circle ABC at the point C, let the centre 
F of the circle ABC be taken, and let FC be joined from F to C; 

I say that FC is perpendicular to DE. 

For, if not, let FG be drawn from F perpen- 
dicular to DE. 

Then, since the angle FGC is right, 

the angle FCG is acute; [l. 17] 
and the greater angle is subtended by the great- 
er side; [i. 19] 

therefore FC is greata than FG. 

But FC is equal to FB; 

therefore FB is also greater than FG, 
the less than the greater: which is imposrible. 

Therefore FG is not perpendicular to DE. 

Similarly we can prove that ndther is any other straight line accept FC; 

therefore FC is perpendicular to DE. 

Therefore etc. q. b. d. 



Proposition 19 

If a straight line touch a circle, and from the point of contact a straight line be 
dream at right angles to the tangent, Ote centre of the eirde wiU beonOte straight 
Urn so dream. 

For let a strai^t line DE touch the circle ABC at the point C, and from C 
let CA be drawn at right angles to DE; 

I Bhy that the centre of the circle is on AC> . 

For suppose it is not, but, if posable, let F be the centre, 



u -mciM) 

rad lei C#* be joiofld; 

Sinoe a sbraight line DB touches the drole 
ABC, 

and F<7 'has bera joined from the centre to the 
point of contact, 

FC is perpradicular to DB; [m. 18] 
therefore the angle FOB is ri^t. 

But the an^ ACB is also right; 
tiierefore the angle FCB is equal to the angle 
ACB, 

the less to the greater: which is impossible. 

Therefore F is not the centre of the circle ABC. 

Similarly we can prove that neither is any other point except a point on AC. 



Therefore etc. 
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Proposition 20 

In a circle the angle at the centra is double of the angle at Ote drcumfere when 
the angles have the same dreumference as base. 

Let ABC be a circle, let the angle BBC be an anjdo at its centre, i^d the 
angle BAC an angle at the circumference, and let them have the same circum- 
ferrace BC as base; 

I say that the angde BBC is double of the angle 
BAC. 

For let AB be joined and drawn through to F. 

Then, since BA is equal to EB, 
the angle BAB is also equal to the angle EBA ; [i. 5] 
therefore the angles BAB, EBA are douUe of the 
angle BAB. 

But the angle BEF is equal to the angles BAB, 

EBA; [1.32] 

thraefore the angle is also double of the angle 
BAB. 

For the same reason 

the angle FEC is also double of the angle BAC, 

Th^efore the whole angle BBC is double of the whole angle BAC. 

Again let another straight line be inflectedy and let there be another angle 
BDC', let DE be joined and produced to G'. 

Bimilariy then we can prove that the angle GEC is double of the an^e M)C, 
of which the angle OEB is double of the an^e EDB; 

' thwefore the angle BBC which remains is double of the angle BDC. ■ ' 

Ther^ore etc. ~ Q. n. n. 



Proposition 21 

Ih a drde the angles in the same segment are equxA to one andherj 
Let ABCD be a circle, and let the angles BAD, BED be angles ks the stake 
segment m 

1 81 ^ that the an^es BAD, BED arS ecpial to one another. : < > ’*<<! 

For let the cenkn of the di^ ABCD be taken, and 1^ it be F; let BF,FP 
be joined. 
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Now, anoe the aof^e BFD is at the ee&lae, 
ahd the sn^e fiAJD at tiie oircutnfeieace, 

. and Utey have same oircumfemcefiGD as bas^ 
therefore the angle BFD is double of . the aa{^ 
BAD. [m.20] 

For the same reason 

the angle BFD is also double of the an^e BED^ 
therefore the angle BAD is equal to the an^ BEDk 
Therdore etc. Q. x. s. 


Proposition 22 


The (fpposite angles of qmiriMerals in circles are equal to two right 
angles. 

Let ABCD be a circle, and let ABCD be a quadrilateral in it; 

I say that the opposite angles are equal to two right angles. 

Let AC, BD be joined. 

Then, since in any triangle the three angles are equal 
to two right angles, ' [i. 3^ 

the three angles CAB, ABC, BCA of the triangle ABC 
are equal to two right angles. 

But the angle CAB is equal to the angle BDC, for they 
are in the same segment BADC ; tni. ,21] 

and the angle ACB is equal to the angle ADB, for they 
are in the same segment ADCB; 
therefore the whole angle ADC is equal to the angles BAC, ACB. 

Let tile angle ABC be added to each; 

therefore the angles ABC, BAp, ACB are equal to the angles ABC, ADC. 
But the angles ABC, BAC, ACB are eqiial to two ri^t angles; 

therefore the angles ABC, ADC are also equid to two right angles. 
Similarly we can prove that the angles BAD, DCB are alsb equal to two 
right angles. 

Therefore etc. Q. x. »• 



Proposition 23 

On fhe same ^raight line there cannot be eonsfruefod iuv simiiar and vnequid 

segments of ctrifes on the same side. • ' . ' 

For, if possifde, on the sanse stmgfat line AB lei twO; dmilar and mnequal 
eegmente of cii^deB .AOB, be eonstiucted cm the 
same dde; <' 

let ACD be drawn throughr^xd let CB, DBM imei. 

. g Then, mnce the segm^t ACB is MR- 

isinaltdOBI,"' r, 

and simUar segments cd circles are those idiidi admit equal an^lleB [m. 
^8o^edCj5Jaeqiidlte!tiMMd|^d0|^ti>eeKterior,t0i|heiiiteiior: whidiis 
haposdlde. --t 'i.ir, ■ tw ■■ v '-iK iC**'.!®] 

Iltenloie etc. 'Vf >:a rint ■< ■ ■ > ■} ' \ -yir'-n ■■•} 
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Pbopomtion 24 

Similar segments of circles on equal straight lines are equal to one another. 

For let AEB, CFD be siihilar segments of circles on equal straight lineel AB, 
CD-, 

I say that the segment AEB is equal to the segment CFD. 

For, if the segment AEB be applied to CFD, and if the point A be placed on 
C and the straight line AB on CD, 

the point B will also coincide with the point D, because AB is equal to CD; 


A B 

and, AB coinciding with CD, 
the segment AEB will also coincide with CFD. 

For, if the straight line AB coincide with CD but the segment AEB'^o not 
coincide with CFD, \ 

it will either fall within it, or outside it; 
or it will fall awry, as CGD, and a circle cuts a circle at more points than two: 
which is impossible. [m. 10] 

Therefore, if the straight line AB be applied to CD, the segment AEB will 
not fail to coincide with CFD also; 

therefore it will coincide with it and will be equal to it. 

Therefore etc. q. b.- d. 




PBOPOsrnoN 25 

Given a segment of a circle, to describe the complete circle of which it is a segment. 

Let ABC be the given segment of a circle; 
thus it is required to describe the complete circle belonging to the segment 
ABC, that is, of which it is a segment. 

For let AC be bisected at D, let DB be drawn from the point D at right 
an^es to AC, and let AB be joined; 

the angle ABD is then greater than, equal to, or less than the angle BAD. 

' First let it be greater; 

and on the straight line BA, and at the point A on it, let the angle BAE be 
constructed equal to the angle ABD; let DB be drawn 
through to E, and let EC be joined. 

'Hien, «nce the angle. A BE is equal to the angle BAE, 
the straight line EB is also equal to EA. 6] 

And, since AD is equal to DC, and DE is common, 
the two sides AD, DE are equal' to the two «des CD, 

DB ps^fwetive^; 

and the tmi^e ADE is equal to the angle CDE, for each 

. . . .-m: - ' 

' ' ' ' ti^ordere the base AE is equal to the base CE. 

i'V^But AE was proved equal to BE; 

* thaefore fiE is also equal to CE; 
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tiierefore llie thi«e straight lines AE, EB, EC are equd to one another. 
Therefore the circle drawn with centre E aiid distance one of the straight 
ImM AE, EB, EC will also pass tiie remainrag points and wili have 

been completed. 

' 'Therefore, pven a sepnent of a circle, the complete circle 1^ been described. 

And it is manifest that the s^ment ABC is less than a semi- 
circle, because the centre E happens to be outside it. 

Similarly, even if the angle ABD be equal to the angle 
BAD, 

AD being equal to each of the two BD, DC, 
the three straight lines DA, DB, DC will be equal to one an- 
other, 

D will be the centre of the completed circle, 
and ABC will clearly be a semicircle. 

But, if the angle ABD be less than the angle BAD, and if we construct, on' 
the straight line BA and at the point A on it, an angle equsd 
to the angle ABD, the c^tre will fall on DB within the s^- 
ment ABC, and the segment ABC will clearly be greater than 
a semicircle. 

Therefore, given a segment of a circle, the complete 
circle has been described. q. b. b. 

Pboposition 26 

In equal circles equal angles stand on equal circumferenees, whether they stand at 
the centres or at the circumferences. 

Let ABC, DEF be equal circles, and in them let there be equal angles, 
namely at the centres the angles BGC, EHF, and at the circumferences the 
angles BAC, EDF; 

I say that the circumference BKC is equal to the circumference ELF. 

For let BC, EF be joined. 

Now, since the circles ABC, DEF 
are equal, 

the radii are equal. 

Thus the two straight lines BG, 
OC are equal to the taro straight 
lines EH, HF-, 

and the angle at G is equal to the 
angle at H; 

therefore the base BC is equal to the base EF. fi. 4^. 

And, since the angle at A is equal to the angle at D, 

the segment BAC is similar to the s^m^t EDF', [nf. Def. 11] 
and they are upon equal straight lines. 

But similar segments of circles on equal straight lines iue equal to onn aiB* 
other; [m. 24] 

therefore the s^pnent BAC is equal to EDF. 

■ But the vdxde' circle ABC is also equal to the whole circle DEF; 
th^ufere the drcumference BKC which remains is equal to the eircumfermce 
ELF. 

Therefore eto. 




q. An: 
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Pi»p<»moK27 

In e^uei^defi an^ ^mdin/f on equuA drcwnfermoet an eqabi totolte onoAer, 
wheOter they stand at the centres or at the circumferences. ' ' ; • • 

For in equal i^^cles ABC, DBF, on equal drcumf^ranoea BC,. EF^ AsA the 
angles BQC, EHF stand at the centres (?, JEf , uid the angles BAC, EDF at the 
circumferences; 

, 1 say that the angle BQC is equal to the angle EHF, ■. 

and the angle BAC is equal to the angle EDF. 

For, if the angle BQC is unequal to 
the angle EHF, 

one of them is greater. 

Let the angle BGC be greater: and on 
the straight line BO, and at the point 
d on it, let thq angle BOK be con- 
structedequaltotheai^leF^rF [i.23]. 

Now equal antdes stand on equal 
circumferences, when they are at the centres; 

therefore the circumference BK is equal to the 
But EF is equal to BC; 
therefore BK is also equtd to BC, the less to the greater: which is impossible. 
Therefore the angle BGC is not unequal to the angle EHF; 

therefore it is equal to it. 

And'the angle at .4 is half of the angle BGC, 

and the an^e at D half of the angle EHF; [m. 20]. 

therefore the angle at A is also equal to the angle sAD.- 1 
Therefore etc. q. b. n. 

Proposition 28 



In equal circles equal straight Knee cut off equal circumferences, the greater equal 
to the greater and the less to the leas. 

Let ABC, DEF be equal circles, and in the circles let AB, DE be eqpal 
straight lines cutting off ACB, DFE as greater circumferences and AOB, DHE 
as. lesser;. 

1 say that the greater circumference ACB is equid to the greatm* circumf^ 
-ence DFE, and the less eircumfer^ce AGB to DHE. 

. For let the cratres K,L oi the circles 
be taken, and let AK, KB, DL, LE be 
joined. 

Now, since the circle are equal, 

‘ . the radii are also equal; 
tiierefore the two indes AK, KB are equal 
to the two ndes DL, LE; 

and the base AB is equal to the base DE; 
therefore the anf^e ^ equal to the angle i>2<E. 

But equal migles stand pn equid circumferances, when toey nce at thCiCKtai*' 

tree;,,.-. • .-.i.'. , - ^ ■j-fUi.'Jfil 

therefore the circumference AGB is equal to BNB. 'V,?. 

4ynd the whole circle ABC is also equal to the whole circle DEF; * 





MjsuENasm m 

HnmioK the dremBfeieBOh' AOff'wfaieli latniiu is kbci eqaalto Hie i:ii!etim> 
imsmBFEwbkktmasBa. 

Therefore etc. ?q. a. ^ 

• iPBOPOMtHONS^ 

In e^tu^ drdea eimmferencea eat tMended bg equal elraigM Uim. .. ’ ' 

' Let ABC, DEFhe equal oircleBj and in them: let equal drcumfereoces fiG'C', 
EHF be' cut oB} and let the straight lines BC, EF be joined ; ’ ' 

< I say that BC is equal to EF. 

For let the centres of the cirdtes 
be taken, and let them be K, L\ 
let BK, KC, EL, LF be joined. 

Now, anee the circumference 
BGC is equal to the circumfer- 
aice EHF, 

the angle BKC is also ecpial to 
the angle ELF. [nt. 27] 

And, sinoo the wcles ABC, DEF are equal, 

He radii are also equal; 

therefore the two sides BK, KC are equal to the two sides EL, LF; and they 
contain equal angles; 

therefore the base SC is equal to the base FF. [1.4] 

Therefore etc. q. b. d. 

PsoposinoN 30 

To bisect a given circumference. 

. . Let ADB be the ^ven circumference; 

thus it is required to bisect the circumference ADB. 

Let AB be joined and bisected at C; from the 
point C let Cb be drawn at right angles to the 
straight line AB, and let AD, DB be joined. 

Tbra, since AC is equal to CB, and CD is com^ 
mon. 

the two sides AC, CD are equal to the two sides BC, CD’, 

and the angle ACD is equal to the angle BCD, for each is right; 

therefore the baee AS is equ^ .to the base DB. [l. 4] 

But equal straight lines cut off equal drcumferencesr the greater equal to He 
greater, ahd He less to He leas; [in.i28] 

; ' ; and each of He' circumferences AS, DB is less than a semicirele; 
therefore He circumference AD is equal to He circunrierenee DB. 
Therefore He given circumfermice has bew bisected at the point S. 

r‘.'. ■ ' Q. B. y. ■' 

PnoPOsmoN 31 , , 

In a drde the angle in the semicircle is right, that in a greater segment less Btan 
a right emgle, and that in a less segment gretder tiutn q ri0 angle; and further the 
(MWie of . the ptater..$iegmint is greater angle, and the angle gf the tees 

aegtmd lees. iha^teri^. angle. , . , 

. Let AS^Sbeneirde,.]e|i<i}C'beita<Sam^iw;<w»Uits«eBtretaiidietSA, 

'' •• 's ' > 
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. I aay that tiie aiagk A4C in tiie sanicirde BilC is 

the angle ABC in the segment ABC greater than the eonieircle is less than a 

ri^t angle, 

and the angle AiX? in the segment ^DC less than 
the semidrole is<greater than a ri^t angle. 

. Let' ii^. be joined, and let BA be carried 
through to F. 

Then, since BE is equal to EA, 
the angle ABE is also equal to the angle BAE. 

[ 1 . 6 ] 

Again, dnoe CE is equal to EA, 
tile an^e ACE is also equal to the angle CAE. 

.,.[ 1 - 5 ] 

Therefore the whole angle BAC is equal to the two angles ABC, 

But the angle FAC exterior to the triangle ABC is also equal 
angles ABC, ACB; 

therefore the angle BAC is also equal to the angdo FAC; 

therefore each is right; [i. 

therefore the angle BAC in the semicircle BAC is right 

Next, since in the triangle ABC the two angles ABC, BAC are less than two 
ri^t angles, [i. 17] 



CB. 

the two 
[1.32] 

)ef. 10] 


and the angle BAC is a right angle, 
the angle ABC is less than a right angle; 
and it is the angle in the segment ABC greater than the semicircle. 
Next, since ABCD is a quadrilateral in a circle, 
and the opposite angles of quadrilaterals in circles are equal to tw0 right 
angles, fill. 22] 


while the angle ABC is less than a right angle, 
therefore the angle ADC which remains is greater than a right angle; 
and it is the angle in the segment ADC less than the semicircle. 

I say further that the angle of the greater segment, namely that contained 
by the circumference ABC and the straight line AC, is greater than a right 
angle; 

and the angle of tiie less segment, namely that contained by the circumference 
ADC and the straight line AC, is less than a right angle. 

This is at once manifest. 

For, since the angle contained by the straight lines BA, AC is right, 
the ang^e contained by the circumference ABC and the stia^ht line AC is 
greater than a right angle. 

Again, imiee the angle ccmtained by the straight lines AC, AF is right, 
the angle contained by the straight line CA and the circumference ADC is less 
than a right angle. 

Therefore etc. Q. n. n. 


PBOPOsmoN32 

Jf a ulraighi Une touch <t drde, and from the point of contact there be drawn aerpet, 
in (he circle, a straight line cutting the circle, the angles vhich it makes with the 
tangeed v»B he eg^ to (he angles in the alternate segmeniUef (he eirde. 

For let a straiiht line EF touch the circle ABCD at the point B, and from 
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the point B let there be drawn aeroas, in the drcle ABCD, a strai^t line BD 
cutting it; 

I say tl^ the angles which BJ9 makes with the tangent£FwiU beequal to the 
angles in the alternate segments of the circle, that is, that the iwi gla FBD is 
equal to the angle constructed in the segment BAD, and the angle EBD is 

equal to the angle constructed in the segment DCB. 

For let BA be drawn from B at right angles to 
EF, 

let a point C be taken at random on the circumfer- 
ence BD, 

and let AD, DC, CB be joined. 

Then, since a straight line EF touches the circle 
ABCD at B, 

and BA has been drawn from the point of contact 
I; at ri^t angles to the tangent, the centre of the 
circle ABCD is on BA. [in. 19] 

Therefore BA is a diameter of the circle ABCD', 
therefore the ahgle ADB, being an angle in a semicircle, is ri^t. [iii. 31] 
Therefore the remaining angles BAD, ABD are equal to one right angle. 

• [1.82] 

But the angle ABF is also right; 

therefore the angle ABF is equal to the angles BAD, ABD. 

Let the angle ABD be subtracted from each; 
therefore the angle DBF which remains is equal to the angle BAD in the al- 
ternate segment of the circle. 

Next, since ABCD is a quadrilateral in a circle, 

its opposite angles are equal to two right angles. [in. 22] 
But the angles DBF, DBE are also equal to two right angles; 
therefore the angles DBF, DBE are equal to the angles BAD, BCD, 
of which the angle BAD was prov^ equal to the angle DBF', 
therefore the angle DBE which remains is equal to the angle DCB in the alter- 
nate segm^t DCB of the circle. 

Iherefore etc. q. b. o. 

PBOPOsmoN 33 

On a given strcdgM line to deeeribe a segment of a drde admitting an angle equal 
to a given rectilineal angle. 

Let AB be the given straight line, and the angle at C the given rectilineal 

thus it is requited to describe on the 
given straight line AB a segment ci a 
circle admitting an angle equal to the 
angle at C. 

The angle at C is then acute, or righti 
or obtuse. 

First, let it be acute, sad, as in the 
first figure, tm the strai^t line AB, and 
at the pcrat A, let the angje BAD be 
eonstrocted equal to the anj^.at C; 
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Let AE be draivn at r^t angles to DA, let AB be Insected at F; let FiS^be 
dtawn from the point F at right anises to AB, and let OB be joined. 

' Then, since AF is equal to FB, 

and FO is common, 

the two rid^ AF, FO-are equal to the two sides BF, FO; 
and the angle AFO is ^ual to the angle BFO; 
therefore the base AO is equal tO' the base BO. [i. 4 ] 

Therefore the curcle described with centre O and distance OA will pass 
through B also. 

Let it be drown, and let it be ABE; 

let EB be joined. 

Now, since AD is drawn from A, the extremity of the diameter AE, at i^ht 
angles to AE, j 

therefore AD touches the circle ABE. [na 16, For.] 

Since then a straight line AD touches the circle ABE, \ 

and from the point of contact at it a straight line AB -is drown acrcm in the 
circle ABE, ' \ 

the angle DAB is equal to the angle AEB in the alternate s^m^i of the 
circle. [m. 32] 

But the angle DAB is equal to the angle at C; 

therefore the angle at C is also equal to the angle AEB. 

Therefore on the given straight line AB the s^ment AEB of a circle has 
been described admitting the angle AEB equal to the given angle, the an^e 
ate. 

Next let the angle at C be right; 
and let it be again required to describe 
on AB a segment of a circle admit- 
ting an angle equal to the right angle 
ate. 

Let the angle BAD be constructed 
equal to the right angle at e, as is the 
case in the second figure; 
let.AB be bisected at F, and with centre 
F and distance either FA or FB let the 
drcle dFB be described. 

Thfflefore tim straight line AD touches the circle ABE, because the angle 
at.A':isright. , [m. 16,’ For.] 

And the an^e BAD is equal to the angle in the s^ment AEB, for the latter 
too is itsdf a rig^t anido> bring an an^e in a semicircle. [m. 31] 

: But tite angle BAD is also equfd to 'tiie angle St C. 

Th^^ore the angle AEB is equal to the angle at C. 

Therefore again the segment AFB cd a circle has be^ described on AB aA- 
mitting an- angle eqtial to the angle at C. / 

Next, let the angle at C be obtuse; • . ■^ 7 ;' 

and <m thetstroigfat Ime AB, and at the point A, let tiie BAD be ete- 
Structed equal to it, B 8 is the case in the third figun^ 
let be drawn aA rit^'an^ todZ), let ABbe a^dn bisected at F, let F0 
be drown at right ang^ to dJB, and (?B be joined. 
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AiP- is sgaia eqasi to FB, ’ . 

and FO is common, 


\ 



the two adea.BFj FO; 
and tite angle AFO is equal to the 
an^eBFO; 

therefore the base 40 is equal to 
ihe base BO. [l. 4] 

Therefore the circle desctibed 
witii centre 0 and distance 04 
will pass titrou^ B also; let it so 
pass, as AEB. 

Now, since 40 is drawn at right anidos to the diameter AE. from its ex- 
tremity, 


40 touches the circle AEB. [in. 16, Por.] 

And 40 has been drawn across from the point of contact at 4 ; 
therefore the angle BAD is equal to the angle constructed in the alternate seg* 
ment AHB of the circle. < [m. 82| 

But the imgle BAD iS' equal to the angle at C. .. 

Therefore the angle in the segment AHB is also equal to the angle at C.. 
Therefore on the given straight line 40 the segment AHB of a circle has 
been described admitting an angle equal to the anide at C. q. b. f.. 


PBOFOsmoN 34 


From a given circle to cutoff a segment admUUng m angle equal to a given reC* 
tHineal angle. ' . 

Let 40C be the ^ven circle, and the angle at O the given rectilineal 
thus it is required to cut off from the circle 40C a segment admitting an angd^ 
equal to the given rectilineal angle, the angle at O. 

Let EF be ^awn touching ABC at the point O, and on the strai^t line FB, 
and at the point O on it, let the angle FBC be constructed equal to tihe angle 
' C uMD. {s. 2^ 

Then, rince a stnught line EF 
'A/ \ \ touches tiie drole ABC, 

^ \ \ and BC has bew drawn amoss from 

Ns/ \ I the point of contact at O, 

V / the an^eFOC is equal to tbean^om-* 

\. structed in the alternate segment 04C. 

But the angle FBC is equal to the angle at O} 

. : tb«:efore the angle in the s^;ment BAC is equal to the angle at D. 
Therefore from the given circle ABC the s^pn^t 04C has b^ cut off ad- 
nrittii^ an angle equal to the id^TeidtiMii^’ansdo, the angle at O. q. b. f. 


■. ;'.U, -'S'- 


etd onemaOter, &e rgabmgUieBiititdnedbjf.the'aegii 
vmia eqtu>LU(,-&» rettan^ceedoiaefl^f &e»egmente~iBif.^'^h«t.- 
Fot in the drcle 40C1) 1^ the two stiaiidd i^es 4<7, 01^ flUtnna aifeotliearaik 
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I Bay that the Tectangle contained by AE, EC is equal to tiie reetimgle eM> 
tained by DE, EB. 

If now AC, BD are throng the centre, so that E is 
the centre of the circle ABCD, 

it is manifest that, AE, EC, DE, EB being equal, 
the rectangle contained by AE, EC is also equal to the 
rectangle contained by DE, EB. 

Next let AC, DB not be through the centre; let the 
(ientre of ABCD be taken, and let it be F; 
ftom P let FO, FH be drawn perpendicular to the straight lines AC, DB, and 
let FB, FC, FE be joined. 

Then, since a straight line OF through the centre 
cuts a straight Hne AC not through the centrist right 
angles, 

it also bisects it; [ni. 3] 

therefore AG is equal to GC. 

Since, then, the straight line AC has been cut into 
equal parts at G and into imequal parts at E, 
the rectangle contained by AE, EC together with the 
square on EG is equal to the square on OC; [n. 5] 

Let the square on GP be added; 
therefore the rectangle AE, EC together with the squares on GE, OF is equal 
to the squares on CG, GF. 

But the square on FE is equal to the squares on EG, GF, and the square on 
FC is equal to the squares on CO, GF; [i. 47] 

therefore the rectangle AE, EC together with the square on FE is equal to the 
square on FC. 

And FC is equal to FB; 

therefore the rectangle AE, EC together with the square on EF is equal to the 
square on FB. 

For the same reason, also, 

the rectangle DE, EB together with the square on FE is equal to the square on 
FB. 




But the rectangle AE, EC together with the square on FE was also proved 
equal to the square on FB; 

therefore the rectangle AE, EC together with the square on FE is equal to the 
rectangle DE, EB together with the square on FE. 

^ Let (he square on FE be subtracted from each; 

therefore the rectangle contained by AE, EC which remains is eqiml to the rec- 
tan^e centred by DE, EB. _ 

Therefore etc. q. B. n. 




If a point be taken outside a circle and from it there foB on the eirde two straight 
Unes, and if one of them cut the drde dM the other touch it, the rectangle contained 
hgtShe 'whcde ofUte straightiine which cuts thecirde and Oie dratght Une interctfi&i 
on it thitside between Outpoint and the conrex circtm^erence will be egucd to the 
ifuainonBu'tiengent. . ' . 

For let a point D be taken outside the circle ABC, and from D let ths.tSKi 
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the oitcle ABC; let DC A oatidie 

let £D touch it; ' i ■ 

I say that the rectangle contained by AD; DC is equal to. the square 
on DB, 


B 


0 



Then DCA is dther through the c^tre or not through 
the centre. 

First let it be through the centre, and let F be the centre 
of Uie circle ABC; let FB be joined; 

liierefore the angle FBD is right. [m. 18] 
And, since AC has been bisected at F, and CD is added 
to it, 

the rectangle AD, DC together the square on FC is 


equal to the square on FZ>. [n. ft} 

But FC is equal to FB; 


therefore the rectangle AD, DC together with the square on FB is equal to the 


square on FD. 


And the squares on FB, BD are equal to the square on FD; li. 47} 

therefore the rectangle AD, DC together with the square on FB is equal to the 
squares on FB, BD. 

Let the square on FB be subtracted from each; 
therefore the rectangle AD, DC which remains is equal to the square on the 
tangent DB. 


Again, let DCA not be through the centre of the circle ABC; 

let the centre S be taken, and from E, let EF be 
drawn perpendicular to AC ; 
let EB, EC, ED be joined. 

Then the angle EBD is right. [in. 

And, since a straight line EF through the centre 
cuts a straight line AC not through the centre at 
right angles, 

it also bisects it; [in. 3] 

therefore AF is equal to FC. 

Now, since the straight line AC has been bisected at the point F, and CD is 
added to it, 


the rectangle contained by AD, DC together with the square on FC is equal to 
toe square on FD. [n. ft] 

Let the square on FE be added to each; 
therefore the rectangle AD, DC together with the squares on CF, FE is equal 
to toe squares cm FD, FE. 

But the square on EC is equal to the squares on CF, FE, for toe ang^e EFC 
is ri^t; [i. 47] 

and the square on ED is equal to the squares on DF, FE; ^ 
therefore the rectangle AD, DC together with the square on EC is equal to the 
square on ED. 

And EC is equal to EB; 

therefore toe rectangle AD, DC together with the square on EB is equal to the 
square on ED. 

But toe squares on EB, BD are equal to the square on ED, for the angle 
EBD is right; [i. 47] 


AD, DC i»g^& wH;b>t^e«qpiAtt«m£F!s«Qil^|(ilto 

sqvaxeB oa EB, BD. •. ;.i)r\ .\ >.,] 

. l^tllJbe sqwrpon^iBbesuUrad^jfrom^ t v- i 

therefore the rectangle AD, DC which remains is equal to the square aa^DBi 
; Thep^oreetc. :!•> -’ q. a. n. 

PnojPpsmoN 87 

If a point be taken outside a drde and from the point there fall an the eirde taa 
straight lines, if one qf them cut the drde, and the other faU on it, and if further tfne 
rectangle contained by the whole of the etraight Une which cuts the drde and the 
drcdght line intercepted on it outside between the paint and the convex drcumferenee 
be equal to the s^pmre on the straight line. which fells an ihedrde, the straight line 
wh'^ falls on it will touch the drde. 

For let a point D be taken outside tfie^ circ 
straight lines DCA, DB fall on the circle ABC) 
let DCA cut the circle and DB fall on it; and 
let the rectangle AD, DC be equal to the square 
on DB. 

I say that DB touches the circle ABC. 

For let DE be drawn touching ABC) let 
tiie centre of the circle ABC be taken, and let 
it be F) let FE, FB, FD be joined. 

Thus the an^ FED is right. . {m. 18] 

Now, since DE touches the circle ABC, and DCA cuts it, the rectangle AD, 
DC is equal to the square on DE. [iii. 36] 

But the rectangle AD, DC was also equal to the squgre on DB) ! 
therefore the square on DE is equal to the square on DB) 
therefore DE is equal to DB. 

And FE is equal to FB) 

therefore the two sides DE, EF are equal to tlie two sidw DB, BF) 
and FD is the common base of the triangles; 
therefore the tmgle DEF is equal to the angle DBF. [i. S] 

. But the angle DEF is right; 

therefore the angle DBF is also right. 

, .And FB produced is a diameter; u ; ’ 

said the strai^t line drawn at right angles to the diameter of a circle, from its 
extremity, touches the circle; [ra. l6. Par.] 

therefore DB touches the circle. 

Similarly Ibis can be proved to be the case even if the centroi be on AC. 

Th&teiom etc.. ' 0 . u. n. 
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D^lPlNinONS 

1. A_ rectaKn«l ia said to be imcr&ed in a neHlmeal figure when the 

«*™ lie «. the d tot b 

2. Mariy a figure is said to be dreumcribed about a figure when the resnee. 

nf tvtf IS said to be dreumscribed about a drcle, when 4ch side 

of &e circu^cnbed figure touches the circumference of ilie cirde. 

nf ^ *" ^ the circumference 

of the circle touchra each side of the figure b which it is bscribed. 

®- ® frcumecribed about a figure when the circumference 

® *t is circuit 

7. A straight Ibe is said to be)J«ai »nb n circle when its extremities are on 
the circumference of the circle. •«»«»«» «h 

BOOK IV. PEOPOSITIONS 

' I 

Proposition 1 

thus it is required to fitbto the drde ABC a i 

lbeZ>. 

Let a dtamd«ar BC of the eircle ABC be 
drawn. 

^en, if BC is equal to D, that wboh was 
^obed win have been done; for BC bts 
been fitted bto the drde. ABC eqiHd to toe 
straight Ibe B. , , 

But, if rBC; k gmater tow B, 

L 'd^n 1_ .. . « * X TV 't ' 

to D, and with ewtie 




It^CAibejobed. 
to'* 
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CA is equal to CE. 


68 

But CE is equal to D; 

therefore D is also equal to CA. 

Therefore into the ^ven circle ABC there has bemi fitted CA equal to the 
given strdght line D. q. x. f. 


PaoFosmoN 2 

In a given drde to inscribe a triangle equiangular with a given triangle. 

Let ABC be the pven circle, and DEF the given triangle; 
thus it is required to inscribe in the circle ABC a triangle eq uian g ular with the 
triangle DEF. 

Let GH be drawn touching the circle ABC at A [ni. 16, Por.] ; on the straight 
line AH, and at the point on it, let the an^e HAC be constructed /equal to 
the angle DEF, 

and on the straight line AG, and at 
the point A on it, let the angle GAB 
be constructed equal to the angle 
DFE) [1. 23] 

let BC be joined. 

Then, since a straight line AH 
touches the circle ABC, ^ 

and from the point of contact at A the 
straight line AC is drawn across in the 
drcle, 

therefore the angle HAC is equal to 
the angle ABC in the alternate segment of the circle. [rii. 32] 

But the angle HAC is equal to the angle DEF) 

therefore the angle ABC is also equal to the angle DEF. 

For the same reason 

the angle ACB is also equal to the angle DFE) 
therefore the remaining angle BAC is also equal to the remaining angle EDF. 

[1. 32] 

Therefore in the ^ven circle there has been inscribed a triangle equiangular 
with the given triangle. q. b. f. 

Proposition 3 

Abffvi o given dirde to drewnscribe a triangle equiangtdar with a given Mangle. 

Let ABC be the given circle, and DEF the given triangle; 
thus it is required to circumscribe about the circle ABC a triangle equiangular 
with the triangle DEF.. 

Let EF be produced in both 
directions to the points G, H, 
let the centre K of the drcle ABC 
be taken [m. 1], and let the struct 
line KB be drawn across at ran- 
dw; 

on the straight line KB, and at the 
pdnt K on it, let the angle BKA be constructed e(iual to the angle DEG, 

and the ab^ BKC equal to the ah^e DFHy In 28] 




ELBlfBNTSIV M 

and l3aott^ the pcwts ^4, 0, C let LAM^ MBN, NCL be drown tcmdktng the 
drde ABC. {m. 16, Pw.} 

Now, onee LM, MN, NL touch the circle ABC nt tiie pmnts A, B, C, 
and KA, KB, KC have beoi joined from the centre K to toe pomts A, B, C, 
toerdore the angles at the points 4, B, C are rij^t. fin. 
And, toice the four angles of the quadrilateral AMBK are equal to fow 
right angles, inasmuch as AMBK is in fact diviable into two tiian(des, ' 
and the angles KAM, KBM are right, 
therefore the remaining angles AKB, AMB are equal to two right angles. 
But toe angles DEG, DBF are also equal to two right angles ; [i. 13] 

therefore the angles AKB, AMB are equal to the angles DEO, DEF, 
of which the angle AKB is equal to the angle DEQ‘, 
therefore toe angle AAfB which remains is equal to toe angle DEF which re- 
mains. 

Similarly it can be proved that the ai^le LNB is also equal to the angle DFE ; 

therefore the remaining angle MLN is equal to the angle EDF. [i. 32] 
Therefore the triangle LMN is equiangular with the triangle DEF; and it 
has been circumscribed about toe circle ABC. 

Therefore about a given circle there has been circumscribed a triangle equi- 
angular with the given triangle. Q. B. r. 

• 

PBOFOSmOMd 



In a given triangle to inecribe a eirde. 

Let ABC be the given triangle; 
thus it is required to inscribe a circle in the triangle ABC. 

Let the angles ABC, ACB be bisected by 
the straight lines BD, CD [i. 9], and let 
these meet one another at toe point D; 
from D let DE, DF, DG be drawn perpendi- 
cular to the straight lines AB, BC, CA. 

Now, since the angle ABB is equal to the 
angle CBD, 

and the right angle BED is also equal to the 
right angle BFD, 

EBD, FBD are two triangles having two angles equal to two angles and one 
side equal to one mde, namely that subtending one of the equal angles, winch is 
BD common to the triangles; 

therefore they will also have the remaining sides eqqal to the remaining rides; 

[1.26] 

toerefore DE is equal to DF. 

For the same reason 

DO is also equal to DF. 

Iberefore the three straight lines DE, DF, DO aro equal to om anotoer; 
therefore toe circle described with centre D and distance one of the strai^t 
lines DB, DF, B6 wiU pass also through the re ma ini n g pQiato, and will toudi 
the straight lines AB, BC, CA, because the anises at toe pcwto Et O pxe 
right. 


dtedelKHaite ^ bb fcmjiid to &U 

totn^ediiibttiidl; {tn; 

ther^ora the ^rcde. deeciibed ivith oentre'D aad distaacb one &f tiie stiraaght 
lines DS, pF, DQ will not ont the straight lines AB, BC, CAj ’ ‘ ; 
therefore it wift touch th^n, and will be tiie dhole inscribed VD^ the hiangle 
^BC. Civ.tJef.S] 

Let it be inscnibed, as FOE. 

Thoefore in the given tdaa^e ABC the dhcle EFO has been manrihfA 


PBOPOsmoN 5 

About a given triangle to eireumsaribe a eirele. 

Let ABC be the given triangle; 
tiius it is required to circumscribe a circld about the given triang e ABC^ 





[1.4] 


Let the straight lines AB, AC be bisected at the points D, E [i. 10], and from 
the points D, E let DF, EF be drawn at right angles to AB, AC; 
tiiey will then meet within the triangle ABC, or on the straight line BC, or 
outside BC. 

First let them meet within at F, and let FB, FC, FA be joined. ‘ 

Then, sinoe AD is equal to DB, 

and DF is common and at right angles, 
therefore the base AF is equal to the base FB. 

Similarly we can prove that 

CF is also equal to AF; 
so that FB is also equal to FC; 

atereSore the three straight lines FA, FB, FC are equal to one another. 

Therefore the circle described with centre F and distance one of the struct 
lines FA, FB, FC will pass also through tiie remaining points, and the circle 
will have been circumscribed about the triangle ABC. 

Let it be circumscribed, as ABC. 

Next, let DF, EF meet on the strait line BC at F, as is tiie case in tiie se- 
cond f^^ure; and let AF be joined. 

Then, rimilarly, we shall prove that the point ? is the centre of tiie drde 
drcumscribed about the triangle ABC. 

Again, let DF, EF meet outride the triangle AlBC at F, as is the case in the 
third figure, and let AF, BF, CF be joined. 

Then sga^, siitoe AD is equal to DB, 

and DF is common and at rig^t angles, 
theMfore the base AF is equal to the Intse BF. 

Shnilaiiy we can prove that 

CF is also equal to AF; 
so that BF is alM equal to FC; 



tin drefe dMcribed wfHt <mti« F «B4didxum<me^4iift4rtnybl 
&nB FA, FB, FC mB‘^^m tito thrciu(^ tha wmainiiig twiato, aiud vnUlww 
beat i&tiumscribeii about the triangle ABC.‘ 

Tlwrefote about the given triaI^^ a drele '^ been eiroumaeiibed. 

Q. ». F, 

And it is manifest that, when the ooitre of the circle falls within die tatkngle, 
the aai^e BAC, bdng in a segment greater than the sdnieirde, is less than a 
r^t aiu^e; 

whoa the coitre falls on the stnuidit line BC, the an|^ BAC, bang in a soni* 
circle, is li^t; 

and when the centre of the circle falls outside the triangle, the angle BAC, be- 
ibg in a 8^;mait less than the sanidrcle, is greater than a right angle, [m. SI] 


Pbofobitioii 6 


In a gum cirde to imenhe a tguare. 

Let AFCD be the given circle; 

thus it is required to inscribe a square in the circle ABCB. 

Let two diameters AC, BD of the circle ABCD be 
drawn at right an^es to one another, and let AB, BC, 
CD, DA be joined. 

Then, ance BE is equal to ED, for £ is the centre, 
and EA is common and at right angles, 
therefore the base AB is equal to the base AD. [i. 4] 
For the same reason 

each d the straight lines BC, CD is tdso equal to each 
of the striught lines AB, AD; 

therdore the quadrilateral ABCD is equUalwal. 

I say next that it is also right-angled. 

For, since the straight line BD is a diameter of the circle ABCD, 
therefore BAD is a semidrcle; 
therefore the angle BAD is right. {m. 31] 

For the same reason 

each of the an^ ABC, BCD, CDA n also ri^t; 
therefore the quadrilateral ABCD is right-angled. 

, But it was dso proved equilateral; 

therefore H is 4 square; 



and it has been insmbed in <he drde ABCD. 


ti.Bef..2ig 


Q. s. r. 


4 drcfe, to drSumserthe a 
" id ABCi) be pven cirde; 

dms it is required to ckdinneribe 4 «|uaie<aboat ihe-dtde ABCD. 

. Let two diameters ACi'BD of the drde ABCD bb drawn at ri^t angles to 
(Sms another, and dkou^ the pdnti A, B, C, J> let FQ, €fH, UK, BFbe drawn 
touching Ae drde AB^. = [ai. M, Pot.] 

t* f?»en; siad>F@''to<Bdjdlfae'.drdte'A'iBC^^ •, /•- 

a^ EA hta been joined ^rom the mtai E> toAhe eontad d A^ 

«v!' •'> > y thetelfoie the-arigiee’d A'deri^ S-'- 'f "■!' -ifsBiilKI 
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For tiM some leaBcm 

tbeaai^ at the ^hite B,C,DBm also r^t. 

Now, ranee the angle AEB is right, 

and the angle EBO is also right, 
ther^ore OH is parallel to AC. [i. 28] 

For the same reason 

C AC is also parallel to FK, 
so that OH is also parallel to FK. [i. 30] 

Similarly we can prove that 
each of the straight lines OF, HK is parallel to BED. 

Th«efore OK, GC, AK, FB, BK are parallelograms; 

therefore OF is equal to HK, and OH to FK. [i. 34] 

And, since AC is equal to BD, 

and AC is also equal to each of th6* straight lines GH, FKI 
while, BD is equal to each of the straight lines OF, HK, \ [i. 34] 

therefore the quadrilateral FGHK is equilateral. 

1 say next that it is also ri^t-angled. 

For, since OBEA is a parallelogram, 

and the angle AEB is right, 

therefore the angle AOB is also right. [i. 34] 

Similarly we can prove that 

the angles at H, K, F are also right. 

Therefore FGHK is right-angled. 

But it was also proved equilateral; 

therefore it is a square; 

and it has been circiunscribed about the circle ABCD. f 
Therefore about the given circle a square has been circumscribed. Q. E. F. 

Pboposition 8 

In a ffiven square to inaaHbe a arde. 

Let ABCD be the given square; 

thus it is required to insmibe a circle in the given square ABCD. 

Let the straight lines AD, AB be bisected at the 
points E, F respectively, [i. 10] 

through E let EH be drawn parallel to either AB or 
CD, and through F let FK be drawn parallel to ra^ther 
ADatBC‘, )•' [1.31] 

therefore each of the figures AK, KB, AH, HD, AO, 

OC, BO, OD is a parallelogram, and thrar opposite 
sides are evidently equal. [x;34] 

Now, once AD is equal to AB, 

and AE is half of AD, and AF half of AB, 
therefore AE is eqiral to AF, 

80 tiiat the opporate ra<^ are also equal; 
therefore FO is equal to OS. 

Similarly we can prove that eadi of the straight lines OH, OK is equal to 
ea^ id tiie straiid^t lines FG, OE; 

■ themfme the four struct lines OE, iW, OH, HK are equal to one another. 
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Thei«foreihe<ai<electosoribedwi1ji omtretSMddistaamoBeof theitn^ 
Hues 6E, OF, OH, OK will pass also through the remaining points 

And it will touch the straight lines AB, BC, CD^ DA, bectmse the angtoq at 
E, F, H, K tae right. 

For, if the circle cuts AB, BC, CD, DA, the straight line drawn at right an- 
gles to the diameter of the circle from its extreimty will ftdl within Ihe drde: 
i^hich was proved absurd; [ni. ig] 

therefore the circle described with centre 0 and chstance one of the s traigh t 
lines GE, OF, OH, OK will not cut the straight lines AB, BC, CD, DA. 

Therefore it will touch them, and will have been inscribed in the square 
ABCD. 

Therefore in the ^ven square a circle has been inscribed. q. n. w. 


PnoposmoN 9 

AbotU a given square to circumscribe a cirde. 

Let ABCD be the ^ven square; 

thus it is required, to circumscribe a circle about the square ABCD. 

For let AC, BD be joined, and let them cut one another at E. 

Then, since DA is equal to AB, and AC is common, 

therefore the two sides DA, AC are equal to the two 
sides BA, AC; 

and the base DC is equal to the base BC; 
th^^ore the angle DAC is equal to the angle BAC. 

U.8] 

Therefore the angle DAB is bisected by AC. 

Similarly we can prove that each of the an^es ABC, 
BCD, CDA is bisect^ by the straight lines AC, DB. 
Now, since the angle DAB is equal to the angle ABC, 

and the angle EAB is half the angle DAB, 
and the angle EBA half the ai^le ABC, 
therefore the angle EAB is also equal to the angle EBA; 

so that the side EA is also equal to EB. [i. 6] 

Similarly we can prove that each of the strmght lines EA, EB is equal to 
each of the straight lines EC, ED. 

Therefore the four straight lines EA, EB, EC, ED are equal to one another. 
Therefore the circle described with centre E and distance one of the strai^t 
lines EA, EB, EC, ED will pass also through the remaining points; 
and it will have been circumscribed about the square ABCD. 

Let it be circumscribed, as ABCD. 

Therefore about the ^ven square a circle has been circumscribed. Q, s. f. . 



PnoposmoN 10 

Tocondrtuicmisosceiestrianglehacingeaehcif the angles at the bcue double of tke 
remaining one. 

. Let any etraii^t line AH be set out, and let it be cut at the point C so that 
tlw rectangle contained by AB, BC is equal to the square on CA ; [u. 11} 

^nth centre A and disttmce AB let the drdle BDE ^ described, 

^nd let there be fitted in the drcle£i>£ the strai^t line equal to thestaaight 
^np AC w;buh is not greater tium the.<M(niaeter,.Qf .the cirdte BDE.. [rv. 1} 



'■% ' , ;n,. 

liet 1)C tw jeSoed, let tlw ^leilC^ He 
triangle ilOP. •;■•.■ V. ■ \ ■! 

’ n^, einee tiie leetan^ AB, BC k equal to 
the square on AC, 

and AC is equal to £2>, 

Ihieitrfore the xeetlangle AB, BC is equal to the 
square on BD. 

And, rince a point B has bear ts^en outride 
the ciitle ACD, 

and from B the two straight lines BA, BD have 
fallen on tiie circle ACD, and one of them cuts 
it, while the other falls on it, ' 
and the rectangle AB, BC is equal to the square 
on BD, “ 

therefore Bi) touches the circle ACD. \ [m. ST] 

Since, then, BD touches it, and DC is drawn across from the poiin of con- 
tact at D, \ 

therefore the angle BDC is eqmd to the angle DAC in the alternate se^ent of 
the circle. \[in. 32] 

^ce, th^, the angle BDC is equal to the angle DAC, 
let the angle CDA be added to each; 
therefore the whole angle BDA is equal to the two angles CDA, DAC. 

But the exterior angle BCD is equal to the angles CDA, DAC ; [i. 32] 

therefore the angle BDA is also equal to the angle BCD. 

But the angle BDA is equal to the angle CBD, since the ride AD is also 
equfd to AB; I [i. ^ 

BO that the an^e DBA is also equal to the angle BCD. 

Therefore the three angles BDA, DBA, BCD are equal to one another. 

And, rince the angle DBC is equal to the angle BCD, 

the side BD is also equfd to the side ZK7. [i. 6] 

But BD is by hypothesis equal to CA; 

therriore CA is also equal to CD, 
so tiiat the angle CDA is also equal to- the angle DAC; [l. 6] 

' therefore the angles CDA, DAC are double of the angle DAC. 
l^t the angle BCD is equal to the angles CDA, DAC ; 

therefore the an^e BCD is also double of the angle CAD. 

But the BCD is equal to each of the angles BDA, DBA ; 
therefore eaoh of the an^es BDA, DBA is also double of the ang^ BAB, 
Hmr^ore the isosceles triangle ABD has been constructed having each' of 
the anj^es at the base DB double of the remaining one. ci. b. r. 

l*itoyoi(riioK 11 

IH o jpsm rirdle to fhririhe on ond sgu&mgttfor peKtogmi. ' 

Let ABCDE be the given circle; 

thiis it is required to inscribe in ^ ettUk ABCDM to iwiK^atero! tod iOqjril*. 
angular paitagon.' " 

1^ the iriMCeks tihmj^e 'iPlSfir be sef Out hia'$^ e«uh of the anil^ at % B. 
dOdIde'ttf the'toi^'atB;"''- 

be liuMimbed In Ihe’rirrieABCM tto tritoi^’ACD eqiiaii^pNif 




Buao^ 17 ■ 

^ triaA^ tiie tal^ CAJ) » al F aod iba 

angles at (?, H raq)ectivdjr equal to the angleB ACD, CiDuLj Mi-fan^ 

thuefope ea^ the aoi^es ACD, CDA » tieo 
double of the ao^CMjD. . . ;<, /< 

. Now let the aaaglee ACD, CDA he biseeted 
respectively by the straight Uses CB, 
sad let AB, BC^ DE, EA be joined4 . 

Iben, since each of the an^es ACD, CDA fg 
double of the angle C-dZ), 
and they have been bisected by the strait 
lines 0£, DB, 

therefore the five angles DAC, ACE, ECD, CDB, BDA are equal to one at))* 
other. 




But equal angles stand on equal circumferfflices; 
therefore the five drcumferences AB, BC, CD, DE, EA are equal to one an- 
other. 

But equal drcumf^ences are subtended by equal strai^t lines; [in. 2^ 
therefore the five straight lines AB, BC, CD, DE, EA are equal to one ai^tbw; 
therefore the pentagon ABCDE is equilateral. « 

I say next that it is also equiac^ar. 

For, since the circumference ilB is equal to the circumference DE, let BCD 
be added to each; 

therefore the whole drcumference ABCD is equal to the whole circumference 


EDCB. 


And the angle AED stands on the circumference ABCD, and the angle BAE 
on the circumference EDCB’, 

therefore the angle BAE is also equal to the an^e AED, [nz. 27] 
For the same reason 

each of the ai^;}es ABC, BCD, CDE is also equal to each of the angles BAE, 
AED; 

therefore the pentagon ABCDE is equiangular. 

But it was also proved equilat^; 

their^ore in the g^ven drde an equilateral and equiangular poitagon hal been 
mscribed. 7^ ' 


pBOPpsmoHl2 

About a giem tircU to cifmmiicr^anefptSatavl and equiangidar pentagon. 

Let ABCBB be the given drde; 

■thus it is required to drcumscribe an equilateral and eqiuanguiar pditagon 
abmit the circle ABCBB. • > 

Let A, B, C,D,E}» concdved'to be the angular pdnts of ittsetibed 
pentagon, so that the dreubafnenoes AB, B(l, CD, DE, EA are equal; [iv. 11} 
tiirou^ A, B, C, D, E let OH, HK, KL, tU, ilfB be drawn, toudikig iiNeivde; 

: ‘ ; y. ‘ [III. Id, Pori,] 

Iqt^eentreF <4 tbechwle AMCDE be'tabm [m. .1}, andlat BB, FC^fL, 

{FB. be joined. '.Af y-, 

I!m, sinoe tba stia^ fine BL iOUoiici the drde ABC^ 
and ^ has been ic^d from tiie (wtaeB bdat cd.eO^ at^," 
libieaidn'^iapeepeadEt^^ , i 




M liocay^ 

therefore each tbe at C is 
Far the same reason 

the angles at the points B, D are also lig^t. 

And, once the angle FCK is right, 

therefore the square <m FK is equal to the squares on FC, CK. 

Bbr the same reason [i. 47] 

the square on FK is also equal to the squares on 
FB,BK) 

so that the squares on FC, CK are equal to the 
squares on FB, BK, 

of udiich the square on FC is equal to the square on 
FB; 

therefore the square on CK which remains is equal 
to the square on BK. ' 

liierefore BK is equal to CK. 

And, since FB is equal to FC, 

and FK common, 

the two ades BF, FK are equal to the two sides CF, FK; and ^e 
equd to the base CK; 

therefore the angle BFK is equal to the angle KFC, [i. 8] 
and the angle BKF to the angle FKC. 

Therefore the angle BFC is double of the angle KFC, 
and the angle BKC of the angle FKC. 

For the same reason 

tile angle CFD is also double of the angle CFL, 

and the angle DLC of the angle FLC. i 

Now, since the circumference BC is equal to CD, 

the angle BFC is also equal to the angle CFD. [m. 27] 

And the angle BFC is double of the angle KFC, and the angle DFC of the 
angle LFC; 

therefore the angle KFC is also equal to the angle LFC. 

But the angle FCK is also equal to the angle FCL; 
ther^ore FKC, FLC are two triangles having two angles equal to two an^es 
and (me side equal to one side, namely FC which is conunon to them; 
therefore they will also have the remaining sides equal to the remaining sides, 
and the remaining angle to the remaining angle; [i. 26] 

therefore tiie straight line KC is equal to CL, 
and the angle FKC to the an^e FIX}, 

And, idnee KC is equal to CL, 

. therefore KL is double of KC. 

For the saime reason ft can be proved that " 

UK is tdso double of BK. 

And BK is equal to KC; 

therefore UK is also equal to KL. 

‘ S^idiariy eaoh of tbe strai^t lines HC, OM, ML can atee be i»oved equal to 
each of tiie strai^t lines UK, KL; 

t^efore tite pentad <MKLM is ecpSateral. 

I iS^ aeact tisat it is also equiangular. 

For, (snce tiie angle FKC is teqtol to the angle FLO, 
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and the RKL was proTed double of the loii^e FITO, 
and the angle KLM double of the angle FLC, 
therefore the angle HKL is ateo equal to the ^gle RLM. 

Smilarly each of the angles KEQy HGMf GML can abo be proved espial to 
each of tte angles /CL jf; 

therefore the five angles GHR HKlt, KhM^ LMGj MOH are equal to one an- 
other. 

Therefore the pentagon GHKLM is equiangular. 

And it was also proved equilateral; and it has been ciroumscnribed about the 
circle ABODE. Q* 


PnoposmoN 13 


In a given pentageni which is equilaieral and eguiangidarf to inscribe a circle. 
Let ABODE be the given equilateral and equiangular pentagon; 

thus it is required to inscribe a circle in the pentagon ABODE. 

For let the angles 502), ODE be bisected by the straight lines OF, DF re- 
spectively; and from the point F, at which the straight lines OF, DF meet one 
another, let the straight lines F5, FA, FE be jomed. 



to CD, and OF common, 

the two sides BO, OF are equal to the two sides 
DC, OF] 

and the angle BCF is equal to the angle DCF; 
therefore the base BF is equal to the base DF, 
and the triangle 5CF is equal to the triangle DCF, 
and the remaining angles will be equal to the re- 
maining angles, namely those which the equal sides 
subtend. 

Therefore the angle CBF is equal to the angle 
CDF. 


And, since the angle CDE is double of the angle CDF , 

and the angle CDE is equal to the angle ABC, 
while the angle CDF is equal to the angle CBF; 
therefore the angle CBA is also double of the angle CBF; 
therefore the angle ABF is equal to the angle FBC; 
therefore the an^e ABC has been bisected by the straight line SF . 
Similarly it can be proved that 

the angles BAB, AED have also been bisected by the Miraigbt lin^ FA, FE 
respectively . 

Now let FQ, FB, FK, FL, FM be drawn from the pdnt F perpendicular to 
the strai^t lines AB, BC, CD, DE, EA. 

Then, ance the angle HCF is equal to tin angle KCF, 

and the right anjde FBC is also equal to the angle FKC, 

FBCi FKC are two triantdes having two angles equal to two an^es and one 
side equal to one ride, namely FC wbidi is common to thorn and subtoidB one 
of equal angles; . . . .. 

therefore will also have ihe ronatning sideB equal to the r em ai nin g rides; 

therefore the perpendicular FB is equal to the perpendimriar FK. 
Smilarly it can be ,aoved thrit 




''m ‘ 'msiisy-r-i 

eadi of FM‘, F^istdoo-eqiud totedhnif t&o Maaia^t Hms 

FH, FK; ■ , 

tiierefore the five sbodj^t Ikes FQ, FRi FK, FL, FM are eqqal to one another. 


lines FG, FH, FK, FL, FM will pass also thiodt^ the imiaimngpcnntB;; 
and it will ^e straight Mes AB, BC^ CD, DE, EA, because the aagletat 

Hw points Q, H, K,L,Mate right. 

For, if it does not touch tiiem, but cuts them. 

It will result that the straight line drawn at riid^t an^es to the diameter of <riie 
drde from its extremity falls within the circle: which was proved absurd.- ' 

[ra. 

Therefore the circle described with centre F and distance one of the straight 
lines FO, FH, FK, FL, FM will not cut the straight fines AB, BC, CDi DE, BA ; 

therefore it will ^budi them. ' I 

Let it be described, as OHKLM. \ 

Ihodbre in the ^ven paatagon, which is equilateral and equiangular, a 
drole has been inscribed. d. B. r. 

Fboposition 14 \ 


idho«d<a given pentagon, which is equilateral and equiangular, to eircumseribe a 
circle. 

Let ABCDE be the given pentagon, which is equUateral and equiangular; 
thus it is required to circumscribe -a circle about the 
pentagon ABODE. 

Let the angles BCD, CDE be bisected by the strtugbt 
lines CF, DF re^eetively, and from the point F, at 
which the straight lines meet, let the strmght lines FB, 

FA, FE be joined to the points B, A, E. 

liien in maimer similar to the preceding it can be 
proved that the an^es CBA, BAE, AED have also 
bem' bisected by the straight lines FB, FA, FB respec- 
tively. 

Now, smoe the angle BCD is equal to the angle CDE, 

and the angle PCD is half of tlm angle BCD, 
and the angle GLF half of the angle CDF, 
therefore the angle FCD is also equal to the angle CDF, 

. so that riie ride FC is also equal to the ride FU. > ' [i.^ 

Similarly it can be proved that 

each of the straij^t lines FB, FA,'FE is also equal tO eahh of the Strait fines 
FC,FD] _ 

therriore the five strain liiiesFd., FB, FC, FD, FE'Oie equal to oite another. 

Th^efore the oirrie destnibod with Centre F Cnd distance one Of the strai^t 
fibeaFri, FB, FC, FD, FE will pass also through the remaining jxdntSj.iN^ 
i^havebe«i'rireusis(»fi)ed. - - >>:■ 

Let it be drcmnseribed, and let it be ABODE. , 

; llwtirfwi about the i^ven pentiq^mi, wlueh s equiiritemi Mxd eqdiaBgtftag|<i 
ritrioluuibeaa drcuinscribed. 0.1. v. 
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PsoposinoN 15 

In a gimt eird$ to iaiaibe an equHaterai and egmangular haagon. 

Let ABCDEF be tiie givea drde; 

ibus it is required to inscribe an equilateral and equiangular hexagon in the 
circle ABCDEF. 

Let the diameter AD of the drcle ABCDEF be dravn; 

let the centre Q of the circle be taken, and with centre D 
and distance DO let the circle EOCH be described; 
let EO, CO be joined and carried throu^ to the points 
B,F, 

and let AB, BC, CD, DE, EF, FA be joioed. 

I say that the hexagon ABCDEF is equilateral and 
equiangular. 

For, rince the point 0 is the centre of the drde 
ABCDEF, 

OE is equal to OD. 

Again, since the point Z> is the centre of the drde 
OCH, 

DE is equal to DO. 

But OE was proved equal to OD; 

therefore OE is also equal to ED; 
therefore the triangle EOD is equilateral; 
and therdore its three angles EOD, ODE, DEO are equal to one another, inas^ 
much as, in isosceles triangles, the angles at the base are equal to one another. 

[ i -«0 

And the three angles of the triangle are equal to two right angles; [i. ^ 
therefore the angle EOD is one-thM of two right angles. 

Similarly, the angle DOC can also be proved to be one-third of two ri^t 
angles. 

And, since the strdght line CO standing on EB makes the adjacent aaglM 
EQC, COB equal to two right urgles, 

therefore the remaining angle COB is also one-third of two rig^t airi^eB. 
Therefore the angles EOD, DOC, COB are equal to one another; 
so that the angles vertical to them, the angles BOA, AOF, FOE are equal. 

Mfl] 

Therefore the dx ahgles EOD, DOC, COB, BOA, AOF, FOE are equal to 
one another. 

But equal angles stand on equd circumferences; [m. 76] 

tiierefore the six dreumferoices AB, BC, CD, DE, EF, FA ate equal to one 
anotirer. > 

And equal drcumfermoes are subtended by equal straight lines; [nt. 25] 
tiierefore tire dx straight lines are equal to one another; 
therefore the hexagon ABCDEF i» equilatcnd. 

' I toy next that it is also equiangular. 

Ibr, dnce the drcumfwence FA is equal to the drcumferenoe ED, 

' let the drcumfweaee ABCB be added to each; 

I therefore the whde FABCD is equal to the whole EDCBA; 

' and tiw ani^ FED stands on tiie drcumferenoe FABCD, < < 
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and the on the dreumference £2X7BA; 

therefore the angle APE is equal to the angle DEF. [m. 27] 

Similarly it am be proved that the ronaining angles of the hocagon ABCDEF 
axe also severally equal to each of the angles AFE, FED) 

therefore the hexagon ABCDEF is equiangular. 

But it was also proved equilateral; 

and it has been inscribed in the circle ABCDEF. 

Iherefore in the given circle an equilateral imd equiangular hexagon has 
been inscribed. Q. b. r. 

PomsM. From this it is manifest that the side of the hexagon is equal to the 
ra^us of the circle. 

And, in like manner as in the case of the pentagon, if through the points of 
diviacHi on the circle we draw tangents to the circle, there will be circu^cribed 
about the circle an equilateral and equian'giilar hexagon in conformity mth 
vidmt was explained in the case of the pentagon. \ 

And further by means similar to those explained in the case of the pentagon 
we can both inscribe a circle in a givoi hexagon and circumscribe one about it. 

q.\e. f. 

PnoFosmoN 16 

In a given circle to inscribe a fifteen-angled figure vohidi shad be bodi equilateral 
and equiangular. 

Let ABCD be the ]^en circle; 

thus it is required to inscribe in the circle ABCD a fifteoi-angled figure which 
shall be both equilateral and equiangular. 

In the circle ABCD let there be in- 
scribed a side AC of the equilateral tri<- 
angle inscribed in it, and a side AB of an 
equHateral pentagon; 
therefore, of the equal segments of which 
there are fifteoi in the circle ABCD, there 
will be five in the circumference ABC which 
is one-third of the circle, and there will be 
three in the circumference AB which is 
one-fifth of the cirde; 
therefore in the remainder BC there will 
Ite two of die equal segments. 

Let BC be bisected at E) [m. 30] 

ther^Ore each of the circuinferaioes BE, £C is a fifteoith of the drde ABCD. 
■ If thraufore we j<fin BE, EC and fit into the circle ABCD straight lines equal 
to them and in contiguity, a fifteen-angled figure which is both equilatersd and 
•qidangular will have been inscribed in it. _ 0 . ^ F. 

And, in lilte manner as in the cased the pmtagon, if through the points of 
divimon on the drele we draw tangents to the circle, there will be circum- 
scribed about the circle a fifteen-angled figure which is equilateral and nqtd~ 
angular. 

Amd further, by proofs sanilar to those in the case of the ptotagon, we can 
both insotibe % idtcle in the given dteed-an^ed figure and ckcumacribe one 
about it. Q. B. F. 



BOOK FIVE 


DEFINITIONS 

1. A magnitude is a part of a magnitude, the less of the greater, whai it 
measures the greater. 

2. The greater is a mvUiple of the less when it is measured by the less. 

3. A rcAio is a sort of relation in respect of edze between two magnitudes of 
the same kind. 

4. Magnitudes are said to ham a ratio to one another which are capable, 
when multiplied, of exceeding one another. 

5. Magnitudes are said to be in the same ratio, the first to the second and the 
third to the fourth, when, if any equimultiples whatever be taken of the first 
and third, and any equimultiples whatever of the second and fourth, the for- 
mer equimultiples alike exceed, are alike equal to, or alike fall short of, the lat- 
ter equimultiples respectively taken in corresponding order. 

6. Let magnitudes which ^ve the same ratio be called proportional. 

7. When, of the equimultiples, the multiple of the first magnitude exceeds 
the multiple of the second, but the multiple of the third does not exceed the 
multiple of the fourth, thai the first is said to ham a greater ratio to the second 
than the third has to the fourth. 

8. A proportion in three terms is the least possible. 

9. When three m^^itudes are proportional, the first is said to have to the 
third the duplicate ratio of that which it has to the second. 

10. When four magnitudes are <continuously> proportional, the first is 
said to have to the fourth the triplicate ratio of that which it has to the second, 
and so on continually, whatevw be the proportion. 

11. The term corresponding magnitudes is used of antecedents in rdation to 
antecedents, and of consequents in relation to consequrats. 

12. Alternate ratio means taking the antecedent in relation to the antecedent 
and the consequent in relation to the consequoit. 

13. Inverse ratio means taking the consequent as antecedent in rdation to 
the antecedent as consequent. 

14. Composition of a ratio means taking the antecedent tog^lwr with the 
consequent as one in rdation to the consequent by itself. 

15. Separation qf o ratio means taking the excess by whidi the antecedent 
exceeds the consequent in relation to the consequent by itsdf. 

16. Conversion of a rohb means taking the aateoednatin rdation to U»ex* 
cess by which the antecedent exceeds the consequent. 

17. A ratio ex aegwM arises when, there bang sevwal teagnitudes awl aa« 
other set equid to them in multitude whi^ taken twoeodl^ areia the same 
ptopmtion, as the first is to the last among tibeinrtmaiidtadiBs, so is the first 
to the last aaaong the seowsd fioagnitiulM; 

^ 81 



m mam 

Or, in other words, h means taking the extreme tenths by virtue fd tbe re- 
movai of tile intennediate terms. 

18. A perkarbed proportion arises when, there bmng three raagmtudes and 
another set equal to them in multitude, as antecedent is to consequent among 
the first magnitudes, so is antecedent to consequmt among the second magni- 
tudes, while, as the consequent is tq a third amhng the first ma^iitudes, so is a 
third to the antecedent among the second magnitudes. 

BOOK V. PROPOSITIONS 
PaoposmoN 1 

If there be any nuniber of magnitudee whatever which are, reepective^, eqtehntd- 
tipiee of any magnitudee equal in multitude^ titen, whatever mtUtipk one of the 
magnitudea ie of one, that multiple odeo will aubeof aU. I 

Let any number of magnitudes whatever AB, CD be respectively equimidti- 
of any magnitudes £7, F equal in multitude; J 

I say that, whatever multiple AB is of E, that multiple will AB, CD also be 
ofF,F. 

A ^ B C 1;! 0 

E F 

For, since AB is the same multiple of £4^hat CD is of F, as many magnitudes 
as there ere in AB equal to F, so many also are there in CD equal to F. 

Let AB be divided into the magnitudes AO, OB equal to E, 
and CD into CH, HD equal to F; 

then the multitude of the magnitudes AG, OB will be equal to the multitude of 
the magnitudes CH, HD. 

Now, sinoe AO is equal to E, and CH to F, 

therefore A6 is equal to E, and AO, CH to E, F. 

For the same reason 

OB is equal to E, and OB, HD to E, F; 
therefore, as many magnitudes as there are in AB equal to F, so many also are 
tirese in AB, CD equal to E, F; 

therefore, whatever multiple AB is of E, that multiple will AB, CD also be of 
E,F. 

Thoefore etc. Q. n. n. 


PnoposmoN 2 

Ifafini magnitude be the eome multiple of a eecond that a third ieof a fourffi, and 
a fifth oieo be the same multiple oftheeeoond that a sis^ ieof the fourth, the eum of 
the firet and fifih will also be the eome multiple of the second that the sum of the 
third and eixOiie of ihefourh. ^ B 9 

Let a first magnitude, AB, be same * 

multiple d a second, C, that a third, DE, c 

kd a ikurth, F, and let a fifth, BO, also p , , f i ^ 

be the same multiple of tire second, <7, 

that a sixth, EH, k of the fourth F; ^ 

I say that the sum of the first and filth, AQ, will be the same multiple dike 



For tile same reason also, 

^errfore, whatever multiple A<? is of C, that multiple also aDHnflf 

Q. a.p. 

PaoposmoN 3 

Ifajir^ nwpnUvde he the same multiple of a second that a third is of a fma-th 
tf^im'^tphs be taken of the first and third, then also ex wquali L 
he equimvUiples respecHvely, the one of the seco^and the 

of ^ ®®“® multiple of a second B that a third C is 

S ?'v^^ S* EF, GH be taken of A, C: 

I say that FF is the same multiple of B that GH is of D. 
ror, since EF is the same multiple of A that GH is oS P 
n^itudes as there are in EF equal to A, so many also are there in ^*3 

then the multitude of the magnitudes EK, KF wUl be equal to the multitude 

* of the m^itudes GL, LH. 

^Md, dnce A is the same multiple 
of S that C is of D, 
whileFi:iBequaItoA,andGi toCT, 

merrfore EK is the Same multiple 
of B that GL is of D. 

For the same reason > 

KF is the same multiple of B tim« 
„ LHr&ai JX / , 

a-S"® tS o' i »«»d B , 

tte fo2 ” olootto'oaM muMpb of tho Bwond S that . acth IB i. rt 

tiiereforetiiesumof thefiret aad fifi^, ju? 4al«n*»ta»«o«aa-...i*i_i Ba.. 

•i^?06|?!Ww4 . ' "m /■'.!, ,V,;, ' 


H 



M 
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For let a first ou^initadeil have to a secoad fi the sanie ratio aea third C to 
a fourtii D; and let equimultiples E,Fh& taken of A, C, and Q, H other, chance, 
eipiinultiples £, Z>; 

I say that, asFistoG, soisFtoH. 

For let equimultiples K, L 
be taken of jg, F, and other, 

(dtance, eqimultiples Jkf, AT 
cAQ,H. 

Since B is tiie same multi- 
ide of A that F is of C, 
and equimultiples K, L of E, 

F have been tak^, 
therefore K is the same mul- 
tiple of A that L is of C. 

[V.3] 

For the same reason 
M is the same multiple of 
B that N ia of D, 

And, since, as A is to B, 
so is C to Z>, 


A- 

B- 

E- 

G- 

K- 

M- 


D- 

f- 


and of A, C equimultiples K, L have been taken, 
and of B, D other, chance, equimultiples M, N, 
thertiore, if F is in excess of M, t also is in excess of N, 


if it is equal, equal, and if less, less. [v. Def. 5] 

And K, L are equimultiples of E, F, 
and Af, N other, chance, equimultiples of 0, H; i 

therefore, as F is to (?, so is F to H. [v. Def. 5] 

Therefore etc. q. n. n. 


Pboposition 6 

If a magnitude be (he same mvUiple of a magnitude that a part subtracted is of a 
part svMraeted, (he remainder voiU also be the same mvUiple of the remainder ttuji 
(he whole is of (he whole. 

Fqr let the mag^tude AB be tiie same multiple of the magnitude CD that 
the part AE subtracted is of the part CF subtracted; 

■ I say that the remainder EB is also the same multiple of the remaindet' 
FD that the whole AB is of the whole CD. 

« I 9 

- - 

For, whatever multiple AF is of CF, let EB be made that multiple of CO. 
Thmt, sinoe AE is the same multiple of CF that EB is of OC, 

therefore AF is the same multiple of CF that AB is of OF. [v. 1} 
But, by tbfi.asBunqition, AF is the sme. multiple of CF ihat AB is (rf CD, 
‘therefore AB is tiie same ipultiple of each of the magnitudes OF, CD; 

therefore GF is equal to CD. 
let CF be subtracted from each; 



Ei^4i2n»y '' tt 

therefore the remainder QC a equid to remamder FXf * ' 

And, aince AE is tile same multiple of CF that SB is GC^ 
and OC is equal to DF, 

therefore AS is tiie same multiple of CF that SB is of FJ). 

But, by hypotiiesis, 

AE is the same multiple of CF tiiat AS is of CD) 
therefore SB is the same multiple of FD that AB is of CD. 

That is, the remiunder SB will be the same multiple of tiie rmainder FD 
that the whole AB is of the whole CD. 

Therefore etc. q. b. d. 


PnoFOsmoN 6 

If tm magnitudes be eguimuUijdes of tm magnitudes, and any magnitudes sub- 
tracted from them be equim/idtiples of the same, the remainders also are either egwd 
to the same or equimultiples of them. 

For let two magnitudes AB, CD be equimultiples of two magnitudes E, F, 
and let AO, CH subtracted from them be equimtd- 
, , 9 ^ tiples of the same two E, F; 

- I say that the remainders also, GB, HD, are 

either equal to F, F or equimultiples of tiiem. 

K — S — I — I — .. Y— r For, first, let OB be equal to E; 

f I say that HD is also equal to F. 

For let CK be made equal to F. 

Since AO is the same multiple of E that CH is of F, 
wMle OB is equal to E and KC to F, 
therefore AB is the same multiple of E that KH is of P. [v. 
But, by hypothesis, AB is the same multiple of E titat CD is of F) 
therefore KH is the same multiple of F that CD is of F. 

Since then each of the magnitudes KH, CD is tiie same multiide of F, 
therefore KH is equal to CD. 

Let CH be subtracted from each; 

therefore the remainder KC is equal to the remaiiMl» HD. 

But F is equal to KC ; 

therefore HD is also equal to F. 

Hence, if OB is equal to E, HD is also equal to F. 

Similarly we can prove that, even if OB be a multiple of E, HD is also the 
same multqde of F. 

Iherefore etc. q. b. n. 

PBOFOSmON 7 

Eqpud magnitudes have to the same the same ratio, as also has die same to egwd 
magnitudes. 

Let A, Bhe equal maipoitudes and C any other, chance, magnitude; 

1 say that ea<4 of the magnitudoi A, BhasOMt same ratioto C, and C has 
&e same ratio to each of tiie magnitudes A, B. 

For let eqiumdtipleaO, '£ of A , B be taken, and of Csaotim, timace, multi- 
pieF. 

Then, sinoe D klhe'sknaemuld^lB oi A tihat Bis of B, wh^A is equal to B, 
thittoEom D isiSqUal to B. 



■m .-f 'i jmm!MB''-~) 

'dniP iti Al i iMhfl fj dwtai^y magpifaidB. ' •, • ."^iv't-;'' 

If ^wrefove Dh^ameeiaiifd F,E is^Iso jtt eacoeBs oXF; 
a&d, if less, less. , ■ . ■ ^ ^ 

Aad D^ E aae eqt&niUaples of ii, : , / t- '■'■!■, ! '. ' 

while Fis anotbor, (dumoe, multiple of C; B— e* ; . .- * ■. . .,, „. ,► , . .„ , , 

tiierefore, as A ieto C, so is B to C. ^ . 

tv. Def, 6] ,' ■ 

I say next that C also has the same ratio to each of the ma^utudes J., B. 
For, with the same construction, we can prove similarly Pis equal to B; 

and F is some other magnitude. 

If therefore F is in excess of P, it is also in excess of E, if equal, equal; and, if 

And F is a multiple of C, while P, E are othw, chance, equimultiples of A, B; 

therefore, as C is to A, h6'is C to B. [y. Del. 5] 

Therefore etc. 

PoBiSM. From this it is manifest that, if any magnitudes are proportional, 
they will also be proportional inversely. q\ b. d. 

PaoposmoN 8 

Of unequal magnUudee, the greater hoe to the eame a greater ratio than the less hoe; 
and the eame hoe to the leee a greater ratio than it has to the greater. 

Let AB, C be unequal magnitudes, and let AB be greater; let P be another, 
chance, magnitude; 

I say that AB has to P a greater ratio 
than C has to P, and P has to C a greater 
ratio than it has to AB. 

For, since AB is greater than C, let BE 
be made equal to C; 

thea the less of the magnitudes AB, EB, if 
multiplied, will sometime be greater than 
P. [V. Def. 4] 

first, let AB be less than EB; 
let AB be multiplied, and let 
FG be a multiple of it which is greater than P; 

then, whatever multiple FO is of AB, let OH be made the same multiple of EB 
and B of C; 

and let L be taken double of P, Af triple of it, and successive nniltiples in- 
creasing by one, until what is taken is a multiple of P and the first tiiat is 
greater than K. Let it be taken, and let it be N which is quadruple of P and the 
first multiple of it tiiat is greater than K. 

Then, tinoe K is less'th^ N first, 

therefore K is not less than M. 

And, sfatoe FO Is the same multipte of AB that OH is of BB, 

tiierefore FP is tiie same multiffie of AB that FH is of AB. {v. ij 

But FO is the same multiple of AB that B is of C; ,• 

' tfa^oreFiria^samemititipleof ABliuitBisof C; 
therefore Ffif, K are equimultiples o$ AB, C. 

^ ' Agaitt, ainoe OH is the same undt^le of B!8 tiiat B is of <7, 

and EB fe equal to C, 


A- 

C- 

F- 

K- 

D. 

L- 

M> 

N- 


B 



ELiaOENTB V 9 

tinNCon b to JT. 

But £ b not fees than JUT; 

thenfore ndbiar b GB baa tiian M. 

Md FO b greater than D; 

therefore the whole FH b greater tium D, M together. 

But D, M together are e^uid to N, inaamuch aa Af b triple of Z), and M, D 
togeUier are qt^rupb of D, while N b also quadruple of D; witenoe £> to> 
gether are equal to N. 

But FH b greater than M, D; 

therefore FH b in exeeaa of N, 
white K b not in excess of N, 

And FH, K are equimultiples of AB, C, while JV is another, ohanoe, multiple 
ofB; 

therefore AB has to Z> a greater ratio than C has to D. [t. Def. 7] 

I say next, that D also has to C a greater ratio than 2> has to AB. 

For, with the same construction, we can prove similarly that AT is in excess 
of K, white AT b not in excess of FH. 

And AT b a multiple of D, 

while FH, K are other, chance, equimultiples of AB, C; • 

therefore D has to C a greater ratio than 2> has to AB. [v. Def. 7] 

Again, let AB be greater than EB. 

Then the less, EB, if multiplied^ will sometime be greater than 2>. [v. Def. 4] 

Let it be multiplied, and let OH be a 

A 4 multiple of EB and greater than D; 

^ and, whatever muHipie OH b of EB, let 

H FO be made the same multiple of AB, and 
^ B of C. 

Then we can prove similarly that FH, 
D- B are equimultiples oi AB,C\ 

and, similarly, 1^ AT be taken a multiple 
y of D but the first that b greater than FO, 

so that FO b again not tees than M. 
But OH b greater than D; 


therefore the whole FH b in excess of D, M, that is, of Af. 

Now B b not in excess of N, inasmuch as FO also, which b greato* than OH, 
that b, than B, b not in excess of AT. 

And in tire same maimer, by following the above argument, we complete the 
demonstration. 

Therefore etc. *• 


FBorosmoNO 

Magnihtdet whiHi haee &e same ratio to the acme me eqaei to eeifi another; and 
magnUiudea to tohicA the tame haa the kme ratio are equal 
For let ea/db. of the magnitudes A, B have the same ratio to €; 

I say that A b equal to B. 

A B For, othermse, eadi the magnitudes A, 

„ B would not have had the same nrtao to C; 

— but it has; [▼'.81 

thttefon A b^eql^ to fi. 



M. ^ITOLB>.; 

■ Again, let C have tiw same ratio to eiub oi (lie magnitudes A, B; 

I say that A is equal to B. 

For, otho'wise, C would not have had tl^ same ratio to each of the magni- 
tudes A, B; [nr. 8] 

hut it has; ^ 

therefore A is equal to B. 

Tberrforo ete. q. b. n. 


PROPOsmoN 10 

Of magnitudes which have a ratio to the same, that which has a greater ratio is 
greater; and that to which the same has a greater ratio is less. 

For let A have to C a greater ratio tl^ B has to C; 

I say that A is greatei; than B. 

^ A 6 

C 

For, if not, A is either equal to B or less. 

Now A is not equal to B; \ 

for in that case each of the magnitudes A, B would have had the same ratio 

C', [V. 

but they have not; 
therefore A is not equal to B. 

Nor again is A less than B; 
for in that case A would have had to C a less ratio than B has to C; Jv. 8] 

but it has not; 

therefore A is not less than B. 

But it was proved not to be equal dther; 

therefore A is greater than B. 

Again, let C have to B a greater ratio than C has to A; 

I say that B is less than A. 

For, if not, it is either equal or greater. 

Now B is not equal to A; 

for in that case C would have had the same ratio to each of the magnitudes A, 
Bi [V.7] 

but it has not; 

therefore A is not equal to B. 

Nor again is B greater than A; 

for in that case C would have had to B a less ratio than it has to A ; [v. 8] 

but it has not; _ 
ther^ore B is not greater than A. 

But it was ^ved tiiat it is not equal either; 

therefore B is less them A. 

llmrefineeite. 

l^SQPOSmON 11 

^ftahos wbidt an the' same with the same ratio are also Ow same w^ one omdher. 
K Par, as A is to B, so let C be to- Bi 

and, asCistoB^soletB be to F; 


.a? 
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I say that, as ^ is to so b ^ to F. 

For of A, Cy E let equimulfeiides 6, H, £ bo taken, and of B, 2), F ottier, 


A* 

C- 


B- 

0- 

F — 

0- 

H- 

K 

L- 

M- 

N 


chance, equimultiples L, M, N. 

Then since, as A is to B, so is C to B, 

and of Ay C equimultiples (?, H have been taken, 
and of By D other, chance, equimultiples L, M, 
therefore, if G is in excess of L, H is also in excess of M, 
if equal, equal, 
and if less, less. 

Again, since, as C is to D, so is B to F, 

and of C, E equimultiples H, K have been taken, 
and of Dy F other, chance, equimultiples M, N, 
therefore, if H is in excess of My K is also in excess of JV, 
if equal, equal, 
and if less, less. 

But we saw that, if H was in excess d My G was also in excess of L; if equal, 
equal; and if less, less; 

so that, in addition, if G is in excess of L, K is also in excess of N, 
if equal, equal, 
and if less, less. 

And 0, K are equimultiples of A, B, 

while L, N are other, chance, equimultiples oi B, F; 
therefore, as A is to B, so is B to F, 

Therefore etc. q. e. d. 

Proposition 12 

If any number of magnitudes he proportional, as one of the antecedents is to one 
of the consequentSy so mil all the antecedents be to dU the consequenJtSr 
Let any numb^ of magnitudes A, B, C, D, B, F be proportional, so that, lus 
A is to B, so is C to D and B to F; 

I say that, as A is to B, so are A, C, B to B, B, F. 

For of A, C, B let equimul- 

A B tlples Gy HyK he taken, 

0 I and of By B, F other, chance, 

^ eqi^ultiples i, M , N, 

Q — , - ^ Then siace, as A is to B, so 

H— — kCtoB, andBtoF^ 

K H and of Ay C, E equimultiples 

Gy Hy K have been taken, 

and of B, B, F other, chance, equimultiptes B, M, Ny 
therefore, if G is in excess of L, S is also in excess of M, and of Ny 

B^equat, equaJ, 
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aoifl ifieas, less; 

> ^ ^ ^ ^ BO tlAt, in odditioii, 

if (? is in exoessnf then (?, if aie in excess of L, M, N, 
if equal, equal, 
and if less, less. 

Now 0 and 6,H,K are equimultiples of A and A,C,E, since, if any number 
of ma^initudeB whatever are respectively equimultiples of any magnitudes 
equal in multitude, whatever multiple one of the magnitudes is of one, that 
multiple also vnll all be of all. [v. 1] 

For the same reason 

L and L, M,N axe also equimultiples of B and B, D, F; 

therefore, as jd is to B, so are A, C, B to B, 1), F. [v. Def. 5] 

Therefore etc. o. e. d. 

• r 

PnoFOsmoN 13 1 

If a first magnittide have to a second the same ratio as a Oiird to a fmrm and the 
Mrd have to the fourth a greater rcdio Oian a fifth has to a sixth, the first Wq aiso 
have to the second a greater ratio than the fifth to the sixth. \ 

For let a first magnitude A have to a second B the same ratio as a ihird C 
has to a fourtb D, 

and let the third C have to the fourth Z> a greater ratio than a fifth E has to a 
dxth F; 

1 say that the first A will also have to the second B a greater ratio than the 
fifth E to the sixth F. 

A - C M G " — »4 

B D N K 


E 

P ; ' 

H 

L- ‘— 

For, itince tiiere «« some equimultiples of C, E, 
and (4 D,F other, chance, equimultiples, sudi that the multiple of C is in ex> 
cess of the multiple of B, 

while' the multiple of B is not in excess of the multiide of F, [v. Def. 7] 
'let them be taken, 

. and letiQ', H be equimultiples of C, B, 
f. ' and Jf, It other, chance, equimulti{JlOs of B,.F, 

/ M timt Qiam esroess of K, but H is not in access of L; 

. . B]Kl, .whatevmmultiple(7is of C, letAfbealmthatmUltiifieofA, 
and;' whatovw mtdtiple B is of D, let N be aliio that mult^ ^ B. ' 

h- SfOtTr ^ce, as A ifit to ^so is C to 1), 

attd (d Av C.sqttknttltiples ilf, O have been taken, 
and B otiier^ ehaaee^ Oquhtiult^des . 

tiMnfore, if JhfisinoxeeaBQf N,(?isatoojn«soeaSio{|^ < 



u 

aad if lets, leas. [V.Dsfili} 

But (? ia in exeeaa df K; 

thmeton M ia alao m exoeea of N. 

But H ia not in exoeaa of L; 

and M,H are equimultiplea of A, E, 
and N, L other, ehaaee, equimulidideB <A B, F; 
therefore A haa to B a greater ratio thM B haa to F. [y, Def. 7} 
Therefore etc. q. s. n. 


PnopoarnoN 14 

Ifafint magnUude have to a aecond the same ratio as a third has to a fourth^ and 
the first be greater than the third, the second wiB also be greater than the fourth; if 
equal, equal; and if less, less. 

For let a first magnitude A have the same ratio to a aecond B as a third C 
has to a fourth JD; and let A be greater than C; 

I say that B is also greater than D. 

For, since A ia greater than €, 

A C '..i and B ^ another, chance, magnitude, 

B D therefore A has to B a greatar ratio 

than C has to B. [v. ^ 

But, asAistoB, soisCtoD; 

therefore C has also to D a greater ratio than C has to B. [v. 13] 

But that to which the same has a greater ratio is less; [v. 10] 

therefore Z> is less than B; 
so that B is greater than D. ' 

Similarly we can prove that, if A be equal to C, B will idso be equal to D; 

and, if A be less than (7, B will also be less than Z>. 

Ther^ore etc. Qi s. n, 


PnoPosmoN 15 


Parts have the same ratio as the same of them taken in corresponding 

order. 

For let AB be the dame multiple of C that DE is (A F; ' 

I say that, as C is to F, -so is AB to DE. 

F(nr, ^ce AB is the same multiple 
of C t^t DB is of F) M many raat^i' 
^ ttutes as there are in AB equal to C, 

Oh 4- ,80 many ace there also in DE equal 

to F* ' ' 5 

Let AB be divided into the iMqpiitudes AG^ OH, HB equal to C, 
and DE into the mat^tfides'BB, KL, LE equal to F; 
thenthe nndtitaide of ^ htagQitttdes A%OH,SB foUbeequal to tiie midti^ 
tude of the magnitudes BB, BL, LB. iofj: 

i!im»'Ai9y'4!!B‘/'<i9^'«9’equalto<oneam^ .’w.’".' 

and BL, LB are also equal to ooe'ahdtheci- ■ u 
jVAvi to«efare/ah>A<3['istof^, toist0lito'BL,«ad:ffBtoiLBi' f.|vi7]. 

Tboefore, as me of the antecedents is to one the consequent ed’stfflisA 
■toea»to(h(bnte’be^to\dR<^ ."VA .'Vk 

A' v. ' soissABtoBBA-’ 1 
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. But AO is equal to C and DK to F; 

therefore, as C is to F, so is AB to BE, , 

Therefore etc. 0. b. d. 

PaoposmoN 16 

If four magnitudes be proportional, they wiU also be proportional aUematdy. 

Let A, B, C, i> be four proportional magnitudes, 

so that, as.4istoB, soisCtoB; 

1 say that th^ will also be so alternately, that is, as is to C, so is B to Z>. 

A C 

B — — 0 

El 1 1 T'T*— • 6 1 1 

Fi 1 1 < Hi 1---," 


For of B let equimultiides F, F be taken, 

and of C, D other, chance, equimultiples G, H. 

• Thm, since E is the same multiple of A that F is of B, \ 

and parts have the same ratio as the same multiples of them, [v. 15] 
therefore, as is to B, so is B to F. 

But asAistoB, soisCtoI); 

therefore also, as C is to B, so is F to F. [y. 11] 

Again, since G, H are equimultiples of C, D, 

therrfore, as C is to Z), so is 6 to B. [v. 16] 

But, as C is to B, BO is F to F; j 

ther^ore also, as F is to F, so is B to B. [v. 11] 

But, if four magnitudes be proportional, and the first be greater than the 
third, 

the second will also be greater than the fourth; 
if equal, equal; 

and if less, less. [y. 14] 

Therefore, if F is in excess of G, F is also in excess of B, 

if equal, equal, 
and if less, less. 

Now F, F are equunultiples of A, B, 

and G, H other, chance, equimultiples of C, B; 

tili««fore, as A is to C, so is B to B. [y. Def. 5] 

Hierefore etc. q. b. n. 

IMPOSITION 17- 

If magnitude be praperHondl componendo, they uM cdso be proportiomd sepor 
raado. 

Let AB, BE, CD, DF be maffutudes pnqwrtlcmal eomponend^, so thst» as. 
AB is to BE, so is CD to BF; 

I say that thqy will also be proportional sepanmdo, Hutt is, as AF is td EB, 
•eisCFtoBF. . 

. For ai AE, EB, CF, FD let equimuit^ies OH, BK, LM, MB be taken, < 
and xd FB,FD other, chance, equhnulMides, BB, BP. 



Thai, emce 6H is ^ same multiple <3i AS that SK is ef £6, ■ 

' tii^Ote Gil? u <he same multiple of AS that OK is ti AB, 

But OH is the same multiple o{ AE that LM is of CF] 

therefore OK is the same multiple of AB t^t LM is of CF» 

K 1 — B c — r-b 

Q H y 0 

L M N P 

Again, einee LM is the same multiple of CF that MN is of FD, 
therefore LM is the same multiple of CF that LN is of CD. 

But LM was the same multiple of CF that OK is of AB; 

therefore OK is the same multiple of AB that LATis of CD. 
Therefore OK, LN are equimultiples of AB, CD. 

Again, since HK is the same multiple of EB that MN is of FD, 
and KO is also the same multiple of EB that NP is of FD, 
therefore the sum HO is also the same multiple of EB that MP is of FD. 

[t,2] 

And, since, as AB is to BE, so is CD to DF, 

and of AB, CD equimuitii^es OK, LN have been taken, 
and of EB, FD equimultiples HO, MP, 
therefore, if OK is in excess of HO, LN is also in excess of MP, 
if equal, equal, 
and if less, less. 

Let OH be in excess of KO; 

then, if HK be added to eadi, 

OK is also in excess of HO. 

But we saw that, if OK was in excess of HO, LN was also in excess of MP; 
therefore LN is also in excess of MP, 
and, if MN be subtracted from each, 

LM is also in excess of NP; 

so that, if OH is in excess of KO, LM is also in excess of NP. 
Similarly we can prove that, 

if CD be equal to KO, LM will also be equal to NP, 
mid if less, less. 

And OH, LM are equimultiples of AE, CF, 

w^e KO, NP are other, chance, ^uimultiples of EB, FD; 
therefore, as AE is to EB, so is CF to FD. 

Therefore etc. q. b.i>. 

PBOPoemosr 18 

If magmlvidetU pmpor^^ separando, they vM eito bs proportmti oanp6> 
nendo. 

, Let EB, CF, FD be magnitudes jm^iortioBsl separando, so that, as AE 

is to EBi so is CF to FD; 

1 say that th^wtil also be proportional omponenda, that ia»^ as AB is ta BiB, 
so is CD to FD. 


H’ 



H' / 

as i^-iA to'itif.’ 01? baisftiHBg to ismMina gfafa^AB j>jr gg^ 

toapm|^. r '■- .I'^i.’ ■■:. ■ \u '-.'o 

First, Iji^lt be isthatralaoto a lessmM^ A E‘ 'a 
nitude DQ. ^ 

Thai, ance, as ^ is to BE^ so is CD.Tto c-~s f-n ^ 

DOf 

/th(^ are magnitades proportional componendo; 
so iiiat th^ adll also be proportional tepvffcmdo. 

Therefore, as AE is to EB, so is C6 to QD. - . 

But also, by h3rpothesis, 

as AE is to EB, so is CF to FD. 

Therefbre also, as CO is to OD, m is CF to FD. 

But the first CO is greatet than the thirtfCF; 

therefO|% the second GD is also greater than the fourth F 

But it is also less: which is impossible. 

Therefore! as AB is to BE, so is not CD to a less magnitude than 

Similarly, we can prove that neither is it in that ratio to a graater 
I ’ it is therefore in that ratio to FZ> itself 

*' Thoefore etc. 


[V.171 
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If, as a vdwU is to a whole, so is a part subtracted to a part subtracted, the remainder 
win also be to (he remainder as whole to tbkole. 

For, as the whole AB is to the whole CD, so let the part AE subtracted be to 
the part CF subtracted; j 

I say that the remainder EB will also be to the remaindo: ^ .i n.ii 
FJ^as the whole AB to the whole CD. CFO 

For since, as AB is to CD, so is AE to CF, ' 

’ ' alternate^ also, to BA is to AE, so is 1X7 to CF. 

And, once the magnitudes are proportional componendo, they will also be 
proportional separando, [y. 17] 

that is, as BF is to FA, so is BF to CF, 
and, alternately, ’ ' 

as BF is to DF, so is FA to FC. [vr 16] 

' But, as AF k to CF, so by hypothecs k the whole AB to the whole CD. 

Thoefore ako the ronainda FB wifi be to the remainder FD as the whole 
AB k to the whole CZ>. ■ . • . ' t^'. 11] 

Iberefike’eW.'' ' 

IPoBiSM. FVom'tius it k Inanffest that, if mai^itudes be proportional eont' 
poikfMk,' they will also~be proportional coneertendo:] ' 

PsoiFoentoir^ 

ifdftke he1hiwmd9ni&wda,'aMo&wrse<t^tbikem>ih^^^ 

^ ^ ^uali the fired be greater Adtltiilt 

tflkai'tko%iMl two «ie kt-itiie sauio ndib, 'i i .. 

' asAktoB, sokBioF,. ' .si 



SLiiiiflirsft V. 

Midi, V «B C> 8d k £|i> I*} . 

aad let il be grekterlbka v es oegtAalt; 

1 s^tiAtl) wifitilBobe'isKatOTthaii^'F^^ Als equal to C, equal; i^fllakl 

gg.' 'i. - '■ ■■''-• ■ ' • ' ‘ , i ; ^ 

For, once A is- greater 

A-i abdB^ is some otiiw magnitude' ' 

l_ aQdthegreaterhastothe'Saiiaeagreatti 

ratio thim the less has, [Ti;Q 

therefore A has to S a greater ratio 
than C has to B. 


But, as 4 is to B, so is i> to B, . ; : 

and, as‘C is -to B, imrerady, so is B' to B; 
therefore D has also to B a greater ratio than B has to B. [v; ft3] 
But, of magnitudes whidi have a ratio to the same, that which has a greater 
ratio is greater; [v. 10] 

therefore 2) is greater than F. 

Similarly we can prove that, if 4 be equal to C, D w&l also be equal to B; 
and if less, less. 

Therdbreetc; «. B.s;' 


PnoposiTtON 21 

If there be three rmignitudet, and others eqtUdtO’Aem in fnvX^Mie, whith taken 
tm and two together dre in t^ same ratio, Ond the T^oporiiOn of them be perturbed, 
tiwrt, if ex aequali the first magnitude is greater (hah the third, the fourA will ako 
be greater than the stx^; if egutti, equal; and if less, less. 

Leit there be three mai^udes 4, B, C, and^others D, B, B equal to them in 
SK^tude, which tak^i two and two are in the same ratio; and let the propOr- 
titm -of tiiem be perturbed, so that, . ■ > .i 

' as4iBtpB, soisBtoB, 

and, as B is to (?, so is B to B, 

and let 4 be greater thui C e« ' ' 

I say that D will also'bo greater than B; B 4 is e(tual'to C, equal; and if 
less, less; • 

For, dnce4 is greater thah C, 
B is some oth» magnitude, 
^ / ^erefore 4 has to B a greater 

ratio than C has to B. (V. H 

But, as 4 is to B, so is B to B, 

and, as C is to B, itaversdy, so is B to B. 

Thdfdbre also B has to B a greatw ratio than B has to B. [f.lQ 
But that to whidh the satne haa a greater ratio is less; * 
therefore B is leea than B; 
tibfiotafbre Z) is gf^tor tban F. 

Similarly we (»m prove that, if 4 be edtud to C, B wiQ also be equal ter B; 
and if leas, tees. 

Ther^oreeto. ‘ 



m 
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Fbofobition 22 

If then he my number ef magnitudee whaieoer, and oOtan equal to them in multi- 
tude, whidi taken two and two together are in the same ratio, they wiU also be in 
the same ratio ex aequali. 

Let there be eny number of magnitudes A,B,C, and others D, E, F equal to 
them in multitude, which taken two and two together are in the same ra^o, so 
that, 

asdistof, soisDto^, 
and, asBistoC, Bois£?toF; 

I say that they will also be in the same ratio ex ae^tali, 

<that is, as A is to C, so is to F>. 

For of A, D let equimultiples 6, H be tak^, 

and of B, E other, chance, dqliimultiples K, L; 
and, farther, of C, F other, chance, equimultiples M, N. 

A B , C 

D E F 

Q. I K 1 1 M •— 

H 1 t 1 1 N 1 

Then, since, asdistoB, soisDtoF, 

and of A, D equimultiples G, H have bemi taken, 
and of B, E other, chance, equimultiples K, L, 

therefore, as G is to 2C, so is B to L. [y. 4] 

For the same reason also, 

asitistoAf, soisLtoA". 

Since, then, there are three m^itudes Q, K, M, and others H, L, N equal to 
them in multitude, which taken two and two together are in the same ratio, 
therefore, ex aequali, if 6 is in excess of Af, if is also in excess of N; 

if equal, equal; and if less, less. [v. 20] 

And 0, H axe equimultiples of A, D, 

and Af , N other, chance, equimultiples of C, F. 

Therefore, as A is to (7, so is i> to F. [v. Def. 5] 

Iherefore etc. q. n. n. 

Proposition 23 

If there be three magnitudes, and others equal to them in multitude, which taken 
two and two together are in tAe same ratio, and the proportion of them be perturbed, 
duy will also be in the same ratio ex aequali. 

... Ijet there be three ma^tudes A, B, C, and others equal to them in multi- 
^de, which, taken two and two together, are in the same proportion, namely 
b, E, F; and let the proportion of them be perturbed, so that, 

as A is to B, so is B to F, 

Mid» i. as B is to C, so is i> to B; 

I say that, as A is to C, so is D to F. 

Gf ,4, ,B, E let equimultiples 0, H,K be taken, 

and of C, E, F other, dumce, equimultiples L, M, N. 

Thm, once 0,H axe equimultiples of A, B, 
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and parts haVa tiie same ratio as the same midti|des of them^ Iv. U^ 
therefore, as A is to B, 80 is 0 to H. 

For the same reason also, 

A — B — C 

O: t F 

G 1 H — — I 
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aa F is to F, SO is M to iV. 

And, as A is to B, so is £ to F; 

therefore also, as (? is to JST, so is Af to JV. [v. 11] 

Next, since, as B is to C, so is J) to B, 

alternately, also, as B is to D, so is C to B. [v. ICQ 

And, since H, K are equimultiples of B, D, 

and parts have the same ratio as their equimultiples, 

therefore, as B is to 2), so is H to K. [v. 1^ 

But, as B is to B, so is C to B; 

therefore also, as B is to Jf , so is C to B. [v. 11] 

Again, since L, M are equimultiples of C, B, 

therefore, as C is to B, so is L to Af. [v. 15] 

But, as C is to B, so is B to K; 

therefore also, as B is to B, so is L to M, [v. 11] 

and, alternately, as B is to L, so is B to M. [v. 16] 

But it was also proved that, 

as 0 is to B, so is ilf to B. 


Since, then, there are three magnitudes G, B, L, and others equal to them in 
multitude B, AT, B, which taken two and two together are in the same ratio, 
and the proportion of them is perturbed, 
therefore, ex aequalif if G is in excess of B, B is also in excess of B; 

if equal, equal; and if less, less. [v. 21] 

And G, B are equimultiples of A, B, 

and L,Bof C,F. 

Therefore, as A is to C, so is D to F. 

Therefore etc. q. e. n. 


PBOPOsmoN 24 

If a first magnittule have to a second the same ratio as a third has to a fourth^ and 
dso a fifth have to the secmd the same ratio as a sixth to the fourth, the first and fifth 
added together will have to the second the same ratio as the third and sixth hem to 
the fourth. 

Let a first magnitude AB have to a second C the same ratio as a third DE 

has to a fourth F; 

A ? G and let also a fifth BG have to the second G 

C the same ratio as a sixth BB has to tiie 

0 I— H 

- I say thilt tile fiiBtand fifth added together, 

A 0, mil have to the seotmd C tiie same ratio 
as the third and sixth, DH, has to the fotirtii F. 

For tinee, aa BG a to C, ao u EH to F, 



I inJCUQD 

' i iaiw^, as C is to BG, so is F to SB, 

SS&ce^ then, as AB is to C, so is DE to F, 

and, aa Cia to BO, so is FtoSH, 
tiiemfore, ex aegudU, as AB & to BO, so is DS to Sff. [r. 2$] 
And, since the magnitudes are proportional ^parando, they will ako be pio- 
portioi^ compmendo; [r. 

thertrfbre, as AO is to OB, ad is DB to BE. 

But also, as BG is to €, so is EH to F; 

therefore, ex aegwdi, as AO.ia to C, so is DB to F. [v. 2^ 
Therefore etc. q. p. p. 

pROPOsmoN 25 

ff.four magnitudes be pnpmtumai, the greatest and the hast are gre ' than the 
remaining turn. • . ' ■** 

Let the fouripognj;tudes JiB, CD, E, F be proportional so toat, aj|| AB is to 
CD, so is B to P, and let AB ;be the greatest of them and F the le^; 

I say that AB, F are greater than CD, E, 

’ For let AO be made equal to E, and CH equal to — 

F. E 

Bince, as AB is to CD, sq is B to F, ^ H D 

and E is equal to AO, and F to CH, 

, , therefore, as AB is to CD, so is AO to CH. ^ 
lAnd since, as the whole AB is to the whole CD, so is the part AO subtracted 
to the part CH subtracted, 

the reminder OB will also be to the remainder HD as the whole AB is to the 
whole CD. j [V, 19] 

But 4B is greater thap CD; 

toerefore OB is idso greater than HD. 

And, ainee is equal to B, and CB to F, 

therefore AO, F are equal to CH, E. 

And if, OB, HD being unequal, and OB greater, AO, F be added to OB. and 
CH, B be added to HD, 

it follows that AB, F are greater than. CD, E. 

^fflefore etc. 0, 



BOOK SIX 

DEFINITIONS 


1. Smilar w^nedfiguret are such as have tbdf angles severally equal and 
the ffldes about the equal angles proportional 

2. A straight line is said to have b^n cut in eietme and man ratio when, as 
the whole line is to the greater segment, so is the greater to the less. 

3. The height of any figure is the perpendicular drawn from the vertex to the 
base. 


BOOK VI. PROPOSITIONS 


Proposition 1 

Triangles and paraUelogram which are under the sam height are to one onofler 
os their bases. 

Let ABC, ACD be triangles and EC, CF parallelograms under the same 
height; 

I say that, as the base BC is to the base CD, so is the triangle ABC to the 
triangle ACD, and the parallelogram EC to Ihe parallelogram CF, 

For let BD be produced in both di* 
rections to the points ff , L and let [any 
number of straight lines] BO, OH be 
made equal to the base BC, and any 
number of straii^t lines DK, Kh equal 
to the base CD; 

let AO, AH, AK, AL be joined. 
Then, since CB, BO, OH are equal to 
one another, 

the triangles ABC, ACB, AHO are tdso equal to one another* [t. 38] 
Ther^ore, whatever multiple the base HC is of tihe base BC, that multiple 
also is the triangle AHC of the triangle ABC, 

For the same reason, I > 

whatever multiple the base IiC is of the base CD, that multiple also is the tri« 
angle AlC of the triangle ACD; 

sod, if the base BC is equal to the base CL, the trian^e 4BC is also equal to 
the triangle ACL, [i. 3^ 

if the base BC is in cffoess of the base Cl, the triangle ABC is also in excess of 
thetriangluACL, 

I, , , I and, if less, less. 

Thus, there bong lour' magnitudes, two basre BC, CD and twbirianidea 
AHC, ACD, I ' 



100 EUC^ 

equimultiples have been takoi of the base BC and the txiangle ABC, namdy 
the base HC and the triangle AHC, 

and of the base CD and the triangle ADC other, chance, equimultiples, namely 
the base LC and the triangle ALC; 

and it has been proved that, 

if the base HC is in excess of the base CL, the triangle AHC is also in excess of 
the triangle ALC; 

if equal, equal; and, if less, less. 

Therefore, as the base HC is to the base CD, so is the triangle AHC to the 
triimgle ACD. [v. Def. 6] 

Next, since the parallelogram EC is double of the triangle ABC, [i. 41] 

and the parallelogram FC is double of the triangle ACD, 
while parts have the same ratio as the same multiples of them, [v. 15] 
therefore, as the triangle ABC is to the triangle ACD, so is the parwelogram 
EC to the parallelogram FC. \ 

Since, th^, it was proved that, as the base BC is to CD, so is the\triangle 
AHC to the triangle ACD, \ 

and, as the triangle ABC is to the triangle ACL, so is the parallelogram EC to 
the parallelogram CF, \ 

therefore also, as the base HC is to the base CD, so is the parallelogram EC to 
the parallelogram FC. [v. 11] 

Tterefore etc. q. b. n. 


PnoposmoN 2 

If a straight line be drawn paraUd to one of the sides of a triangle, it will cut the 
sides of the triangle proportionaMy; and, if the sides of the triangle be cut propor- 
tiondB/y, the line joining the pomts of section will be parallel to the remaining side 
of the triangle. 

For let DE be drawn parallel to HC, one of the sides of the triangle AHC; 

I say that, as BD is to DA, so is CH to HA. 

For let BE, CD be join^. 

Therefore the triangle BDE is equal to the triangle 
CDS; 

for they fue on the sanm base DE mid in the same paral- 
lels DE, BC. [ 1 . 38] 

Md the triangle ADE is {mother area. 

But equals have the same ratio to the same; [v. 7] 
therefore, as the triangle BDE is to the trumgle ADE, so is the triangle CDE to 
the triangle AZ>H. 

But, as the tiiangle BDE is to ADE, so is BD to DA ; 
for, bring under the same hei^t, the perpmidicular drawn from H to AH, 
are to one another as their bases. [vi. 1] 

For the same reason also, 

as the trian^e CDE is to AZ>H, so is CE to HA. 

Therefore also, as BD is to HA, so is CE to HA. [V. 11} 

Again, let the rides AH, AC of the triangle AHC be cut proportional, so 
that, as £H is to HA, so is CH to HA ; and let HH bo ioiaed. 

1 say that HH is parallel to HC. 
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For, 'with the same oonstructioo, 

^oe, as £2) is to DA, so is C£ to BA, 
but, as BD is to DA, so is the trian^e BDE to the triangle ADB, 
and, as C£ is to BA, so is the trian^e CDE to the triangle ADB, [ti. 1] 

therefore also, 

as the triangle BDE is to the triangle ADE, so is the triangle CDE to the tri- 
uigle ADE. [V. 11] 

Ther^ore each of the triangles BDE, CDS has the same ratio to ADE. 
Ther^ore the triangle BDE is equal to the triangle CDE; [v. 9] 

and they are on the same base DE. 

But equal triangles which are on the same base are also in the same parallels. 

[I.3Q 

Therefore DE is parallel to BC. 

Therefore etc. q. b. d. 


Proposition 3 


If an angle of a triangle he bisected and the straight line cutting the an^ cut Oie 
base also, the segments of the base mil hose tiie same ratio as the remaining sides 
of the triangle; and, if the segments of the base have the same ratio as the remaining 
sides of the triangle, the straight line joined from the vertex to the point of section 
vnU bisect the angle of the triangle. 

Let ABC be a triangle, and let the angle BAC be bisected by the strught 
line AD; 


I say that, as BD is to CD, so is BA to AC, 
For let CE be drawn through C parallel to 
DA, and let BA be carried through and meet 
it at E. 

Then, since the straight line AC falls upon 
the parallels AD, EC, 
the angle ACE is equal to the angle CAD. 

[1.29] 

But the angle CAD is by hypothesis equal 
to the angle BAD; 
therefore the angle BAD is also equal to the angle ACE. 

Again, since the straight line BAE fidls upon the parallels AD, EC, 

the exterior angle BAD is equal to the interior angle AEC. [i. 2S(| 
But the angle ACE was also proved equal to the angle BAD; 

therefore the angle ACE is also equal to the an^e AEC, 

so that the side AE is also equal to the ACi [i. 6] 

And, rince AD has been drawn parallel to EC, one of the rides of the 
BCE, 



ther^ore, proportionally, as BD is to DC, so is BA to AB. 

But AE is equal to AC; [ti. 2] 

t ' therefore^ as BD Is to DC, so is BA to AC. 

Again, let BA be to AC as BD to DC, and tet AD be i«ned; 

I say that the ang^e BAC has been biseded by the strai^t line AD. 

For, with &e same construetion, 

since, as BD is to DCy W> is BA to AC, ' - : 
and dso^ as BD is to DC, so Is BA to AB: for AD has been drawn {Maraud to 



in stf<3iiD ' 

J?C, one of the rides of the triangle ' 'fvi{2] 

thereferte also, as Bri is to AC, so is BA to AE. [y. 11] 

Therefore AC is eflpwll'to AE, [v. 9 ] 

so that the-ih!igle AEC is also equal to thO An^e ACE. [i. 6] 
But the angle AEC is equal to the «cterior angle BAB, [i. 29] 

* and l&e angle ACB is equal to the altemate angle CAB; [id.] 
tiierefore the angle BAD is also equal to the angle CAB. 

Therefore the angle BAC has been biseeted by the stnugbt line AB. 
Ilierefore etc. q. ». 0 . 

Proposition 4 

lii eguiangvJar triangles Oie sides about the equal angles are proportional, and 
those are corresponding sides which subtend ihg^equal angles. 

Let ABC, DCE be equiangular triangles having the angle ABC 
angle DCE, the angle BAC to the angle CDE, 
and further the angle ACB to the angle CED; 

1 say that in the briangles ABC, DCE the 
rides about the equal angles are proportional, 
and those are corresponding rides which 
subtend the equal angles. 

For let BC be placed in a straight line 
with CE. 

Then, since the angles ABC, ACB are less 
than two right angles, [i. 17] 

and the angle ACB is equal to the angle DEC, 
riierefore the angles ABC, DEC are less than two right angles; ‘ 


therefore BA, ED, when produced, will meet. [i. Poet. 6] 
Let them be produced and meet at F. 

Now, since the angle DCE is equal to the angle ABC, 

' ' BF is parallel to CD. [i. 28] 

Again, since the angle ACB is equal to the angle DEC, 

AC is parallel to FE. [i. 28] 

Therefore FACD is a parallelogram; 

therefore FA is equal to DC, and AC to FD. [i. 34] 

And, since AC has been drawn parallel to FE, one ride of the triangle FBE, 
therefore, as BA is to AF, so is BC to CE. [ti. 2] 

But AF is equal to CB; 

therefore, as BA is to CD, so is BC to CEt 
and alternately, as AB is to BC, so is DC to CE. [y. 18] 

' Again, einoe CD is parallel to BF, 

therefore, as BC is to CE, so is FD to DE. [yx. 

But FD is equal to AC; 

therefore, as BC is to CE, so is AC to DE, 
and altematriy, as BO is to CA, so is CE to ED. [y. 160 
Since, then, it was prOted that^ 1 . 

. as AB is to BC, so is DC to CE, 

and, as BC is to CA, so is CB to ED; ' ! 

therefore, tie aeqmiU, as BA hi to AC, so is CB to DE. [y. 2S0 
Therefore ate. ' '' > * u 
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hmt iheir sidespneportionial, Aeiriaft^wm, be (Wd 

tofB, kHW'ik^ on^tM «9t<al io&^ iAe eomapofuiin;^ i^de* suirtmd. 

Let ABC, DBF be two triangles having tbek sidSs proportional, M tiwt, 

■ as AB is to BC, so is X>J5 to. JSl?’, 
ais BCisto CA, sois BF’to Bi),. 
and further, as Bd is to ilC, so is El) to DF; 

1 say that the triangle. ABC is equiangulu with the.tria&gle DEF, and tbay 
v^thave those an^M equal which the corre^nding ades subtend, namely 
the angle ABC to the angle DEF, the angle BCA to the angle EFD, and fuc*. 
ther tlm angle BAC to the angle 

' 'JEVn* on the straight line EF, and at the points, B, F cm H, let there be con- 
structed the angle FE6 equal to the angle ABC, and the an{^ BFQ equal to 
the an^e ACB; [1.23} 

therefore the rmnaining angle at A is equal to the remaining angle.at G. [^32] 
Therefore the triangle ABC is equiangular with the triangle OEF.. . 

Therefore in the triangles ABC, 
OEF the sides about tbe equal 
angles are proportional, and tbhse 
are corresponding sides which sub- 
tend the equal angles; [vi. 4] 
therefcne, as AB is to BC, so is CB 
to EF* ' t , . , . 

But, as AB is to< BC, so by bypoh 
thesis is DE to EF‘, 

therefore, as 2)B is to BF, so is QB to EF. [v. 11] 

Therefore each of the straight lines DE, GE has the same ratio to EF; 

, . th^Tflore DE is equal to GE. [V. 9} 

For the same reason 

DF is also equaJito GF. ... 

Since then DE is equal to EG, , . ; 

and BF is common,. . > 

the two sides DE, EF are equal to the two adies GE, EF; 
and the base BF.is ^ual to the base FC; 

... therefore the angle DEF is ecpud to the apgle GEF , . [x.i@ 

and the triangle DEF is equal to the triangle GEF, 
and the tomaialag angles are to the remaii^i angles, natnely ; those 

which the equal sides subtend. fa 4] 

Therefore the angle DFE is also equal to the angle GFE, 
and the angle EDF to the angle EGF. 

And, naoe the ani^ FED is equal to the imgle GEF, 

iftiiile the angle GEF is equal to the an^e ABC, 
therefore the angle ABC is also equal to the angle DEF. 

For the same reason 

> the angle ACB hi also equal to the angle DFB, 

and lurthec, the ant^ at A to the an^e at % 

M therefore timtdangje ABC is equiangular witii the tiiaai^>i)BF. 
Therefore etc. Oi Jii.lit,j : 
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Pbofobxtion 0 


If two triangles have one angle equal to one angle and the sides about the equcd angles 
proportional, the triangles will he equiangular and will have those angles equal 
which the corresponding sides subtend. 

Let ABC, DEF be two taiangles having one angle BAC equal to one angle 
EDF and the sides about the equal angles proportional; so that, 
as BA is to AC, so is ED to DF; 

I say that the triangle ABC is equiangular with the triangle DEF, and will 
have the angle ABC equal to the angle DEF, and the angle ACB to the an^e 
DFEm 


[1.23] 

[1.32] 

[VI. 4] 



For on the straight line DF, and at the points D, F on it, let there be con- 
structed the angle FDG equal to either of the angles BAC, EDF, and the angle 
DFO equal to the angle ACB; ^ 

therefore the remaining angle at B is equal to the remaining angle at 
Therefore the triangle ABC is equiangular with the triangle DGF, 
Therefore, proportionally, as BA is to ^C, so is GD to DF. 

But, by hypothesis, as BA is to AC, so also is ED to DF; 
therefore also, as ED is to DF, so is 
GD to DF, [V. 11] 

Therefore ED is equal to DG; [v. 9] 
and DF is common; 
therefore the two sides ED, DF are 
equal to the two sides GD, DF; and 
the angle EDF is equal to the angle 
GDF; 

therefore the base EF is equal to the base GF, 
and the triangle DEF is equal to the triangle DGF, 
and the remaining angles will be equal to the remaining angles, namely those 
which the equal sides subtend. [i, 4] 

Therefore the angle DFG is equal to the angle DFE, 

and the angle DGF to the angle DEF, 

But the angle DFG is equal to the angle ACB; 

therefore 'Uie angle ACB is also equal to the angle DFE. 

And, by hypothesis, the angle BAC is also equal to the angle EDF; 
therefore the remaining angle at B is also equal to the remaining angle at E; 

[I. 32] 

therefore the triangle ABC is equiangular with the triangle DEF. 
Therefore etc. q, b. n. 



- PaOPOBITlON 7 

If two triangles have one angle equal to one angle, the sides about oOwr angles 
proportional, and the remaining angles either both less or both not less than a right 
angle, the triangles wiU be equiangtdar and will have those angles equal, the sides 
about which are jnroportional. 

Let ABC, DEF ^ two triangles having am angle equal to one angle, the 
angle BAC to the angle EDF, the sides about oth^ angles ABC, DEF pro- 
portional, so that, as AB is to BC, so is DE to BF^ and, &st, each of the re- 
mainingTAngles at C, F less than a right an^e; 
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I say that the triangle ABC is equiangular with the triangle 2>EF, the aui^ 
ABC will be equal to the angle DEF, and the remaining anj^e, nami^ the 

angle at C, equal to the remaining .an|^, 
angle at F. 

For, if the angle ABC is unequtd to the 
an^ DEF, one of than is greata. 

Let the angle ABC be greata; 
and on the straight line AB, and at the point 
B on it, 1^ the ai^e ABO be oonstmeted 
equal to the angle DEF. [i. 23] 

Then, since the angle A is equal to D, 
and the angle ABO to the angle DEF, 
therefore the remaining angle AGB is equal to the remaining angle DFE. [i. 32] 
Therefore the triangle ABO is equiangular with the triangle DEF. 
Therefore, as AB is to BO, so is DE to EF. [vi. 4] 

But, as DE is to EF, so by hypothesis is AB to BC; 
therefore AB has the same ratio to each of the straight lines BC, BO) [v. 11] 
therefore BC is equal to BO, [v. ,9] 

so that the angle at C is also equal to the angle BOC. . {i. ft] 

But, by hinpothesis, the angle at is less than a right angle; 

tlierefore the angle BOC is also less than a right angle; 
so that the angle AOB adjacent to it is greater tiian a right angle, [i. 13] 
And it was proved equal to the angle at F; 

therefore the angle at F is also greater than a right angle. 

But it is by hypothecs less than a right angle: which is absurd. 

Therefore the angle ABC is not unequal to the angle DEF; 

therefore it is equal to it. 

But the angle at A is also equal to the angle at Z>; 
therefore the remaining angle at C is equal to the remaining angle at F. [i. 32] 
Therefore the triangle ABC is equiangular with the triangle DEF. 

But, again, let each of the angles at C, F be supposed not less than a right 
an^e; 

I say again that, in this case too, the triangle 
P' ABC is equiangular with the triangle DEF. 

with the same constnu^on, we can prove 
’ that 

BC is equal to BO; 

so that tiie angle at C is also ecpial to the ans^ 
BOC. [1.8] 

But the angle at C is not less than a right angle; 
therefore neilher is the angle BOC less than a right angle. 

Thus in the triani^e BOC the two ang^ axe not less than two ri^t angles: 
wipch is imposrible. [i. 17] 

Therefore, once more, the u^e ABC is not unequid to the a^gle DEF; 
therefore it is equal to it. 

But the angle at A is also equal to the aag^e at D; 
therefore the remaining angle at C isequiri tn the remainhagaai^nt F. [i. 
Therefore the triang^ ABC is equiangular with the triangle DEF. 
Therdbreetc. , » , q. n. ». 
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PnovostTiQKS ' / 

If in ct rtghlmnfM. triangle a perpmdieulor be dram from the right angle io the 
haae, the triangke adjoining the perpe/nOetdar are eirndar both to die whole and to 
one another. 

Let ABC be a li^t^&Qgled triangle having the angle BAG right, and let AD 
be drawn from A perpenificular to BC; 

I say that each of the trian^es ABD, ADC is similar to the whole ABC 
and, further, they ate similar to one another. 

For, since the an^le BAC is equal to the angle ADB, for each is rig^t, 
and the an|^ at £ is common to the two triangles 
ABC and ABD, 

therefore the remaining angle ACB is equal to the 
remaining ahgle BAD; ' 32] 

ther^ore the triangle ABC is equiangular with 
the triangle ABD. 

Therefore, as BC which subtends the right 
angle in the triangle ABC is to BA which sub> ^ 
tends the right angle in the triangle ABD, so is 
AB itself which subtends the angle at C in the triangle ABC to BD wMch 
subtends the equal angle BAD in the triangle ABD, and so also is AC to AD 
which subtends the angle at B common to the two triangles. [vi. 4] 

Therefore the triangle ABC is both equiangular to the triangle ABD and 
has the rides about the equal angles proportional. 

Therefore the triangle ABC is similar to the triangle ABD. [vi. Def. 1] 
Similarly ws can prove that 

the triangle ABC is also similar to the triangle ADC; 
therefore each of the triangles ABD, ADC is similar to the whole ABC. 

I say next that the triangles ABD, ADC are also similar to one another. 
For, since the right angle BDA is equal to the right angle ADC, 
and moreover the angle BAD was also proved equal to the angle at C, 
therefore the remaining angle at B is also equal to the remaining angle DAC; 

[1.32] 

therefore the triangle ABD is equiangular with the triangle ADC. 
Therefore, as BD which subtends the angle BAD in the triangle ABD is to 
DA which subtends the angle at C in the triangle ADC equal to the angle BAD, 
so is AD itself winch subt^ds the angle at B in the triangle ABD to DC which 
subtends the angle DAC in the trismgle A DC equal to the angle at B, and so 
also is BA to AC, these rides subtending the right angles; [vi. 4] 

' ' therrfore -tihe triangle ABD is rimilar to the triangle ADC. [vi. Bef. 1] 
Therefore etc. 

PomsM. From this it is dear that, if in a riglit-an^ed triangle a perpendic- 
ular be drawn from the right angle to the base, the straight line so drawn is a 
mean pri^MUtional between tile segments of the base. q. 

PnoToamoN 9 \ 

ftomagivmatmi^linetocuttff npreecfibidpart. 

Let AB be the ig^ven straight line; 

) thus it is requhed to cut off from AB a prescribed part. ' 




■ ' ,r:^r >. ■ ,*' ;^f,);:; .v-' ^1.' '" 

Let a straight line AC be dra\vn through from it containing with AB mf 
an^; ^ uv 



let a point D be taken at random on AC; and Mt 
DE, EC be made equal to AD* (l;8] 

Let BC be jdned, and though D let DFhe di^’^ 
parallel to it. fi. 81} 

Then, since FD has been drawn parallel ^to BC, 
one of the sides <A the triangle ABC, 
therefore, proportionally, as CD is to BA, so is B^ 
to FA. [VI. 2] 


But CD is double of BA ; 

therefore BF is also double of FA; 
therefore BA is triple of AF. 

Therefore from the given straight line AB the prescribed third part AF has 
been cut off. q. b. p. 



Proposition 10 

To cut a given uncut straight line similarly to a given cut straight Um, . 

Let AB be the given uncut straight line, and AC the straight line cut at the 
points B, E; and let them be so placed as to con- 
tain any angle; 

let CB be join^, and through B, E let BF, EO 
be draTO parallel to BC, and through B let 
DHK be drawn parallel to AB. [i. 31] 

Therefore each of the figures FB, HB is a 
parallelogram; 

therefore BB is equal to FG and UK to GB. 

[1.34] 

Now, since the straight line BBiias been drawn parallel to KC, cme of the 
sides of the triangle BBC, - 

. < therefore, proportionally, as CB is to BB, so is KH to HD. [vi. 2] 

But BB is equal to BC, and BB to CF; '- 

therefore, as CE is to BB, so is BC to CF. 

‘ Again, , since FD has been drawn parallel "to CB, one of the syses xrf the’tri- 
angie ACB, ' ' 

therefore, proportionally, as ED is to BA, so is OF to FA. [vi. 2] 
But it was also proved that, 

as CB is to BB, so is BC to CF; , , ' ' ' ^ 

therefore, as CB is to BB, so is BC to CF, ^ 

: and, asBBisto BA, soisCFto FA. ‘ - ? “ r - 

the given uncut straight line AB has been cut similarly to the 
giyan cut straight fine AC* 


PEpposmqieljl , 
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iLetBA, AC be the twd^vbn strait ib^ a&d let th^ ^^^i^ 

thus it is required to find a thiri |«tep<^o^^ ' 
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For let them be produced to the points D, E, and let BD be made equal to 
AC\ ti. 3] 

let BC be joined, and through D let DE be drawn par- 
allel to it. [ 1 . 31] 

' ^ce, then, BC has been drawn parallel to DE, one 
ol the sides of the triangle ADE, proportionally, as .dB 
is to BD, so is AC to CE. [n. 2] 

But BD is equal to AC ; 

therefore, as AB is to AC, so is AC to CE. 

Therefore to two given straight lines AB, AC a third 
proportional to them, CE, has been found, q. b. r. 

PBOPOsmoN 12 

To three given straight lines to find a fourOi '^oportional. 

Let A, B, Cl» the three giv^ straight lines; 

thus it is required to find a fourth proportional to A, B, C\ 


A 

B 

C 


Let two straight lines DE, DF be set out containing any angle EDF; 
let DG be made equal to A, OE equal to B, and further DH equal to C; 

let GH be joined, and let EF be drawn through E parallel to it. [i. 31] 
Since, then, GH has been drawn parallel to EF, one of the sides of the tri- 
angle DEF, 

therefore, as DG is to GE, so is DH to HF. [vi. 2] 

But DG is equal to A,GE U} B, and DH to C; 

therefore, as is to B, so is C to HF. 

Therefore to the three given straight lines A, B, Co, fourth proportional HF 
■ has been foimd. q. b. f. 

Proposition 13 

To two given strcdghi lines to find a mean proportional. 

Let AB, BC be the two given straight lines; 
thus it is required to ffiid a mean proportional to ^B, 

BC. 

Let them be placed in a straight line, and let the 
semidrcle ADC be described on AC; 
let BD be drawn from the point B at ri^t angles to 
the straii^t line AC, and let AD, DC be joined. 

4 , ^oe the ani^ ADC is an ani^e m a semicircle, it is rii^t. [m. SI] 

And, since, in the right-angled triangle ADC, DB has been drawn the 
x^t angle perpendicular to the base, 
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therefore DB is a mean proportional betiireen the segmKits of the baa^ A^, 
BC. {vi.8,l*w.i 

Therefore to the two given straight lines AB, BC a mean propc^ontd DB 
has been found. q. a. r. > 



Proposition 14 

In equal and equiangular paraUelogranis the sides about the equal angles are re- 
eiprocaBy proportional; and equiangular parcdlelograms in whieA the sides about 
the equal angles are redprocaUy proportional are equal. 

Let AB, BC be equal and equiangular parallelograms having the angles at 
B equal, and let DB, BE be placed in a straight line; 

therefore FB, BO are also in a straight line. 

[1. 14} 

I say that, in AB, BC, the tides about the 
equal angles are reciprocally proportional, that 
is to say, that, as DB is to BE, so is to 
BF. 

For let the parallelogram FE be completed. 
Since, then, the parallelogram AB ^ equal 
to the parallelogram BC, 
and FE is another area, 

therefore, as AB is to FE, so is BC to FE. [v. 7] 

But, as AB is to FE, so is DB to BE, [vi. 1] 

and, as BC is to FE, so is OB to BF. [ut.] 

therefore also, as DB is to BE, so is OB to BF. [v. 11] 

Therefore in the parallelograms AB, BC the tides about the equal angles are 
reciprocally proportional. 

Next, let OB be to BF as DB to BE; 

I say that the parallelogram AB is equal to the parallel(%ram BC. 

For since, as DB is to BE, so is OB to BF, 
while, as DB is to BE, so is the parallelogram AB to the parallelogram FE, 

[VI. 1] 

and, as GB is to BF, so is the parallelogram BC to the parallelogrsm FE, [vi. 1] 
therefore also, as AB is to FE, so is BC to FE; [v. 11] 

therefore the paralltiogram AB is equal to the parallelogram BC. [v. 9] 
Therefore etc. Q. b. n. 


Proposition 15 

in equal triangles which haoe one angle equal to one angle the sides about the eqtud 
an^ are redproeaUy proportional; and those triangles which haee one angle espial 
to one angle, and in vMch the sid^ about the equal angles are redprocaUy propor- 
tional, are equal. 

Let ABC, ADE be equal triangles having one angle equal to <me ang^e, 
namtiy the angle BAC to the an^e DAE; 

I say that in tiie triangles ABC, ADE tiw tides about the equal angles are 
reei|Mrobally jHOportional, that is to say, that, 

as Cil is to AD, so is EA to AB. 

' W<x tet th^ be placed to that Oil is in a stia^t Une with AD; 

. < thei^ore EA is also in a straig^ Em with AB. ' [i. l4} 



Sinee, l^en, the triangle ABC is equal to the triangle riJDJ?, and SriD km^ 
Otfaetr.area, ...., 

therefore, as the triangle CAB is to the triangle BAD, so is 
the trian^e BAD to the triangle BAD, fv. 7] 

But, as CAB is to BAD, so is CA to AD, [vi. 1] 
and, as FAD is to BAD, so is to AB. [tdj 
^ Therefore also, as CA is to AD, so is BA to AB, [v. 11} 

Therefore in the triangles ABC, ADB the sides about 
tlio equal angles are reciprocally proportional. 

Next, let the sides of the trian^es ABC, ADE be recip- 
rocally proportional, that is to say, let BA be to AB as 
CA to AB; 

I say that the triangle ABC is eqiial to the triangle ABi 
For, if BB be again joined, 

' ’ since, as CA is to AB, so is BA to AB, 

while, as CA is to AB, so is the triangle ABC to the triangle AAB, 
and, as BA is to AB, so is the triangle BAB to the triangle BAB, [vi. 1] 
therefore/as the triangle ABC is to the triangle BAD, so is the trian^e BAB 
to the triangle BAD, [v. 11] 

Therefore each of the triangles ABC, BAB has the same ratio to BAB. 
Therefore the triangle ABC is equal to the triangle BAB. [v. 9] 

Therefore etc. q. b. d* 





Proposition 16 


If four, straight lines he proportional, ike rectangle wnUdned hy the extijemes is 
equal to the rectangle contained hy the means; and, if the rectangle contained by the 
extremes be equal to the rectangle contained by the means, the four straight lines 
wiU he proportional, . ^ 

Let the four straight lines AB, CD, E, F be proportional, so that, as AB is to 
CB, soisB to B; , 

: I say that the rectangle contained by AB, F is equal to the rectangle con- 
tained by CD, E. 



. E — ^ . F— r-r- 
, Let AC, CH be drawn from the points A, C at right angles to the straight 
lines AB, CD, and let AG be made equal to F, asd CH equal to B. 

Let the parallelograms B6, DH be complete. 

Then since, as AB is to CD, so is B to B, 

while B is equal to CB, and B to AQ, 
therefore, as AB is to CD, so is CB to AC. 

Therefore in the parallelograms BG, DH the sides about the equal aio^bs 
are reciprocally proportional. 

But ^ose equiangular parallelograms in which the sides about the eqftal 
aiDgles are reciprocally proportional are equal; [vx. 14] 
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iiberrfore tiie panSetogram BO a equal to the ; A . 

And BO is the recta&gle<iifi, F, tor AO is equal ia F-i 
> 1 . and D/f is the rectanide CD, for £ is equal to Cff; ' - >' 

therefore the rectangle contained by AB, F is equal to the rectangle contained 
by CD, D. 

ftfexti.let the rectangle contained by AB, F'be equal to the retitan^e eofiJi 
tained by CD, E; ' . . , - 

I say that the four stixdght lines will be proportional, so that, as 'AB !g< to 
CAsoisDtoF. ■ ■ i 

For, with the same construction, « ' 

once the rectangle AB, F is equal to the rectan^e CD, E, 
and the rectangle AB, F is BO, for AC is equal to F, 
and the rectangle CD, E is DH, for CH is equal to £, 
therefore BO is equal to DH. 

And the;^ are equiangular. 

But in equal and equian^ar parallelograms the ddes about the equal an^es 
are reciprocaMy propoitiohal. [vi.'14] 

Therefore, as AB is to CD, so is CH to AO. 

But CH is equal to E, and AG to F; 

therefore, as AB is to CD, so is £ to F. 

Therefore etc. q. id. n. 


PnoposmoN 17 

Ifihree straight lines be proportional, the rectangle corUained by the extremes is 
egud to the square on Use mean; and, if the rectangle contained by the extremes be 
equtd to the square on the mean, the three straight lines will be proportional. 

Let the three straight lines A, D, C be proportional, so that, as A is to £, so 
isBtoC; 

I say that the rectan^e contained by A, C is equal to ihe square on £. 

Let D be made equal to B. ' 

Th«i, fflhcej as A is to £, so is B 
B. 0- K,c, . 

and B is eqtial to D,- 
therefore, as A is to £;' So is D to C. 
But, if four slaaight lines be proportkmal, tho rectai^ contained by the 
estrones is equal to the rectangle contained by the means.'' i 
Therefore the rectangle A, C is equal to the rectantdo B, D. < 

But the rectangle £, D is the square on B, tor B is e^pud to'D; ' 
therefore the reetan^ contained by A) C is ^uid to the squato'Dm B. 
l^ttxt, let toe reetaniBde A, C be equal to the square on B; isay'toal,'!Mt^A^i8 
tq B,.ep » B to C. 

,,Fi3r,.irttotoe'Sameoon8tnictien, 

) r.tome.toeieotaflgleAtsCiBeqt^'to toesquato'-ea'B,-'; 

idile toe square on B is toe rectangle B, D, for B is equal to D, 
tora^oie toe rectangle A, C k equal to the reetaiqde B, D. 

But, if toe rectan^e contained by' the extremes be equal to toat oontwned 
l^Myto.tQM8Si'''tlm>f<tortoNu^t'ltoeS'ate'‘f>KqKHti(mid'': 
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in 

But S is equal to D; 

therefore, as A is to B, so is B to C. 

Therefore etc* q. b. d. 

Proposition 18 

On a given straight line to describe a reclilinedl figure similar and simUady situaJted 
to a given rectilineal figure. 

Let AB be the given straight line and CE the given rectilineal figure; 
thus it is required to describe on the straight line ^B a rectilineal figure similar 
and similarly situated to the rectilineal figure CE, 

Let DF be joined, and on the 
straight line AB, and at the 
points At B on it, let the angle 
GAB be constructed equal to the 
angle at C, and the angle ABG 
equal to the angle CDF, [i. 23] 

Therefore the remaining angle 
CFD is equal to the angle AGB; 

therefore the triangle FCD is equiangular with the triangle GAB, 
Therefore, proportionally, as FD is to GB, so is FC to GA^ and CD to AB, 
Again, on the straight line BG, and at the points B, G on it, let the angle 
BGH be constructed equal to the angle DFE, and the angle GBH equal to the 
angle FDE, [i. 23] 

Therefore the remaining angle at E is equal to the remaining angle at H; 

, [1.32] 

therefore the triangle FDE is equiangular with the triangle GBII; 
therefore, proportionally, as FD is to OB, so is FE to GH, and ED to HB, 

[VI. 4] 

But it was also proved that, as FD is to GB, so is FC to GA, and CD to AB; 
therefore also, as PC is to AG, so is CD to AB, and FE to GH, and further ED 
toHB, 

And, since the angle CFD is equal to the angle AGB, 
and the angle DFE to the angle BGH, 
therefore the whole angle CFE is equal to the whole angle AGH, 

For the same reason 

the angle CDE is also equal to the angle ABH, 

And the angle at C is also equal to the angle at A, 

and the angle at E to the angle at H, 

Therefore AH is equiangular with CE; 

and they have4;he sides about their equal angles proportional; 
therefore the rectilineal figure AH is similar to the rectilineal figure CE, 

{VI. Def. 1] 

Therefore on the given straight line AB the rectilineal figure 4H Ima been 
described similar and rimilarly situated to the given rectilineal figure CE, 

I 

FBOPOBmoN 19 

to<man4Aherinihedu^plicC(ieraUo^theeorTe 
Let ABC, DEF be similar triangles having the angle at B ^ual to theae^le 
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at E, and such that, a8iiBistoEC,soi8 2>£tQ£F,so that BC oatranonii 

^ ^ . [y.Def.H] 

I say tiiat the trumgle ABC has to the triangle DEF a ratio dutdicate of 
that which BC has to EF. 




For let a third proportional BO be 
taken to BC, EF, so '^at, as BC is to 
EF, so is EF to BO; [vi. U] 

and let AO be joined. 

Since then, asriEis to BC, so isEE 
toEF, 


E F therefore, alternate^, as AB is to DE, 

so is EC to EF. [V. 16 ] 

But, as EC is to EF, so is EF to BO; 

therefore also, as AB is to DE, so is EF to BO. [v. 11] 

Therefore in the triangles ABO, DEF the rides about the equal angles are 
reciprocally proportional. 

But those triangles which have one angle equal to one angle, and in which 
the rides about the equal angles are reciprocally proportional, are equal; 


^[vi. 15] 

therefore the triangle ABO is equal to the triangle DEF, 

Now since, as EC is to EF, so is EF to BO, 
and, if three straight lines be proportional, the first has to the third a ratio 
duplicate of that which it has to the second, [v. Def. 9] 

therefore EC has to BO a ratio duplicate of that which CE has to EF. 
But, as CE is to BO, so is the triangle ABC to the triangle ABO; [vi. 1] 
therefore the triangle ABC also has to the triangle ABO a ratio duplicate of 
that which EC has to EF. 


But the triangle ABO is equal to the triangle DEF; 
therefore the triangle ri.EC also has to the triangle DEF a ratio dutdicate oi 
that which EC has to EF. 

Therefore etc. 

PoRiSM. From this it is manifest that, if three straight lines be proportional, 
then, as the first is to the third, so is the figure described on the first to that 
wldch is similar and similarly described on the second. q. e. d. 


PnoposmoN 20 

Similar polygons are divided into similar triangles, and into trumgles eqtuA in 
mtdtitvde and in the same ratio as the wholes, and the polygon has to the polygon 
a ratio dupilieate of that which the corresponding side has to the corresponding side. 
' Led ABODE, FGHKL be rimilar polygons, and let riE correspond to FG; 

I say that the polygons ABODE, J^HKL are divided into rirailar triani^es, 
and into triangles equal in multitude and in the same ratio as the wholes, and 
the polygon ABODE has to the polygon FOHKL a ratio ihiidicate of tiuit 
whi^ riE has to FG. 

Let BE, EC, GL, LH be joined. 

Now, rince the polygon ABODE is rimilar to the polygtm FGHKL, 
the migle EriE is equal to the an^e OFL; 
and, as Eri is to riE, so is <?F to FL. [vi. Beil] 

IShioe then ABE, FOL are two triangles biving onenngle equal to ora aoi^ 



iiHi4^«de8:l3)ooi>tiieje^;btdja^e9peDpoBtjQDaI^ ;, 

itiurafore the tiiaagle ABE is equiangular wi^ tiae trian^ < 
' ■ '• ‘‘ BO that it is also nmilar; {int 

thei^ore the angle ABE is A 
equal to ths ai^ F^Ii. ’ 

■ But tiie wlu^ an^e ABC is Jf 

also' equal to the whole angle ®KL iil /\ 

FOR because of the siiniliurity \^\. / ®^r|( 

of the polygons; \ / \T 

tiierefore the remaining angle \ / \ 1 

JSiSO is equal to the angle )e— ^ 

LQH. ^ D fl 


iBet.1] 


And, auce, because of the similarity of t^e triangles ABE, FOL^^ 
as EB is to BA, sO'isI/6 to 6F, 
and moreover also, because of the similarity of the polygc^ 
as AB is to BC, so is FG to GH, 

■ therefore, ex aequaU, as EB is to BC, so is L6 to GH", [v. 22] 
that is, the ades about the equal angles EBC, LGH are proport^ mal ; 
tiierefore the triangle EBC is (^uiangular with the triangle LGl [vi, 6] 
so that the triangle EBC is also similar to the triangle LGH. [vi. 4 and Def. IJ 
For the same reason 


the triangle ECD is also similar to the triangle LHK. 

Therefore the similar polygons ABCDE, FGHKL have bem divided into 
similar triangles, and into triangles equal in multitude. 

I say that they are also in the same ratio as the wholes, that is, in such man- 
ner that the trian^ are proportional, and ABE, EBC, ECD are antecedmts^ 
while FGL, LGH, LHK are their consequents, and that the polygon ABCDE 
has to the polygon FGHKL a ratio duplicate of that which the corresponding 
side has to the corresponding side, that is AB to FO. 

For let AC, FH be joined. 

Then since, because of the similarity of the polygons, 

the angle ABC is equal to the angle FGH, 
and, as AB is to BC, so is F(? to GH, 

. ■ the triangle ABC is equiangular with the triangle FQH ; {vi,: 

therefore the angle BAC is equal to the angle GFH, 
and the angle BCA to the angle GHF. 

And, once the angle BAAf is equal to the angle (rFAT, . 

and the an^e ABM is also equal to the angle FG’AT, 
therefore the remaining angle AllB is also equal to the remaining ancde FHQi 


therefore the tmngle ABM is equiangular mth the triamd^FjSiV. ’ 

' tSmilarly we.can prove that . , 

the tanangle BMC is also equiwigulM with tire tadanide fiv^J?*' 

Therrfore, proportionally, as AM is to MB, so is FN to NQ, :. , T li' .,.;; h ' 
and, as BM is to MC, so is GAT to NH; ^ > . [■: 

so timt, in addition, ee oieQiMtit, , 

as AM is to MC, so is iTAr. to JTiT. . 
i ! But, a8 AM is to MC,. so it the triangla ABM tu MBC, and AMB to 
|^;tiMly'iu»to-one.asotiier as’tirek.bami-u . ' 
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tbft aat^eedoite k of liiB^ 

ill4tojntteoedcinit8to4Btiw«om»i;pi^ 12} 

tiiea«fore, as the triangle AliS b to I^MCf tlO'tt ABM io 
Babi tm AMBiaio BMC, ao a AM to MC', 
thoefore also, as AM is to MC^ so is the laiangle ABE to the triangle BBC. 
For the same reason also, 

4 as J'JVF is to AFJSr, so is tho triangle F(?LtO'the1ariang^e€'Xjr. 

‘ AbA, as AM is to MC, 80 ia FN to NHi' ' 

toetofdre also, as the tomgle ABE is to the triangle BEC, so is the trkn^ 
F6L to the trian^ GLif; 

and, alternately, as the triangle ABE is to the isAax^ FQL, so isthetriai^ 
BEC to the triangle OLH. 

^milarly we can prove, if BD, OK be joined, that, as the trian^ Bi^.is to 
toe trian^e Lfr/f, so also is the triangle £CD to the trianglei . ■ 

And fflnoe, as the triangle AB£ k to the triangle F6L, so is to I/ifH^ 
and further ECD to LHK, 

toerefore ako^ as oneof the antecedents b to one of tbe consequents, sO are^all 
toe antecedents to all the consequents; [v. 12] 

therefore, as the triangle ABE is to toe triangle FOE, « 

so is toe polygon ABCDE to the pol 3 Pgon FQHKL. 

But toe triai^ ABE has to toe triangle FQL a ratio duplicate of that which 
tire corresponding rideAB has to the corre^nding adeFG; for similar tri- 
angles are in the duphcate ratk> of toe corresponding sides. [vi. 18] 

: ' Therefore the polygon ABCDE also has to the polygon FQHKL a ratio dup- 
licate of that wUch the corresponding ride AB has to toe corresponding ride 
FO. 

Therefore etc. 

PoBisu. Similarly also it can be proved in the case of quadrilaterals that 
they are in the duplicate ratio of the corresponding rides. And it was idso 
proved in , the case of triangles; toerefore also, generally, rimilt^ i^tilmeal 
figures are to one another in the duplicate ratio of toe corresponding rides. 

Q. X. s. 

PnopoamoN 21 

Figures whuA are rimilar to the eame rectiUneal figure are also mmSxer to 
oneano&er. ■■'' ' ■ 

For let each of the reetilintol figures A, B be shnilar to C; I' say toartA.ii 
also rimilar to B. . . - , 

iVnr,. since A is similar to (7, ' 



i riBeefkfuriilhrto^ 
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n^dore MF has Ute same ratio to each of the figures NH, SR; 

therefore NB is equiJ to SB. [▼. 

Bat H is abo omilar and rimilaity situated to it; 

therefore GH is equal to QB. 

And, rinee, as AB is to CD, so is to QB, 

while QB is equal to OH, 
therefore, as AB is to CD, so is to OH, 

Therefore etc. 0. s. s. 


PBOFOsmoN 23 

Squiangtdar paraBdograms have to one another (he ratio compounded of the ratioe 
of Oieir sides. 

Let AC, CF be equiangular parallelograms having the an^e BCD equal to 
the angle ECG] 

I say that the parallelogram AC has to the parallelogram CF the ratio oonor 
pounded of the ratios of the ndes. 



For let them be placed so that BC is in a strai^t line with CO', 
therefore DC is also in a straight line with CE. 

Let the parallelogram DO be completed; 

let a straight line Jif be set out, and let it be contrived that, 
as BC is to CO, so is if to L, 

and, as DC is to CE, so is L to Af. [vii 12] 

Then the ratios ofiiLtoLandofLtoAfsre the same as the ratios of tiie 
sides, namely of BC to CO and of DC to CE. 

But the ratio of X to M is compounded of the ratio of it to L and of that of 


LioM; 

so that K has also to Af the ratio compounded of the ratios of the rides. 
Now as BC is to CO, so is the parallelogram AC to the parallelogram 


CH, 


tvi.ll 


while, as BC is to CO, so is it to L, 
therefwe also, as £ is to L, so is AC to CH. [v. 11] 

Again, since, as BC is to CB, so is the parallelopam CH to CF, [vli 1] 
while, as BC is to CE, so is L to Af, 

therefore also, as L is to Af, so is the parallelogram CB to the paraMoffhm 
CF. 

Since, then, it was proved that, as it is to L, so is the paralldogram AC to the 
pQiallelogram CHf 

and, as If is to M, so is the parallelogram CH to the paralldof^mi XSP, 
therefore, ex outgudU, as it is to Af, so is AC to tto parelWogtam CF. 

But Jt has to Af the ratio Oompounded of the ratios of the ridet; - _ 

therefore AC idso has to CF the ratio componnded of -the ntios of the sides. 
Thcrrforeetc. 
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In anp panMogram the paraUelegmmt about diameter arc ctmOor belh to the 

vMe and to one another. 

Let ABCD be a paralleli^pwn, aad AC ite diaaeeter, aAd let MO, EK be 
parallelogi$un8 about AC; 

I say that each of the parallelograms EG, HK is 
similar both to the whole ABCD and to tiie other. 

For, since EF has been drawn paraUel to BC, one 
of ifie sides of the triangle ABC, 
proportionally, ae is to EA, so is CF to FA. 

[VI. 2 ] 

Again, since FO has been drawn paraM to CD, ooe of the sides jof the tii- 
angle ACD, ' ' I 

piroportiontdly, as CF is toFA, so isDCto CA. V [vi. 2] 
But it was proved that, \ 

as CF is to FA, so also is SF to FA; \ 

therefore also, as FF is to FA, so is DC to CA, \ 

and therefore, componendo, ' 

as BA is to AF, so is FA to AO, [v. 1$] 

and, alternately, 

as BA is to AF, so is FA to AC. [v. 16] 

Therefore in the parallelograms ABCD, EO, the tides about the common 
angle BAD are proportional. 

And, since OF is parallel to DC, , 

the angle AFC is equal to the ai^le DC A ; 
and the angle FAC is conunon to the two triangles AFC, ACF; 
therefore the triangle AFC is equiangular with the triangle ACF. 

Foe the same reason 

the triangle ACF is idso equiangular with the triangle AFF, 
and the whole parallelogram ABCD is equiangular with the parallelogram FC. 
Therefore, pioporti<»al]y, 

as AF is to DC, so is AC to OF, 
as DC is to CA, so is CF to FA, 
as AC is to CF, so is AF to FF, 

• and further, as CF is to FA, so is FF to FA. 

And, tinoe it was proved that, 

as DC is to CA, so is CF to FA, 
and, as AC is to CF, so is AF to FF, 

therefore, ex aeqwdi, as DC is to CF, so is CF to FF. [v. 2Sy 
Tbeiefme in the parallelograms AFCF, FC the tidoi aboat the equal an|^ 
SM pr(q>ortional; 

^idon the parallelogram ABCD is timilar to the paralltiogram FC. 

[vi.Def.1] 

For the same reason s> 

theparallalogtam AFCFisalsotinulartotheparafltiognunFF] > 
theiWoke eath of the parallelogram MO, HK is timilar to ABCD. ' 
Bat filgum sindlar to the sanw recriiliaeal figure are also shrolar to 
other; 
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, tto pacaOelQcram EQ is aho nstSsr to Ihe i^uwUdoentniiffJSr. < ^ 

Therefine etn. > 

\ IhtoposmoN^" 

T^conslrud oneaad t&e sam figure aimSar te a 0itmrtfitdim«cAfigwf 
to imfhergi^reetaii^ figure. - 

let ASC be the givipn neetilioe&I^&gure to 'wluch tbe figute^tO'be eoitstnietsd 
miist be dsailar, sad J[) that towhieh it m\ii^bee(psl; ' >i , ' > ‘tV 
tbUB it is required to oonstruot one and the same igure amilar to ABC and 
equal to 2>. 




Let tiieie be applied to BC the parallelogram BE equal to the triangle ABC 
[i. 44], and to CE the parallelogram CM equal to D in the angle FCEmiacb is 
equ^ to the an^e CBL, [i. 411] 

Therefore BC is in a straight line -vrith CF, and LE with EM. 

Now let CB be taken a mean proportional to BC, CF [ti. 13]^ and on CBtlet 
BCB be described rimilor and similarly situated to dBC. {vi. 

Tlien, sinoe, as BC is to OH, so ls OH to CF, 
and, if three straight lines be propmiional, as t^ first is to the third, so is the 
figure on the first to the rimilar and amilarly situated figure desorib^ on the 
second, : ' [vi.;19, Pqri] 

therefore, as BC is to CF, so is the triangle ABC to the triaj^,^Cif.j . 
But, as BC is to CF, so also is the parallelogram BE tp.the iramllelogifunBi^t-. 

llrer^re also, as the triao^e ABC m to the triangle KOH, so is the pansir 
Idogram BB to the parallelogram BF;> 

tber^ore, alternately, as the triangle ABC is to the parallelogtam BE^ ii> is the 
tpangleBCB to the parallelogram BF. ..:i ; US. 

But the triangle ABC is equal to the paralielogram BBi . . 

therefore &e triangle KOH is also equal to the parallelogram EFys\\ ./,■ 
But the parallelogram BF ieeqwd to 

vthe^ore ^t?^ is also equal .to iP. ; ■ . ; ■ .f*/! 

is also amiloc .to -ABC.. 

' liwtefomme.aQd.tlm,swe figure B<P^hssl^;0(mBtiu<^^ri^^ 
iiiyBPi rectaineal figure ABC and equal to the other g}fi5n,figfflre B.. ,.;0.,p«pj; 

a jwndieiopram ausrv a jBoral{elo|^^ 

^tualed to the whole and haoing d common an^ wUh it, it saatow^ Ihs tfifne iiar 
the whole, ' , ' . <.,! ' V 
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pam AP mnailar and riimlarly latoftted ioABCD^ «ad hs'ving'tiie angte DAB 
eomaaaa with it; 

I say that ABCD is about the same diameter with 
AF. 

For suppose it is not, but, if possible, let ABC be 
the dimneter < of ABCD>, let OF be produced and 
carried through to H, and let HK be drawn throu^ 

H paralld to either of the straif^t lines AD, BC. 

[1.31] 

Since, then, ABCD is about tiie same diameter with KQ, therefore, as DA is 
to AB, so is (?i. to AK, [vi. 24} 

But also, because of the similarity (tf ABCD, EG, 

as DA is to AB, so is 6A to AE’, i 

therefore also, as (?A is td AK, so is &A to AE. I [T. 11] 
Therefore GA has the same ratio to each of the straight lines Ax, AE, 
Therefore AE is equal to AK [v. 9], the less to the greater; whicU is impos- 
sible. \ 

Therefore ABCD cannot but be about the same diameter with AJP; 
therefore the parallelogram ABCD is about the same diameter with the paral- 
lelojpam AF. 

Therefore etc. Q. b. d. 


PBOPOsmoN 27 


Of (dlOie paraUdograms applied to the same straight line and defideni bg paraBdo- 
grammic figures similar and similarly situated to that described on the hal^ of the 
straight line, that paraUdogram is greatest which is applied to the halfof the straight 
line and is similar to the d^ect. > ^ 

Let AB be a straight line and let it be bisected at C; letthere be applied to 
the straicdit line AB the parallelogram AD defi- 
cient by the parallelogrammic figure DB described 
on the hidf of AB, that is, CB; 

I say that, of the parallelograms applied to AB 
and deficient by parallelogrammic figures similar 
and rimilarly situated to DB, AD is greatest. 

■Eat let there be applied to the strai^t line AB 
the parallelogram AF deficient by the parallelo- 
grammic figure FB dmilar and simUarly situated 
toBB; 

I say that AZ> is greater than AF. 

For, dnce the paraUdogram DB is dmUar to the parallelogram FB, 

they are about the same dianieter. [ti. 28] 

Let their diameter DB be drawn, and let the figure be described. 

Then, dnce CF is equal to FE, [i. 483 

and FB is common, 

therefore the uhole CH is equal to the whole KE. 

' But Cff Is e<;^ to CB, dnce AC is also equal to CB. [t.Sll] 

TimtSan OC Is also equal to EK. 

Jjtb CF be added to cnch; 

• thdf^ore the whole AF is equal to the ghomon LAfW; 
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SO ilwt the parallelogram I>fi, that is, AD, is peater ihaa the pualMQpam 
AF. 

Thereon etc. q. K O. 


PBOPOsmoK 28 

To a given straight line to apply a parallelogram egad to a given reMinealJigure 
and deficient by a parallelogrammic figure similar to a given one; Oiw the gum 
rectUineal figure must not be greater than the parallelogram described on (he half <*/ ■ 
the ettraight line and similar to the defect. 

Let AB be the given straight line, C the given rectilineal figure to which the 
figure to be applied to AB is required to be equal, not being greater than the 
parallelogram Ascribed on the half of AB and similar to the defect, and D the 
parallelogram to which the defect is required to be mmilar; 
thus it is required to apply to the given straight line AB a parallelogram equal 
to the given rectilineal figure C and deficient by a parallelogrammic figure 
which is similar to D. 

Let ABhe bisected at the point E, and on EB let EBF6 be described similar 
and similarly situated to D; [vt. 1S| 

let the parallelogram AG be completed. 

If then AC? is equal to C, that which was enjoined will have been done; 
for there has been applied to the ^ven straight line AB the parallelogram AC? 
equal to the given rectilineal figure C and deficient by a parallelogrammic fig- 
ure OB which is rimiiar to D. 



But, if not, let HE be greater than C. 

Now HE is equal to GB; 

therefore OB is also greater than C. 

Let KLMN be constructed at once equal to the ercoess by which OB is 
greater than C and rimilar and amilarly situated to D. [vi. 28] 

But 2) is similar to GB; 

ther^me KM is also similar to OB. {vx. 81} 

Let, then, KL correspond to GE, and LM to OF. 

Now, since OB is equal to C, KM, 

therefore C?B is greater than 
^eiefoie also OE is gxwf^ than KD, and OP titan DM. 

Let C?0 be equal to KL, and OP equal to LAf ; and let the pdraH^ 
gram OOPQ be completed; 

thei^ore it is equal add mmitar to KM. 

^ter^mre C?Q is also omilar to {vi. 21}. 
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Let QQB be their diameter, and let ^e figure be deecribed. t . 

l?ian,i.«iiice £& is equal to C, JCAf, -i - , 

and in them GQ is equal to KM, 

ther^ore the rMnainder, the ghomtin ITWT, is equal to the remainder C. 

< .Axtd, suioe isequal to ' ■, v 

> . kt^Bbeaddedtoeadh; , ■ 

, 'i, - therefore. Ihe whole PB is equal to the wh<fie OB. . ' . 

But OB is equal to TE, since the side .4B is also equal to the side EB; [i. 36} 
,,,■ . theref(»e TB is also equal to PB. , ' , 

irj]jetO/Sbe.addedtoeach; . . , ; 

f't therefore the whde PB is equal to the whole^ the gnomon FliTO. . 

But the gnomon VWU was proved equal to C; . . 

I . therefore TB is alsD'equal to C. |< . : < 

. Therefore to the given straight line AB there has.been applied thewaralIeIo< 
gram ST equa^ to ^e given rectilineal figure C and deficient by aparallelo- 
grammic fi^re QB which is similar to 2>. ' Lb. f. 

Peoposition 29 \ 

To a gwen straight line to c^ly a paraUdogram equal to a given rectUinedl figure 
end eseeeding by a paralklogramtnic figure similar to a given one. 

> Let ilB be the given straight line, C the given rectilineal figure to which the 
figure to be applied to AB is required to be equal, and D that to which the ex> 
cess is required to be similar; 

thus it is required to apply to the straight line ^IB a parallelogram equal to the 
rectilineal figure C and exceeding by a parallelogrammic.figure similar tb D. 



Let AB be bisected at E; 

let there be described on EB the parallelogram BF similar and similarly sit* 
uatedtoB; 

old let OH be constructed at once equal to the sum of BP, C and similar and 
amilarly stuated to D. [vi. 25} 

let KH correspond to FL and KG to FE. 

Now, since OH is greater than PB, 

therafoie KH is also greater than PL, and KO than FBk 
Let PL, FE be prodtiee(L 

let PLAT be equal to ICB, and PBN to 
f andletilfATbecomifieted; 

'tv therefore ifN is both equal a:^ shmilair to > 



! 
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But CS is aimiUur to EL-, > 

tiwfefoie MN is also amilw to EL; 

Ibeiefore EL is about the same diametw mth MN, tifii'M 


Let thdr diameter FO be drawn, and let the tipira be described. 

Since GH is equal to EL, C, 

iriiile OH is equal to MN, 
therefore MN is also equal to EL, C. 
leAELhe subtracted from each; 

therefore the remainder, the gnomon XWY, is equal to C. 

Now, smce AE is equal to EB, 

AN is also equal to NB [i. 36], that is, to LP [i, 43] 

Let EO be added to each; 

therefore the whole AO is equal to the gnomon FlfX. 

But the gnomon yFX is equal to C; 

therefore AO is also equal to C. 

Therefore to the given straight line AB there has been applied the paraUeloH 
gram AO equal to the given rectilineal figure C and excee^ng by a paraMo- 
grammic figure QP which is simiiar to D, since PQ is also rimihtr to EL [vi. 24]. 

q. s. F. 


PnoposraoN 30 
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To cut a givm finite tiraight line in extreme and mean ratio. 

Let be the given finite straight line; 

thus it is required to cut iB in extreme and mean ratio. 

On ^B let the square BC be described; and let there be 
applied to AC the parallelogram CD equal to BC and ex- 
ceeding by the figure AD rimilar to BC. [vi. 29] 

Now BC is a squiue; 

therefore AD is also a square. 

And, rince BC is equal to CD, 
let CE be subtracted from each; . 

therefore the remainder BF is equal to the remainder AD, 
But it is also equiangular with it; 
therefore in BF, AD ^e rides about the equd ancdes ue 
reciprocally proportional; tvH41 

therefcHe, as FB is to ED, so is AB to EB> 

But FB is equal to AB, and ED to AB. 

Therefore, as BA is to AB, so is AB to EB, 

And AB is greatw than AB; i < 

therefore AB is also greater than EB. 

Thsaelote the strai^t line AB has been out in extreme and mean rario «( 
B, qnd the greater segment of it is AB. q. y.i ; 
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Jnriffiilrtfiifieiirian/ifieeihefiiimontkeei^aiifid^^ angk if sgtiol 

i$ the timHarand smUarly deacribeifi^rte on the tMee eonttuMeg As tngle. 

Let 4BC be a ri^ban^ed triang^ having the aiq^ BAG right; 

Isay that the f^re on BC is equid to the riinilar and aiinilarly described 
ftgwns on BA. AC. 
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let AD be drawn perpendicular. 

- Then since, in Hie lij^tr^i^ed triangle ABC, AD has been drawn from tlm 
lis(ht an^e at A pmpendicular to Hie base BC, 
the triangles ADD, ADC adjoining the per- 
pendicular are similar both to the whole 
ADC and to one another. [n. Q 

And, ance ABC is similar to ADD, 
tiierefote, as CD b to BA, so b AD to DD. 

[VI. Def. 1] 

And, since three straight lines are propor- 
tional, 

as the first b to the third, so is the figure 
on the first to the similar and similarly, 
described figure on the second, [vi. 10, Pot.] 

Therefore, as CD b to DD, so is the figure on CD to tiie wwiilar andymilarly 
cbscribed figure mi DA. 

For the same reason also, 

as DC is to CD, so is the figure on DC to that on CA; \ 
so that, in addition, \ 

as DC b to DD, DC, so b the figure on DC to the similar and similarly described 
figures on DA, AC. 

But DC b equal to DD, DC; 

therefore the figure on BC is also equal to the mmilar and similarly described 
figures on BA, AC. 

Therefore etc. q. s|. d. 

Fbopobition 32 



If two triangles having two sides proportional to two sides be placed together at one 
angle so that their corresponding sides are also parallel, the remaining sides of the 
triangles will be in a straight Kne. 

Let ABC, DCE be two triangles having the two sides DA, AC propOTtional 
to the two sides DC, DE, so that, as AD is to AC, so is DC to DD, and AD par- 
allel to DC, and AC to DE; 

I say tiiat DC is in a strai^t line with CD. 

For, tince AD b parallel to DC, 
and the stiai^t line AC has fallen upon 
them, 

the alternate angles DAC, ACD are equal to 
one another. [i. 29] 

For the same reason.. 

tiie angle CDD b abo equal to tiie angb 
ACD; 

so that the angb DAC is equal to the angb 
CDS. 

And, anoe ABC, DCB are two tibn^s having one the ai^ at 
e^al to one ai^, tim an^ at D, 

and tiie subs about the equal miibB proportional, 
so that, as DA is to AC, so is CD to DD, 
tiieeslore the triangle ADC b equiangular with the triangb DCS; [vi. ^ 
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t^ieiefore the ait|^ ABC ie equal to the aa^ J)C!S. 

But the ao^ ACD was also proved eq^ to the aa^ BAC', 
therefore the whole angle ACE ia equal to the two angles ABC, BAC. 
Let the angle dCfi be added to each; 

toerefore the angles ACE, ACB are equal to the angles BAC, GBA. 
But Ihe angles BAC, ABC, ACB are equal to two light an^es; 

therefore the angles ACE, ACB are also equal to two riid^t angles. 
Therefore with a stiai^t line AC, and at the point C on it, the two otraight 
lines BC, CE not lying on the same mde make the adjacent angles ACE, ACB 
equal to two right angles; 

therefore BC is in a straight line with CE. [i. 14] 

Therefore etc. q. b. d. 
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In egwA cirdes angles have the same ratio as the drevmferenees on vhkh (hey 
stand, whether they stand at Oie centres or at the dreumjerenees. 

Let ABC, DEF be equal circles, and let the angles BOC, EHF be angles at 
their centres 0, H, and the angles BAC, EDF angles at the circumferences; 

I say that, as the circumference BC is to the circumference EF, so isthe an(de 
B6C to the angle EHF, and the angle BAC to the an^e EDF. 

For let any number of consecu- 
tive circumferences CK, KL be 
made equal to the circumference 
BC, 

and any number of consecutive 
circiunferences FM, MN equal to 
the circumference EF] 
and let GK, GL, HM, HN be 
joined. 

Then, dnce the circumferences BC, CK, KL are equal to one another, 

the angles BGC, CGK, KGL are also equal to one another; [in. 27] 
therefore, whatever multiple the circumference BL is BC, lhat multiple also 
is the an^e BGL of the angle BGC. 

For the same reason also, 

whatever multiple the circumference NE is of EF, that multiple also is tin 
angle NHE of ^ angle EHF. 

If then the circumference BL is equal to the circumference EN, the angle 
BGL is also equal to the angle EHN ; [in. 27] 

if the circumference BL is greater than the circumference EN, the angle BGL 
is also greater than the angle EHN] 

and, if less, less. 

There being then four magnitudes, two drcumferenoes BC, EF, and two 
angles BGC, EHF, 

there have been taken, of the circumference BC and the an|^ BOC equimulti- 
ples, namely the circumference BL and the angle BGL, 
and of the circumference EF and the an^e EHF equimultiples, namely the 
mrcumference EN and the an|^ EHN. 

And it has been proved that, 

if the ciicumfeienoe BL is m excess ot the cireumferHiee EN, 
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Ihe BCBj is also in uit^ MBN'i 

ifeq^e^t; 
and if less, less^'^ , . 

Therefore, as the dicumference BC ia to EP, so ia 11^ 
an^oEHF. [v.Def.J! 

But, as the am^e BOC is to the angle BHF, so u the i/.Tid® ^ 

EDF; for they are doubles respectively. \ ... 

Therefore i^, as the ciroumference BC is to the droumfere^o® ®® ® 

ai^ BOC to the an^ EHF, and the angle BAC to the angie ' 

Therefore etc. ■< — O*®*®* 



BOOK SEVEN 


DEFINITI0N8 ; 

1. An unit is tiist by virtue of which cach ed the things tbat sidst'Ui ceiled 

one. i.i ■!, 

2. A mmb&r is a nuiltitude composed of units. ^ 

3. A number is a port of a number, the less of the greater,; when it maamres 
the greater; 

4. but parts when it does not measure it. , , 1 « 

5. Ihe greater number is a mvMple <£ the less when it is measured fay. the 

less. , .J,, ,, \ 

6. An even number is that which is diviable into two eqvial. parte. ' 

7. An odd number is that which is not divisibieinto two equal parte, or ^t 
which differs by an unit from an even numW 

8. An everirtiines even nwirber is that whitdi is measured by an even number 
according to an even number. 

9. An etien^tmes odd number is that which is measured by an even number 

according to an odd number. ; . 

10. An odd-times odd number is that whichi is measured fay an odd number 

according to an odd number. ; 

11. A prime number is that which is measured by an unit alone, - 

12. Numbers prime to one another are those which jSie mssstHed;by an miit 
al(Hie as a common measure. 

13. A composite number is that which is tneaoired by aome number. > i 

14. Numbm composite to one another are itirosewlm^ ate mmuRued by sosie 
number as a common measure. 

. 15. A number is said to nadUply a number when thati.whidh is nuffitiidied is 
added to. itself as many times as there are umte in the .other,, aadithite jone 
numfaiV is produced. 

16. And, when two numbers having multipUed one another make smnenuna- 

ber, the number so produced is called jplc^, and its sides ate dm nund}ms 
wbid^ have multi^i^ one mii^dier. ^ 

17. An4 whan three numbeis having .mtdti^Nl m aooiher 

numbor, themnnbersopiodiMediasfdi^Andi^aideaitnetimmiadiii^ 
.bauemultiphed (me.enethm.. , ' "'i V;i, .f,.; H 

. 18. A sguare number is equal muldidied b]r e<iual, or a nlteM3e(! lahith laeteh 
.tidiwd;by:-two'equal*awi(a^ ’■ .ir...-!,', 

16. And a otbe. is equal mulh^ied 1^ equal and again by eqilid, pKft MKdbte 
;;0Mi>te.contahMaiJ:y.:th«me(p^ ■ ; ..... . 

dte iasiw idtdthda» >ipr'4b» 
.aame part, or the same parted of the second that thnithiMbia of the fouith»::i 
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21. Similar jJanne and solid mimbers are those whidi have th^ sides inro* 
porticnud. 

22. A •penjed number is that which is equal to its own parts. 

BOOK VII. PROPOSITIONS 
PsoposmoN 1 

Two ‘unequal numbers being set out, and the less being continually subtracted in 
bum from the greater, if the number which is left never measures the one before it 
until an unit is left, the original numbers wiU be 'prime to one another. 

For, the less of two unequal numbers AB, CD being continually subtracted 
fhnn the greater, let &e number which is left never measure the one before 
it until an unit is left; , / 

I say that AB, CD are prime to one another, that is, that an unit alone 
measures AB, Cp. \ 

For, if AB, CD are not prime to one another, some number will measure 
them. . T 

Let a number measure them, and let it be E; let CD, measuring bA leave 
FA less than itself, ' 

let AF, measuring DO, leave OC less than itself, 
and let OC, measuring FH, leave an unit HA. 

Since, then, E measures CD, and CD measures BF, 
therefore E also measures BF. 

But it also measures the whole BA ; 

therefore it will also measure the remainder AF. 

But AF measures DO; 

therefore E also measures DO. 

But it also measures the whole DC; 

therefore it will also measure the remainder CO. 

But CO measures FH; 

therefore E also measures FH. 

But it also measures the whole FA ; 

therefore it will also measure the remainder, the unit AH, though it is a num> 
ber: which is impostible. 

Therefore no number will measure the numbers AB, CD; therefore AB, CD 
are prime to aae another. [vn. Def. 12] 

Q. E. D. 


PBC^smoN 2 

Oimn two numbers not prime to one another, to find theirjgreatest common measure. 
Let ilB, CD be the two ^ven numbers not prime to one another. 

Thus it is reqitired to find the greatest common measure of AB, CD. 

If now CD measures AB — and it also measures itself— is a common 
measure CD, AS. 

And it is manifest that it is also the greatest; for no greater number than CD' 
wfflmeasufe CD. 

But,if CD does not measure AS, then, the 1ms oftfae numbers AS, CDbdng 
^^tinually subtracted from the greater, some number will be left 'mil 
. ttMtRue tie one before it. 
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For an unit will not be left; othwwiee AB^- CD will be |Riinft to 
[vn. 1], whidi is contrary to the h]rpothesi8. 

Theref<nre some number will be left which wffl measure tiie one befon it. 
Now let CD, m^umrmg BE, leave EA less than itself, 
let EA, measuring DF, leaveFC fess than itself, 
and let CF measure AE. 

Since then, CF measures AE, and AE measures DF, 
therefore CF will also measure DF. 

But it also measures itself; 

therefore it will also measure the whole CD. 

But CD measures BE; 

therefore CF also measures BE. 

But it also measures EA; 

therefore it will also measure the whole BA. 

But it also measures CD; 

therefore CF measures AB, CD. 

Therefore CF is a common measure of AB, CD. 

I say next that it is also the greatest. 

For, if CF is not the greatest common measure of AB, CD, some number 
which is greater than CF will measure the numbers AB, CD. 

Let such a number measure them, and let it be G. 

Now, rince G measures CD, while CD measures BE, G also measures BE. 
But it also measures the whole BA; 

therefore it will also measure the remainder AE. 

But AE measures DF; 

therefore G will also measure DF. 

But it also measures the whole DC; 

therefore it will also measure the remainder CF, that is, the greater will mmus- 
ure rile less; which is impossible. 

Therefore no number which is greater than CF will measure the numbers 
AB, CD; 

therefore CF is the greatest common measure of AB, CD. 

PoBiSH. From this it is manifest that, if a number measure two numbers, it 
will also measure their greatest common measure. q. b. d. 

PaoposmoNS 

Given Otree numbers not prime to oneanother, to find their greatest common meas/un. 
Let il, B, C be the three given numbers not prime to one another;: , - 

thus it is required to find the greatest common meas* 
ure of d, B, C. 

For let the greatest common measure, D, of rite two 
numbers il,B be talcen; . , [vm^ 

then D either measures, or does not meaouse, C. 

•eI f] First, let it measure it. 

But it measures A, B also; 
therefore B measures 4r>B,,C; .. . 

therefore Z> is a common measure of A, B, C. 

I any that it is also the latest. 

For, if Bis not rite greatesst common measure of A, B, C, scone number udddh 


c 
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ape$kaOmiDviSimiitmmlh6^nsalbmA.iB,C‘ 

Let such a number measure them, and jtet it be JS. 

Since thmi E measuies A, B, C, 

it will also measure A, B; 

therefore it will also measure the greatest common measure of A, B. 

[vn. 2, Per.] 

But the greatest common measure of <4, B is D; 

therrfore E measuies D, the greatm* the less: which is imposnble. 
Therefore no number which is greater than D will measure the numbers 
A,B,Ci 

therefore i) is the greatest common measure of A, B, C. 

Next, let D not measure C; 

I say first that C, D are not pryme to one another. | 

For, fflnce A,B,C axe not inime to one another, some number willlmeasure 
them. \ 

Now that which measures A, B, C will also measure A, B, and will measure 
D, the greatest common measure of A, B. [vn.\2, Por.] 

But it measures C also; \ 

therefore some number will measure the numbers D, C; 
therefore D,C axe not prime to one another. 

Let then their greatest common measure E be talcen. [vn. 2] 

Then, snee E ifieasures D, 

and D measures A, B, 
therefore E also measures A, B. 

But it measures C also; i 

therefore E measures A, B,C; 
therefore B is a common measure (k A, B, C. 

1 say next that it is also the greatest. 

For, if B is not the greatest common measure Of A, B, C, some number which 
is greater than E will measure the numbers A, B, €. 

Let such a number measure them, and let it be F. 

Now, mnee P measures A, B, C, 

it also measures A, B; 

therefore it will also measure the greatest common measure of A, B. 

[vn. 2, Por.J 

But the greatest common measure of A, B is B; 

therefore F measures 2>. 


And it measures C also; 

therefore P measures D, C; 

therefore it will also measure the greatest common measure of D, C. 

[vn. 2, Por.J 

But the greatest common measure of Z>, C is B; , , , ^ 

therefore F measures E, tiie greater the less: whidr is impos^lfie 
Therefore no number which is greater than E will measure t|te numbers A, 

I 

therefrm B is the greatest common mounne A, B, C. 


Q, ]S« ]>« 
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PBOPOBmoiir4 

jin^nttmier <» niSur a part or parto of any member, See less <^the greater^ 

I Let A, BC be two numbers, and let BC be Ibe leas; 

I say that BC is ather a part, or parts, of A. 

For A, BC are diber prime to one anolber or not. 

First, let yl, BC be prime to one another. 

Then, if BC be diviM into the units in it, eadi unit oi those 
in BC will be some part of .d; so that BC is puts of A. 

Next letil, BC not be prime to one another; then BC dthsr 
measures, or does not measure, .4. 

If now BC measures A, BC is a part of A. 

But, if not, let the greatest common measure B <4 ii, BC be taben; [vn. 2] 
and let BC be divided into the numbers equal to D, namely BE, EF, FC. 
Now, rince D measures A, Z> is a part of A. 

But D is equal to each of the numbers BE, EF, FC-, 

^crefore each of the numbers BE, EF, FC is also a part of A ; so that BC is 
parts of A. 

Iberefore etc. Q. m. s. 


pBOvosmoN 5 

If a number be a part of a member, and another he the same part of another, the 
sum totU also he ^ same part o/ the sum that theoneis^ihe one. 

For let the number A be a part o£ BC, 

and another, D, the same part of another EF Ibat A is of BC; 

I say that the sum of A, Z> is also the same part of the 
sum of BC, EF Ibat A is of BC. 

For since, whatever part A is of BC, D is also tbe same 
part of EF, 

therefore, as many numbers as there are in BC equal to A, 
so many numbers are there also in EF equal to D. 

Let BC be divided into the numbers equal to A, namdy 
BO, OC, 

and EF into the numbers equal to D, namely EH, HF; 
then the multitude of BO, OC w31 be equal to Ibe multitnde of EH, HF, 
And, unce BO is equal to A, and EH to D, 

thei^ore BO, EH are also equal to A, D. 

For the same reason 

OC, HF are also equal to A, D. 

Therefore, as many numbers as there Me in SC equal to A, so tnany ate 
there also in BC, EF equal to A, D, 

Therefore, whatever multiple BC is of A , the same mulrijde also is the sum 
of BC, BF <A tbe sum of A, D. 

Ihdrefore, wtmtever part A is to BC, tbe same paart aim is the sum of A, B 
<rf the sum BC, EF. • ' Q. *• »• 

\ t 

FBOPOsmoH 9 

bepMU^ateamberp and antMtr hi the smm parte ofanether, At 
, iiMlt tMi alto he As asms parts of the sum Aat As shsifa if As One. 
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For let the number AB be parts of the number C, and anotirer, DE, the 
same parts of another, F, that AB is of C; 

I say that tbe mm cS. AB, DE is also tibe same parts of tbe sum €iC,F 
that AB iactC. , 


For «nce, whatever parts AB is of C, DE is also the 
same parts of F, 

therefore, as many parts of C as ilrere are in AB, so many 
parts oiF axe tbere also in DE. 

Let AB be (Hvided into the parts (A C, namely AO, OB, 
and DE into the parts of F, namely DH, HE; 
thus the multitude of AO, OB will be equal to the multitude of DH, HE. 
And since, whatever part AO is of C, the same part is DH of F also, 
therefore, whatever part AO is of C, the same part dso is the sum of AO, DH 
of the sum of C, F. 1 [vij.i8] 

For the same reason, \ , 

whatever part OB is of C, the same part also is the sum of OB, HE ofi the sum 
of C, F. ; \ 

Therefore, whatever parts AB is of C, the same parts also is the sum of AEt, 
DE of the sum of C, F. q.ts. j>. 


Pbofosition 7 

If a number be that pari of a number, which a number subtracted is of a number 
subtracted, Ike remainder wiU also be the same part of the remainder that the whole 
is of the whole. 

For let the number AB be that part of the number CD which AE subtracted 
is of CF subtracted; 

I say that the renuunder EB is also the same part of the remainder FD that 
the whole AB is of the whole CD. 


A I B 

0 9 f P 


For, whatever part AE is of CF, the same part also let EB be of CO. 

Now since, whatever part AE is of CF, the same part also is EB of CO, 
therefore, whatever paart AE is <rf CF, the same part also is AB of OF. [vn. 6] 

But, whatever part AE is of CF, the same part also, by hypothesis, is AB of 
CD; 

therefore, whatev^ part AB is of OF, tire same part k it eS CD also; 
therefore OF is equal to CD. 

; Let CF be Bul^raieted from each; 

therefore the remainder OC is equal to the remainder FD. 

Now dnee, whatever part AE is of CF, the same part also is EB oi OC, 
while OC is equal to FD, 

therefore, whatever part AE is of CF, the same part also is EB of FD. 

But, whatever part AE is of CF, the same part also is AB of CD; 
therefoke also the remmndmr EB is the same part of tbeimomsd^ FD that the 
whole AB is of tibe whole CA 
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PitopoemoN 8 

IfanvmberbefheBomeparUofanumberihatamm^nidrMieduefatimAer 
stMracted, theremoindervaiUeisolKtkeaamepariaef the remamier that the vihote 
is of the whole. 

For let the number Afi be the same parts cS the number CD that AE sub- 
tracted is of CF subtracted; 

I say that the remainder EB is also the same parts of the rem^der FD 
that the whole AB is of the whole CD. 

Q F D ^ made equal to AB. 

' ' " Therefore, whatever parts OH is of CD, the 

G M K m H same parts also is AE ot CF. 

Let OH be divided into the parts of CD, 
A i T’" B namely OK, KH, and AE into the parts of CF, 

namely AL, LE; 

thus the multitude of OK, KH will be equal to the multitude of AL, LE. 
Now since, whatever part GK is of CD, the same part also is AL ot CF, 
while CD is greater than CF, 
therefore OK is also greater t han AL. 

Let OM be made equal to AL. 

Therefore, whatever part GK is of CD, the same part ^so is OM of CF; 
therefore also the remainder MK is the same part of the remaindw FD that 
the whole GK is of the whole CD. [vii. 7] 

Again, since, whatever part KH is of CD, the same part also is FL of CF, 
while CD is greater than CF, 
therefore HK is also greater than EL. 

Let KN be made equal to EL. 

Therefore, whatever part KH is of CD, the same part also is KN of CF; ■ 
therefore also the remainder NH is the same part of the imxuunder FD that ^e 
whole KH is of the whole CD. [vn. 7] 

But the rmnainder MK was also proved to be the name part of the imnaindmr 
FD that ibe whole OK is of the whole CD; 

therefore also the sum of MK, NH is the same parts of DF that the whole HO 
is of the whole CD. 

But the sum of MK, NH is equal to EB, 

and DC is equal to DA; 

therefore the remainder EB is the same parts of the remainder FD that the 
wh(de AB is of the whole CD. «. b. ». 

PnoFosmoN 9 

If a number be a part of a number, and another be the same part of ano^ter, aUer- 
natdy also, whateoer part or parte (he fira ieef'fhe third, the eame part, or the same 
fMUts, wiB the eeeond edeo he of the fourth. 

For let the numbw A be a part frf tibe number DC, and fta* 
^ othsr,D, the same part of anothnr, DF, that A is (d DC; 

„ I say that, alternately also, whatever part or puts A is -of 
' D, the same part or parte ie ;^ DF also. 

. For tdnce, whatever part A is id DC, the.eeme part also hi 
^ DatEF, 
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tfafirafore, as maxxy numbers as there are in jBC equal to so many also are 
there in EF equal to D. 

Let BC be <hvided into the numbers equal to A, mauiy BO, QC, < 
and EF into those equal to D, namely EH, HF; 
thus the multitude of BO, OC will be equal to the multitude of EH, HF. 
Now, siaee the numbers BO, OC are equal to one another, and the numbtos 
EH, HF are also equal to one another, 

I while the multitude of BO, OC is equal to the multitude ^ EH, HF, 
ther^ore, whatever part or parts BO is of EH, the same part or the same parts 
isCTCofffFalso; 

so that, in addition, whatever part or parts BG is of EH, the same part also, or 
the same parts, is the sum BC of the sum EF. [vn. 5, 8] 

'But BO is equal to A, and EH to D; > 
therefore, whatever part or parted is of £>, the same part or the sar^e parts is 
BC of EF also. n. n. d. 

PBOPOsmoN 10 \ 

If a number be parts of a number, and anoQur be the same parts of anoOm, alter- 
nately also, whatever parts or part the first is of (he third, the same parts or the same 
part will the second cdso be of ^ fourth. 

For let the number AB be parts of the number C, and another, DE, the same 
parts of another, F; 

I say that, alternately also, whatever parts or part AB is 
of DE, the same parts or the same part is C of F also. 

For since, whatever parts AB is of C, the same parts 
also is DE of F, 

therefore, as many parts of C as there are in AB, so many . „ ^ 
parts also of F are there in DE. “ ' ^ 

Let AB be divided into the parts of C, namely AO, OB, 
and DE into the parts of F, namely DH, HE; 
thus the multitude of AO, OB will be equal to the multitude of DH, HE. 
Now since, whatever part AO is 6f C, the same part also is DH of F, 
altmuitdy also, whatever part or parts AO is of DH, 

the same part or the same parts is C of F also. [vn. 9] 

For the same reason also, 

whatever part or parts GB is ol IfF, the same part or the same parts is C of F 

Idbrn; 

so ti^t, in addition, whatever parts or part AB is of DE, the same parts aleo, 
or the same part, is G of F. [vn. 5, 6] 

Q. B. n. 

I 

PsOFOSmON 11 

If, as whole is to whtde, so is a number eubtraeied to ti number sMraeledi the re- 
iMOtRdcr win alio be to (he remainder as whole to lohole. 

Ab the whdb AB is to the ^ole CDf so let AS subtracted be to GF slib> 
traeted; 

Isay that the temaihdM'JBfi is alio to the remainder FZ> as tiQeu>hotedB 

the whale GD. ‘ , T 

fiiAce, as dB is to GI>, BoJs dB to GF, i ' 





A 
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.<j! ^ — P«t « «. -« 

'n>.»toi«,M*Bi,topfl,„i,^a^;jg, [niSi^ 

Q. a. B. 

„ . PR<»osmow, 13 

t’ies^ffSSS^S? 

M A ista 60 ia C to Di ^ 

For since, as A 18 to J5, 80 is C to A 
jlmtever Part or parts 4 is of B, the same part or parts « C of 

The^ore,as4i8toB, soared, CtoB, 7 ). [vsSfS^ 

, Q.a.i>, 

„ pBOPOsmow 18 

T ^1. X ^ is to B, so is C to D: 

I say that they wffl also be proportional alternately, so that, ' 

Al I I _ , as A is to C, so will B be to 2 ). ’ * 

I'orsilice, asilistoB, soisCtdZ), 

0 “f«fore,w^feTCrpartorpart8Ai8bfB,thesamepartor 

th^e parts IS C of B also. 

, alternately, whatever part or parts is dif Y? 

^,0. a.,p. 

,, , P»c»asmoiNl4 , 

^ \ «oisDtdJ?i 

^ 

T"]" ^ j f. r- , " . , • * ex iie^uali; 




HWWPiyj^ • 

"'a 'v ''. aa'Amt<i)'%a0)|i':B4B'Bi 
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tbraefare, dteraatd^, 

aaBistoEfBoisCtoF. [vn. 13] 

But, mBiBtoE,aoiBAtoD; 

t^refore also, asAistoD, sokCtoF. 

Tlietofore, altemateljr, . 

as A is to C, so is to iP. [id.] 

PROPosmoN 15 

If an tmit measure any number, and another number measure any other number 
the same number of times, aUemately also, the unit wiU measure the third number 
Out same number of times that the second measures the fourth. 

For let the unit A measure any number PC, 
and let another number D measure-''any 
other nu9iber EF the same number of 
times; 

I say that, alternately also, the unit A 
measures the number D the same number 
ai times that BC measures EF. 

For, sinoe the unit A measures the number BC the same number of times 
that D measures EF, 

therefore, as many units as there are in BC, so many numbers equal to D are 
there in EF also. 

Let BC be divided into the units in it, BO, OH, HC, 

and EF into Hie numbers EK, KL, LF equal to D. 

Thus the multitude of BG, OH, HC will be equal to the multitude of EK, 
KL, LF. 

And, ^ce the units BO, OH, HC are equal to one another, 

and the numbers EK, KL, LF axe also equal to one another, 
while the multitude of the units BG, OH, HC is equal to the multitude of the 
numbers EK, KL, LF, 

tiierefore, as the unit BO is to the number EK, so will the unit OH be to the 
numl^ KL, and the unit HC to the number LF. 

Therefore also, as one of the antecedents is to one of the consequents, so will 
all the antecedents be to all the consequents; [vn. 12] 

therefore, as the unit BG is to the number EK, so is PC to EF. 

But the unit BO is equal to the unit A, 

. and the number EK to the number D. 

Tlierefore, as the unit A is to the number D, so is PC to EF. 

Hierefore the unit A measures tire number D the same number times that 
PC measures EF. ~ O. b. n. 



PBOPOBmON 16 

If two nusnbers by nndtiplying one another make certain numbers, Oie numbers so 
produced wiU bs equal to one another. 

Let A, P be two manbw,' and let A by multiplying P make C, and P by 
multiplying A make D; 

I say that C ie equal to D. 

: fJEVVi once A by multiplying B has niiute C, . 

therdme P measures C according to the unitB in Af 
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But tlie unit E also measures tiie number A. acoording to tite units in it; 
therefore the unit E measures A the same number of times that B measures C. 

'nierefme, {dtematdy> the unit; S 
^ ^ measures the numbor B the aanie num> 

■ > ber of lames that A meamiresCfyii.' 

c. — Agua, anoe B by muHiidying A 'IM 

P — ' — made D, 

£ therefore A measures D acoording to thd 

units in B. 

But the unit E also measures B according to the units in it; 
therefore the unit E measures the number B the same number of tones that A' 
measures D. 

But the unit E measured the number B the same number of times that A 
measures C; 

therefore A measures each of the numbers C, D the same number of times- 
Therefore C is equal to D. q. b. d. 

PnoposmoM 17 

If a mmber by mvUiplying two numbers make certain numbers, (he numbers so 
produced wiR have the same ratio as the numbers muUiptied. 

For kt the number A be multiplying the two numbers B, C malfft D, E", 

I say that, asBistoC, soisDtoE. 

For, since A by multiplying B has made 2), 

therefore B measures D according to the units in A. 

But the unit F also meas- 
* ures the number A according 

B C to the units in it; 

P ^ therefore the unit F measures 

f the number A the same num- 
ber of times thatBmeasu^B. 
Therefore, as the unit F is to the number so is B to B. [tii. Def. 20] 
For the same reason, 

as the unit F is to the number A, so also is C to B; 
therefore also, as B is to B, so is C to B. 

Therefore, alternately, as B is to C, so is B to B. [vn. 13] 

a. B. 0. 

Paoposmow 18 

If two immiKrs by multiplyinff any number make eertain numbers, tkemmien so 
produced toiU have the same ratio as the mvMn^hers. 

For let two numbers A, B by multiplying any number C make B, B; 

I say til^, as is to B, so is B-io B. 

For, unce A by multiplying C has made B, 

therefore eiso C by multi^rh^-d haSiinado B. 

^ra;. 16 ] 

t — For (he same reason aJso' 

C by nadtindyingB faasmade B. 

Ihertf ore the iHlmber C by multi{dying the two numbers A , B has made B, B, 
Therefore, as A is to B, so is B to B. . 

•i, 0.-1!. D..''' 


A- 

B- 

D- 
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‘ ■ '■^ *''■. j ?’ * i'^ ' ‘ j ^ ‘.“'I’yrv* s''^' 

if fottr wmbert. ie proportional, the number produced from the fini and four^ 
wiU be egyci to the number predeieedfrem^ second and third; and, ^ the nunber 
produced from.^ .fir A andfourOi be equal to that produced frohtihe second and 
tlmdi the' four nmtbers vM be proportional. - 

Let A, B,C,Dhe four numbers in proportion, so that, 

: • .as A is to so is C to D; 

and let A by multipl 3 ring D make E, and let B by multiplying C F; 

I say that 'E is equal toF. ■> '■■ 

^ F<Mr let A by multiplying C malm Or 
Since, then, A by multipl^ng C has made 0, and by multiplying D has 
mdo E, 4* 

tiie number A by multiplying the two numbers C, D 
has made 6, JS.. 

'Bierefore, as C is to D, so is G to £i. [vn. 17] 

But, ae C is to Z>, so is A to B; A| B| 

the^ore also, w A is to B, so is G to B. 

Again, cmce A by miiltiplying C has made G, 
but, further, B has also by multiplying C made F, 
the two num^rs A, B by multiplying a certain num- 
ber C have made G, F. 

Therefore, as A is to B, so is G to F. [vn. 18] 

But further, as A is to B, so is G to B also; 

. therefore also, as G is to B, so is G to F. 

Therefore G has to each of the numbers B, F the same ratio; ‘ 

th^fore B is equal to F. [cf. v. 9] 

.i^aln, let B be equal to F; 

i say that, asAistoB, soisCtoB. 

For, with the stme construction, 

once B is equal to F, 

therefore, as G is to B, so is G to F. [of. v. 7] 

But, as G is to B, so is C to 2>, [vn. 17] 

and, a^GistoF,!sois A toB. 

Thejrefore also, as A is to B, so is C to B. aii. D. 

FBOFOpmoN.20 


ThsUaetmunbersirflhasevikithhacetke sameratiom&dicmm«teureihose mhith 
have Oie same ratio the same number of times, the greater the greater and the leea 
the Uski ' I .. I ! i 

For let CD, EF be the leBst ^umbeirs of those which have the asme ra^ 

.(XFisay 4^ CD meiisiiktes A the saine number of timm that BF m^uurm B. 
G2> is not iMute of A. 

Fw, if posable, l«t-tt be eo;> ; ■■ ' t .': 

th&mforeEFmtdBatbeaatmpashief B tbalt CD ia<d A. 

f'ilhwi|!l(»e, ns maiqr ports of A as thhmisste m CD^ so Biany.4»rtB>Qf 

'iit^'a]se.in'BF. 



' . . ' "'iii 

tet CD be (bvided mto iheipte of CO, QD, mi BF io^ ^ 

pnrts of B, namely £0, HF; : 

00, • BBinll be eqtialto ^'nudtitiKte d BBittF: ' 

Now, smce the numbers CO, GD are eqm^ to oiu i^iieri 
' ' and tUb munbrn Blf,' HP- are dso equal to one 

while the multitiide d CO, (i^B is equal to ^ muMtode of 
EB,HF, ' *■■■■' 

p therefore, as CO is to EH, sb'is G*p to BF. • 

Q ' H Therefbre ^so, te one d the tnteced^to is to one ol Ihe 
f consequeats, social! the antecedents be to tdl tile <Jotae> 
. quents. tVtf.iaj 

Therefme, as OG is to BB, so is'C'B to SB.' ’ 

Therefore CO, EH are in the same ratio with CD, EF. being lesS'thah they; 
which is imposfflble, for by 'hypothesis CD, SF^ the feast numbers dthbse 
which have the same ratio wi^ them. 

Therefore CD is not parts of A; ' ' 

therefore it is a part (^‘H. [vn.4] 

And BFis the'saane part of B that CZ) is A; [vn. ISandlM.'SO] 
thaufme CD measures A tiie same number of times that EF measures B, 

q/ii.D. ■ 

M * i 

PaoposmoN 21 • 

Nttmbsra prime to one another are ^fea«(o/t^aetobMhhaM the Some ntife ltn& 
them. 

I Let A, B be numbers prime to one another; 

CO] I say that A, Bare the feast of those wMcfaMve 

B < the same ratio with them: 

For, if not, them will be seme numbers less than 
A, B which are in the same ratio with A, B: 

'"Let them be C, B. ’ ' • 

Since, then, the least numbers of those wMch have the same ratio meiai^re 
those which We the same ratio the same number of times, the greater the 
greateriand the less the less, that ii^ the anteoedeht the antecedent and the 
consequent the consequent, . > ■; i ' [vtt.liO] 

: therefore C measures A the same number d timm that D measures 
'■ liow; as many times as C measures A, so many tioite fet timre be in 
•' Theikore measures B accord^ to 4be units iaE. ' ''' ' ' ' ' 

And, once C mett«M?es A according to the units in B, ■ • ; 

ther^ore B alsd measures A aceording to the iatits in C. > fVitJlS] 
pior ;the same reason ■■•■ir -'iMi-vi-a'* 

B also mea8ures.B {U^r^,|K. to the units in D. [vu. 16] 
Ther^ote B measures A, B whi<h are piitme to one anothm-: whkh fe im* 

"'’Therefore them iViS bemo 'mbaibersfeSS thim'A,'B arhi^’s^'in! 
catiowitiiA, B. , ■■■ • "xr.;;; 

Therrfore A, B dm' tisefeast d timmvtikhh' hav^tteesinm m with thmm 
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PBOPOSmON 

T%e leattmimben cf .Uum whieh have ike same radio vnih them ate prime to one 
atuaOur. 


Let^, B be the least numbcmxrf those which have tiie same ratio with them; 
I say that A, Bave prime to one another. 

For, if they are not prime to one another, some a - 

number will measure them. 

. Let B(ane number measure them, and let it be C. 

And, as many tin^ as C measures A, so many ^ 
units let there be in D, D 

and, as many times as C measures B, so many units E— — 
let tiiere be in E. 

. Since C measures A according to the units in D, j 

therefore C by multiplyii^ D has made A. [vn. Def. 15] 
For the same reason also \ 

C by multiplying E has made B. \ 

Thus the number C by multiplyii^ ^ two numbers D, E has made A, B; 

therefore, asDisto^, soisAtoJB; Vvii. 17] 

therefore D, E oxe in the same ratio with A, B, being less than they: which is 
impossible. 

Therefore no number will measure the numbers A, B. 

TherefiHe A, 13 are prime to (me another. q. b. d. 


PnoposmoN 23 

// Uoo numbers be prime to one another, the number which measures the onepf them 
will be prime to the remaining number. 

Let A, 13 be two numbers prime to one another, and let any number C 
measure A; 

I say that C, S are also prime to one another. 

For, if C, £ are not prime to one another, 

some number will measure C, B. 

Let a number measure them, and let it be D, 

.^inoe D measures C, and C measures A, theref<»e D also 
metres A. 

But it also measures B; 
therefore D measures A, B which are prime to one another: A B C 0 
which is impossible. [vu. Def. 12] 

.Tbesefore no mymber will measure the numbers C, B. 

Therefore C, B are prime to one another. Q. b. n. 



Proposition 24 

numbers he prime to any number, their product also wiQ, be prime to the same. 
'^i^.^^i^ let the two nundmts A, B be prime to any number C, and. let A by mul- 
B make D; 

, < 1 say tbAt ^ to one another. i 

For, if C, D are not prime to one another, some number will measure C, D. 
Let a number measure them, and let it be E. 

■ . Now, since C, A are prime to one another, 



1 - 


ELEUEtfTSVn HI 

and a certain number E ateaguisw C, 
therefore A,E«k prime to one anodier. [tb. 2S] 

As many timesj then, as E measures D, so many units let time bs>in 

therefore F also measures 
D according to the arrits in E. [vn. 
Therefore E by multiply^ F has made D. [vii. Def. lUg 
But, further, A by multiplying B has also made B; 
therefore the product of B, F is equal to the product of 
A, B. 

But, if the product of the extremes be equal to that of 
the means, the four numbers are proportional; [vn. 19] 
therefore, as B is to A, so is B to F. 

But A, F are prime to one another, 

numbers which are prime to one another are idso the least of those which have 
the same ratio, [vn. 21} 

and the least numbers of those which have the same ratio with them measure 
those which have the same ratio the same number ol times, the greater tire 
greater and the less the less, that is, the antecedent the antecedent and the 
consequent the consequent; [vn. 20] 

therefore E measures B. 

But it also measures C; 

therefore E measures B, C which are prime to one another: which is impossible. 

[vn. Def. 12] 

Therefore no number will measure the numbers C, D. 

Therefore C, D are prime to one another. Q. x. P. 

PBOFOsmoN 25 

If two numbers be prime to one another, (he product cfone of thtm into Useif wiU 
be prime to (he remaining one. 

Let A, B be two numbers prime to one another, 

and let A by multiplying itself nudce C; 

I say that B, C are prime to one another. 

For let D be made equal to A. 

Since A, B are prime to one another, and A is equal to B, 
therefore B, B are itiso prime to one another. 

Therefore each of the two numbers B, A is prime to B; 
therefore the product of B, A mil also be prime to B. [vn. 24] 
' But tire number which is the product of B, A is C. 

Therefore C, B me prime to one anothm:. Q.X«n>,,- 

PBOFOsmoM 26 

If two numbers be prime to two numbers, both to eaeh, their proilubs sdso twB be 
prime to one another. . , 

Fear let the two numbera A, S be i»ime 
to the two muabers C, B; both to eadx,' 
— aid let A by maltip]y«gB]iudniF,«Ddlet 
C by multiplying B inate!F; . . 

I sqr that F; F are ^daae to one anothffi, 
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therefore D by multiplymg B has made C. [tm. Dtf . iq 

Furfher, A by Imdtiplyiiig B has also au^ C; 

thi^ore the product of Z>, E is equal to the product 6l A, B, 

' Therefore, as i> Ui to so is £ to E. [th. 19] 

But D, A axe prime to one another, 

primes are also least, {vn. 21] 

and the least measure the numbers which have the same ratio the M-ma num- 
ber of times, the greater the 9«at«raad the less the less, that is, the antecedent 
the antecedent and the consequent the consequent; {▼n.20] 

therefore D measures B. 

Similarly we can also show that, if D does not measure B, it will measure A. 
Therefore D measures one of the numbers A, B. q. e. d. 

PnoposmoN 31 

Any compoaite number is measured by some prime number. 

Let d. be a conqnmte mimber; 

I say that A is measured by smne prime munber. 

Fox, once A is oompoate, \ 

some number will measure it. 

Let a number measure it, and let it be B. A— 

Now, if B is prime, what was enjoined will have b 

been done. ^ 

But if it is compofflte, some number will measure it. 

Let a number measure it, and let it be C. 

Then, sinoe C measures B, ! 

and B measures A, 
therefore C also measures A. 

And, if C is prime, what was enjoined will have been done. 

But if it is composite, smne number will measure it. 

Thus, if the investigation be continued in tiiis way, some prime number will 
be found which will measure the number before it, which will also measure A. 

' Fox, if it is not found, an infitute series numb^ will measure the number 
A, each of which is less than the other: 

which is imposfflble in numbers. 

' Therrfore some prime number will be found which will measure the one 
before it, which wiU also measure A. 

Therefore any compotite number is measured by some prime number. 

Q. B. D. 


PnoposiTipN 32 - 

Any number either is prime or ia measured by some prime number. 

Let A be a nmnber; 

I say that A mther is prime or is measured by some ^ 
jmme number. 

’ If niow A is primsv'lhat which was enjwmd will have been done. 

. if it is e<«npeeite, some prime number <(rill measure it. [vn. 31} 

Therefore any number either is prime or is measured by some prime number. 

<0. X. ». 
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PBOPOsmoM 33 

OimtasmmymtnbmaBuefkaietiofind^leaat^OiOHtMAhmelkemm 
raUo vnlh them. 

Let A, £, C be the given numbers, as many as we please; 

thus it is required to find ^e least of those which 
have the same ratb vdth A, B, C. 

A, B,C ue either prime to one another or not. 
Now, if A, B, C are prime to one uiother, they 
are the least of those which have the same ratio 
vdth them. [vn. 21] 

But, if not, let Z> the greatest common measure 
of A, B, C be taken, [vn.^ 

" K I I F I and, as many times as B measures the numbers A, 

** G B, C respectively, so many units let tiiere be in the 

numbers E, F, 6 respectively. 

Therefore the numbers E, F, 0 measure the numbers A, B, 0 iie^)ectively 
according to the units in D. [vn. 16] 

Therefore E, F, G measure A, B, C the same number of times; < 

therefore £, F, 6 are in the same ratio witii A, B, C. [vn. Def. 20] 
I say next that they are tiie least that are in that ratio. 

For, if B, F, 6 are not the least of those which have the same ratio with A, 

. . .... 

there will be numbers less than E, F, 6 which are in the same ratio with A, 

B,C. 

Let them be H, K, L; 

therdore H measures A the same number of times that the numbers K, L 
measure the numbers B, C respectively. 

Now, as many times as U measures A, so many units let there be 
in M; 

therefore the numbers K, L also meaoire the numbers B, C respectivdy ac* 
cording to the units in M. 

And, since H measures A according to the units in M, 

ther^ore M also measures A accotdit« to tiie units in H. [vn. 16] 
For the same reason 

ilf also measures the numbers B, C acccmdingtotheunitsintbenumbenBL, L 
respectively; 

Therefore M measures A, B, C. 

Now, once H measures A according to the uzuts in M, 

therefore H by multiplying M has made A. [vn. Def. iQ 
For tire same reason also 

E by multiplyii^ D has made A. 

Ihmefere the ^oduct of B, B is equcd to tiie product 

Therefore, asBistoB, soisMtoB. [vn. 19] 

But B is greater tiian B ; 

therefore M is also greater tban B. 

And it measures A, B, C: 

which is impossible, for by hypotheas, B is the greatest ccBsmon measure m 
A, B, C. 
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'Hiierefore tiiere cannot be any numbers less tbim E, F, O uiucii ate in the 
same ratio with A, B, C. 

Thetefove E,f,Otm the least of those whieh have tiie same ratio with 
B, C. a, SB. ». 


Pbopobition 34 

CH»mtimnunAer8,topd1heleaatimnJ>eriMch they measure. 

Let be the two ^ven numbers; 

thus it is required to find the least number which they measure. 

Now A, B xte either prime to one another or not. 

First, let £ be prime to one another, and let A 
bymultiplyingjBmidceC; ^ , 

therelore also B by multiplsring A has ma^.C. A—— Bt I—*. 

' Therefore A, B measure C. * * c-r j — 

I say next ti^t it is also the least number th^ 
measure. 

For, if not. A, B will measure some number 
which is less than C. 

Let them measure D. 

Then, as many times as A measures D, so many units let there be in F, 
and, as many times as B measures D, so many units let there be in F; 
therefore A by multiplying E has made D, 

and B by multiplying F has made L; [vn. Def. IQ 
I therefore the product of A, E is equal to the product of B, F. 
Therefore, as d. is to .6, so is F to F. [vn. 10] 

But A, B are prime, 

primes ate also least, [vn. 21] 

and the least measure the numbers which have the same ratio the same number 
of times, the greater the greater and the less the less; [vn. 20] 

therefore B measures E, as consequent consequent. 

And, sinoe A by multiplying B, E has made C, D, 

therefore, as B is to B, so is C to B. [vn. 17] 

But B measures E; 

thegefme C also measures Z>, tile greater the less: 
which is impostible. 

'IQierefore At B do not measure any>number lees titan C; > 

therefore C is the least that is measured by A, B. t 

Next, let A, B not be prime to one another, 
and let F, E, the least numbers those which have the same ratio with A, B, 
be fateu; . [vn. 33] 

therefore the product of A, B is equal to the product of B, F. [vn. 19] 
And let A by multiplying B make <7; 
therefore aliko B by miuitiplyiBg F has made €\ 

> therefore A, B measure C. 

I say next that it is also the least number 
that tiiey measure. ' ' 

For, if not. A, B will measure some number 
•whatii is less than C. > 

Let them measure Z>. 
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esad, as many timra as B measures D, so many units let tliera be in J?; s <. ^ 
Iber^ore il by mulUplying (? has made A ^ ’ ’ .<> . 

«md B by multipJyiag H hm made D. 

Ili^foro 1bepi<odimt<rfd»^ is equal to tibe product of £,£f; - ' = 

therefore, asAistoB, soisAtoA > Evov 19} 

But, as d is to B; ad is F to 
Thoefore also, as F is to B, so is £r to A 

But Fv 'B are least,' r 

and the least measure the numbers whieh baire the same ratio the im-twa num* 
ber of times, the greater the greater and the less the iess] [vn. 90] 

theaefore B measures G. 

And, since A by multiplying B, 6 has made C, D, 

therefore, as B is to A so is C to B. [VH. 17} 

But B measures G; 

therefore C also measures B, the greater the leas: 
which is impossible. 

Therefore A, B will not measure any niunber which is lees than C. 
Therefore C is the least that is measured by d, B. q. x; i>. 

PBOPOsmoN 35 

If two numbers measure any number, ibe least number measured by them unU alao 
measure the same. 

For let the two numbers d, B measure any number CD, 
and let B be the least that they measure; 

I say that B also measures CD. 

For, if B does not measure CD, let B, measuring DF, leave CF less than 
itself. 

^ 0 Now, since d, B measure B, 

F and B nmasures DF, ' 

^ ^ therefore d, B will also measure DF, 

But they also measure the whole CD; 
therefore they will also measure the remaindm* CF which is less thwi Et 

which is impossible. ' 

Therefore B cannot fail to measure CD ; . 

therefore it measures’ it. q. bl n. 


PaOFOsmoN 36 

Gimt Oueenuntbers, to find ^ least nimber<s^rith they measuH. 

ZiOt d, B, B be the three ^ven numbers; ’ 

thus it is required to fimi the least number which' tiiey 
a measure. 

B Leb B, the least mhnber measured by the tirro pm- 

Q here d, B, be takeo. ■ : • • 

Then C either measures, or does not-measure,' B. ■ 

“ ■' ■ ' ■ Ffest; let it meaaitfe it. r ' : . • 

^ ' But d, B also measure B; 

'tilireeloied;'B;'C.lheeeure A '■ 

• ‘1 say next that it is ^so the least that they measure. ‘ - 
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Foti M n6t, A, B, € iriU ixteasure fsonae muaber wlwli is less tbaa P, 

Let them measure E. 

Since A, B, C measure E, 

ther^ore also ^1, B measure E. 

Therefcffe the least number measured by A, B will also measure E. [vn. 35] 
But D is the least number measured by A, B; 

therefore D will measure E, the greater the less: 
which is impossible. 

Therefore A, B, C will not measure any number which is less than D; 

therefore D is the least tlmt A, B, C measure. 

Again, let C not measure D, 
and let E, the least number measured by C, D, be 
taken. [vn. 34] 

Since A, B measure D, .. 

and D measures E, 
therefore also A, B measure E. 

But C also measures E; 

therefore also A, B, C measure E. 

I say next that it is also the least that they measure. 

For, if not. A, B, C will measure some number which 
Let them measure F. 

Since A, B, C measure F, 

therefore also A, B measure F; 
therefore the least number measured by A, B will also measure F. [vn. 35] 
But D is the least number measured by A, B; 

therefore D measures F. ! 

But C also measures F; 

therefore D, C measure F, 

so that the least number measured by Z>, C will also measure F. 

But E is the least number measured by C, D; 

therefore E measures F, the greater the less: 
which is impossible. 

Therefore A, B,C will not measure any number v^ch is less than E. 
Therefore E is the least that is measured by A, B, C. q. e. d. 

Proposition 37 

If a number be meamred by any number, the number which is measured will have 
a part ccdUd by the same name as the measuring number. 

For let the number A be measured by any number B] 

I say that A has a part called by the same name as B. a — . 

For, as many times as B measures A, so many unite let ^ 

there be in C. 

Bince B measures A accmdmg to the units in C, C 

and the unit D also measures the number C according D — 
to the units in it, 

therefore tlm unit D measures the number € the same number of times as 'B 
measures A. 

Therefore, alternately, the unit D measures the number B the same number 
oi times as C measures A) [vn. 15] 
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tiierefore, whatever part the unit D is of the number B, the ai^ww part is C of A 
also. 

But tile unit is a part of the number B called by the same name as itj 
therefore C is also a part of A called by the same name as B, 
so that A has a part C which is called by the same name as B. q. b. d. 
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PROPOsmoN 38 

If a number have any part whatever, it will be measured by a number eaUed by the 
same name as (he part. 

For let the number A have any part whatever, B, 

and let C be a number called by the same name as the part B; 
ft I say that C measures A. 

For, since J3 is a part of A called by the same n«.mq 
as C, 

and the unit D is also a part of C called by the same 
— 0 name as it, 

therefore, whatever part the unit 2) is of the number C, 
the same part is B of .4 also; 

therefore the unit D measures the number C the same number of tupes that B 
measures A. 

Therefore, alternately, the unit D measures the number B the same number 
of times that C measures A. [vii. 15] 

Therefore C measures A. q. B. n. 


Proposition 39 

To find the number which is the least that viiU have given parts. 

Let A, B, Che the given parts; 

thus it is required to find the num^r which is the least that will have the parts 
A,B, C. 

Let D,E,Fhe numbers called by the same name as the parts A, B, C, 

. . and let G, the least number measured 

— by 2), E, F, be taken. [vn. 36] 

E Iherefore G has parts called by tiie 

F same name as D, E, F. [vn. 37] 

- But di, B, C are parts called by the 

^ same name as D, E, F; 

therefore 6 has the parts .il, B, C. 

I say next that it is also the least number that has. , , 

For, if not, there will be some number less than G which will have the parts 
A, B, C. 

Let it be H. 

Since H has the parts A, B, C, 

therefore H will bemeamir^ by numbers called by the same nameas,tiw parts 

A, BiC. [vn. 385 

But D, E,F sue numbers called by the. same name as the piarts B, C; 

therefore H is measured by D, E,Fi 
Aipl it is less than 6: which is imposuble. 

Therefore there will be no numbed less than G tiiat will have the parts A, 

B, C. . Q. a. n. 



BOOK EIGHT 


PsQFOSmON 1 

If ffure be as many numbers as m please in cotUinved proportion, and Ote extre/mes 
0 / ihem be prime to one another, the numbers are the kast of those whith have the 
same ratio with them. | 

Let there be as many numbers as vfe please, A, B, C, D, in conunued pro- 
portion, 

and let the extremes of them A, D he 
prime to one another; A 

I say that A, B,C, Dare the least of b 

those which have the same ratio with them, c c 

For, if not, let E, F,0,Hhe less than A, p ■ H_, 

B, C, D, and in the same ratio with them. 

Now, ance A, B, C, 2) are in the same ratio with-B, F, 0, H, 
and the multitude of the numbers A, B, C, Z) is equal to the multitude of the 
numbers E, F, 0,H, 

theref^, ex ae^puili, j 

as A is to 1), so is B to IT. [vn. 14] 

But A, B are prime, 

primes are also least, [vn^ 21] 

wd the least numbers measure those which have tiie same ratio the same num- 
ber bf times, the greater the greater and the less the less, that is, the antecedent 
the antecedent and the consequent the consequent. [vn. 20] 

Therefore A measures E, the greater the less: 

which is impossible. 

'^Therefore E, F, 0, H which are less ^an A, B,C, Dare not in the s^e 
ratio with them. 

Th^ore A, B, C, D ate the least of those which have the same ratio with 
them. ' . ' q.ii. dI 

* ' ' ' ; ' - I J i 

FBOFOsmoN2 

To find numbers in continued proportion, as many-as may be prescribed, and the 
least that are in a gmn ratio. . ) /. 

XiBlthemtio<!^ i4''1io Bbethe pvenmtiein ieia8tnuis^^ ' ^ ' 

thus it is required to find numbers in continued proportion, as many as maQT bet 
prisionbed, and the least 'tiiat am in tile ratio ' ’ . A >i.hi ^ 

Let four be prescribed; “ ’ ‘ ’ ■ ■ 

let by multiplying itself make C, and by >multi]^ying B let it ibalm ^ 
'iv- ' -Hlet'BItiy'nmltiifisiini'tiieK’ii^ '■■v<4T ^ 

f . further, tet il by multiplying C, B, B make F, (?, ff. . > yH 
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'i , u- > aaijietjf'by ittul%l3raog#in«keX.' "■ ■ • . ■ 

Kow, ffloce A by mv^it^yiag its^ hu > ' !i 

and by multipljdng B has made D, 

A - — c therefore, as ji is to £, so is C to 2>. 

B D [vn.l7] 

Ag^, ^ce A by multipljdng B 

E has made D, 

f ■; 6 and B by multi^ying itself has made 

II 

therefore the numbers A, B by mul- 
tiplying B have made the numbers 
D, E respectively. 

Therefore, as A is to fi, so is i) to £, 

But, as A is to B, BO is C to B; 

therefore also, as C is to B, so is I) to B. 

And, fflnce A by multiplying 0, B has made F, 0, 

therefore, as C is to B, so is B to 0. 

But,' as (7 is to B, so was A to B; 

therefore also, as A is to B, so is F to B. 

Again, tinoe A by multiplying B, E has made 0, H, 
therefore, as B is to B, so is B to B. 

But, as B is to B, so is A to B. 

Ilierefore also, as A is to B, so is G to H. 

And, since A, B by multii^ying E have made H, K, 
toerefore, as A is to B, so is B to B. 

But, as A is to B, so is F to G, and G to B. 

Iherefora also, as F is to G, so is G to B, and B to B; 
therefore C, B, E, and F, G, H, K are proportional in the ratio of A to B.> : 
I say next ttot they ore toe lee^ numbm that are so. 

Tor, since A, B are the least of those which have the same ratio with them, 
and toe least of those which have toe same ratio are prime to one ahother, ' 

‘[vni -213 

therefore A, B are prime to one another. 

And the numbers A, B by multiplyu^ toemsdves refq)ectively have macte 
the numbers C, E, and by multiplying the numbers G, E reeg)ectivd;^ have 
made the numbers F, B; , 

therefore C, E and F, B are prime to one ^toer respectively. [vn. 27] 
But, if there be as many numbers as we please in continu^ prop<»rtioa, and 
theextrmnes of them be prune to one anotiM^, they are the li^t of timse whlidh 
have toe same ratio with them. jj 

Thierefere <7, B, B lind F, G, B, B are toe feast of tiborevritibh lmvetite'emne 
ratio with A, B. ' 

^’iTbaisif'. Frem this it istnanifbst that, if three aumb^ in etmtinnsd^nopoi^ 
ti^bd'^toeleSStt^tobre whichhave toeSattieredm^^ itosm, the'Sxtremesdf 
toaaaresquMeSjandjiff^ntimberSjSUbeSi. ' ' ■' ’ ' 

mof^t mmAenoBwe plMtella renSmtied 

ratio uM tkm, the extremes are’priiittlS'enS ' 


[VH. 18] 

[vn. 17] 

[vn. 17] 

[vn. 18] 



182 EIKTUD 

Let as many numbers as we please, A, B, C, D, in continued prcqiortion be 
tbe least of those which have ^e same ratio with them; 

- - A ' B C 

0 


t F 


6 H 


K 


1 


M 


N 


0 

1 say that the extremes of them A, D axe prime to one another. 

For let two numbers E, F, the least that are in the ratio of A, p, C, D, be 
taken, \ [vn. 33] 

then three others 6, H, K with the same property; \ 

and others, more by one continually, \ [viii. 2] 

until the multitude taken becomes equal to the multitude of the n^nbers A, 
B,C,D. \ 

Let them be taken, and let them be L, M, N, O. 

Now, »nce E,F axe the least of those which have the same ratio with them, 
they are prime to one another. [vn. 22] 

i^d, since the numbers E, F by multipl}dng themselves respectively have 
made the numbers G, K, and by multipl 3 ring the numbers G, K respectively 
have made the numbers L, 0, [vin. 2, For.] 

therefore both G, K and L, 0 are prime to one another, j [vn. 27^ 
And, since A, B, C, D are the least of those which have the same ratio with 
them, 

while L, M, N, O are the least that are in the same ratio with A, B, C, D, 
and the multitude of the numbers A, B,C,Dia equal to the multitude of ^e 
numbers L, M, N, 0, 

therefore the numbers A, B, C, D axe equal to the numbers L, M, N, 0 le- 
spectively; 

therefore A is equal to L, and Z> to 0. 

And L, 0 axe prime to one another. 

Ther^ore A, D axe also prime to one another. q. b. d. 

Proposition 4 

Given as many ratios as tee please in least numbers, to find numbers in continued 
proportion which are the least in the given ratios. 

^t the given ratios in least numbers be that eiAtoB, that of C to D, and 
that of £ to F; 

thus it is required to find numbers in continued prt^oiiion which are the least 
that are in the ratio, A to in the ratio (rf C to Z>, and in the ratio £ to F.. 

Let G, the least number measured C, be taken. [vii..34] 

And, as many times as B measures O, so many times also let A measure H, 
and, as many times as 0 measures G, so many times also let D measure K. 
Now E dthw measures or does not measure K. 
lint, let it measure it. 
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And, ae'many times as B measures K, so many 1»nes 1^ F measure L 
Now, tdnoe A measures H tire same number ot times that B measures 
tiberefore, as ii is to so !s to 6. [vn. Def. 20, vn. 18] 

A — B 

C — D 

q 



For the same reason also, 

as C is to D, so is (? to AT, 
and further, as £ is to F, so is to L; 
therefore H, G, K, L axe continuously proportional in the ratio of A. to B, in 
the ratio of C to I), and in the ratio of F to F. 

I say next that they are also the least that have this property. 

For, iiH,G,K,Laxe not the least numbers continuoudy proportional in the 
ratios of A to B, of C to Z), and of F to F, let them be N, O, M, P. 

Then since, asAistoB, soisFtoO, 

while A, B are least, 

and the least numbers measure those which have the same ratio the same num- 
ber of times, the greater the greater and the less the less, that is, the antecedent 
the antecedent and the consequent the consequent; 

therefore B measures O. [vn. 20] 

For the same reason 

C also measures O; 
therefore B, C measure 0; 

therefore the least number measured by B, C will also measure 0. [vn. 36] 
But G is the least number measured by B, C; 

therefore G measures 0, the greater the less; 
which is impostible. 

Therefore there will be no numbers less than H, G, K, L which are continu- 
ously in the ratio of A to B, C to B, and oS E to F. 

Next, let F not measure K. 


B D — f 



Let M, the least number ntMasured by F, K, be taken. 

And, as maiQr times as K measures ilf,fiomaay tanm let H, G measure AT, 0 
reflectively, ' i' . ■ 



m ■' ' . r 

•ad^ wmy dixies «» iltaiMleit^itaeam^ Ainqt. 

^iQoe. H measures 3r the satae.vaiuaber .tioied lbat;(? mmfuxmfO, . . 

therefore, as H is to <?, «e Ui ^ to 0. [YQ. l&uui Def. an 
But, as J7 is to G, so is A to B; 

Iherefoie also, asAistoB, soisiV^toO. 

For the same reason also, 

as C is to 2>, so is 0 to ilf . 

Again, mnoe E measures M the same number of times that F measures P, 
therefore, as B is to P, so is M to P; [vn. 13 and Def. 20] 
therefore N, 0, M, P are continuously proportional in the ratios of A to B, of 
C to 2), and of B to P. - , i 

I say next that they are also the least that are in the ratios A : B,*C : 2>, B: P. 
For, if not, there will be some numbers less than N, 0, M, P continuously 
proportional in the ratios A:B, €:D, E ^P.‘ . 

Let them he Q, R, S, T. 

Now sinoe, as Q is to 22, so is A to B, 

while A, B. are least, 

and the least numbers measure those which have the same ratio with\them the 
same number of times, the antecedent the antecedent and the conseouept the 
consequent, [vu. 20] 

therefore B measures 22. 

For the same reason C also measures 22; 

therefore B, C measure 22. 

Therefore the least number measured by B, C will also measure B. [vn. 
But 0 is the least number measured by B, C; 

therefore G measures B. 

And, as G is to 22, so is B to B: [101.13] 

therefore K also measures 8. 

But B also measures B; . 

therefore B, K measure B. 

Therefore the least number measured by B, K will also measure B. [vn. 35] 
But ilf is the least number measured by B, K; 

therefore M measures B, the greater the less: 

. which is impossible. 

Therefore there will not be any numbem less than N, 0, M, P continuously 
proportional in the ratios of A to B, of G to 2), and of to P; < 
therefore N, 0, ilf , P are the least numbers continuously proportional in the 
ratios A: B, C:2>, B:P. ^ q.e.d. 

pBOFOSmON 5 - ■ 

Plane numbers home tovnaeawBier the ratio eompoundedef-^ ratios of Uieir sides. 
Let A, B be plane numbws, and let the numbers G,JD be the sidra of. A, and 

B, P of B; 

. I sfty tl^t AJ^ to B toe ratio compounded ci the ratios of the tidra. 

For, toe ratios being pven whito C has to B and Z> 'io P, let theleai^ num* 
hers G, H, K toat axe continuously ih'toe ratios C: Ei’DtT be sb tiia$, 
.,l••.,■;.■aaC,ie to Bj'sois.'tS'toiir* 1- • 
emd, As2>.wto2?i»o-fatff 
And let 2> by multqdytog E make L. . > ; 
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Nov, anoe D multipl 3 ring C hui inwi& A., and mohiplying E hw 
madeL, ' • ‘ 

^feeP^MOj asCisto®, BOiBil toL. 

But, as C is to £7, 80 is O to ■ • • 

' titerefore also, as Cr is to Jf, ab isjl to ij; , 
A Again, since S by nuflt^yingiD has made I/, and 

further by multiplying y 1^ made B, 

therefore, aS i> is to F, so is i to 'B. [VH. '17] 

® But, as /> is to iP, BO is£f , j' . 

^ ^ therefore also, as BT is to i^, so is L to B. ' < !' 

® But it was also proved that, 

H as 6 is to SO is A to Ly . . si 

K therefore, ex aegualt, 

“L as 6 is to i^, so is A to B. [vn. 14] 

'' But G has to K the ratio compounded of the ratios of the sides; 
ther^ore A also has to B the ratio compounded of the ratios of the. shies. 

Q* Wf% i 


RMPOsmoN 6 


If there he os many mmibere as toe please in eontinaed proportion, and the first do 
not measure the second, neither loiU any other measure any o&er. 

Let there be as many numbers as we please, A,’ B, C, B, E, in continued pro- 
portion, and let A not measure B; 

I say that neither will any other measure tmy other. 

Now it is manifest that A, B, 


A 

C, £>, B do not measure one an- 

8 

other in order; for A does not 

C 

even measure B. 


I say, then* that neither will 
any othra measure any othor. : 

£ For, if possible, let A measure 
C. 


G And, however many A^ B,<C 

H are, let as many numbers 

B, the least d those which have 
the same ratio with A, B, C, be taken. [■ra;33] 

Now, once F, 0, H arein the same ratio with A, B,C, mid the multitude of 
the numbers A, B, C is equal to the multitude of the numbers F,G,H,.. ' 
therefore, ex aequaJi, as A hi to <7, so is F to B. [vn. 
’Andautee,'as Am to B, so isF'to ^ 

' while A ;does not measure fi, . > . . > < 

therefore neither does F measure G; . {m. DU. $SI 

therefore’ F is not an tinit, for thetunit measures, any numbd: <1 
..<NowjF| B are pikheto <me mic^her^ .fnir. 3] 

And, as F is to B, so is A to C; , . . . 

'<■ ' ,.^tllereE(H»'neithar domi'''A'mea8(ue£'.! . 
fr^yBulariy we caWipitivsthat neither wih ether meamiih hiQr otheiti 
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if them be ae many mmibera as toe please in cmitinued proportion, and the first 
measure the last, it will measure the second also. 

Let there be as many numbers as we please, A, B, €, D, in continued pro- 
portion; and let A measure D; 

I say that A also measures B. ~~~~ 

For, if A does not measure B, neither B 

will any other of the numbers measure any c 

other. [vm. 61 p 

But A measures D. 

Therefore A also measures B. q. s. d. 


Pbofobit^o^ 8 

If between two numbers there foM numbers in continued propotiion wiHidhem, then, 
hotoever many numbers fall between them in continued proportion, soSmany wiU 
also fall in continued proportion between the numbers whi^ have (he spme ratio 
with the original numbers. 

Let the numbers C, D fall between the two numbers A, Bin contii^ued pro- 
portion with them, and let E be made in the same ratio to F as A is to B; 

I Bay that, as many numbers as have fallen between A, B in continued pro- 
portion, so many will also fall between E, F in continued proportion. 

For, as many asA, B, C, D 
are in multitude, let so many 
numbers G, H, K, L, the least 
of those which have the same 
ratio with A, C, D, B, be 
taken; [vn. 33] 

thoefore the extremes of 
them 0, L ate prime to one 
another. [vm. 3} 

Now, since A, C, D, B are in the same ratio with 6, H, K, L, 
and the multitude of ^ numbers A, C,D, Bis equal to the multitude of the 
numbers (?, H, K, L, 

therefore, ex aeguali, as A is to B, so is 6 to L. [vii. 14] 
But, as A is to B, so is B to F; 

therefore also, as 6 is to L, so is B to F. 

But 6, L are prime. 



primes are also least, [vn. 21] 

and tile least numbers measure tiiose which have the same ratio the same num- 
ber of times, the greater the greater and the less tiie less, that is, the anteced- 
Sftt the antecedent and the consequent the consequent. [vn. 20] 

Therefore G measures B the same number of tim^ as L measures F. 

: Next, as many times as G measures B, so many times let B, K also measure 
M, N respectively; 

therefore G, H, K, L measure E, M, N, F the same number of times. 
Therefcm H, ff, B, L are in the same ratio with B, Jf, N, F. [vn. Bef. 20] 
But <?, H, B, L are in the same ratio with A, C, D, B; 

tiier^ore A, C, 2), B are also in the same ratio with B, M, N, F. 
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Bui A,C, D, B ateia. oontiitued jproportios; 

therefore E, M, N, P are also in continued proportion; • 

Therefore, as numy numbors as have fallen between A, Bin eontinued pro- 
pwtion with them, so many numbers have also fallen between E, P in con- 
tinued prt^rtiim. q. li. n, 

PnoposmoN 9 

If two numbers be prime to one another, and numbers fdU between them in con- 
tinued proportion, then, however many numbers faU between them in eordinuCi 
proportion, so many wiU also fall between eadi of them and an unit in eontinued 
proportion. 

Let A,B\30 two numbers prime to one another, and let C, D fall between 
them in continued proportion, 

and let the unit be set out; 

I say that, as many numbers as fall between B in continued prop(»rtion, so 
many will also fall between either of the numbers A, B and the unit in con* 
tinued proportion. . 

For let two numlsers F, G, the least that are in the ratio of A, C, D, B, be 
taken, 

three numbers H, K, L with the same property, 
and others more by one continu^y, until their multitude is equal to Ihe multi- 


tude of A, C, D, B. [vin. SS} 

A H 

C K 

D L 

B 

£. M 

F- N 

fi-1 0 r- 

P 


Let them be taken, and let them be M, N, 0, P. 

It is now manifest that F by multiplying itself has made H and by multiply*' 
ing H has made M, while Q by multipl 3 ring itself has made L and by multiply-’ 
ing L has made F, [vra. 2, Por.} 

And, once Af , AT, 0, F are the least of those which have the same ratio with 
F, G, 

and A, C, D, B me also the least of those which have the same ratio with' 
F,G, [via. 13 

while the multitude of the numbers M, N, 0, F is equal to the multitude of the 
numbers A,C,D,B, 

titerefom Af, N, 0, F are equal to A, C, D, B reepeotivedy} 
tlmrefore M is equal to A, and F to B. 

Now, tinee F by BBiitiplyhog itsetf has ma^ AT, 

therefore F measiaes Af aoeoidiag to the umta is F; 

But the unit E also measutesF according to the units in it; 
thmefore tire unit E measures the number F the sasse mmdxroC times Ss^F 
meamiMfi. 



IIP ~ -WBiMiDy i.i 

TixBKiom, 88 ihe unit E ia to tiiainnBl>ar!l?» teis FioM* M 
Agak, ida(»i?l^ .muitiidyingirhaitiaai(le-^ .\ . ' 

: . ttoiOtOro. if nieasuins M aecocdkg to units in iP.'^ 

, But the unit Jt oJso jneaaures the niunfaeir F.aooonling to the imits ia it; ^ 
tii^«fOTe tile unit E measures the number F the same numho' c£ times tM 
measures M. 

Therefore, as the unit £ is to the nhnibet’ F, so is ^ to Af. 

But it was also proved tiiat, as Ihe unit £ is to the numbw F, so is F to H; 
therdore also,, as tim unit if is to the number F, soisF tb^T; and£ tpM. 

But Af is equal to A; 

therefore, as the unit E is to the number F, so is F to £r, and H to A. 

, For tiie same reason also, i 

as the unit F is to the number 6, so is & to L and L to B. 

Therefore, as many numbers as have falieh between A, B in continued pro* 
portion, so many numbers also have fallen between eadh of the nimbers B 
and the unit E in continued proportion. ' \ 'h. b. d. 

, Peopobitioi? 10 ' . \ 

If numbers /oil between each of two numbers and an unit in continued ^oporUon 
however many nvxnbers fall between each qf them and an unit in continued pro- 
portion, so many also wiUfaR between ^-numbers themselves in contimued pro^- 
tien. ; 

For let the numbers D, E and F, 6 respectively fall between the two num- 
bers A, B and the unit C in continued proportion; 

I say that, as many numbers as have fallen between each of the numbers A, B 
and the unit C in continued proportion, so many numbers will also fall between 
A, F in continued proportion. 

For let D by multiplyii^ F make H, and let the numbers D, F by multiply- 
ing H make K, L respectively. 

Now, since, as the unit C 
is to the number F, so is F « . 

toE. ; 

therefore the unit C measures ' ‘ ■ 

the numb» F tile tame num- 

bsr of times as F measures •:£ H-— — 

E,. [vn. Def. 20] F K — uii ' - 

i' But the unit C oKasures '■ ■ 

^ number F according to ^ 

the unite, in F^ ’ 

themfota the number F also measures E according to the units in F; 

thetekre F hymultiiriyihg itsdf Jias made fil > 

. . Again, sinoe, as C is to the numbCT F, BO is F to A, 

therefore the uidt G mtasures the numltar F the same number'pf' times as E 

measures A. ? ,r. 

But the unit C measures .tile number Fiaodorttingrib the uhitB ia F; - 
tfaerdbie F- aiaomeasuras AaecaMimgiio the'unitsia F; 

: jiherefoieFby;muitii%mg’Flu»niad0^ ' ■ ' • /: 

'^'lilvAhe^tataeistaBoa ahta'- ■'■h H ‘-.■■iiri r ■ 

F by multiplying itself has made 0, and by multiplying 0 haaMsfia^BPi'^ 
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And, dnoe lD't^ nudlipljdBi^ lIxieK made 'S' and ^ miiUdjMyiwgi Jf | m i^ 
made ff , ’ 

^ therefore, as i) is 4o:Pj' BO I b ^ to iff. ■ '-^fya.!?] 

F(»r tiie same reason also, 

as D is to iP, so is ff .to 0. [vh. Ifl 

TherefOTe dso, as is to /f, so is H to 0: 

Again, since D by muitiplyinc the numb»B E, H has made A, K irepeo* 
tively, . ..• . 

therefore, as £ is to Jff, so is A to K. {vn. IT] 

But, as is to H, BO is i) to F; ' ' 

’ therefore idso, as D is to F, so is A to A. 

Again, since the numbers D, F by multiplying B have made A, L respeo* 
lively, 

therefore, as Z) is to F, so is A to L. = [vn. IgJ 

But, as B is to f, so is A to A; 

Ihwefore fdso, as A is to A, so is A to L.> 

Further, since F by miiltiplying the numbers H, G has made L, B respee* 
tively, 

therefore, as A is to B, so is £ to A, - fvn. 17} 

But, as A is to Cr, so is B to F; <> 

therefore also, as B is to F, so is L to A. 

But it was also proved that, 

as B is to F, so is A to A and A to L; 
therefore also, as A is to A, so is A to L and £ to A. 

Therefore A, A, £, A are in continued projkjsiidn. 

Therefore, as many numbers as fall between each df the numbers A, A and 
the unit C in continued proportion, so many also wiHiall between A, A in con- 
tinued proportion. a' . . q, p, 

,* PBOPOsmoN 11 

Between two agmre numbers there is one mean proportional number, and the square 
has to the, square the ratio duplicate of that which lAe side has to ^ stcIe. 

' l«t A, A be square numbers, 

and let C be the ade of A, and D of B; ■ '> 

I say that betw^ A; A ‘there is'^ n^an proportional number, and A has 
^ ' to A the ratio duidicate ^ that wldch C has to Di 

^ I For let C by multiplying B m.ake A. 

' Now, dnce A is a i^uareaad C is its ride, 

c p. therefore C by mulrij^yii^ itseK has tdsM At 

f ' ' For the Brine reas^tdso', ' 

, ' Bbyretdtit>l^^iti%’itsrif hasri^ 

' ^ee, thexi, C by mulltiptyhig t^ ndnibere C, D has reads A; E recpsctivriy, 

, , theri^re,ri^ CistoB,.flois Ato A.' •’ ' lytr.lTj 

■'■'*Fwtiie'aaree reason 'abo;-‘ ■ '• • ‘"i '• • 

as C is to B, BO ihE td A. • ‘ ’ Ifigj 

Thei^dre’aIto,'aS A is'to'Fj'Sdis Atp*A.''''-'' ’• 

^nierefbre between A, A there is one mean preportional number. 

X say next that A riso has to A the ratio duplicate that which C has to B. 
For, since A, A, A are three numbers in prapottim, 
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tiitt^ore 4 has to £ lih« istio 4upli(^t9 of that which A has to E. [v. Def. 9] 
But, as is to BO is C to D. 

Therefore A has to B the ratio duplicate d that which the tide C has to D. 

Q. B. D. 

PaoposmoN 12 

Bekfiem two cube numbers there are two mean proportional numbers, and the cube 
has to the cube the ratio triplicate of that wMcb side has to the side. 

Let A, B he cube numbers, 

and let C be the tide of A, and Dd B; 

1 say that between A,B there are two mean proportional numbers, and A has 
to B ^ ratio triplicate of that which C has to D. 

For let C by multipl 3 dng 
itself make E, and by multi- ^ 
plying D let H make F ; B 

let D by multiplying itself 
make 0, 

and let the numbers C, D by 
multiplying F make H, K respectively. \ 

Now, since A is a cube, and C its tide, 

and C by multipl 3 dng itself has made E, 
therefore C by multiplying itself has made E and by multipljring E has made A . 
For the same reason also 

D by multiplying itself has made G and by multiplying 0 has made B. 

And, since C by multiplying the numbers C, D has made E, F respectively, 
thmefore, as C is to Z), so is B to F. < [vn. 17] 

For the same reason also, 

as C is to i>, so is F to Cr. [vn, 18] 

Again, tince C by multiplying the numbers E, F has made A, H respectively, 
therefore, as B is to F, so is A to [vn. 17] 

But, as B is to F, so is C to B. 

Therefore also, as C is to B, so is A to B. 

Agtin, tince the numbers C, D by multiplying F have made H, K lespee- 
tively, 

theref(H:e, asCistoB, soisBtoX. [vn. 18] 

Againt tiirce B by multiplying each of the numbers F, G has made K,Bie- 
i^)ectiveiy, 

therefore, asFistoG, soisZCtoB. [vn. 17] 

But, asFistoB, soisCtoB; 

therefore also, asCistoB, soisAtoB, fftolT, and KtoB. 
Therefore If, K axe two meui propmtionals bStween A, B. 

I say next that A also has to B the ratio triplicate of that which C hasto B. 
For, tince A, H, K, B axe four numbers in propcntion, 
ihetefore A has to B the ratio triplicate of that wMch A has to H. [v. Def. 10] 
Butv as A is to B, BO is C to B; 

therefore A also has to B the ratio triplicate of that which C has to B- 

n.s.]>. 




ELEimm vm 


m 


Pbofosition 13 

If there be as many numbers as we please in eontin/ued proportion, wnd eoik by 
mtdtiplying itself make some mmber, the products wQl be proportional; and, if the 
original numbers by multiplying the products make certain numbers, fte latter will 
also be proportional. . . 

Let there be as many numbers as we please, A, B, C, in ctmtinued prc^ior- 
tion, so that, as A is to so is B to C; 

let A, B, C by multiplying themselves make D, E, F, and by multiplying D, E, 
F let them make G, H, K; 

I say that D, E, F and 0, H, K axe in continued proportion. 

A G 

B H 

C K 

D 


F N 

L P 

0 Q. 


For let A by multiplying B make L, 
and let the numbers A, B by multipl}ring L make M, N respastively. 
And again let B by multiplying C make 0, 
and let the numbers B, C by multiplying 0 make P, Q respectively. 
Then, in manner similar to the foregoing, we can prove that 
D, L, E and G, M, N, H axe continuously proportional in the ratio of A to B, 
and further E, 0, F and H, P,Q,K axe continuously proportional in the ratio 
of B to C. 

Now, as A is to B, so is B to C; 

therefore D, L, E are also in the same ratio with E, 0, F, 
and further G, M, N, H in the same ralm with H, P, Q, K. 

And the multitude of D,L,Ev& equal to the multitude of E, 0, F and that 
of G, M,N,Hio that of H, P, Q, K-, 

therefore, ez aequali, ' 

asBistoB, soisBtoF, 

and, asGistoB, soisBtoB. [vn. 14] 


Proposition 14 


Q; n. n. 


If a square measure a square, the aide vfill edso measure die side; and, if the side 
measure the side, the square will also measure the square. 

Let A, B be square numbers, let C, B be their sides, and let A measure B; 

I s^ that C also measures D. 

For let C by muHapIying D make E; 
ther^qre A, E, B axe cmitinuously pn^iorlaonal in this, 
ratio (rf <7 to B. tym-Hi 

.^d, smce A, E, B are continuously propcMenal, 
and A msasures B, 

ther^ore A also measures E. (vrit )] 




m ■ .m'imom-i.n 

aaAisfxtE,aoiBC toD; 

tliei!ef<]M alio C' iiieaBures D. tvn. Def. 20] 

„ Agaii)i> let. C, measure Df , , . r 

. I say thatu4 also xaeasures J3. 

For, mth same oonstruoUim, we can inii similar maimer ^ve A, 
E, B axe continuously proportional in the ratio of C to D. 

ABdsiaee, a»CistoD, soisil toF, - : 

and C measures 

therefore A' also meamues F.' [vii. Def. 20] 

And A, E, B axe continuously proportional; 

therefore A measures B. 

Therefore etc. q. n. n. 


PBOK>MTfbN 15 

Ifaeube number measure a cube number, the side vnll also measure^fie side; and, 
if the side measure the side, the cube unU also measure the cube. 

For let the cube number A measure the cube B, 

and let C be the side of A and D oiB; 

1 say that C measures D. \ 

For let C by multipljdng itself make E, 

and let D by multipl 3 dng itself make G; 
further, let C by multiplying D make P, ' > ■ 

and let C, D by multipl 3 dng F make H, K respectively. 

Now it is manifest that E, F, ^ 

O and A, H, K, B axe continu- ^ 
ously proportional in the ratio " 

ci.GioD. [vni. 11, 12] C- h 

And, since A, H, K, B are 0— K 

continuously proportional, E 

and A measures B, g . 

therefore it dso measures B. _ _■ 

:[vra. 7] 

' And, as A' is to B, so is C to 2); 

therefore C also measures D. ' Def. 20} 

Next, let C measure D; . -■ 

I say that A will also measure B. 

For, with the same construetitm, we can prove m a similar manner that A^ 
H,K,B axe continuously proportional in the ratio of C to D. 

And, sinoe C measures D, 

. nnd, as f? is tO'i),.sois A to H,.. ' 

thj^om A also nmasiSes U, .. [vn. De& 21^ 
, • . . so .tiiat,A sneasureaB slso. . .Q. s<n; 


PadiPbi^ON 16 . , • - 

If ^ rmmberffieith^ reiOrSie aide meaewi 

i^s^;and, if the sidedo not measure theot^nsilt^wdl (h/aa^uare ineamtfe 


Let A, B be sqtmte numbers, and let.C, be ttieiriades; and let A not meae- 
uwBii . . 


■< V 



mmmmvm m 

I iiif t}uKfeyai^tbsr,4oM<<7 measun D. 

For,if CnieasnrasA^^&lsQiQeasuni^. tvntiU] 

. > But ^ doea wxt noi^^ 

therefore neither will C measure D. 

. . Again, let C not measure D; 

1 say that neither will A measure B. , - 

For, if A measures B, ^ mall also measure D, [Vni. 14} 

But C does not measure B; . 

therefore neither will A measure B. 


€_a.' 
fi — 


Q. X. D<. 


Proposition 17 


If a cube number do not measure a cube number, neither vnU Oie side measure ffte 
side; and, if ihe side do not measure the side, neither toUl the cube measure the cube. 
For let the cube number A not measure the cube number B, 
and let C be the side of A, and X> of B; 

^ ' I say that C will not measure.!). 

B . ' Fot if G measures D, A will also measure-B. 

c_ [VIH, 15] 

Q But A does not measure B; ^ 

therefore neither does C measure D. 


Again, let C not measure D; 

I say that neither edll A measure B. 
For, if A measures B, C will also measure D. 

But C does not measure !>; 

therefore neither will A measure B. 


[rtn. 151 


Q. B. D. 


Proposition 18 

Between two similar plane numbers there is one mean proportioned number; and 
the plane nwrd>er has to the plane number the ratio dupUcede of that whieh the 
corresponding side has to the corresponding side. 

: Lei A, B be two similar plane numbers, and let the numbers C, Z) be the 
sides al A, and E,F <AB. . >u> > 



E- 


Now, once oimlsr plane numbers' are those which have theii sides propm-- 
tional, ' [vn. Def. 21] 

therrfbre, as (7 is to P, so is B to F. 

I say then that between A, B there is one mean proportipnal'number, and A 
has to B the ratio duplicate of that which C has to B, or P to F, that is, <A that 
which the corte^on^ag ade has to the conespondtng side. 

Now snoe, as C is to P, so is B to F, 

.. M'thehefimsj^idteiiiately, att.G!'Js;to^i‘..8b’iB.PtoiF^^’ > - /[vstil^ 

And, since A is plane, and 'P^^P aie:Bs4idies, , , . . . . 

.ihd(efbMiPI)y.Dud^)|fitigP.;bmtnsde'A>^^^ 
[.‘itB^libe^Same reasmt also ; - 
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BUCtID 


B by multiplyiog F has made 
Now let D by multiplying E make 0. 

Then, since D by multiplying C has made A, and by multiplying E has made 

O, 

therefore, as C is to so is A to 0. [vn. 17] 

But, as C is to B, so is Z) to F; 

therefore also, asBistoF, soisAtoG. 

Again, since E by multiplying D has made 6, and by multiplsdng F has 
made B, 


therefore, as B is to F, so is G to B. [vn. 17] 

But it was also proved that, 

as B is to F, so is A to 

therefore also, as A is to.G, so is B to B. I 
Therefore A, B, B are in continued proportion. t 

Therefore between A, B there is one mean proportional numben 
I say next that A also has to B the ratio duplicate of that which the corres- 
ponding side has to the corresponding ade, that is, of that which C has to E or 
BtoF. \ 

For, since A, B, B are in continued proportion, ' 

A has to B the ratio duplicate of that which it has to B. [v. Def. 9] 

And, as A is to B, so is B to B, and so is B to F. 

Therefore A also has to B the ratio duplicate of that which C has to B or B 
to F. Q. B. D. 


Proposition 19 

Between two similar solid numbers there faU two mean proportional numbers; and 
the solid number has to the similar solid number the ratio triplicate of that which 
the corresponding side has to the corresponding side. 

Let A, B be two similar solid numbers, and let C, B, B be the sides of A, and 
F, B, B of B. 

Now, since similar solid numbers are tirose which have their sides propor- 
tional, [vn. Def. 21] 

therefore, as C is to B, so is F to B, 
and, as B is to B, so is B to B. 

I say tiiat betweoa A, B there fall two mean proportional numbers, and A 
has to B the ratio triplicate of that which C has to F, B to B, and also B to B. 
A 

B 

d- F 

D- - 6 

E — H 

K-> 

I— 

M 

' tet C by multiidymg B midie K, and tet F by multiidying B make L. 

Now, ance C, B are in ^e sas^ ratio with F, B, 
and B is the product cA C, D, and L the product ^ F, B, B, L are similar plane 
wmibers; [vn. Def. 21] 


N- 

0< 
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therefOTe between K, L there is one mean proportional number. [vm. ifQ 
Let it be M . 

Therefore JIf is the product tiiD,F,»a was proved in the theorem preceding 
this. [vrn. 

Now, ance D by multiplsdng C has made K, and by multiplying F W made 

Mf 

therefore, as O' is to F, so is /C to Af. [vn. 173 

But, as £ is to M, so is Af to L. 

Therefore K, M, L are continuously proportional in the ratio of C to F. 

And ance, asCistoB, soisFtoG, 

alternately therefore, as C is to F, so is Z> to 0. [vn. 18] 
For the same reason also, 

as B is to 0, so is F to H. 

' Therefore K, M, L ate continuously proportional in the ratio of C to F, in 
the ratio ot D to G, and also in the ratio of E to H, 

Next, let E, H by multiplying M make N, 0 respectively. 

Now, since A is a solid number, and C,D,E ate its ades, 

therefore E by multipl 3 dng the product of C, B has made A. 

But the product of C, B is F; 

therefore E by multipl}ring K has made A. 

For the same reason also 

H by multiplying L has made B. 

Now, since E by multiplying K has made A, and further also by multiplying 
Af has made N, 

therrfore, as £ is to Af, so is A to AT. (vn. 17] 

But, asFistoAf, soisCtoF, BtoB, and also E to H; 

therefore also, as C is to F, B to G, and F to B, so is A to N. 

Again, since F, H by multiplying Af have made N, 0 respectively, 

therefore, as F is to Af, so is N to 0. [vn. 18] 

But, as F is to If, so is C to F and B to G; 
therefore also, as C is to F, B to G, and F to If, so is A to Af aitd Af to 0. 

Again, since H by multiplying Af has made 0, and further also by muitiidy- 
ing L has made B, 

therefore, as Af is to B, so is 0 to F. [vu. 17] 

But, asAfistoL, soisCtoF, BtoG, and F to If . 

Therefore also, as C is to F, B to G, and F to If , so not only is G to F, but 
also A to JV and Af to 0. 

Therefore A, N,0, B ate continuously proportional in the aforraaid ratios 
of the sides. 

1 say that A also has to F the ratio triplicate of that which the correspond- 
ing tide has to the corresponding tide, that is, of the ratio which the number C 
has to F, or B to G, and also E to H. 

• For, tince A, Af , 0, F are four numbers m ocmtinued faroportion, 
therefore A has to F the ratio triplicate of that which A has to Af. [v. Def. 1(Q 
But, as A is to Af, so it was proved that C h to F, B to G, and also E to H. 
Tierefore A also has to F the ratio triplicate of that which the correspond- 
ing tide has to the corresponduig ticte, timt is, of the ratio rriiich the number 
GhastoF, BtoG, andc^Fto^. q.b.]>. 
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t*BOPOsm(m 26 

idne m4m proportional ntanber fM between two tmnAere, 4hie nutniMV wHH be 
t^rnMSar plane m/mbere. 

'' Fdr^ om mma propoitionai number C Mi betti^en tbe two numbers 
A,B} 

I say that A, S are similar plane numbers. 

Let D, E, the least numbers of those whieh have the' same ratio with .i4,- C, 
be taken; (vn.'33] 

therefore D measures A the same number of times that E measures C. [vn. 203 

Now, as many times as E measures A, so many units let there be in F; 
therefore F by multiplying D has made A, 
so that A is plane, and^P, F are its sides. j 
' Again, since D, E axe the least of the numbers which have the same ratio 
with C,B, . \ 

therefore D measures C the same number of times that E measures p. [vn. 20] 




\ 
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As many times, then, as E measures B, so many units let there be in (?; 
therefore E measures B according to the units in 0; ' 

therefore 0 by multiplying E has made B. 

Therefore B is plane, and £, <? are its sides. 

- Therefore A, £ are plane numbers. 

I say next that they are also similar. 

For, since F by multiplying D has made A; and multiplying E has 
made C, 

therefore, as D is to F, so is A to C, that is, C to B. [vn. 47] 
Again, anoe E by multiplying F, O has' made C, B respectively, 

therefore, as F is to (?, so is C to B. [vn. 47] 

But, as O is to B, so is B to B; 

therefore also, as B is to B, so is F to B. 

< And alternately,’ as B is to F, so is B to (7. [vn.< 13] 

Therefore A, B are amilar plane numbers; for their ades are propc^onali 
-ixT' ' ’ ' q. B. B. 

pBOF6si'nON,:|2l; ^ , j 

Jf two meampmparHenal numbers /oK between two^nveoAHra^ tbe numbaaore sthtf- 
tat soEd nvmbere. 

M.two meah prc^ortional numbers (7, B between t^o nun^hrs 

AfsBj' . ■ , '1 m: ■ ■ •. !ii,’ , ,1 

n'r.'i.’..-’ .i.,.I«aythatA, Bareiaate^Soiid'innnberB.' ' ^.r;; 
FOrlet'three numbers B, F, <?, the least\of-tha8e^ud)i<ih ham timaainesiilio 
with A, C, D, be Uhen; [vn. Zb or v m. 9^. 



mmmmvm ^ m 

therefcne the extiemes el them am pnme^ to one another. [Tax, 8} 
Now, sinoe one mean prq[K>^(^ nuihW P has fallen between 0^ 

^ << {viii;2l0 

Let, then, H, X be the ades of jB, and JL, MofO. 

Therefore it is manifest from the theorem before this that F, 'G are eon*- 

tinuously proportipnal in the ratio of H to L and lhat cdKtoM. 

A-— E 

F 
G 
H 
K 
L 
M. 

Now, since F, F, 0 are the least of the numbers which have the imme ratio 
with-A, C, 2), 

and the multitude of the numbers E, F, Q is equal to the multitude^of the num- 
bers Af C, D, 

therefore, ex aequali, as F is to (?, so is to i). [vn. 14] 
But F, G are prime, 

primes are also least, [vii; 21] 

and the least measure those which have the same ratio with them the same 
number of times, the greater the greater and the less the less, that is, the ante- 
cedent the antecedent and the consequent the consequent; [vii. 20] 

therefore F measures A the same number of times that G measures I>. 

Now, as many times as F measures -4, so many units let there be in N, 
Therefore N by multiplying F has made A, 

But F is the product of F, F; 

therefore N by multiplying the product of F, K has made A, 
Therefore A is solid, and F, F, N are its Sides. 

Again, since F, F, G are the least of the numbers which have the same ratio 
as C, D, Bf 

^ therefore F measures C the same number of times that G measures B. 
Now, as many times as F measures C, so many units let them be in Oi 
Therefore G measures B according to the units in (?; 

therefore 0 by multiplying G has made F, " 
r But G is the product of L, M; 

therefore 0 by multiplying the product of L, M has made F. 
Therefore F is solid, and L, Q are .i^te »4es; 

therefore A, F are solid. 

■ I say that they we ati^ winilir. ‘ ‘ ' ^ 

For, ance F, 0 by Hluilaprying F have Uaade 4i 

' ■ ^ ' ihereloie, w Ffe toO, sola A to C, that is, Fto F, ‘ lya- ifil 

But, asFistoF, ^WF toF ahd.F^ M; i ^ i 

therefore also, ah'F iis to £», sdal F to M and F to 0. 

And F, F, F are ihe cddos of A, ^>!ad 0, L, ilf the' Indus iil'F. ^ 

Therefore A, F are ’ Q* ». d- 
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PBOPOsmoK 22 

Jf three numbers be «n eonHmued proportion, and Ot/e first he equare, the third teiU 
cdeo be square. 

Let A, B, Che tiiree numbers in continued proportion, and let A the first be 

square; 

I say that C the third is also square. ^ 

For, since between A, C there is one mean propor- 
tional number, B, ® 

therefore A, C are similar plane numbers. [vra. 20] 

But A is square; 

therefore C is also square. q. s. n. 


Proposition 23 j 

If four numbers he in continued proportion, and the first be cube, tfiMourth vnll 
also be cube. \ 

Let A, B,C,Dhe four numbers in continued proportion, and let il be cube; 
I say that D is also cube. \ 

For, once between A, D there are two mean A 

proportional numbers B, C, B 

therefore A, Z> are similar solid numbers. C 

[vin. 21] D — 

But A is cube; 

therefore D is also cube. q. e. n. 


Proposition 24 

If two numbers hose to one another the ratio which a square number has to a square 
number, and the first be square, the second will also be square. 

For let the two numbers A, B have to one another the ratio which the 

square number C has to the square number D, and ^ 

let A be square; 

I say that B is also square. ® 

For, once C, D are square, P 

C,D are similar plane numbers. 

Therefore one mean prc^rtional number falls between C, D. 

Andf as C is to 2), so is A to B; 

therefore one mean proportional number falls between A, B also. 

And A is square; 

therefore B is also square. 


[vni. 18] 

Cvin.8] 

i;vin.22] 
q. E. n. 


Proposition 25 

If two numbers have to one another the ratio which a cube number has to a cube 
number, and the first be cube, the second will also be cube. 

. For let the two nundiers A, B have to one another the ratio which the cube 
number C has to the cube number B, and let A be cube; 

I say that B is also cube. 

For, since C, B are cube, 

C, Due similar solid^numbers. 
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Therefore two mean proportional numbers fall between C> {VXB. IQ 
And, as many numb^ as fall between C, D in eontinu^ in^opo^on, so 

' ' many will also f^ b^ween. 
* ^ those which have the same 

g F tiiem; [viH, 8] 

C— — so that two .mean proper^ 

D — tional numbers fall between 

A, B also. 

Let E, F so fall. 

Since, then, the four numbers A, E, F, B are in continued proportion, 

and A is cube, 

therefore B is also cube. [vin. 23] 

Q. B. D. 


Proposition 26 

Similar plane numbers have to one another the ratio which a square number has 
to a square number. , 

Let A, £ be similar plane numbers; 

I say that A has to B the ratio w'hich a square number has to a square number. 
A B 

c 

D E F 

For, ance A, B are amilar plane numbers, 

therefore one mean proportional number falls between A, B. [vni. 18] 
Let it so fall, and let it be C; 

and let D, E, F, the least numbers of those which have the same ratio with A, 
C, B, be taken; [vn. 33 or vni. 2] 

therefore the extremes of them Z>, F are square, [vin. 2, Por.] 
And since, as D is to F, so is A to B, 

and D, F are square, 

therefore A has to B the ratio which a square number has to a sqiuire number. 

Q. s. D. 


Proposition 27 

Similar solid numbers ham to one another the ratio which a cube number has to a 
cube number. 

Let A, B be similar solid numbers; 

I say that A has to B the ratio which a cube number has to a cube number. 

A C 

B 0 


E — F G H 

For, since A, B are tamilar solid numbers, 
therefore two mean proportions numbers fall betwera A, B. [vm. 19] 



D etyftSL, /•I-'.J’C* fi ■ 

aod HE, Fi €, IT^ l^ieftst umbi^iiis of IIum^ ivydli liat«:tbe same istici irHh 
Jt,-C, D, B, aDd«i^ untliihdm in mullitude, be taken; [vn. 38 or vm. 2] 

tb^oie tis extimes of them H are [vin.2, For.i 
And, as^-is’tbifj'soisji toB; < - - 

therefore A ateo has to B the ratio which a cube number has to a cube mmab^. 

■Q.B.n. 
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pBOPOSmONl 

If two similar plane numbers by multiplying one another make some rrniAer, the 
product wiU be square. 

Let A, B be two Eomilar plane numbers, and let A by multiplying B make C; 

^ I say that G is square. 

B For let A by multiplying itself make D. 

g Therrfore D is square. 

^ Since theii.4 bymultiplyingitselfhasHiade 

° D, and by multiplying B has made C, 

therefore, as is to B, so is Z) to C. [vn. lT] 

And, since A, B are similar plane numb^ 
therefore one mean proportionid number falls between A, BJ [vm. 18] 
But, if m^bers fail b^ween two numbers in continued prop<nrtion, as many 
as fall between them, so many also fall between those which have the seJtne 
ratio; [vni. 8] 

so that <me mean proportional number falls betwera B, C also: 

And Z) is square; 

therefore C is alcK) square. [vm.2^ 

Q. 0. 

FBOFOBmQN2 

If two numbers by multiplying one another make a square number, they are similar 
plane numbers. 

Let A, B be two numbers, and let A by multiplying B make the square no# 
ber C; 

I m.y’lhiA A, B am similar plane ambers. 

- For let A by multipl^g itatif make Z); 

therefore B is sqturev • . ' ! ’ 
2 Now, since A by molti^ying itself has 

' made Dysaid by'mt^pljdng B has msJk€, 

thmfore, as A is to B,<80 is B to C. ' < 

' Aiud, once B is equate, ^ 

therefm B, 0 are sunBm {dawimmbe^ ' >! •' 

Ihmefoie one mean proportional number fails between B, i [m£ IQ 
'f^And,' as B:is to G^'SO'IsA'ito B;. iiin ,t ; c. ■■■if'. 

iheeekue <»e nilean prqportictul imnd^ 

But, if one mean pnqxntional numbm* fail between two ambers,* they rate 
tteuTm*' plane numbers; m- • >'t < ' t’wn- 205 

i . ' therefore A, B are similar plane numbers. q. b. n. 

* 171 
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Proposition 3 

If a cube number by muIHplying itself make some number, the product vM 
cube. 

For let the cube number A by multiplying itself make B; 

I say that B is cube. 

For let C, the ade of A, be taken, and let C by multipl 3 dng itself make 2). 
It is then manifest that C by multiplying D has made A . 

Now, since C by multiplying itself has made D, ^ 

therefore C measures D accordii^ to the units in itself. ® 

But further the unit also measure C according to the c- 0 

units in it; 

therefore, as the unit is to C, so is C to D. Pm. Def. 20] 
Again, since C by multiplying D has'idade A, I 

therefore D measures A according to the units in C. \ 

But the umt also measures C according to the units in it; 

therefore, as the unit is to C, so is D to A. 

But, as the unit is to C, so is C to D; 

therefore also, as the unit is to (7, so is C to D, and DtoA. 
Therefore between the unit and the number A two mean proportional num- 
bers C, D have fallen in continued proportion. 

Again, since A by multiplying itself has made B, 

therefore A measures B according to the units in itself. 

But the unit dso measures A according to the units in it; 

therefore, as the unit is to A, so is A to B. [vn. Def. 20] 
But between the unit and A two mean proportional numbers have fallen; 
therefore two mean proportional numbers ^vill also fall between A, B. [vm. 8] 
But, if two mean proportional numbers fall between two numbers, and the 
first be cube, the second will also be cube. [vm. 23] 

And A is cube; 

therefore B is also cube. q. e. d. 

Proposition 4 

If a cube number by multiplying a cube number make some number, the product 
wiU be cube. 

For let the cube number A by multiplying the cube number B make C; > 

I say that C is cube. ^ 

For let A by multiplying itself make D; „ 
therefore D is cube. [ix. 3] 

And, since A by^ multiplying itself has „ — 

made Z>, and by multiplying B has made C 

therefore, asAistoB, soisDtoC. [VQ. 17] 

And, ance A, B are cube numbers, 

A; B are similar solid numbers. 

Therefore two mean proportional numbers fall between A, B; [vmi 19] 
so that two mean proportional numbers will fall between D, C alsa [vm. ^ 
And:J>iscube; 

therefore C is also cube . [vm. 23] 

Q* Da 
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Pitoi>08moN5 

If a cube number by multiplying any number make a eube number, the mutUpUed 
number will also be cube. 

For kt Uie cube number A by multiplying any nximber B miLfea the cube 
number C; 

I say that B is cube. 

A For let A by multiplying itself make D; 

B thkefore D is cube. [nc. 3] 

C Now, since A by multipl^ng itsdf has 

n made D, and by multiplying B has made 

C, 

therefore, asilistoB, soisDtoC. [vn. 17] 

And tince D, C are cube, 

they are similar solid numbers. 

Therefore two mean proportional numbers fall between D, C. [vin. 19] 
And, as D is. to <7, so is A to £; 

therefore two mean proportional numbers fall between A, B also. [vm. 8] 
And A is cube; 

therefore B is also cube. [vm. 23] 


PnoposmoN 6 

If a number by mvMplying itself make a cube number, it will itself also be eube. 
For let the number A by multipljdng itself make the cube number B] 

I say that A is also cube. 

A For let A by multiplying B make C. 

B ^nce, tiien, A by multiplying itself has made B, and 

„ by multiplying B has made C, 

therefore C is cube. 

And, since A by multiplying itself has made B, 

therefore A measures B according to the units in itself. 

But the unit also measures A according to the units in it. 

Therefore, as the unit is to A, so is A to B. [vn. Def. 20] 

And, ^ce A by multiplying B has made C, 

therefore B measures C according to the units in A. 

But the unit also measures A according to the units in it. 

Therefore, as the unit is to A, so is B to C. [vn. Def. 20] 

But, as the unit is to A, so is A to B; 

therefore dso, as A is to B, so is B to C. 

And, since B, C are cube, 

they are similar stdid numbers. 

’^erefcHO there are two mean proportional numbers betwe«a B, C. [vnii 10] 
And, asBistoC^soisAtoB. 

Therefore there are two mean proportional numbers betweoi A, B also. 

[vni. $] 

Aaaid B k cube; 

therefore A is rdso cube. EdL 2^ 
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coinpo^ nuinbar bff^imdU^pinf an^nitmier nuA^ »ome<^itmber, ^pivitul 
wiU be solid. 

For, let the oompoate numbOT A by multipl;ylQg>amy 'Dtmber' B Tn^f» .(jf« 

I say that C is solid, . . ,,.r 

For, since A is composite^ it' will be • if, 

mieasiued by ikHue number. B 

. -i [va-Def. 13] * 

Let it be meurored by D; 

and, as many times: as D measures A, ® ^ ^ — 

so many units let there be in 

Since, then, D measures A acoordi^ to the units in iS, < 

therefore E by multiplyihg D has made A. mj. Def. 15] 
And, smce 4 by multiplying B has made C, \ 

and A is tite product of D, Af, . \ 

therefore the product of D, E by multiplying B has madef?, 

' Iberefore <7 is solid, and D, E, B are its tides. 


Proposition 8 


\^Q. B. D. 


If as many numbers as we please beginning from an unit be in continued propor- 
tion, the third from the unit wSl be square, as wiU also those whidi successively 
leave out one; ^fourOi wUl be cube, as irnll also all those which leave out two; and 
Bus seventh wiU be at once aJbe and square, as will also those which leave out jive. 
Let there be as immy numbers as we please, A, B, C, D, E, F, beginning 

from an unit and in continued pro^rticm; i 

I say that B, the third from the unit, is square, asare also g i 

all tiiose which leave out one; C, the fourth, is cube, as g 

axe also all those which leave, out two; and F, the sev- ^ 
enth, is at once cube and square, as are also all those ^ 
which leave out five. , 

For since, aa the unit is to A, so is A to B, 
therefore the unit measures the number A the smne number of times' that A 
tamasuresB. . [vn. Def.20] 

But the unit measures the number. A according to the units in it; < 
thefefme A also zpeasores B according to the units in A. 

Ther^ore A by multiplying itself has made B; 

therefore B hi square. 

And, since B, C, D are in continuedi proportion, and.B.is.square, 

. thecefoxeZ) is also square. . [vm. 22] 

Fm the same reason ~ / 

. kalsojsipare 

Similarly we .can .piove that aUtiiose. winch leave out <Hie . are B(|iiaie.: f 
I say next that C, the fourth from the unit,is«eube,dasarB also all thoea whi^ 
leans! out two;.. > " .i ‘ 

!>! Ibv simie, as the unit is to A, so is B to C, 

therefme the unit measures the number A ^ same number times fhSt B 
iUeaaxKa-C. r -.vvir.-i ..>fs 

But the unit measures the number A acooiding to the units in A; 



&u:ia3il8ix in 

tiierefore B also measures C aecocdii^ to timuaita ' ' 

ISisiwfcm A% mu^lyi^’iS hai^aiiide-(J.^ 

^oe A by multiplying itself has made B, and by multipl^ng B has 
made (7, , 


therefore C is cube. 

And^ ianoe C, D',E,P tan in continued prop(»tion, and C is cube;- >' - ^ >3 
ther^re F is also eobe. 

But it was idso proved square; ■ . . i 

titeref<He tile seventh from the unit is both cube and square. ' 
Similarly we can prove that all the numbers whidi leave out five are dso 
both cube and square. q. b. n. 


PBOPOsmoKO 

If 08 many numbers as roe please beginning from an unit be in eonHmtedipropor- 
Hon, and the number after the unit be square, dU the rest reiU also be square. And, 
if the number af^ the unit be aibe, aU the rest reiU also be cube. 

Let there be as many numbers as we please, A, B, €, B, E, F, beginning 

^ from an unit and m continued propm^on, |nd let A, 

g the number after the unit, be square; 

g I say that all the rest will also, be square. 

0— — — — ** ^ proved that B, the thM from, the 

c unit, is square, as are also all those which leave out one; 

F [ra-8] 

I say that all the rest are also square. 

For, once d, B, C are in continued proportion, 

and A is square, 

-> therefore C is also square. - (vm.22] 

Again, since B, 0, D are in continued proporticm, < 

and B is square, 

Z> is also square. t^*22] 

Similarly we can prove that all the rest are also siplare. - : 

Next, let A be cube; 

I say that all the rest are also cube.* ' ' ' 

Now it has been proved that C, the fourth frcun tim UBit,'i»t!Ube, as also tue 

aOthose^di feave outtwo; ' [rs.^ 

I say that all the are also cube. > ' 

' 'Foif, nnce, as the unit is to A, so is A^to 

thoefore the unit measura A tie same number. Of tiinss aa A'measurei'B. 
But the unit' measures A' aceonding to tbe tunts^in it; ! 

titiaeitdte A also measitids B aoodK&% to'the Units in itsdf; 

' “ ' t^mfore'A by>nultip^|rjii|g kaw.ha8madeB.' ' : ■ 

'"'Ain)4A'‘iBcUbe;' ■' -i 

' ' ' But, if a cube number by multiplyii^ itself make some number, the prochbt 
iS'eube. _ 

Iherefcne B is also indie:’' 

Aad, since the four numbers A, B, C, JO are in eontinned ptdpat^bi3i^->'‘ 
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Fot tbe BiUBe xeaam 

E b also eube, and fdmilarly aJl Uta leat axe cabe. a* a. &. 

Proposition 10 

If as many numbers as w please beginning from an unit be in continued propor- 
tion, and the nundter after the unit be not square, neither toiU any other be square 
except die third from die unit and aU diose which leave out one^. And, if die number 
c^ter the unit be not cube, neither wiU any other be cube except.the fourth from the 
unit and all those which lease out two. 

Let there be as many numbers as we please, A,B,C, D, E, F, beriming from 
an unit and in continued proportion, 

and let A, the number after the unit, not be square; . 

I say that neither will any other be SqUare except the third frpm the unit 
<and those which leave out one>. 

For, if possible, let C be square. 

But B is also square; [nc. 8] 

[therefore B, C have to one another tilie ratio 
which a square number has to a square number]. 

And, as B b to C, so is A to fi; 
therefore A, B have to one another the ratio 
which a square number has to a square number; 

[so that A, B are similar plane numbers]. 

And B is square; 

therefore A b also square: 
which is contrary to the hypothesis. j 

Therefore C is not square. 

Simibrly we can prove that neither is any olber of the numbers square ex- 
cept the third from the unit and those which leave out one. 

Next, let A not be cube. 

I say that neither will any other be cube except the fourth from the unit and 
those which leave out two. 

For, if possibb, let D be cube. 

Now C b also cube; for it b fourth from the unit. [nc. 8] 

And, asCbtoZ),8obBtoC; 

therefore B also has to C ^ ratio which a cube has to a cube. 

And C b cube; 

therefore B b also cube. [vm. 2^ 

And sinoe, as. the unit b to A, so b A to B, 

and the unit measures A according to the units in it» 
therefore Aldso measures B aocording-to the units in itself; 
therefore A by multiplying itseif.has made the cube number B. 

But, if a numbw by multiplying itself make a cube number, it b idso itseU 
wibe. , . . : , {13CS.6] 

Tl^r^ore A b also cube: 

which b contraiy to the hypotiKsis. 

Tbeief«[ei^ ba9t«u.be. , 

Sintilatiy we can prove that nmther b any other of the numbers cube except 
tiho ^Nirth frmn the unit and tboee which leave out two. Q. n. n. 
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[vm. 26, converse] 
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ELBK&NTBtS 
PsoposmoN 11 

If 08 many number a at toe pZeote beginning from an unit be m amimued propor- 
Hon, ffte less measures the greater according to some one of the numbers lohich have 
place among the proportional numbers. 

Let there be as tmoy numbers as we please, B, C, D, E, be^nniag from tlie 
unit A and in continued proportion; 

^ I say that B, the least of the numbers B, €, D, E, 

measures E aceor^ng to some one of the numbers C, D. 
® For once, as the unit il is to so is D to F, 

therefore the unit A measures tiie number B the Hama 
0 - number of times as D measures E; 

E therefore, alternately, the unit ^4 measures D the same 

number of times as B measures E. [vn. 

But the unit A measures D according to the units in it; 

therefore B also measures E according to the units in Z); 

80 that B the leis measures E the greater according to some number of those 
which have place among the proportional numbers. — 

PoBiSM. And it is manifest that, whatever place the measuring number has, 
reckoned from the unit, the same place also has the niunber according to which 
it measures, reckoned from the number measured, in the direction of the num- 
ber before it. — q. e. d. 

Peoposition 12 

If as many numbers as we please beginning from an unit be in continued propor- 
tion, by however many prime numbers the last is measured, the next to the unit will 
also be measured by the same. 

Let there be as many numbers as we please. A, B, C, D, beginning from an 
unit, and in continued proportion; 

I say that, by however many prime numbers D is measured, A will also be 
measured by the same. 

For let D be measured by any prime number E; 


A 

F- 

I say that E measures A. 

B 

G- 

For suppose it does not; 

C 

H- 

now E is prime, and any prime 

D 

number is prime to any wldch it 

E — 


does not measure; [vii. 29] 


therefore , A are prime to one anotiier. 


And, since E measures D, let it measure it according to F, 
therefore E by multiplying F has maii^ D. 

Again, tince A measures D according to the units in C, [ix. 11 and Pw.] 
therefore A by multifdying C has made D. 

But, furtiier, E has also by mult^ibdng F made D; 

therefore the product of A, C u equal to the jn'oduct td E, F, 
Hierefoie, asAistoJii, soisFtoC. {vn. 19(] 

But AfE axe prime, 

primes are ahio least, [tu. 21] 

and the least measure those which have the same ratio the sdune number of 
times, the antecedent ^ anteoedent and the emuetpent the ooBseqimrtt; 
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tiierefim E measu^ C. 

Let it measure it according to <?; ' ' ' ’ ' ' 

' ' Itocfore B by iBultipl 3 rmg 0 has made €. \ 

Butj fhrther,'}^ thS theewem befme 

A has also by multiplying B made <7. [icj 11 aad Bor] 
Ther^ore the pFo<htct of-^, B is equal to ^ product 
Therefore, as A is to E,'aoisOto Bt ‘ [vn. 19] 

But A, Earn prime, i ; 

■ primes are idso least, [vn. 21] 

and the least numbers measure those which have the same ratio with them the 
same number dftimesj the antecedent the antecedent and the consequent tiiib 
consequent: [vn. 20] 

therefore E measures JB. , 

'■ Let it measure it according to If ; 

therefore E by multiplying H has made £.1 
But, further, A has also by multiplying itself made B; \ [nc. 8] 
therefore the product of £, If is equal to the square on W 
Therefore, as£istod, soisdtoH. ' '\ 

But A, £ are prime, ..\ 

primes are also least, [vn. 21] 

and the least measure those which have the same ratio the same number of 
times, the antecedent the antecedent and the consequent the consequent; - 

[vn. 20] 

therefore E measures A, as antecedent antecedent. 

But, again, it also does not measure it: 

which is impossible. t 

Iherefore E, A'<are not prime to ope another. 

Therefore they are composite to one another, 
t But numbers con^ositetomie another are measured by some number. 

[vn. Def. 14] 

And, since E is by hypothesis prime, 
and the prime is not measured by any number other than itself, 
tbetdFore E measures A, E, 

BO that £ measures A. 

[But it also measures 

tbereforo £ measures A, B.] 

Similarly we can prove that, by however many prime numbers D is meas- 
ured, A will also be measured by the same. 0 . B. n. 

Pboi>qsi;eipn 13 

If 08 many nttmWa ew m jdease^begiming frof$ran unit be ta continued propor- 
tion, and die number afterihe unitbe pnptefthe^yreatestmd not bemeasea^by 
any except Oioie iehuh haee a j^aee among the propoHiomd tamAere, >: ’ ; 

' * Let there be as many numbers as we pleasb,- A, B, C, D, beffhmngfvoiht'ahL 
unit axtd in continued {Moportion, and let A, thenumberalter thoimit, bepiiime; 
: ' 1 say that D, the greatest of them, wilinot be measured by any other numbm 
eaccept -i- - i’ • .'v/' i'lM. 

IW; tfpossiUe, let it be measured E, and let £noit.bei>&e aaraewithsm^ 

Uf the mmbms A, B, C. 





t'Sfeisithen maiufesti ^ .■fv'-'r , . < . i 

Fch:, if £ is prime tmd measures A ’ i 

it win also measure A [ix. ispliiiiie, thouj^ it is not the same with it: 

^ ^ '\idiicb is impaaMbi ■ 

^ ^ '^erriore :Ei8a0t'feiine. 

B F IhereforeitiscompcJMtd. 

c Q ' But any composite mim- 

D_ H— — — ^ — her b measured by some 

prime number; [vn^Sl] 
• . ‘therefore .Sis measured by smne prime number. 

I say next that it will not be measur^ by fmy other prime mccept Aj 
F or, if S is measured by another, 

and E measures D, 
that other will also measure Z>; 

so that it will alto measure A [nc. 12], which is prime, thou^ it is not the same 
with it: 


which is imposmble. 

Therefore A measures E. 

And, since E measures D, let it measure it acecading to F. » 

I say that F is not the same with any of the numbers A, S, C. 

For, if F is the same with one of the numbers A, B, C, 
and measures D according to E, 

therefore one of the numbers A, B, C also measures D according to E. 

But one of the numbers A, B, C measures D according to s(xne one of the 
numbers A, B,C; [nt. 11) 

therefore E is also the same with one of the numbers A, B,C: 
which is contrary to the hypothesis. 

Thet^ore F is not the same as any one of the numbers A, B,C. 

Similarly we can prove that F is measured by A, by proving again &at F is 
not prime. 

For, if it is, and measures D, ' 

it will also measure A [tx. 12], whidi is prime, though it is not the sdme withit: 

which is imposfflble; . 

therelois F is not i»ime. 

Therefore it is compofflte. ' ' ! 

But any composite number is rneasured by some prime number; [vir. 31] 
th«refbre>F is measured by some prime nundser; 

I say next that it will not be measured by any other prime except A. 

For, if any other primd nurrtemeaiEures F, 

■ ' ‘'and F' measures 21, 

; . -ri , that<otherw31alsdmeasu{e D; • :i 

totbat it will also measure A [dc. 12], which is prime, though it is not the same 

sithit: -li: r 

winch is imposs9)lei . ■> • 

Theiefmh A meesuWB'F.' i' ‘ ' 

And, lance F measures U dibcordmg to 'F, ' - 

•i >l I . &mefai^£:byhm}tiplyiiig F'b8eE^^ ' ' ; « 

But, farther, A has also by multiplying C made D; 

. M . therefore'fha prodtiefr ef ^AyC ss e<|thd.'to 'the<{nodaeti ei'Ei' F. ' ' ' i 



m mcuD 

Ther^ore, proportionally, aa ia to £, ao u F* to C. {vn. 19] 

But A meaaurea E; 

titeiefore F also meaaurea C. 

Let it measure it according to O. 

^milarly, then, we can prove that G is not the same with any of the numb^ 
Af B, and that it ia measured by A. 

And, since F measures C according to 0 

therefore F by multiplying 0 has made C. 

But, further, A has also by multiplying B made C; [ix. 11] 

therefore the product of A, B is equal to the product of F, 0. 
Therefore, proportionally, as A is to F, so is 6 to B. [vn. 19] 

But A measures F; 

therefore 0 also n)easures B. 

Let it measure it according to H. 

Similarly then we can prove that H is not the same with A. 

And, since G measures B according to H, 

therefore G by multiplying H has made B. 

But, further, A has also by multiplying itself made B; \ [ix. 8] 

therefore the product of H, G is equal to the square on A\ 
Therefore, as B is to A, so is A to G. [vn. 19] 

But A measures G; 

therefore H also measures A, which is prime, though it is not the same with it: 

which is absurd. 

Therefore J) the greatest will not be measured by any other number except 

A, B, C. Q. E. D. 

Pboposition 14 

If a number be the least that is measured by prime numbers, it will not be measured 
by any oOier prime number except those originally measuring it. 

For let the number A be the least that is measured by the prime numbers 

B, C,D-, 

Isay that A will not be measured by " ® 

anyotherprimenumberexceptB,C,Z). E ' ' C 

. For, if possible, let it be measured p 0 

by the prime number E, and let E not 

be the same with any one of the numbers B, C, D. 

Now, ance E measures A, let it measure it accordit^ to F; 

therefore E by multiplying F has made A. 

And A is measured by the prime numbers B, C, D. 

But, if two numbers by multipliring one another make some number, and 
any prime number measure the product, it will dXto measure one of the oripnal 
munbers; [vn, 30] 

therefore B, C, D will measure one of the numbers E, F. 

Now they will not measure E; 

for E is prime and not the same wilh any one of the numbars B, C, D. - 
Therefore they will measure F, which is less than A : 
which is imposable, for A is by hypotbeas the least numb(» measured by B, 

C, D. 

Therefore nio prune nrunber will measure A exsept Bi q,ii. n. 
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l*ItOFOSmON 

If three numbers in continued proportion he the lead of those whith home the same 
ratio triA them, any two vhakoer added together will be prime to the rmainitiy 
number. 

Let A, B, C, three numbere in ctHitinued proportion, be the least (rf those 
^ which have the same ratio with tiim; 

* B— — IaaythatanytwooftiienumbersA,B,C' whatever 

C- added together are prime to the remaining numbw, 

p f f namely A, B to C; B, C to A ; and further, A, C to B. 

For let two numters DE, EP, the least of those 
which have the same ratio with A, B, C, be taken. [vin. 2] 

It is then manifest that DE by multiplying itself has made A, and by multi- 
pl 3 ring EF has made B, and, further, EF by multiplying itself has made C. 

[vni. 2] 

Now, tince DE, EF are least, 

they are prime to one another. [vn. 22] 

But, if two numbers be prime to one another, 

their sum is also prime to each; [vn. 28! 

therefore DF is also prime to each of the numbers DE, EF. 

But, further, DE is also prime to EF; 

therefore DF, DE are prime to EF. 

But, if two numbers be prime to any number, 

their pr^uct is also prime to the other; [vn. 24] 

BO that the product of FD, DE is prime to EF; 
hence the product of FD, DE is also prime to the square on EF. [vn. 26] 

But the product of FD, DE is the square on DE together with the pn^uct of 
DE, EF; _ _ [n. 3] 

therefore the square on DE together with the product of DE, EF is prime to 
the square on EF. 

And the square on DE is A, 

the product of DE, EF is B, 
and the square on BF is C; 
therefore. A, B add^ together are prime to C. 

Similarly we can prove that B, C added together are prime to A. 

I say next that A, C added together are also prime to B. 

For, since DF is prime to each of the numbers DE, EF, 
the square on DF is also prime to the product oS DE, EF. [vn. 24, 281 

But the squares on DE, EF together with twice the {voduct ot DE, EF are 
equal to the square on DF; [ii* 4] 

therefore the squares on DE, EF togetiiier with twice the product of BB, EF 
are prime to the product of DE, EF . 

Separando, the squares on DE, EF together with Once the product of DE, 
EF are prime to the pr^uct of DE, EF. 

Therefore, separando again, the squares on DB, EF axe prime to the product 
of DE, EF. 

And the square OD J>B k'A, ■ > 

the product of JXB, BF is B, 

.c ' and the square mi BF is C. 



Iherdax A, C added am Q. 1 . 0 . 

PTOr 06 ITWW.l^__ .'...Vvl^ 

ff two numbarabe pHme to one andffm', the eeeond wSl mAbe,io mvioiQur,7amitr 
as the first is to Ow second. ■• . \u < > 

' .Fbr let 'the twt)numben4> ^^prisoetoioBe another; ' ' f ‘ 

I say that iS^is not tdaay' 0 !thec.numbcr.a 8 il'is to B. 

For, if. poainUe^-as ^ is td B, so let B^be to C; g 

, Now 4* B hrB'Ptime, ‘ 

., . 'prixnes axe also leaht, . ,.i . [vn. 21jl . 
nod the least mimb^ measure those which have the same ratio the same 
number of times, the antecedent the antecedent mmI the ccmsequent the' oonae- 
<$ueat; - , [vn.20] 

therefore 4 measures B m antecedent antecedent. 

But it also measures itself; 

therefore 4 measures 4, B which are prime to one anot 
. . : < ; which is absurd. . 

Therefore B will not be to C, as 4 is to B. >. . . \q. Ki. n. 

Pbopobition 17 ' ^ 

If (here he as many numbers as we please in continued proportion^ cmd the extremes 
of them be prime to one another, ike last vnU not be to any oGier number as the first 
to the second. 

• For let there be as. many numbers as we pleasei 4, B, C, D, in continued pro- 
portion, 

and let the extremes of them, 4, Z>, be prime to At—— B p . . 

me another; . c ■ - 

1 say that D is not to any other number as 4 d . 

istoB. 1 ■£ ■ . . 

For, if posable, as 4 is to B, so let Z) be to B; 

therefore, alternately, as4istoB, soisBtoB. [vn. 13] 

But 4, fi are prime, 

primes are also leaht, [vu. 21] 

and the least numbers measure those which have the same ratio the same num- 
ber of times, the antecedent the antecedent and the coBsequact the conse- 
quent. [vn. 20] 

Therefore 4 measures B. 

. 'And, as4 istoBr isoie BtoiC. ■ <- 
'IbeneforB B idsomeasuies C; 

. . < so that 4 also measures < u' 

'And'tianoe, aaBiB^1id:(?, iBo is C toBt, . - 1 

and B measurBs C,. > , ,, 

'A-.' 'i ■. ;i^iiSre£ore:Calsotaeasures<2>.< 

But4 measiued C; ... i a 

.i ' ■ i>': r 'Sb'that'A'ialBompasuteBfi.*' : •>. 

But it also measures itself; ■ ’ '< ■ U‘ 

ther^ore 4 measures 4, D which axe prixBe'to>nias anothns i - ’ -iV. 

Tlimefore D will not be'taah;$i\othmni»pabet‘aa!4 is to B. 





EtfiMENTSIX m 

“ '■ 

Gmn iwo numbers, to irweetigate.uAietba' it m pose^ to find a third proporiiemtd 
to them. . > ' ■ 

Let A, B be tbe given two numbers, and let it be required to investigate 
whether it is posable to find a l^ird propbiiiotud to them. i 

Now ii, B are either prime to one another or n(^. 

And, if they are prime to one another, it has been proved that it is impostible 
'to find a third proportional to them. [iz. 16] 

Next, let A, B not be prime to one anothw, 

and 1^ B by multiplying itself make C. . 

Then A other measures C or does not measure iti ^ 

First, let it measure it according to D; 

therefore A by midtipl^g £> has made C. 

But, further, B has also by multiplying itself made C; 

therefore the product of d, D equal to the square on B. 
Therefore, as d’is to B, so is B to D; [vn. 19] 

therefore a third proportioiml numbo* D has beSn found to A, B< 

Next, let A not measure C; 


B' 


I say that it is impossible tq find a third proportioiutl number to d, B. 
For, if posable, let D, such third proportional, have been found. 

Therefore the product of d, 2) is equal to the square on B^ . . ' 

But the square on B is .C; 

therefore the product bf d, D is equal to C. , 

. Hence d by multiplying D has made C; . . , \ 

therefore d measures C according to D. 

But, by hypotheas, it also does. not measjure it: 

I, w^ch is absurd. 

Therefore it is not possible to find a third proportional number to d, B when 
d does not measure C. Q. b. d. 


PBOi>OBmOM 19 

GiOen &iree minAm, ioit^esHffCite iohen it is posnMe tafindafimrth profutiiondl 

toOtem. '■ - ■ 

. . 1 . .. ' Letd, B^(?be'the'giveB:three-.iiumbers,'*ahd^let 

® it be required to investigate 'VhaMl it iS' postibte ^to 

® ' find a fouilh pbp<»ti<mal to them. 

[The Greek text ai this proposition is con 7 >Pt.‘ fifowe^, ki^Bagou^jr to I^j^ndtiQii 16 
n«ni«tinn that it fnur«. pmpftrtWma] to A, Bi OedMe'is thst A keSsUie the poAiet 
ofBaodC.] '■■{• )'i 

, ,,PBOPOBrpcm20 

Prime numbers are more than anjf fOSsigs^^miBiiude of prim nff#en|. h 
j C^^d, B, C be the asogiwd prime qKmbem; : , . < . ‘ 

^ pinw numbers than d, B, <7. 



1SI stKxiiy 

For let the least number measured by A, B, C be taken, 

mid let it be DB; 
let the umt DF be added to DE. 

Then EF is either prime or not. 

First, let it be prime; B 

then the prime numbers A, S,C,BF have 

been found which are more than A,B, C. ^ B 

Next, let EF not be prime; ^ ^ 

therefore it is measured by some prime number. [vn. 31] 
Let it be measured by the prime number 0. 

I say that O is not the same with any of the numbers A, B, C. 

For, if possible, let it be so. 

Now A, B, C measure BB; 

therefore O also w^t measure DE. 

But it also measures EF. \ 

Therefore 6, being a number, will measure the remainder, the Wt DF: 

which is absurd. \ 

Therefore G is not the same with any one of the numbers A, B,p. 

And by hypothesis it is prime. ^ 

Therefore the prime numbers A, B, C,G have been found which are more 
than the assigned multitude of A, B, C. Q. e. d. 


Proposition 21 

If <18 many even numbers as we please be added together, (he whole is even. 

For let as many even numbers as we please, AB, BC, CD, DE, be i^ded to- 
gether; 

I say that the whole AB is even. 

For, since each of the numbers AB, 

BC, CD, DE is even, it has a half part; * ? 5 ? E 

[vn. Def. 6] 

so that the whole AB also has a half part. 

But an even number is that which is divisible into two equal parts; [id.] 

therefore AB is even. q. e. d. 


Pbofositxon 22 

If as mamyiodd numbers <is we please be add^ together, and their mvititude be even, 
whole will be even. 

For let as many odd numbers as we please, AB, BC, CD, DE, even in multi- 
tudSi, be added toge^er; 

I say that the wh(^ AB is even. 

.. For, since each of the numbers 

AB, BC, CD, DM is odd, if nn unit * f . 9 9 ^ 

be subtracted from each, each of 

the remainders will be even; , [vn. Def. 7] 

so that the sum of thmh will be even. [nc. 21] 

But ^ multitude of the units is idso even. ' . 

Thmefore the whcde AB is also even. ’ [ix. 21] 
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If €uni<mp«dd mmbers asm jikam be added tog^her,itnd their mtdtitude be <>dd, 
the whok xoitt also be odd. 

For let as many odd numbers as we please, AB, BC, CD, the multitude 

which is odd, be added together; 

h § £ |J* I say that the whole AD is also odd. 

Let the unit DE be subtracted from C2>; 
therefore the remainder CE is even. [vn. Def. 7\ 

But CA is also even; [ix. 23^ 

therefore the whole AE is also even. fix. 21 ] 


And DE is an unit. 
Therefore AD is odd. 


[vn. Def. 7] 
Q. B. n. 


Proposition 24 

If from an even number an even number be subtracted, the remainder wiU be even. 

For from the even number AB let the even number BC be subtracted: 

A C B ^Bay that the remainder CA is even. 

" ' For, tince AB is even, it has a half part. [vii. Def. 6 ] 

For the same reason SC also has a half part; 
so that the remainder [CA also has a half part, and] AC is therefore even. 

Q. E. D. 


Proposition 25 

If from an even number an odd number be sid>tracted, die remainder vjQl be odd. 

For from the even number AB let the odd numter BC be subtracted; 

A C p B ^ remainder CA is odd. 

For let the unit CD be subtracted from BC; 
therefore DB is even. [vii. Def. 7] 

But AB is also even; 

therefore the remainder AD is also even. [ix. 24] 

And CD is an unit; 

therefore CA is odd. [vn. Def. 7] 

Q. B. D. 


Proposition 26 

If from an odd number an odd number be stAtraeted, die remainder wiU be even. 
For from the odd number AB let the odd number BG be subtracted; 

A 0 g I say that the remainder CA is even. 

-■ — For, since AB is odd, let the unit BD bo subtracted; 


thmefore the remainder AD is even. 
For the same reason CD is also even; 

so that the rranaindcS* CA is also evmi. 


[vn. Def. 7] 
[vn. Def. 7] 
[IX.24] 

■ ■ Q. a. D. 

PB0P0NnbN27 

If from an odd number on even number be mAtraekd, the remainder tetB be odd. 
For from the odd number AB let the even number BG be subtmetedl 





I say that ^ t«inaio4er,.CA is odd. 

I^t fite unit AD be subtractted;’' ' * 

v... . theref<uei>i^ iseveiii .. * 9 

But BC is also even; 

■■ ; I. tbecefcate the retnaiader CDiseveBt. 

Therefore Cd is odd. [vn. Def. 7] 

PnoposmoN 2^ 

Ifnn pdd number by multiplying an even number make some numiteri t^pra^iuet 
viU be even. 

For let the odd number A by multipl 3 dng the even number B make C; 

I say that C is even. • a • » > ■ 

For, since A by multiplying B has mkde C, 
therefore C is made up of as many numbers equal to B ® 
as there are units in d. • {vn. Def. 15] *' 

. And B is even; 

ther^ore C is imade up of even numbers. 

But, if as many even numbers as we please'be added together, th^ whole b 
even. {ix. 2ij 

Therefore C is even. Q. b.d. 

iRaoposmoN 29 


If an odd number by multiplying an odd number make some number, the product 
vnU be odd. 

Fm let the odd number A by multiplying the odd number B make <7; 

I say that C is odd. ^ 

For, sinee A by multiplying B has made C, ^ 

thmef<»e € is made up as many numbers equal to 

Bas-thereareunitsin A. [viLDef. 16] ® 

And each of the numbers A, B is odd; 
therefore C is made up of odd mxmbers the multitude of which is odd. 

Thus C is odd. [ix. 23] 

, T Q. E. D. 


PnoPOsmoN 30 


If an odd number m&xsure an even nimbkr, U dnU also measure theludf of it. 

. M Fot let the bdd number A measure the even number B; , . 

Irsayithatitsnllalso.measurethehalf ofAt.. • 

. For, since A meawres B, , . / , . ^ 

;.T , let'itimeasumit wooiAingtoCr 

I say tlrnt (? is not odd. ', i . ' ■ '' 

, For, if posable, let it be so. 

■ Tlrm, sinee A xneseures B acoordisc to . r. i < . 

. therefore A by multiplying C has made B. 

Therefore B is made up of odd numbers the multitude of vdiich is odd. 
Therefore Bis odd: . ot'f [ix.28] 


T^^gnfmo>C b iKd; Odd j i . 


!•; ■ • ';ii' ■■'ij !, V''*(‘iiiC5 hi.',' f'l' u/'i 
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' ' tba<^or6^uteltie&: • - 
i4 laeasiim B im ensn number of timeu. 

For tllk reason then it also measures the half’ of it. ’Q.S.ns''' 

PsoposmoN 81 

1/ an oddnumberie prime toant/’nunUier, itimaalsoie prime io tked(ftible^4L 
For lot tile odd number A be prime to any number B, 

' ’ and let C be double of 

A~— — . I Bay iiiat ^ is prime to C. 

g ; For, if tiiey are not prime to one smother, 

^ some number will measure them. 

„ Let a nunjber measure them, and let it be Z>. 

' Now A is odd; 

therefore D is also odd. 

And since JD which is odd measures C, 

and C is even, 

therefore [D] will measure the half of C also. [ix. 30] 

But B is half of C; 

' therefore D measures B: 

But it also measures A; 

therefore D measures A, B which are prime to one another: 
which is impossible. 

Therefore A cannot but be prime to C. 

Therefore A, C are prime to one another. q. b. n. 

PnoposmoN 32 

Eadi of ihe numbers which are continually doubled beginning from a dyad is even- 
times even only. 

For let as many numbers as we please, B, C, D, have been continually doub- 
led beginning from the dyad A; 

. I say that B, C, D are even-times even only. 

_ Now that each of the numbers B, C, B is 

® even-times ev«i is ma^est; for 4t is 

C ' " doubled from a dyad. 

■ ' " Isay that it is also even-times even only. 

For let an unit be set out. , , ' 

Since then as many numbers as we please beipnhing from an nmt ato in cot3^ 
tinuied proportion, ■ ' 

and the number A after the unit is prime, 
therefore D, the greatest of the numbers A, B,C, D, will not be mensarsd> by 
any other number except A, B, C. '{iX. 13] 

Andeach of the ndnberii A, B, C iseveh; ’ ' ' ' '' 

therefore £> is even-timeb even only. 8] 

Similarly we‘'naa'prwrn that eadh of l^ numbers B, Q is -even-times evai 
rady. : a, B. D. 

If a ntunber haH ^ hodf oddi it is even4imds 'odd onHy:^ - - ' 

iJtiFhirjBtlhemkabetil.hawits'half’ddd;'-’ 



W3DCm> 

I say that A is even-tiiaes odd only. 

Now that it is even-times odd is manifest; for half of it,'b^ag odd, sseas- 

uies it an even number ol times. [vn. Pef. 9] 

I say next that it is also even-times odd only. 

For, if A is even-times even also, ^ 

it tnll be nurasured by an even number according to an even number; 

[vxi. Def . 8] 

so fbat the half of it will also be measured by an evmi number though it is odd : 

which is absurd. 

ThereftMe A is even-times odd only. q. b. d. 

Peoposition 34 

If a number neither be one of those vhich are continually doubled fron^ a dyad, nor 
have its half odd, it is boOi even-times evWcmd even-times odd. 

For let the number A neither be one those doubled from a nor have 

its half odd; 

I say that A is both even-times even and even-times odd. 

Now that A is even-times even is manifest; 

for it has not its half odd. I^n. Def. 8] 

I say next that it is also even-times odd. 

For, if we bisect A, then bisect its half, and do this continually, we shall 
come upon some odd number which will measure A according to an even num- 
ber. 

For, if not, we shall come upon a dyad, 

and A will be among those which are doubled from a dyad: 

which is contrary to the hypothesis. i 

Thus A is even-times odd. 

But it was also proved even-times even. 

Therefore A is both even-times even and even-times odd. Q. n. D. 

Proposition 35 

If as many numbers as toe please be in continued proportion, and there he svb- 
traeied from die second and ^ last numbers equal to die first, then, as the excess of 
the second is to the first, so will the excess of the last be to all those before it. 

Let there be as many numbers as we please in continued proportion. A, BC, 
D, EF, beginning from A as least, 

sad let there be subtracted frmn BC and A— 

EF the numbers BO, FH, each equal 
to A; 

I say that, as is to A, so is EH f - ■ — -f 

to A, BC, D. - - t K H 

For let FK be made equal to BC, and FL equal to D. 

Then, once FK is equal to BC, 

and of these tiie part FH is equal to the part BO, 
therefore the remainder HK is equal to tiie remainder OC. 

And since, as EF is to D, so is D to BC, and BC to A, 

while D is equal to FL, BC to FK, and A to FH, 
therefore, as is to FL, so is LF. to FK, and FK to FH. 
Soparando, as EL is to LF, so is LK to FK, and KH to FH. . (vn. U,< 13] 
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. T%eit^<M also, as one ol tiie ajateoedents is to one oS the consequents, so are 
an the antecedents to all the consequents; [vlt. ISO 

therefore, as KH is to FH, so are EL, LK, EH to LF, FK, HF, 

But KH is equal to CO, FH to A, and LF, FK, HF to D, BC, A; 

therefore, as CCf is to 4, so is EH to D, BC, A. 

Therefore, as tire excess of the second is to the first, so is the excess of the 
last to all those before it. q. s. d. 

Proposition 36 

If as many numbers as we please beginning from an tmit be set owt continuously 
in doiMe proportion, urUU the sum of aU becomes prime, and if the sum mrdtipHed 
into the last make some number, the product wiU be perfect. 

For let as many numbers as we please. A, B, C, D, beginning from an unit 
be set out in double proportion, until the sum of all becomes prime, 
let E be equal to the sum, and let E by multiplying D make FO) 

I say that FO is perfect. 

For, however .many A, B, C, D are in multitude, let so many E, HK, L, M 
be taken in double proportion beginning from E; 

therefore, ex aequali, as is to D, so is to M. . [vn. 14] 
Therefore the product of E, D is equal to the product of A, M. [vn. 19] 
And the product of E, D is FG; 

therefore the product of A, Af is also FO. 

Therefore A by multiplying M has made FG-, 

therefore M measures FO according to the units in A. 

And A is a dyad; 

therefore FO is double of M. 



But M, L, HK, E are continuously double of eadi other; 
therefore E, HK, L, M, FG are eontinuoutily propintional in double proportion. 

Now let there be subtracted from the second HK and the Itot FO t^ num" 
bers HN, FO, each equal to the first E) 

therefore, as ^e excess of the second is to the first, so is the excess of the last to 
idl those before it. , [ix. ^ 

Tberefwe, as NK is to so is 06 to Af , L, KH, E. 

Ai^ is equal -to .S; 

therefore 00 is also equal to M, L, HK, E. 

But FO is also equal to E, 

and E is equal to A, B, C, D and tiie unit. 

Iheiefore the whole FO is equal to E, HK, L, M and A, B, C, D and the 
tout; 


and it is measured by them. 



''i-BiCcaHJ’::? 

,,ilsay alsotbat F^iviU notbe ii^itn^ed bgrssy^ otiiersHaa^eixe^ B, 
C,J>,^B,HK,L,M and ibe mat. ' • 

For, if posable, let some number P measure F(?, 
and let P not be the same witii any oS the numbers A, B, C, D, 'E, HK, iL,' ^M. 
And, as many times as P measures FO, so nuuiy uidts 1^ there be in Q; 

1 therefore Q by multiplying P has made FG, >'< > ! < 

But, further, E has also by multiplying D made F€h, ' r . - * i 

therefore, as P is to Q, sp is P to B. [vii. 19] 

And, since A, B, C, B are continuously proportional be^nning from an unit, 
therefore B mil not be measured by any other number except A, B, €. {ix. 18] 
And, by hypothesis, P is not the same urith any of the numbers A, B, <7; ' 

therefore P will not measure B. 

But, as Pis to B, so is B to Q; ^ i 

therefore neither d^s E measure Q. uvn. Def. 20] 
And E is prime; \ 

and any prime number is prime to any numbm: which it does notWeasure. 

'\ [vn/29] 

Therefore B, Q are prime to one another. \ 

But primes are also least, ' [vn. 21] 

and the least numbers measure those which have the same ratio the same num- 
ber of times, the antecedent the antecedent and the consequent the conse- 
quent; [vn. 20] 

and, as B is to Q, so is P to B; 

therefore B measures P the same number of times that Q measures B. 
But B is not measured by any other number except A, B, C; 

therefore Q is the same with one of the numbers A, B, C. ' 

Let it be the same with B. 

And, however many B, C, B are in multitude, let so many B, HK, L be 
taken beginning from B. 

Now B, HK, L are in the same ratio with B, C, B; 

therefore, ex aeguali, as B is to B, so is B to L. [yn. 14] 

Therefore the product of B, L is equal to the product of B, B. [vn. 19] 
But the product of B, B is equal to the product of Q, P; 

therefore the product of Q, P is also equal to the product of B, L. 
Therefore, as Q is to B, so is L to P. [vn. 19] 

And Q is the same with B; ' 

. therefore L is also the same with P: - 

wfai(^ is imposnble^ for by hypothec P is not the same with any of the num- 
bers set out. 

, Thuirefore no number will measure FO except A, B, C, D, B, HK, L, M ahd 
the unit. . , . ' ‘ ' 

And FQ was proved ^uai to A, B, C,-B, B, HK, L, add the tmit; ' 
and a perfect number is that which is equal to its owii parts; [vil.']M.'22] 

therefore FQ b perfect. q. e. i>. 
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DEFINITIONS I 

1 1 

1. Those iqiagnitudes are said to be cmnmsuraMe which are loeaeaied by 
the same measure, and those incommensurable which camrot have any com- 
mon measure. 

2. Strai^t Imes are commensurable in square when the squares aa them are 
measured by the same area, and incommensurable in square when the squatres 
on them cannot possibly have any area as a common measure. 

3. With these hypotheses, it is proved that there exist straight lines infinite 
in multitude which are commensurable and incomm^uraMe respectively, 
some in length only, and others in square also, with an assigned strm^t line. 
Let then the assigned straight line be called rational, and those straight lines 
which are commensurable with it, whether in length and in square or in square 
only, rational, but those which are inconunensurable with it irrational. 

4. And let the square on the assigned straight line be called rational and 
those areas which are commensurable with it rational, but t^ose whn^ are in- 
commensurable with it irrational, and the straight lines which pro(Uice them 
irraiieml, that is, in case the areas axe squares, the aides themselves, but in 
case they are any other rectilineal figures, the strai^t lines on which are de- 
scribed squares equal to th^. 

BOOK X. PROPOSITIONS 
PnoposmoN 1 

Two unequal magnitudes being set out, if from (he. greater there be siMveted a nmg- 
nitude greater than Us half, a^from 0^ which islefia magnitude greater than Us 
half, and if this process be repeated centir^uaSiy, there will be l^t some magnitude 
wh'^v^bekssIhanthelmertnagniti^sUout. 

Let AB, C be two unequal magnitudes of which AB is the greata; . ' 

I say that, H from AB there be subtracted 
1 ^ ^ f, a magnitude greater than its hdf, and from 

A — B ^ch » left a magnitude greater than 

D I 1 E ^ ^ process be repeated 

^ contintudly, there will be left eome nraghi- 

tude which willbelesstlum the magnitude C. 

Vest C if multiplied will sometime be greater than ABl u . v. 'Dri.’4] 

Let it be multiidied, and let be a muRipieiof C, and greater than AB; 
let DE be divided into the parts JPR, equal to Ci' r . ; < 

:h)fWk 4^. )ctth(NeilmiulMxaeted Bfi g^ ' 

and, from timn its ^ 

101 
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^tnd let this process be repeated continually until the diviaons in AB are equal 
in multitude with tiie divisions in DE. 

Let, then, AK, KH, HB be divisions which are equal in multitude with DF, 
FO, OE. 

Now, since DE is greater than AB, 

and from DE there has been subtracted EG less than its half, 
and, from AB, BH greater than its half, 
therefore the remainder GD is greater than the remainder HA. 

And, since GD is greater than HA, 

and there has been subtracted, from GD, the half GF, 
and, from HA, HK greater than its half, 
therefore the remainder DF is greater than the remainder AK. 

But DF is equal to C; 

therefore C is also j^ater than AK. 

Therefore AK is less than C. 

Therefore &ere is left of the magnitude AB the magnitude AK \^hicb is less 
tiian the lesser magnitude set out, namely C. \ q. e. d. 

And the theorem can be similarly proved even if the parts subtracted be 
halves. 


Proposition 2 

If, when the less of two unequal magnitudes is conlinuaUy subtraded in turn from . 
the greater, that which is left never measures the one before it, the magnitudes will 
be incommensurable. 

For, tiiere being two unequal magnitudes AB, CD, and AB bein^ the less, 
when the less is continually subtracted in turn from the greater, let that which 
is left over never measure the one before it; 

I say that the magnitudes AB, CD are incommensurable. 

For, if they are commensur- 
able, some magnitude will meas- E ^ 

ure them. 

Let a magnitude measure C— — — 0 
them, if possible, and let it be E; 

let AB, measuiing FD, leave CF less tiian itself, 
let CF measuring BG, leave AG less than itself, 
and let this process be repeated continually, until there is left some magnitude 
which is less than E. 

Buppose this done, and let there be left AG less than E. 

. Thmi, since E mmsures AB, 

while AB measures DF, 
therefore E will also measure FD. 

But it measures the whole CD also; 

therefore it wrill also measure the remainder CF. 

But CF measures BG; 

theroftMe £ also measures BC. 

But it measures the whole AB also; 
therefine it will also measure the lenudnder AG, the ^ater the less: 

whidi is impOBsibfei < 
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Hierefoie tlo mogaitodB will measure the mi^tudes ABj CD; 

therefore the magmtudeB AB, CD are iiuscnamensuraUe. [x. Def. 1] 
Therefore ete. 0. s. 

Pboposixion 3 

Given two commensitmbile magnitudes, to find their greatest eommon 
measure. 

Let the two ^ven commensurable magnitudes be AB, CD of which AB is the 
less; 

thus it is required to find the greatest common meaaire of AB, CD. 

Now the magnitude AB either measures CD or it does not. 

If then it measures it — and it measures itself also — AB is a common meae* 
ure of AB, CD. 

And it is manifest that it is also the greatest; 
for a greater magnitude than the magnitude AB will not measure AB. 
Next, let AB not measure CD. 

Then, if the less be continually 
Q p subtracted in turn from the greater, 

A—*—— — — — B that which is left over will smnetime 

C , p measure the one before it, because 

E AB, CD are not incommensurable; 

[of.x.2] 

let AB, measuring ED, leave EC less than itself, 
let EC, measuring FB, leave AF less than itself, 
and let AF measure CE. 

Since, Ihen, measures CE, 

while CE measures FB, 
therefore AF will also measure FB. 

But it measures itself also; 

therefore AF will also measure the whole AB. 

But AB measures DE; 

therefore AF will also measure ED. 

But it measures CE also; 

therefore it also measures the whole CD. 

Therefore AF is a common measure of AB, CD. 

I say next that it is also the greatest. 

For, if not, there will be some magnitude greater than AF which will meas- 
ure AB, CD. 

Let it be G. 

Since then 0 measures AB, 

wUle AB measures ED, 
therefore O will also measure ED. 

But it measures the whole CD also; 

therefore 0 will dSo measiue the teanahuimr CE. 

But CE measures FB; 

therefore 0 will also measure FB. 

But it measures the whole AB also, 
and it wiU thor^ore meaause the lemainicter AF, the greater the less: 

. i’ which is imposrible. 



gteater lihan AF win mea8aiiB4£^ €Dr< - V 
• thels^ore Ajf* lA^e grea£^ bommbn iaetumre qI 4B/CD. 
HicKfore the greatest common measure of the two given -eommrasiHUde 
mac^tudes AB, CD has been found. q. s. d. 

PoBisM. From this it is manifest th&t, If a magnitude measure two magni* 
tudes, it vdQ also measure their greatest omnmon measure. 


Pboposition; 4 

Oiven Oiree commensurable magnitudes, to find (heir greatest common measure. 

Let A, B,Cbe the tihree given commensurable magnitudes; 
thus it is required to find the greatest common measure of A, B, C. 

Let thei greatest ctanmon measure of the two 

magnitudes 4, B be taken, and let it be D: [x. 3] ^ 

then D either measures C, or does not nkasure it. B — 

First, let it measure it. c - 

Since then D measures C, P 

while it also measures A, B, 

therefore B is a common measure of A, B, C. 

And it is manifest that it is also the greatest; 
for a greater magnitude than the magnitude D does not measure 4,.B. .. 

Next, let D not measure C. 

I say first that C, D are commensurable. 

For, since 4, B, C are commensurable, 

some magnitude will measure them, 
and this udll of course measure 4, B also; 
so that it will also measure the greatest common measure of 4, B, namely B. 

[x. 3, Por.] 

But it also measures C; 

so that the said magnitude will measure C, B; 

Iher^ore C, B are commensurable. 

Now let their greatest common measure be taken, and let it be B. [x. 3} 
Since then E measures B,. 

while B measures 4, B, 
therefore E will also measure 4, B. 

But it measures C also; - ” > > 

therefore E measures 4, B, C; 

: therefore B is a common measure of 4, B, C. : 

I say next that it is also the greatest. *- '< 

For, if posfflble, let there be some magnitude F greater than E, and let it 
measure 4, B, C. _ _ ' 

Now, fidnce F measures 4, S, C* 

it will.also oteasoreA, B, 

and will measure the greatest common mehnoe of'4., B. fx. 8, fitir.] 

But the greatest caophaottmeasuie of AvB'isBf ' '' 

therefore F measures B. :.! ■ o A -.nt! 



But it measures C also; - . . . .. 

thertiFore F measures C, B>’< fi .v;fi 
lhaceitae F wiS also measuiRe ^ ^mtestecHnmoo measure nf-.f?, Di • '' i'n.-, 

. ■ [x.8,Por.] 
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therefoie I* measure the ffeabeae the less: 

which is impossible. ^ ^ ; 

Therefore no magnitude greater than the magnitude E will measure Af 
tiierefore E is the greatest common measure 6f il, JS, C if D doinot measure Gf 
and, if it measure it, D is itself the great^t common measuriB. 

Therefore the greatest common measure of the three gimi commensumUe 
magnitudes has l^en found. 

PoRiSM. From this it is manifest that, if a magnitude measure three magni- 
tudes, it will also measure thdir greatest common measure. 

Similarly too, with more magnitudes, the greatest common measure can be 
found, and the porism can be extended. q. e. n. 


Proposition 6 

Commensurable magnitudes have to one another the ratio uMch a number has to a 
number. 


Let Aj B be commensurable magnitudes; 

I say that A has to B the ratio which a number has to a number. 

For, since Ay B are commensurable, some magnitude will measure tibtem. 
Let it measure them, and let it be C. 


And, as many times as C meas- 
A B c uresA, so many units let there be 

D 

g and, as many times as C meas- 

ures B, so many units let there 

be in E. 

Since then C measures A according to the units in D, 

while the unit also measures D according to the units in it, 
therefore the unit measures the number D the same number of times as the 
magnitude C measures A; 

therefore as C, is to so is the unit to D; [vii. Def. ;20] 
therefore, inversely, as A is to so is I) to the unit. [cf . v. 7, P<w.] 

Again, ^oe C measures B according to the units in E, 

while the unit also measures ^ according to the iimts in it, 
therefore the unit measures E the same number lof times as C measures Bl 
therefore, as <7 is to .S, so is the unit to E. 

• iBut it.was also proved that, 

as A is to C, so is D to the unit; . 

therefore, ex aeguaU, ; ! 

as A is to so is the number 2> to .Si [▼. S 29 

Therefore the eommensuEabie magnitudes At B have to ono aneKtom' 
ratio which the number D has to the number E. q. e. n. 


PBOPOsmos: 6 

If: iwo vtagnUiuAu horn i» one anotier the ratio tehich a nwiiber hit to. « numisri^ 

^magnii/udesvMheeomme^^ ,v . . ' 

Fm let the two magnitudes A, B have to toie. another the rato>.trldchi.1he 
numl^, P, has to ithe humber. ^ . ■ ■ ■ . I 

•■Ijssy.that the .Rmgnitoks A., Sato ommnetmsiJideii ^ •>! 
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For let A be divided into as many equal parts as there are amts in D, 
and let C be equal to om of th^; 
mid let F be made up of as 
many magnitudes equal to C ^ 

as there are units in ^ ® C — 

Since then there are in 
as many magnitudes equal to 
C as there are units in D, 

whatever part the unit is of D, the same part is C of also; 

therefore, as C is to so is the unit to D. [vii. Def. 20] 
But the unit measures the number 2>; 

therefore C also measures A. 

And since, as C is to A, so is the unit to D, , 

therefore, inversely, as A is to C, so ib the number D to the umt. 

Ucf. V. 7, Pot.] 

Again, ance there are in F as many magnitudes equal to C as there are units 

inE, \ 

therefore, as C is to F, so is the unit to Ej Wii. Def. 20] 
But it was also proved that, \ 

as A is to C, so is D to the unit; 
therefore, ex aeqiiali, as A is to F, so is D to E. [v. 22] 

But, as Z) is to F, so is A to B; 

therefore also, as A is to B, so is it to F also. [v. 11] 

Therefore A has the same ratio to each of the magnitudes B, F; 

therefore B is equal to F. [v. 9] 

But C measures F; i 

therefore it measures B also. 

Further it measures A also; 

therefore C measures A, B. 

Therefore A is commensurable with B. 

Therefore etc. 

PoBisH. From this it is manifest that, if there be two numbers, as 2>, E, and 
a straight line, as A, it is possible to make a straight line [F] such that the 
given straight line is to it as the number Z> is to the number E. 

And, if a mean proportional be also taken between A, F, as B, 
as A is to F, so will the square on A be to the square on B, that is, as the first 
is to the third, so is the figure on the first to that which is similar and similarly 
described on the second. [vi. 19, Per.] 

But, as A is to F, so is the number D to the number B; 
therefore it has been contrived that, as the number B is to the number E, so 
idso is the figure oii the straight line A to the figure on the straight line B. 

Q« D* 


PnoposmoN 7 

Ineommenstarabk have not to one another the ratio tokuA a ntiniber haa 

to a number. 

Let A, B be ineommensorable magnitudes; 

I say that A has not to B the ratio which a number has to a numbffl*. 

For, if A has to B the ratio which a number has to a number, A will be com- 
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mensurable witb B. {x. €3 

But it is not; 

therefore A has not to B the ratio which a number has to a nnm* 

B ber. 

Therefore etc. q. a. d. 


Pboposition 8 

If two magnitudes have not to one another the ratio which a nunAer has to a number, 
^ magnitudes wiU be incommensurable. 

For let the two magnitudes A, B not have to one another the ratio which a 
number has to a number; 

^ I say that the magnitudes A, B are incommensurable, 

g For, if they are commensurable, A will have to B the ratio 

which a number has to a number. [x. 6] 

But it has not; 

therefore the magnitudes A, B are incommensurable. 

Therefore etc. q. b. d. 

PaoposmoN 9 

The squares on straight lines commensurable in length have to one amAhkr the ratio 
which a square number has to a square number; and squares which have to one an- 
other the ratio which a square number has to a square number will also have their 
sides commensurable in length. But the squares on straight lines incommensurable 
in length have not to one another the ratio which a square number has to a square 
number; and squares which have not to one another the ratio which a square 
number has to a square number will not have their sides commensurable in length 
either. 

For let A, B be commensurable in length; 

I say that the square on A has to the 

A . — square on B the ratio which a square 

— £ number has to a square niunber. 

P For, since A is commensurable in 

length with B, 

therefore A has to B the ratio which a number has to a number. [x. Q 
Let it have to it the ratio which C has to D. 

Since then, as A is to B, so is C to Z>, 

while the ratio of the square on A to the square on B is duplicate of the ratio 
of A to B, 

for similar figures are in the duplicate ratio of their corresponding ticbs; . 

[VI. 20, Pbr.] 

and the ratio of the square on C to the square <m B is duplicate of the ratio of 
C to D, 

for between two square numbers there is one mean proportional number, and 
tile square number has to the square number the ratio duplicate of that whi^ 
the side has to the side; [vm. U} 

therefore also, as the square on A is to the square on B, so is the square on C 
tq the square on Z>. 

I^ext, as the square on A is to the square <m B, so let the square on B be to 
ths'aqaate on £>; 
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!.'< . .1 say that A is ecM^eosuial^ in leiagth Ai s' -lUt-. m> 

For mnoe, as the square (m ^ is to the square m.Bt solsthB'iquare on C to' 
tie square <m J9, ■ i \ 

'viiile the ratio of the square on A to the square on B is duplicate of the fatio 
of A to B, 

and the ratio of the square on C to the square on D is duplicate of the ratio of 
CtoD, 

thoefore also, as A is to B, so is C to D. 

Therefore A has to B the ratio which the number C has to the aumbra D', 
therefore A is commensurable in lengtii with B. [x; 6] 

Next, let A be incommensurable in length with B; 

I say that the square on A has not to the square on B the ratio which a 
square number has to a square number. 

For, if the square on A has to the sqttate on B thte ratio which aj square num- 
ber has to a square number, A will be commensurable with B. 

But it is hot; 

therefore the square on A has not to the square on B the ratio wh![ch a square 
number has to a square number. 

Again, let the square on A not have to the square on B the raijo which a 
square humber has to a square number; 

I say tiiat A is incommensurable in length with B. 

For, if A is commensurable with B, the square on A will have to the square 
on B the ratio which a square number has to a square number. 

But it has not; 

therefore A is not commensurable in length with B. 

Therefore etc. I 

PomsM. And it is manifest from what has been proved that straight lines 
commensurable in length are always commensurable in square also, but those 
cohunensuraMe in square are not always commensurable in length also. 

• [Lemma. It has been proved in the arithmetical books that similar plane 
numbers have to one another the ratio which a square number has to a square 
nun^r, ■ [vin. 26] 

and that, if two numbers have to one «iother the ratio which a square number 
has to a square number, they are timilar plane numbers. [Converse of vin. 26] 
And it is manifest from these propositions that numbers which are not timi- 
lar pli^ numbers, that is, those which have not their sides proporticmal, have 
not to one another the ratio which a square number has to a square number. 

For, if they have, they will be similar plane numbers: which is contrary to 
the hypotiiesis. ■ . ■ 

'Therefore numbers which are not similar plane numbers have not to <me 
imothertimiatio which a square number ha8ix> a square number.]' ' < 

; , , Peopo^on 10 , , 

fVjKnd too ttrai^UMS mcommenisutoUe, ihe^ialeKgAotUg,«MiUt» otber^iH 
eim, toiffi an assigned siraigM line. 

t het.A.|ae'tl*t'assi0aed8tra^ht'line; -‘t:!: 

thus it is required to find two straight lines incommensurate', tire one in leagtii' 
only, and^timotiiM .in eqrnse’alse,' with A'ji .ji; 

Let two numbms B, C be set out whidt have mot. to one anotireFtItoxatiff 
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'whicli a square lulta^biar-lias toawpare Ihibtls, ate not dndlar 

plane numbers; 


0 - 

E- 

B. 

C- 


and let it be ocHitrived tiwt, f 

as B is to C, so is tbe square on A to tbe 8(|aaie on !>•' 

— for we have learnt bow to do this — 

therefore the square on A is eommensurable with the 

square on D. CS.'Q 

- And, since B has not to C the ratio whidx a square ndm- 

ber has to a square number, 

fheiefore neither has the square on A to the square cin D the ratio wfaksh a 
square number has to a square number; 

therefore A is incommensurable in l^gth with D. {X. 9] 

Let E be taken a mean proportional between A‘,D; 
therefore, as A is to 2>, so is t^ square on A to the square on E. {v. Def . ^ 

But A is incommensurable in length with Z); 
therefore the square on A is also incommensurable with the square on B; 

[*• 11 ] 


therefore A is incommensurable in square with E. 

Therefore two strai^t lines D, E have been found incommensurable, D in 
length only, and E in square and of course in length {dso, witii the assigbed 
straight line A. Q. B. n. 


PnoposmoN 11 

If four magnitudes be proportioned, and the first be commensurable with the second, 
the diird will also be commensurable with the fourth; and,^ if the first be ihcommenr 
mrable vnth the second, the third wild also be incommensurable with the fourth. 

Let A, B, (7, Z? be four magnitudes in proportion, so that, as A is to B, so is 
C to Z), 

and let A be commensurable with B; 

K - B I say that C will also be commensun^le 

C 0 with D. 

For, since A is comm^isurable with B, 
therefore A has to B the ratio which a number hiss to a number. ' [x. Si 
And, as A is to B, so is C to Z);^ 

therefore C also has to D the ratio which a number has to a nUnber; 

therefore C is commensurable with Z>. ' 

Next, let A be incommensurable with B; 

I say that C will also be. incommoiBUxahle with D. 

For, since A is incommensurable with B» 
ther^ore A has not to B the ratio which a number has to a number, [x. 7] 
And, as A is to B, so is C to Z); ' > » i ! 

thmefore neither has C to B the; ratio whhdi a bumher has to a number; 

therefore C is incommensurable with 1). ; ' ftb S] 

Thmefore etc. , 0. b. »• 

/.•■v-,. .... Fbofosiww, 11? .... 

Magnitudes commensurdbh with the same magnitude are cornmeguisd^dds wiStomni 
eawdhitrjditBt • . '• *'' ■ 

For let ecudt of the magmtudes A, B be ocmimnasurable with C; : ; ^ 
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1 say tiiat .1 is aJso c<nnmensaiable mth B. 

For, tdnce A is commensurable with C, 
therefore A has to C the ratio 

which a number has to a A C B 

number. [x, 5] D 

Let it have the ratio which _ ■ h 

D has to E. F ■■ K 

Again, ednce C is commen- - g — l 

surable with B, 

therefore C has to B the ratio which a number has to a number. [x. 5] 
Let it have the ratio which F has to G. 

And, given any number of ratios we please, namely the ratio which D has to 
B and that which F has to 6, . 

let the numbers H,K,L\)e taken continuously in the gpven ratiof^; [cf . vm. 4] 


so that, as B is to B, so is B to iC, 
and, as F is to 6, so is B to L. 

Since, then, as A is to C, so is B to B, 

while, asBistoB, soisBtoB, 
therefore also, as A is to C, so is B to B. ^ [y. li] 

Again, since, as C is to B, so is B to B, 

while, as B is to G, so is K to L, 
therefore also, as C is to B, so is B to L. [v. 11] 

But also, as A is to C, so is B to K; 

therefore, ex aeqttali, as A is to B, so is B to L. [v. 22] 

Therefore A has to B the ratio which a number has to a numbei;; 

therefore A is commensurable with B. [x. 6] 

Iberefore etc. q. e. d. 


PaoposmoN 13 

If i/wo magnitudes he commensurable, and die one of them be incommensurable with 
any magnitude, ihe remaining one will also be incommensurable until the same. 

Let A, B be two commensurable magnitudes, and let one of them. A, be in- 
commensurable with any other magnitude C; 

I say that the remaining one, B, will also be incom- A 

mensurabk with C. c — 

Fw, if B is commensurable wito C, B — — — 

while A is also commensurable with B, 

A is. also commensurable with C. [x. 12] 

But it is also incommensurable with it: 

which is imposGdble. 

Therefore B is not commensurable with C; 

ther^<H« it is incommensurable with it. 

Therefore etc. Q. B. n. 

Lemma 


Given two unegual straight lines, to find by what square the square on the greater is 
greater than the square on the less. 

Let AB, C be the given two unequal strai^t lines, and let AB be the greater 
ofthmu; 
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thus it is required to find by what square the square on AE is grsater than the 
square on C. 

Let the senucirole ADB be described, on AB, 
and let AD be fitted into it equ^ to C; {nr. 1] 
let DB be joined. 

It is then manifest that the angle ADB is 
right, [in. 31] 

and that the squsire cm AB is greater tha" the 
square on AD, that is, C, by the square on DB. [i, 47] 

Similarly also, if two straight lines be given, the straight line the square on 
which is equal to the sum of the squares on them is found in this manner: 

Let AD, DB be the given two straight lines, and let it be required to find the 
straight line the square on which is equal to the sum of the squares on them. 
Let them be placed so as to contain a right angle, that formed by AD, DB; 

and let AB be joined. 

It is again manifest that the straight line the square on which is equal to the 
sum of the squares on AD, DB is AB. [i. 47] 

Q. B. D. 

Proposition 14 

If four straighi lines be proportional, and the square on the first be greater than the 
square on the second by the square on a straight line commensurable with Ote first, 
the square on the third toill also be greater than the square on the fourth by the square 
on a straight line commensurable with the third. 

And, if the square on the first be greater than the square on the second by the square 
on a straight line incommensurable with the first, the square on the third will also 
be greater than the square on the fourth by the square on a straight line incommen- 
surable with the third. 

Let A, B,C,Dho four straight lines in proportion, so that, as A is to B, so is 
C toD; 

and let the square on A be greater than the square tm B 
by the square on E, 

and let the square on C be greater than the square on D 
by the square on F; 

I say that, if A is commensurable Arith E,Cw also com- 
mensurable with F, 

and, if A is incommensurable with E, C is also incom- 
mensurable Avith F. 

For since, as A is to so is C to Z>, 
therefore also, as the square on A is to the square on B, 
so is the square on O' to the square on D. [Ant. 22] 

But the squares on E, B axe equal to the square on A, 

and the squares on D, F are equal to the square on C. 

Therefore, as the squares onE, Bare to the squme on B, so are the squares 
on B, F to the square on D; 

therefore, separando, as the square on E is to the square B, so is the square 
on F to the square on B; [v. 17] 

thereforealso, asEistoBiSoisFtoB; {Aa.22] 

therefore, inverady, as B is to JS, so is B to F. 





m 

^ \ ^!>-n ■■ 

tiietefoie, ex oegualt, as A is to £t, BO is C to F. ‘ ' t^i®? 
ll!ersfore> if it is cQoatite&sani.ble with E, C'is also commensi^ble with F, 
andyif A i8ittcott»nBnBUiablewith.E, CisalroinoonunepsarabtewithF. (x. 11] 
'Iherefore etc. q. b. ». 

PsoposmoN 15 

Iflueo eonttMngu/rable magnitudei be cdied together, the whole will also he commen- 
surable wiih eoiich of them; and, if the whole be ammensurctble totih one t^ ffiem, ike 
>trigin(dmx^Uudes toiU alsohe eommensuralde. 

For let the two commensurable magnitudes AB, BC be added together^ 

1 say that the whole AC is also eommen- 
Burable with each oi the magnitudes AB, a 

BC. ■'* A ? 

For, since AB, BC are ccsnmensurable, ^ \ 

some magnitude will measure them. v 

Let it measure them, and let it be D. \ 

Since then D measures AB, BC, it will also measure the whole\AC. 

But it measures AB, BC also; ' 

therefore D measures AB, BC, AC; 
therefore AC is commensurable with each of the magnitudes AB, BC. 

’ [X. Def. 1] 

Next, let AC be commensurable with AB; 

I say that AB, BC are also commensurable. 

For, since AC, AB are commensurable, some magnitude will measure them. 
Let it measure them, and let it be B. ‘ 

Since theU D measures CA, AB, it will also measure the remainder BC. 
But it measures AB also; 

therefore Z> will measure AB, BC; 
therefore AB, BC are commensurable. [x. Def. 1] 

Therefore etc. ' q. b. d. 

Proposition 16 

< 

. If two incommeruurable magnUudes be added together, the whole will also be in- 
tdmnuntsurable with eadh of them; and, if the whole be incommensurable with one 
of them, the original magnitudes will also be incommensurable. : 

' For let ^e two incmnmensUrable magnitudes AB, BC be added a 
together; I say that the whole AC is also incommensurable with D 

each of the magnitudes AB, BC. 

- For,' if CA, AB are not incommensurable, some magnitude 
will measure them.’ 

Let it measure them; if possible, and let it be B; B. 

Since then B meaetares CA, AB, > 

‘ ifiiMef ore it >*ill 8fl«> measure the rMaatdnder BC. ' 

But it measures AB also; ' s-.i 

therefor B lUeasuies AB, BC. C > '■' 

‘ ITimrefmu AB, BC are commensurable; ' . ’ ' 

' ' but also, by'hypotlnt^i’iBetRUiUeinAirable: 



ELE9mTT9x jiii" 

Thstdltm no magnitude will measure CA, AB; 

ti^er^ote CA, AB are incammeaeurable. . De^ l] 
Similaiiy we can prove that AC, CB are also inemwtennuable.. . , 

Therefore AC is incommensurable wilii eMh. of the magiutudes AB, BXI. 
Next, let AC be incommensurable with one the magnitudes AB, BC. 
First, let it be incommensurable with AB', 

I say that AB, BC. are also incommemairable. 

For, if timy are commensurable, some magnitude will measure 
Let it measure them, and let it be D. 

Since, then, D measures AB, BC, 

therefore it will dso measure the whole AC. 

Bid^ it meawres AB also; 

therefore D measures CA, AB. 

Therefore CA, AB are commensurable; 

but they were also, by hypothesis, incommensuralide: 
which is imposrable. 

Therefore no magnitude will measure AB, BC; 

therefore AB, BC are incommensurable. [x. Def. 1] 

Therefore etc. H. b. d. 

Lemma 

If to any straight line there be applied a paraUdogram deficient by a square figure, 
^ applied parallelogram is equd to the rectangle contained by the segments of the 
straight line resulting from the application. 

For let there be applied to the straight line AB the parallelogram AD de- 
ficient by the square figure DB; 

i " i. . —, . 9 I say that AD is equal to the rectanid^ contained 

, by AC, CB. 

This is indeed at once manifest; 
c B for, since J[>B is a square, 

i>C is equal to CB; 

. and .42> is the rectangle AC, CD, that is, the rectangle AC, CB. 
Therefore etc. . q.b»d. ^ 


Proposition 17 

If there be tumunequal straight lines,and to the greaterUure be applied to aparaUdr 
ogram equal to the fourth part of the square on the less andidefideni by a square 
figure, and if it diride it into parts which are eommenmirabU in lengA, then ike 
square on the greater wHl be greater than the square on the less by the square on a 
dra^ht line commensurdbie wph the greater. . . . < 

And, if the square on the greater be greater than the square on Uw less by the square 
m a straight line oominensurabie with Qte greater, ami if therqhe,a^ied:tOi^ 
greater a paraUdo^ame^ail to Oiefourthpart of. the agwore on the less and defi~ 
dent by a squofe figure, it vM dvoide it into parts wMdh. are.. eomoenwmAde.ip 

.- 1 , , 

Let A, BC be two unequal straight lines, cd which BC is the greatmr, 
and let timie be appHed to BC a pamlldogi^ equal to the fourth part e/L the 
sqppppntheJte^ il,.timtiB,:p(gi4tothesqnwemi1^ehalf ef.4»4^d9fiQie^ 
mthhaitfae Bgpe, Let this be recbpnia BA : < {ef,.L^mnBl 
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[n.5] 


and let BD be commensurable in length with DC; 

I Ea^ that the square on BC is greater than the square on A by the square on 
a straight line commensurable with BC, 

For let BC be bisected at the point E, ->-,-, 4— — ^ 

and let EF be made equal to DE, 

Therefore the remainder DC is equal to BF. 

And, since the straight line BC has been cut into j 
equal parts at F, and into unequal parts at Z), ^ 

therefore the rectangle contained by BD, DC, together 
with the square on ED, is equal to the square on EC; 

And the same is true of their quadruples; 
therefore four times the rectangle BD, DC, together with four times the square 
on DE, is equal to four times the squa^ne on EC, j 

But the square on A is equal to four times the rectangle BD, DC; 
and the square on DF is equal to four times the square on DE, for DF is double 
of DE. \ 

And the square on BC is equal to four times the square on EC\fov again BC 
is double of CE, ^ 

Therefore the squares on A, DF are equal to the square on Bu, 
so that the square on BC is greater than the square on A by the square on DF, 
It is to be proved that BC is also commensurable with DF, 

Since BD is commensurable in length with DC, 

therefore BC is also commensurable in length with CD, [x. 15] 
But CD is commensurable in length with CD, BF, for CD is equal to BF, 

; [X. 6] 

Therefore BC is also commensurable in length with BF, CD, ‘ [x. 12] 

so that BC is also commensurable in length with the remainder FD; [x. 15] 
therefore the square on BC is greater than the square on A by the square on a 
straight line commensurable with BC, 

Next, let the square on BC be greater than the square on A by the square on 
a straight line commensurable with BC, 

let a parallelogram be applied to BC equal to the fourth part of the square on 
A and deficient by a square figure, and let it be the rectangle BD, DC, 

It is to be proved that BD is commensurable in length ^vith DC, 

With the same construction, we can prove similarly that the square on BC 
is greater than the square on A by the square on FD, 

But the square on BC is greater than the square on A by the square on a 
straight line commensurable with BC. 

Therefore BC is commensurable in length with FD, 
so that BC is also commensurable in length jdth the remainder, the sum of 
BF, DC, [X, 15] 

But the sum of BF, DC is commensurable with DC, [x. 6] 

80 that BC h also commensurable in length with CD; [x. 12] 

and therefore, aeparando, BD is commensurable in length with DC, [x* 15] 

Tlierefore etc. Q. n. 


PfiOPoernoN 18 

//Acre beimuneqml ^(xight lineB,ani toihegrealier therebe a^pplieda paraUd- 
Efiimequiil to Uie fourth pari of the d^mre on the koo <md deJU^t hy a sgudie 
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^igunf and if UdmdeUifa» parte are dteommmmrabkt^tguttnm^ 

greater will be grader than tiie eguare on Ote leee by the egmre on a Une 

inammmmrable wiOt the greater. 

And, if the eguare on the greater be greater than the egmre ontheleeeby0ie egbare 
on a etraight line incommeneurable with the greater, and if there be applied to the 
greater a parallelogram egual to the fourth part of die egmre ontheleee and d^ieient 
by a egmre figure, it dividee it into parte whidi are ineotimeneuraile. 

Let A, BC be two unequal straight lines, oi whidi BC is the greater, 

and to BC let there be applied a parallelogram equal to the fourth 
part of the square on the less. A, and defident by a square figure. 
Let this be the rectangle BD, DC, [cf . Lemma before x. 17] 

and let BD be incommensurable in length with DC] 

A I say that the square on BG is greater than the square on A by 
the square on a strai^t line incommensurable with BC. 

For, with the same construction as before, we can prove simi- 
larly that the square on BC is greater than the square on A by 
the square on FD. 

It is to be proved that BC is incommensurable in length with DF. 

Since BD is incommensurable in length with DC, 

therefore BC is also incommensurable in lei^th with CD. * [x. 16] 

But DC is commensurable with the sum of BF, DC; [x. 6] 

therefore BC is also incommensurable with the sum of BF, DC; [x. 13] 
so that BC is also incommensurable in length with the remainder FD. [x. 16] 

And the square on BC is greater than the square on A by the square on FD; 
therefore the square on BC is greater than the square on A by the square on a 
strai^t line incommensurable with BO. 

Aigain, let the square on BC be greater than the square on A by the square on 
a straight line incommensurable with BC, and let there be applied to BC a 
parallelogram equal to the fourth part of the square on A and deficient by a 
square figure. Let this be the rectangle BD, DC. 

It is to be proved that BD is incommensurable in length with DC. 

For, with the same construction, we can prove similarly that the square on 
BC is greater than the square on A by the square on FD. 

But the square on BC is greater than the square on A by the square on a 
strdght line incommensurable with BC; 

therefore BC is incommensurable in length with FD, 
so that BC is also incommensurable with the reminder, the sum of BF, DC. 

ft- 16 ] 

But the sum of BF, DC is commensurable in leqgth with DC; ft. 6] 
therefore BC is also incommensurable in length with DC, ft. 13] 
so that, eeparando, BD is also incommensurable in length with DC. ft. 16] 

Therefore etc. <Q. x. n. 

LxMita ' ' 

^ce it has been proved that, straight lines commensurable in Imlgth are al- 
ways commensurable in square also, while those commensurable in square are 
not always commensurable in lengdr also, but ean of course be dt^ omn- 
mmasQtiable or incommensurable in length, it is manifest tiiat, aiqr sbadgbt 
line be commmisurabie in length with a given rational straight line, it is cdSed 
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nutiiOB^jaHi o otnMBB W i raMe •with tiie iotliw aobonljr. in teoat^ Hat iH'sqtinji^ 
ateo,«m»<traS|^tiipeBCiami)Mnaiiinbtemlengfliai»aawa3Mc omrttai^iy< >h}t> 
in square also. . . ' n . .' 

But, if any 'Strai^t line be oommensarable in square Trith a s^ven ratiimal 
straight line, then, if it is also commensurable in length with it, it is called in 
this case also rational and commensurable with it botli in length in square; 

but, if agaui any strai^t line, being commensurable in square with a given 
rational stra^it line, be incommensurable in length with it, it is called in thin 
case idso rational but commen«uable in square mdy. 

PnoposmoN 19 

‘ 

The rectangle contained by roHmed etradght lidee tommenewrable in length is 
rational. 

For let the rectangle AC be contained by the rational 
commensurable in length; 

I say that AC is rational. 

For on AB let the square AD be described; 

therefore AD is rational. [x. Def. 4] 

And, since AB is commensurable in length with BC, 
while AB is equal to BD, 

therefore BD is commensurable in length with BC, 

. And, as BD is to BC, so is DA to AC. [vi. 1] 

Therefore DA is commensurable with AC. [x. 11] 

But DA is rational; 

therefore AC is also rational. [x. Def. 4] 

Therefore etc. q. e. d. 

PROFOSmON 20 

If a rational area be applied to a rationed straight line, it produces as breadth a 
straight line rationed and eommensurabh in length with the straigJd line to which 
it is applied. 

For let the rational area AC be applied to AB, a strai^t line once more 
rational in any of the aforesaid ways, producing BC as breadth; 

I say that BC is rational and commensurable in length with BA. 

For on AB let the square AD be described; 

therefore AD is rational. [x. Def. 4] 

.But AC is also rational; 

therefore DA is commensurable with AC, 

And, as DA is to A.C, so is DB to BC. [vi. 1] ^ 

, Therefore DB ^ also commensurable tnth BC; Xx. If] 

Land DB is equal to Bit; _ 
therefore AB is idsb commehisurable mth BC. 

But AB is rational; 

thmefore BC is tdso rational and ecBummunirable in length irith AB. 

. .'Therefore etc. ^ ' 

PBOPQ8iX!to]a2J , 

reefOflfffe Contained by.raiiontd idrai^-Mm^ totmtmamihh in agweremiy 
ie’imaiionfAf and the eideef .ihe squatre equad taiit ie maltmei. IM t^ Jatheg^ 
MadmediaL"' ; . ■■ \ 
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Forletihe recttum^ AChe coatnmedlQri^iwtlQoal rtntH^UBdSi4.B, BC 
eotmaeDsoroUeln squaze (mly; 

1 1 say that AC is irrational, and the side of tiie square equal to it» inational; 
and let the latter be eall^ imdddl. 

For on AB let the square AD be described; 

therefore AD is rational. [x: Def.'41 

ji^ And, rinoe AB is incommensurable in length with 5C, 

for by hypothesis they are commensurable iu squate only, 

.while A£ is equal to jBZ>, > < 

therefore DB is also incommensurable in length with BC. 
And, as Z7S is to £C, so is AZ> to.AC; [vi'.l] 

therefore DA is incommenairable with AC. [x. 11] 

But DA is rational; 

therefore AC is irrational, 

so that the ride of the square equal to AC is also irrational. [x. Def . 4] 

And let the latter be called medial. q. B: o. 



Lemma 

If there be two straight lines, then, as the first is to the second, 'So is the 
square on the first to the rectangle contained by the two stnught lines. 

Let FE, EG be two straight lines. 

I say that, as FE is to EG, so is the square aa 
FE to the rectangle FE, EG. 

For on FE let the square DF be described, 
and let GD be completed. 

Since then, as FF is to EG, so is FD to DG, [vi. 1] 

and FD is the square on FE, 

and DO the rectangle DE, EG, that is, the rectangle FE, EO^ 
therefore, as FF is to EG, so is the square on FE to the rectangle FE, EG. 

Similarly also, as the rectangle GE, FF is to the square on EF, that is, as GD 
is to FD, so is GE to EF. Q. s. d. 

PBOP 08 rnoN 22 , , 



The equme on a medial strcagkt line, ^ allied to a rational straight line, prodwes 
as breadth a straight line rational and incommensurable in length with that to whuh 
it is applied. 

• . Let A be medial and CB rational, «■ 

“j 1 and let a rectahgulair area BD equri to the 

square on A be applied to BC, produiring CD as 
G| ^ breadth; 

I say that GD'ts rational and incommensur* 
: ; able m.length with CB. > 

\ ■ < ! ' For, since A u medrai, the square on it is 

^ ' equal to a rectangular area contained by .rar 

1 — i I J tional straight lines ccanmenautaMe ih ripiare 

^ ° ^ . only. [x.2l3 

Let the square it be equal, to CF. . "> 

But tiie square on it is aim equal to JSD; 

i\'r: .^MUrifcueBBiseqcHd.toCF. t. 
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But it is also equiangular with it; 

and in equal and equiangular parallelograms the ades about the equal ua^es 
are reciprocally propwtional; [in. 14] 

therefore, proportionally, as BC is to EG, so is EF to CD. 
Therefore also, as the square on BC is to the square EG, so is the square 
on EF to the square on CD. [vi. 22] 

But the square on CB is commensurable witih Ihe square on EG, for each of 
these straight lines is rational; 

therefore the square on EF is also commensurable with the square ou CD. 

[X. 11] 

But the square on EF is rational; 

therefore the square on CD is also rational; [x. Def. 4] 
therefore CD is rational. 

And. tince EF is incommensurable in length with EG, 

for they are commensurable in square only, 
and, as EF is to EG, so is the square on EF to the rectangle FE, ^G, [Lemma] 
therefore the square on EF is incommensurable ivith the rectangle FE, EG. 

[X. 11] 

But the square on CD is commensurable with the square on EF, for the 
straight lines are rational in square; 

and the rectangle DC, CB is commensurable with the rectangle FE, EG, for 
they are equal to the square on A ; 

therefore the square on CD is also incommensurable with the rectangle DC, 
CB. [X. 13] 

But, as the square on CD is to the rectangle DC, CB, so is DCito CB; 

[Lemma] 

therefore DC is incommensurable in length with CB. [x. 11] 
Therefore CD is ratioiuil and incommensurable in length with CB. 

Q* S» Da 

Proposition 23 

A straight line commensurable ucith a medial straight line is n 
Let A be medial, and let B be commensurable with A; 

I say that B is also medial. 

For let a rational straight line CD be set out, 

and to CD let the rectangular area CE equal to the 

square on A be applied, producing ED as breadth; 
timrefore ED is rational and incommensurable in 
length with CD. [x. 22] 

And let the rectangular area CF equal to thasquiure 
on jB be applied to CD, producing DF as breadth. 

Since, then, A is commensurable witii B, 
the square mi A is also commensurable with the 
square on B. 

But EC is equal to the square on A, 

and CF is equal to the square on B; 
tiierefore EC is commensmrable with CF. 

And, as EC is to CF, so is ED to DF; 

ther^ore ED. is oommmsurable in lengtii with 
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But £D is mtiooal and mccBiuiffinsurabls in leogth witii DC; 
therefore DF is also rational [x. Def. 3] and incommensurable in Imigth with 
DC- [X. 13] 

Therefore CD, DF are rational and commensurable in square <Mily. 

But the straight line the square on. which is equal to the rectangle contained 
by rational straight lines commensurable in square cmly is medial; [x. 21] 
therefore the side of the square equal to the rectangle CD, DF is medial. 

And B is the mde of the square equal to the rectangle CD, DF;. 

therefore B is medial. q. b. d. 

PoBiSM. From this it is manifest that an area commensurable with a nredial 
area is medial. 

[And in the same way as was explained in the case of rationals [Lemma 
following X. 18] it follows, as regards medials, that a straight line commensur* 
able in length with a medial straight line is called medial and commensurable 
with it not only in length but in square also, since, in general, straight lines 
commensurable in length are always commensurable in square also. 

But, if any straight line be commensurable in square with a medial straight 
line, then, if it is also commensurable in length with it, the strai^t lines are 
called, in this case too, medial and commensurable in length and in square, 
but, if in square only, they are called medial straight lines commensurable in 
square only.] 

Proposition 24 


The rectangle contained by medial straight lines commensurable in length is medial. 
For let the rectangle AC be contained by the medial straight lines AB, BC 
which are commensurable in length; 

I say that AC is medial. 

For on AB let the square AD be described; 

therefore AD is medial. 

And, since AB is commensurable in length with BC, 

^ g while AB is equal to BD, 

therefore DB is also commensurable in length with BC; 
so that DA is also commensurable with AC. [vi. 1, x. 11] 
But DA is medial; 

^ therefore AC is also medial. [x. 23, Por.] 

Q. E. D. 


Proposition 25 


The rectangle contained by medial straight lines commensurable m sguare ordy is 
either rational or medial. 

For let the rectangle AC be contained by the medial straight lines AB; BC 
which are commensurable in square only; 

I say that AC is either rational or medial. 

For on AB, BC let the squares AD, BE be described; 

theref<»e each of the squares AD, BE is medial. 

Let a rational straight line FO be set out, 
to FO let there be applied Ibe rectangular parelelogram OH equal to AD, pro- 
ducing FH as breads, 

to HM let there be applied the rectangular parallelogram. equal to AC, 
producing HK as breadth, 




m wnmm 

and furliwr to jrjyr iet these be nmiUily ap^ied NL ec^ U^ SS, '(yrodadog 
flrtuf brnn^th; 

therefore FH, HK, KL are in a strais^t line. 

Since tiien «di of the tt^uares AD, BE a 

is medial, j 

and AD is equal to OH, and BE to NL, 
therefore each of tire rectangles OH, NL is 

also medial. — ' ^ 

And they ate applied to the rational ^ 

Wrai^t line j 

therefore each of the straight lines FH, KL ^ ^ 

is rational and incommensurable in length 
with FO. (X..22] 

And, since AD is commensurable wiw BE, 

therefore 6^ is also commensurable with ATL. 

And, as OH is to NL, so is FH to KL; \ [ti. i] 

therefore FH is commensurable in length with KL.\ [x. 11] 
Therefore FH, KL are rational strai^t lines commensurable in lengtii; 

therefore the rectangle FH, KL is rational. ' [x. 19] 

And, mnce DB is equal to BA, and OB to BC, 

therefore, as DB is to BC, so is AB to BO. 

But, as DB is to BC, so is DA to AC, [vi. 1] 

and, as AB is to BO, so is AC to CO; [^.1 

therefore, as DA is to AC, so is AC to CO. 

But AD is equal to OH, AC to MK and CO to NL; 

therefore, as OH is to MK, so is MK to NL; • 
therefore also, as FH is to HK, so is HK to KL; [vi. 1, v. 11] 

therefore the rectangle FH, KL is equal to the square on HK. [vi. 17] 

But the rectangle FH, KL is rational ; 

therefore the square on HK is also rational. 

Therefore HK is rational. 

And, if it is conunensurable in length with FG, 

HN is rational; [x. 19] 

but, if . it . is incommensurable in length with ^0, 

KH, HM are rational stiaight lines commensurable in square only, and there* 
fore HN is medial. [x. 21] 

Therefore HN is either rational or medial. 

But is equal to AC; 

therefore AC is either rational or medial. 

Therefcne etc. _ _ 0 . is. n. 

PsoFOsiqtioM 26 

A medial cu'ea does iwt exceed it medidm^ by uraUamd area. 

For, if posfflble, let the -medial area AB exceed tiie medial area AC by the 
rational area Z>B, ; 

't ' . ' ^ and Idt a raticHial attaint line BFbe set out; . . ^ . 

to EF let there be api^ied the rectangular parallelogram-Fifir eqiial to AB,-pt6‘ 
^kihing JBlBas'btOadth^’’'' ■ • *■ y, < i 

and let the rectangle FO equal to AC he’fldbtiiacted;^. ntlwi 
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theiefcae the remainder BD is equid to the tomidadw Jtff. 

But is rational; . ; > ' - 

E toetefore RH is also rational. 

Since, thai, eadi (d the reetai^tes AB, 
AC is medial, 

and Afi is equal to jPfl’, and .AC to fO, 
c therefore each of the reetangles FH^ FQ ia 
also medial. f 

H And they are applied to the rati<toai 
strught line EF; 

therefore each of the straight lines HE, EG is rational and innftmm^mrahfai) in 
length with EF. Ix. 221 

And, since [DB is rational and is equal to KH, 

therefore] KH is [also] rational; 
and it is applied to the rational strai^t line EF; 
therefore GH is rational and commensurable in length with EF. [x. 20] 
But EG is also rational, and is incommensurable in length with EF; 

therefore EG is incommensurable in length with GH. [x. 13] 
And, as EG is to GH, so is the square on EG to the rectangle EC, GH; 
therefore the square on EG is incommensurable with the rectangle EG, GEL 

[X. 11] 

But the squares on EG, GH are commensurable with the square on EG, for 
both are rational; 

and twice the rectangle EG, GH is commensurable with the rectangle EG, GH, 
for it is double of it; [x. 6] 

therefore the squares on EG, GH are incommensurable with twice the no- 
tangle EG, GH; [x,133 

therefore also the sum of the squares on EG, GH and twice the rectai^ EG, 
GH, that is, the square on EH [ii. 4] is incommensiuable with the squares oh 
EG,GH. 

But the squares on EG, GH are rational; 

therefore the square on EH is irrational. [x. Bef. 4] 

Therefore EH is irrational. 

But it is also rational: 

which is impossible. 

Therefore etc. q.. m 

PEOPOsmo®f 27 

TofindmedM^ttigMUim<mmmmnibkin^pMreonlyv>hieheontain 
a rational reckmgU. ; 

Let two rational straight linesA, Econmentorable in square 
only be set out; 

let C be tak^ a mesh proportional betwera A, B, [vi. 13] 
and let it be rehtiived that, 
as A is to E, so is C to ' [toil’lgl 
Hhoi, since A, E-are rational md >oommen8und>le in 
square only, ■ 

the rectang^ A; E,tiiat is, tiie aquare on C ' ^ ' 
]yi. 1^, is methaL tx. 21] 
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Therefore € is undial. {x. 21] 

And since, as A is to B, so is C to D, 

and A, B are commensurable in square only, 
therefore C, B are also commensurable in square only. [x. 11] 
And C is medial; 

therefore D is also medial. [x. 23, adctidon] 

Therefore C, D are medial and commensurable in square only. 

I say that they also contain a rational rectangle. 

For tinoe, asAistoB, soisCtoZ), 

therefore, alternately, as A is to C, so is B to 2). [v. 16] 

But, as A is to C, so is C to B; 

therefore also, as C is to B, so is B to B; 
therefore the rectangle C, D is jpqual to the square on B.j 
But the square on B is rational; 

iherefore the rectangle C, B is also rational. 

Therefore medial straight lines commensurable in square only hWve been 
fo\md which contfun a rational rectangle. 4 

Proposition 28 \ 

To find medial straight lines commensurable in square only, which contain a medial 
redangle. 

Let the rational straight lines A, B,C commensurable in square only be set 
out; 

let B be taken a mean proportional between A, B, [vi. 13] 
and let it be contrived that, 
as B is to C, so is B to B. [vi. 12] 

Since A, B are rational straight 

lines commensurable in square only, ^ 

therefore the rectangle A, B, that b - — ® 

is, the square on B [vi. 17], is medi- c ^ 

d. [X. 21] 

Therefore B is medial. [x. 21] 

And since B, C are commensurable in square only, 
and, as B is to C, so is B to B, 

therefore B, B are also commensurable in square only. [x. 11] 
But B is medial; 

therefore B is also medial. [x. 23, addition] 

Therefore B, B are medial straight lines commensurable in square only. 

I say next t^t they also contain a medial rectang^. 

For since, as B is to-C, so is B to B, 

therefore, alternately, as B is to B, so is C to B. [v. 16] 

But, as B is to B, so is B to A; 

1 therefore also, as B is to A, so is C to B; 

therefore the rectangle A, C is equal to the rectangle B, B. [vi. 16] 
But the rectangle A, C is medial; [x. n] 

therefore the rectangle B, B is also medial. 

Therefore medial strai^t lines commensurable in square only have been 
found which contain a medial rectangle. q. x. n. 


[X. 21] 


[X- 11] 


[V. 16] 


[VI. 16] 
[X.21] 
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Leuma 1 

To find two square numbers such that their sum is also square. 

Let two numbers AB, BC be set out, and let them be either both evra or 
both odd. 

r ± Then since, whether an even number is sub^ 

^ ° c B tracted from an even number, <a an odd nvaqber 

from an odd number, the remainder is even, [nc. 24, 26] 

therefore the remainder AC is even. 

Let AC be bisected at D. 

Let AB, BC also be either similar plane numbers, or square numbere, whidi 
are themselves also dmilar plane nmnbers. 

Now the product of AB, BC together with the square on CD is equal to the 
square on BD. [n. 6] 

And the product of AB, BC is square, inasmuch as it was proved that, if two 
similar plane numbers by multiplying one another make some number, the 
product is square. [rs. 1] 

Therefore two square numbers, the product of AB, BC, and the square' on 
CD, have been found which, when added together, make the square on BD. 

And it is manifest that two square numbers, the square on BD and the 
square on CD, have again been found such that their difference, the product 
of AB, BC, is a square, whenever AB, BC are similar plane numbers. 

But when they are not similar plane numbers, two square numbers, the 
square on BD and the square on DC, have been found such that their (Mer* 
ence, the product of AB, BC, is not square. q. b. d. 

Lemi(a 2 

To find two square numbers such Oud their sum is not square. 

For let the product of AB, BC, as we said, be square, 

and CA even, 

and let CA be bisected by D. 

It is then manifest that the squue pro> 

, I I f I I of AB, BC together wi^ the s^puoiB 

A 6 H 0 F C 8 on CD is equed to the square on fiZ>. 

[See Lemma 1] 

Let the unit DE be subtracted; 

therefore the product of AB, BC together with tlm square on CE is less than 
the square on BD. 

I -say then that the square product of AB, BC together with the square on 
CE will not be square. 

For, if it is square, it is either equal to the square on BE, ca less than the 
square on BE, but cannot any more be greater, lest tte unit be divided. 

first, if possible, let the product oi AB, BC t(^ther with the stpuureon C8 
be equal to the square on BE, 

and let OA be d<»ible d the imit DE. 

Bince then the vhole AC is double of the whole CD, 
mid in tiiem AO is donUe of DE, 
therefore the remainder GC is also douMe <rf the waaamder EC; 
thwrefoie (i<C is taseeted by 



Therefore the product cS OB, BC together with the square (m CB is equal to 
the square on BE. ' [n. ^ 

But the^ product of AB, BC together with the square <m CE is also, by hy^ 
pothesis, equial to the square on BE; 

therefore tire product of GB, BC together with the square on CE is equal to the 
product of AB, BC togeth^ with the square on CE. 

Aatd, if the. conunon square on CE be subtracted, 

it foUows that AB is equal to OB: 
which is absurd. 

Therefore the product of AB, BC together with the square oa CE is not 
equal to the square on BE. 

I say next t^t neither is it less than the square on BE. '■ 

Foe, if posmble, let it be equal to the square on BF, 
and let HA be double of DF. 

Now it will again follow that HC is double dt CF; 

so that CH has also been bisected at F, 
and for this reason the product of HB, BC together with the scpiare bn FC is 
equal to the square on BF. \ [n. 6] 

. But, by hypothesis, the product of AB, BC together with the square on CE 
IB also equal to the square on BF. 

Thus ^e product of HB, BC tc^ther with the square on CF will also be 
equal to the product of AB, BC together with the square on CE: 

which is absurd. 

> Therefore the product of AB, BC together with the square on CE is not less 
than the square on BE. I 

And it was proved that neither is it equal to the square on BE. 

Therefore the product of AB, BC together with the square on CE is not 
square. 0 . b. d. 

PBOPOsmoN 29 

To find tuBO rationed ttraight lines commensurable in square only and such ffiat ihe 
sguare on. the greater is greater than fhe square on ihe less by the square on a straight 
Une, commensurable in length with the greater. 

For let there be set out any rational strught line AB, and two square num- 
. bets CD, DE such that thdr difference CE is not square; [Lemma 1] 

let there be described on AB the semichele AFB, 
and let it be contrived that, 

as DC is to CE, so is the square on BA to the square on AF. [x. 6, Pcnr.l 
2 - ,Let FB be jenned. 

Since, as the square on BA is to the square on AF, 

Bo^ DC to CE, 

thereffne the square on BA has to ^ square on AF 
. tIvB- ratio, which the number DC has to tiie numbw 
CE; 

therefore the scjuare.on BA is commensurable with A .. ‘B 

the squme on AF. » [x. 61 c rtv'D 

But the square on AB is rathmal; i .[x;Bef. 41 . 

therefore the eepure on AF Is idso rstioaal; m .* [<d.3 
ther^ore AF is slso sathmaL ; 
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And, dnoe DC has not to the i^o '^eh a aquaie number baa to. .a 
square number, . v ■ , , 

nether has the aqum« on DA to toe square on AF toe ratio vhito a sqtUMii 
number has to a sepiare number; 

toer^ore AB is ineomm^urable in lei^th uito AF. . 

Therefore BA, AF are rational straight lines commensurable in square oidjr. 

And smce, as DC is to CE, so is the square on BA to toe square on AFi . 
therefore, c$rweriendo, as CD is to DE, so is the square on A£ to toe sipare mi 
BF. [V. 10, P»., m.31,r.473 

But CD has to DE toe ratio which a square number has to asquaie number: 
toerefore also the square on AB has to toe square on BF toe ratio wfaito a 
square number has to a square number; 

toerefore AB is commensurable in length with BF. [x. Q 

And toe square on AB is equal to the squares on AF, FB; 
toerefore the square on AD is greater than the square on AF by toe squarO on 
BF commensurable with AD. 

Therefore there have been found two rational strai^t lines DA, AF com* 
mensurable in square only and such that the square cm the greater AD is 
greater than the square on toe less AF by the square on BF commensurable in 
length with AD. Q. a. n. 


Proposition 30 


To find two roHonal straight lines eomnmmtrable in square ordy and such that the 

square on the greater is greater than the sgmre on ' 

line incommensurable in length loith the greater. 

Let there be set out a rational strai^t line AD, 

and two square numbers CE, ED such that thehr 
sum CD is not square; [Lenuna.SJ 

let there be described on AD toe semiciroie AFD; 
let it be contrived that, 

as DC is to CE, BO is toe square on DA to toe 
square on AF. [x.«jH>r.3 

and let FB be jmned. 

^ “ Then, in a similar mannm to the precedUigt 

C E 0 we can prove that DA, AF are ration^ strai^ 

'hnes commensurable in square (mly. 

And toice, as DC is to CE; so is the square on DA to toe square on AF> \ 
toflielore, conmiendo, as CD is to DE, so is toe square on A D to toe square on 
BF. [v. i». For., IH. 81, 1. 493 



But CD has not to DE toe ratio which a square number has to a square 
number; 

toersfme nmtoer has the square on AD to toe scpiareoa DF toe ratio uddchA 
square aUmbm has to a square number; ' 

’ therefore AD is inocanmeasiueilde in lengto wito DF/ | 3 t. 4 } 

•:;i Ahid toeequaie on A'D is gieatm toad toesqume on AF by toeeqt^ tmJ'D 
inocnBlnensu]»Ue:teltoAD. ' 

' Therefore AD, AF are rational stieiid^hnesconunieiaisembiemec^am^^ 
and toe square on AD is greater than toesquaie on AF the square on FD. 
ineommensutable in lengto with AD. ' i - qi mdB.' ; 



ns 


EUCLID 


Proposition 31 

To find im medial straight lines ecmmeneurable in iqmre ordy^ containing a 
rational rectangle j and such that the square on the greater is greater than the sqmre 
on the less by (he square on a straight line commensurable in length with (he greater. 
Let there be set out two rational straight lines A, B commensurable in 
square only and such that the square on A, being the greater, 
is greater than the square on B the less by the square on a 
Straight line commensurable in length with A, [x. 29] 

And let ihe square on C be equal to the rectangle A, B, 

Now the rectangle A, B is m^ial; [x. 21] 

therefore the square on C is also medial; 

therefore C is also'ihediaL [x. 2 

Let the rectangle C, D be equal to the square on B. ^ A B C b 
Now the square on B is rational; 

therefore the rectangle C, D is also rational. 

And since, as A is to B, so is the rectangle A, B to the squire on B, 
whHe^the square on C is equal to the rectangle A, 
and th^^^tangle C, D is equal to the square on 
therefore, as A is to square on C to the rectangle C, D, 

But, as the square on C is'to rectangle C, D, so is C to D; 
therefore also, as ^ 

But 4 is commensurable with B in square . . r 

therefore C is also commensurable ^ 

And C 18 medial; / 

... ^ . therefore D is also medial. 

And smce, as A is to B, so is C to 2) 

'a^fore two medial straight lines C, D, commensurable in 

^^:^aiution^^tMgle,havebeenfound,andthes^^^^^^^ .gjter 

a ^ tke w Ttto £“ 




Proposition 32 




ii. POTWKTMwrewie wtin m grmler. 

•quare only and'suA lines A , B, (7 commensurable in 
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therefore D is also medial. {x. Sl| 

Let the rectangle D^E he equal to the rectangle B, C. 

. Tten since, as tto reotangte A, 

0 B is to the rectangle B, C, so is 

S to C; 

E— — — . while the square on D is equal to 

C rectangle 4,5, 

and the rectangle D, E is equal to the rectangle B, C, 
therefore, as A is to C, so is the square on D to the rectangle Z), E* 

But, as the square on D is to the rectangle B, B, so is D to B; 

therefore also, as 4 is to C, so is JD to B. 

But 4 is commensurable with C in square only; 

therefore D is also commensurable with B in square only. [x. 11] 
But D is medial; 

therefore B is also medial. [x. 23, addition] 

And, since, as 4 is to C, so is 2) to B, 

while the square on 4 is greater than the square on C by the square on a 
straight line commensurable with 4, 

therefore also the square on D will be greater than the square on B by the 
square on a straight line commensurable with D. [x. 14] 

I say next that the rectangle B, B is also medial. 

For, since the rectangle B, C is equal to the rectangle B, B, while the rectan- 
gle B, C is medial, [x. 21] 

therefore the rectangle B, B is also medial 
Therefore two medial straight lines B, B, commensurable in square only, 
and containing a medial rectangle, have been found such that tiie square on 
the greater is greater than the square on the less by the square on a straight 
line commensurable with the greater. 

Similarly again it can be proved that the square on B is greater than the 
square on B by the square on a straight line incommensurable with B, wten 
the square on 4 is greater than the square on C by the square on a straight line 
incommensurable with 4. tx. 30] 


Lemma 

Let ABC be a right-angled triangle having the angle 4 right, and let the 
perpendicular AD be drawn; 

I say that the rectangle CBy BD is equal to the 
square on BA^ 

the rectangle BC^ CD equal to the square on C4, 
the rectangle BB, BC equal to the square 4£^ 
and, further, the rectangle BC, AD equal to t^ 
rectangle B4, 4C. 

And first that the rectangle CB, BD is equal to the square on BA. 
y For, since in a right-angled triangle 4B has been drawn from the ri^t angle 
erpendicular to the base, ^ * 

herefore the triangles 4BB, 4BC are similar both to the whole 4BC and to 

one another. ® 

And since the triangle ABC is Edmilar to the triangle 4BB, therefore, as CB 
p(5itoB4,8eisfi4toBl); 




^ tmum. 

^benkaee the iectang|Ie CB, BD iseqiul to the tsqwtte on A.B. [ti. 17] 

For the same reason the reetan^ BC, <1^ i8<a]t» espial to the squazff oil 4^*. 
And mnoe, if in & rig^t^ni^ triangle a perpendicular be drawn from the 
id^t migle to the base, the pmrpeiKlicular so drawn is a mean proportional b^ 
tween the segments of the base, [VL 8, Por.j 

therefore, as BB is to BA, so is AB to 2>C; 
therefore the rectangle BD, DC is equal to the square on AB. [vi. 11^ 

I say that the rectangle BC, AB is also equal to the rectangle BA, AC. 
For since, as we said, ABC is smilar to ABB, 

timrefore, as BC is to CA, so is BA to AD. . [vi. 4] 

Therefore the rectangle BC, AB is equal to the rectan^e BA, AC. [vi. 16] 

Q. S. B, 

PnoposiTlbli 33 | 

To find two straight lines incommensurable in square which make Ihe^m of the 
squares on them rational but (he rectangle contained by them medicd, \ 

Let there be set out two rational strai^t lines AB, BC commen^urabte in 
square only and such that the square on 
the greater AB is greater than the square 
on the less BC by the square on a strai^t 
line incommensurable with AB, [x. 30] 
let BC be bisected at B, 
let there be applied to AB a parallelogram 
equal to the square on either of the 
straight lines BD, DC and deficient by a square figure, and let it be |lie rec- 
tangle AB, BB; ' [VI. 28] 

let the semicircle AFB be described on AB, 
let EF be drawn at right angles to AB, . 
and let AF, FB be joined. 

Then, mnce AB, BC are unequal straight lines, 
and the square on AB is greater than the square on BC by the square on a 
straught line incommensurable with AB, 

while there has been applied to AB a parallelogram equal to the fourth pmi; of 
the square on BC, that is, to the square on half of it, and deficient by a square 
figure, making tlw rectangle AB, BB, 

therefore AB is incommensurable with BB, [x. Ifi] 

And, as AB is to BB, so is the rectangle BA, AB to the rectangle AB, BE, 
while the rectangle BA, AB is equal to the square on AF, 
and the rectangte AB, BB to the square on BF; 
therefore the square on AF is incommensurable mth the square on FB;' 
therefore AF, FB are incommensurable in square. 

And, unce AB is rathmah 

therefore the square tm AB is also rational; ^ 

. .SO that the sum of the squares on AF, FB is also rationaL 
And since, again, the rectangle AB, BB is equal to tiie square. on BF,, £« 
«nd, hypothesis, the zec^tsua^ AB, BB is equal to the square mi BB, 
therefore FB is equid to BB; , 1 , 

, therefore BC is doulde <d FB, • ' i 

fS the rectang^ A B, BC is also commensurable with the rectangle AB, BF, 




EB 
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BCknwd^ . : ^ ‘ |x. 21] 

; ' > tterefoife the-reetai^le ABi .Mm abo laediaL' Ck. 23, Bor.] 

'Birt4beieetwi|^ilB,£Fk equal to the nctu!i^M, FB; [LeiBoma] 

theiefore <iie rectangle AF, Ffi is also medial. ^ 

But it was also i»oved that the sum aS the squares oo. these strai^t lines is 
rational 

Therefore two straight lines AF, FB mooramenBarable in square have fieen 
found which make the sum of the squares on them rational but the reetm^ 
contained by them medial. 4, B. m * 

PnorosmoM 34 

To find two straight lines incommensurahle in square whuA make the aunt qf fte 
s^putres on them medial hut the rectangle contain^ by them raHmoL 
Let there be set out two medial straight lines AB, BC, oommemurablo in 
square only, such that the rectangle which they ccnltiun is rational aai'the 
square on AB is greater than the square on BC by the square on a strai^t line 
incommensurable' with AB; [x. 31, odyin.] 

let the SMoicircle ABB be described 
mAB, • ; 

let BC be bisected at B,, : 
let there be applied to AB a parallelo- 
gram equal to Ihe square on BB and 
deficient by a isquare figure, namely 
the rectangle AF, FB; [yii 28] 
therefore AF is incommensurable in lengHi wiHi FB. [x. 18] 
Let FB be drawn from F at right angles to AB, 
and let AB, BB be joined. 

Since AF is incommensurable in length with FB, 
therefore the rectangle BA, AF is also incommensurable with the xectan^ 
AB,BF. lx. 11] 

But the rectangle BA, AF is equal to the square on AB, and the reotWB(da 
AB, BF to the square <m BB; ; > 1 .' 

therefore the square on AB is also incommensurable with the square on BB, 
And, since the square on AB is medial . ! 

therefcae the sum of the squares on AB, BB is also metUal,: Isi, 31, i. 47] 
, And, since BC is double <rfBF, • ■ ■■ r' } -, 

therefme the rectangle AB, BC is also double of the rectani^ Al^ FB^ 

But the rectangle AB, BC is rational; 

therefore the rectangle AB, FB is also rational [x. fij 

.'Butthe.rectai^AB,FBisequ^totherectan8^AB;BB; . ILeaame] 
BO that the rectwi^ AB, BB is i^ratimud. : ' 

Iherefme two straight lines AB^ BB inoomniMSuiahlem squareJtaTebeen 
found whidi make the sum of the squares on them medial b^.tlm^roolaai^ 
contained by thmn rational. > ■■■ > i :i. / > , : <q.s.i>. 

- ' ' .'pBOPOsnt^ 35 / 

To fi^ two gfymghl Uneg iaecmnmmrj^M'^pwwesiMdi^mahi^^ 

with the. s^p^^ 
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' Lei there be set out two medial straif^t liaes AB, BC commeimiridaie in 
eqiihre only, containing a medial rectangle, and such that the square on AB is 
greater tiian the square on BC by the square on a strai^t line ineommenHur- 
ablewithAfi; [x. 32, od Jin.] 


let the sendcirele ADB be described on AB, 
and let the rest of the construction be as above. 

Then, since AF is incommensur- 
able in len^ with FB, [x. 18] 

AD is also incommensurable in square 
with DB. [x. 11] 

And, since the square on AB is 
medial, 

therefore the sum of the squares on t" 

AD, DB is also medial, [m. 31, i. 47] I 

And, since the rectangle AF, BB is equal to the square on each of the strai^t 
lines BE, DF, \ 



therefore BE is equal to DF; ^ 

therefore BC is double of FD, \ 

so that the rectangle AB, BC is also double of the rectangle AB, FD. 

But the rectangle AB, BC is medial; 

therefore the rectangle AB, FD is also medial. [x, 32, For.] 
And it is equal to the rectangle AD, DB; [Lemma after x. 32] 

therefore the rectangle AD, DB is also me^al. 

And, dnce AB is incommensurable in length with BC, 
while CB is commensurable with BE, 
therefore AB is also incommensurable in length with BE, [x. 13] 
so that the square on AB is also incommensurable with the rectangle AB, BE. 


[X. 11] 

But the squares on AD, DB are equal to the square on AB, [i. 47] 

and the rectangle AB, FD, that is, the rectangle AD, DB, is equal to the rec- 
tangle AB, BE; 

therefore the sum of the squares on AD, DB is incommensurable with the rec- 
tangle AD, DB. 

Therefore two straight lines AZ>, DB incommensurable in square have been 
foimd which make the sum of the squares on them medial and the rectangle 
contained by them medial and moreover incommensurable with the sum of the 
squares on them. q. e. d; 


Fboposition 36 

If two roMonal straighi Unea commensurable in square only be added together, the 
whole is irrational^ and let it be called binomial. 

For let two rational strai^t lines AB, BC commensurable in square only be 
added together; 

' I say that the whole AC is irrational. 

For, sdnce AB is incommensurable in length with I"'' C 

^ BC — for they are commensurable in square only — 

as AB is to BC, so is tki rectangle AB, BC to the square on BC, 
therrfarethereetui{dsAB,BCieineommeiisurablemthtl»squBre 

onBC. tx.li] 
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But twice the lectaogle AB, BC is eommensurat^e witii the rectangle AB, 
BC [x. 6], and the squares on AB, BC are eonunensurahle with the square 
BC — ^for AB, BC are rational strai^t lines commensurable in square only — 

fX.lS] 

therefore twice the rectangle AB, BC is incoxxunensurable with the squares on 
AB, BC. [X. 131 

And, componendo, twice the rectangle AB, BC together with the squares on 
AB, BC, that is, the square on AC [n. 4], is inccnxunensurable with t^ sum of 
the squares on AB, BC. [x. 161 

But the sum of the squares on AB, BC is rational; 

therefore the square on AC is irrational, 

so that AC is also irrational. [x. Def. 41 

And let it be called binomial. q. s. d. 

Pboposition 37 

If two medial straight lines commensurable in square only and containing a ra- 
tional rectangle be added together, the whole is irrational; and let it be called a first 
bimedial straight line. 

For let two medial straight lines AB, BC commensurable in square only and 
containing a rational rectangle be added together; 

I say that the whole AC is irrational. 

A B c incommensurable in 

length with BC, 

therefore the squares on AB, BC are also incommensurable witii twice the rec* 
tangle AB, BC] [cf. x. 36, 11. 0-20] 

and, componendo, the squares on AB, BC together with twice the rectangle 
AB, BC, that is, the square on AC [n. 4], is incommensurable with tire rec- 
tangle AB, BC. [X. 16] 

But the rectangle AB, BC is rational, for, by hypothesis, AB, BC are straight 
lines containing a rational rectangle; 

therefore the square on AC is irrational; 

therefore AC is irrational. [x. Del. 4] 

And let it be called a first bimeditd straight line. q. b. n. 

PnoposmoN 38 

If two medial straight lines commensurable in square only and containing a medial 
rectangle be added together, the whole is irrational; and let it be called a second 
bimedial straight line. 

For let two medial straight lines AB, BC conunraisurable in square rndy and 

containing a medial rectas^e be added to- 
gether; 

1 say that AC is irratioiml. 

For let a rational stxaigiht line DE be set 
out, and let the paraUdiogram BF equal to 
the square oa AC be at^h^ to DE, produc- 
ing DG as breadth. 

Then, &ioe the Jsquan on AC ia equid to 
the squares on AB, BC and twice the rectang^ AB, BC, {n. 41- 

let EH, equal to the squaies on dB, be applied to DE-, 




^ . / EOCUI^' - : 

11kere{6ns the iratohlKter i7F to twiee tilie tec^bni^ AB^ BC^ 

>> Awl, fluice eadh of ^ Btrai^t lilies AB, BC is laedial, ' ' 

ther^ore the sQuares on AB, BC are also medial ■ 

But, by hypothesis, twice the rectangle AB, BC is also medial. 

Awl EH is equal to tiie squares on AB, BC,- 

while FH is equal to twice the rectangle AB, BC; 

< therefore each of the rectai^es EH, HF is medial. 

, And they are applied to the rational straight, line DE; 
therefore each of the straight lines DH, HO is rational and incomiiffinsurahle 
in length with BB. [x.22] 

Since then AB is incommensurable in lei^^ with BC, 
and,, as AB is to BC, so is the square on AB to the rectangle AB, BC, 
therefore the square on AB is incommeoeurable with the reetanue AB, .BC. 

\ [X. 11] 

But the sum of the squares on AB, BC is commensurable with the square on 
AB, \ [X. 15] 

and twice the rectangle AB, BC is commensurable with the rectangle AB, BC. 

\ [X. 6] 

'Iherefcne the mm of the squares on AB, BC is incommensurable with twice 
the rectangle AB, BC. [x. 13] 

But EH is equal’ to the squares on AB, BC, 

and HF is equal to twice the rectangle AB, BC. 

Therefore EH is incommensurable with HF, 

so that DH is also incommensurable in length with HO. [vi. 1, x. 11] 
Therefore DH, HO are rational straight lines commensurable in square only; 

so that DO is irrational. [x. 36] 

But DE is rational; 

ewi &e rectangle contained by an irrational and a rational straight line is ir- 
rationid; [cf. x. 20] 

therefore the area DF is irraticmal, 
and the side of the square equal to it is irrational. [x. Def. 4] 
But AC is the side of the square equal to DF; 

therefore AC is irrational. 

And let it be called a second himedial straight line. q. is. n. 

PnoposmoN 39 

If two straight lines incommensurable in square which make the sum of the squares 
on Vtem ratiomd, but the rectangle contained by them medial, be added together, the 
whole dsrai^ line> isrirrational: and let it be called major. 

For let two streught lines AB, BC incommensurable in square, fuxd fulfilling 

''the given eimditions fx. 33], be added together; , 

Isay that ACishralional. A ! b c 

, . For, once the leotan^e AB, BC is medial, 

. - ; tw^ the'rectani^ AB, BC is idaome£al.|;x. 6 and 23, For.] 

; But the sum cS the squares on AB, BC is rational; ... 

tfaerefem twice the rsetai^ AB, BC.isiwsommenBurable with the sum of the 
.squares (mAB,BC, ".r . 

so that tl^ squares On AB, BC togMher with twice the reotnia^ AB, BC, that 



1 !' 


ti»e «ito of the eqpm « 

ttereforethesqu^m-dCieimtional, ^ 

A-j 1 * -j. u .• . ®® in»ti(ai«l. r- t».* « 

And let it be called tnoQor. Def. 

, *■ xi. ».■». 

pROPosmoN40 

For let too line, ab, BC ineomm»mu»bl. m 

* ? g ffven conitioruj [x. 34], be added together; ^ 

„ . I say that AC is irratiotud. 

TOjbat the square on AC is also incommensurable with twice the isectangle AB, 

But twice the rectangle AB, J5C is rational, • 

Tn. # therefore the square on AC is irrational. 

Therefore -4C is irrational. 

And let it be called the side of a rcUioml plus a medial area. 

pBOPOsmoN 41 

If two Haight lines incommensurable in sauare udvieh malen the mim< 

M ^ m^M, and the i^ngle contained by them medied^'SZj^^l^ 
^rabUynth the sum of the squares on them, be added togeff^OwZ^^ 

M irrational; and let tt be called the side of the sum of two^S aJ^** 

For let two strmght hnes AB, BC incommensurable in square andeatirfviiw 
«ie given condition [x. 35] be added togeUier; ^ «na«ati^r&^ 

I say that AC is irratirmal; . \ 

Letaiatio^s^ght KneDBbe Betout,aiid let there 
apphed to BB the rwtai^e flF equal to the scpiares on 
AB^cf^ rectangle CB equal to twice t^ lee- 

toforethewholeBBisequaltothesquareonAC. taja 

Now, since the sum of the sqtuues <»AB; BC ii medial 
tiadisequidtoBF, 

A..J -x . BF is also medial. 

And It isappliedtq flje rational strai^t Hne BB* 

^efore DO IS rational and incommensurable in length 

irr , h ' c ‘ 

' Ar>A „•««! AkJ length wither, that is, BB; ' 

tnn^AB, 


[*. 16i 


[X. Def. 4] 
q. E. o. 
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so i&Bt DO is also incoimaenaiiaUe mth OK. {ti. 1, x. 11] 
And they are rational; 

therefore OK are rational straight lines conunensorable in square only; 

therefore DK is irrational and what is called binomial. [x. 36] 
But DE is rational; 

therefore DH is irrational, and the side of the square which is equal to it is ir- 
rational. [X. Def. 4] 

But AC is the tide of the square equal to HD; 

therefore AC is irrational. 

And let it be called the side of the sum of two medial areas. q. b. d. 


Lemma 

And that the aforesaid irrational sti^aight lines are divided only in one way 
into the straight lines of which they are the sum and which produce the types 
in question, we will now prove after premiting the following lemma. 

Let the straight line AB be set out, let the whole be cut into unequal parts 
at each of the points C, D, \ 

and let AC be supposed greater than DB; . \ . 

IsaythatthesquaresonAC,Ci8aregreater a o t B 

than the squares on AD, DB. 

For let AB be bisected at E. 

Then, since AC is greater than DB, 

let DC be subtracted from each; 
therefore the renuiinder AD is greater than the remainder CB. 

But AE is equal to EB; 

therefore DE is less than EC; ' 

therefore the points C, D are not equidistant from the point of bisection. 

And, since ^e rectangle AC, CB together with the square on EC is equal to 
the square on EB, [u. 5] 

wd, further, the rectangle AD, DB together with the square on DE is equal to 
the square on EB, [td.] 

therefore the rectangle AC, CB together with the square on EC is equal to the 
rectangle AD, DB together with the square on DE. 

^ And of these the square on DE is less than the square on EC; 

the remainder, the rectangle AC, CB, is also less than the rectangle 
AD, 

so that tW^ rectangle AC, CB is also less than twice the rectangle AD, 
DB. '^06 

Thf>reforp jilort'd fe® remainder, the sum of the squares on AC, CB, is greater 
the sum 

tin 

,3^ Proposition 42 

d. , . 

UiAB b. . ^ y ded isto H. term, .t C; 

i say mlt^ another pdnt into two rational straight lines 
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Pot, if poeable, let it be divided at D also, so that AD, DB are also rational 
straight lines commensurable in square oidy. 

It is then manifest that AC is not the same with DB. 

For, if posable, let it be so. 

Then AD will also be the same as CB, 

and, as AC is to CB, so will BD be to DA ; 
thus AB will be divided at D also in the same way as by the division at C: 
which is contrary to the hypothesis. 

Therefore AC is not the same with DB. 

For this reason also the points C, D are not equidistant from the point of bi- 
section. 

Therefore that by which the squares on AC, CB differ from the squares on 
AD, DB is also that by which twice the rectangle AD, DB differs from twice 
the rectangle AC, CB, 

because both the squares on AC, CB together with twice the rectangle AC, 
CB, and the squares on AD, DB together with twice the rectwgle AD, DB, 
are equal to the square on AB. [ii. 4] 

But the squares on AC, CB differ from the squares on AD, DB by a rational 
area, 

for both are rational; 

therefore twice the rectangle AD, DB also differs from twice the rectan^ AC, 

CB by a rational area, though they are medial [x. 21]: 

which is absurd, for a medial area does not exceed a medial by a rational arm. 

[X.26] 

Therefore a binomial straight line is not divided at differmt points; 

therefore it is divided at one point only. q. s. d. 

PnoFOsmoN 43 

A first bimedidl straight line is divided at one point only. 

Let AB be a first bimedial straight line divided at C, so that AC, C£ are 

I I medial straight lines commensurable in square 

A DCS onlyandcontainii^ a rational rectangle; [x.3?] 

I say that AB is not so divided at another point. 

For, if possible, let it be divided at D also, so that AD, DB are also medial 
straight lines commensurable in square only and containii^ a ratkmal lec- 
tan^. 

Since, then, that by which twice the rectangle AZ>, DB differs from tmce 
the rectangle AC, CB is that by vdiidr the squares on AC, CB differ from the 
squares on AD, DB, 

while twice the rectangle AD, DB differs from twice the rectangle AC, CB by 
a rational area — ^for bolb are rational — 

therefore the squares cm AC, CB also differ from the squares <m AD, DB by a 
rational area, though they are medial: 

which is absurd. [x. 26] 

Therefore a first bimedial straight line is not divided into its terms at differ- 
ent pcwts; 

therefore it is so divided at one point only. q. B. B. 





Unit 

PBorqsmon 44,. ' ^ 

A Beoond bimedied itraiighi line i$ divided cA one. point onJ^f. 

Let AB be a second bimedial straight line divided at C, so that AC, CB ^ 
medial straight lines commensurable in square, only and oontaimng a m^i^al 
rectangle; [x.3^ 

it is ihen manifest that C is not at the point d biseciiim, because tiie segmi^te 
are not commensurable in lei^th. 

I say that AB is not so divided at another point. 


A 13 9 B 



For, if possible, let it be divided at D also, so that AC is not the ^ame with 
I>B, but AC is supposed greater; 

it is then clear that the squares on AD, DB are also, as we proved above [Len^* 
ma], less than the squares on AC, CB; 

and suppose that AD, DB are medial strught lines commensurable in square 
imly and contmning a medial rectangle. 

Now let a rational straight line EF be set out, 
let there be applied to EF the rectangular parallelogram EK equtl to the 
square on AB, 

and let EG, equal to the squares on AC, CB, be subtracted; 
therefore the remainder UK is equal to twice the rectangle AC, CB. [n. i] 
Again, let tl^re be subtracted EL, equal to the squares on AD, DB, which 
mxe proved less than the squares on AC, CB [Lemma]; 
ther^ore the remainder MK is abo equal to twice the rectangle AD, DB. 
Now, smce the squares on AC, CB are medial, 
therefore EG is medial. 

And it is applied to the rational straight line EF; 
therefore EH is ratioiuil and incommensurable in length with EF. {x. 2^ 
Farthesame reasim 

HN is also rational and incmxunensurable in length with EF. 

And, since AC, CB are medial straight lines cinmnensural^ in equate only, 
. ther^om AC is incommensurable in length with C.8. 

But, as AC is to CB, so is the square on ACTio the rectangle AC,, CB; 
thetefone the square (m AC is incommensurable with;the rectmi^e AC, CB. ■ 

. [x. ijg 

' ' .But the squares on AC, CB are eommmisurable with the square on AC; for 
ACiiCB unoonunieauurahleiBsquiue. 

And twice the rectangle AC, CB is commensurable with the rectangleiAC, 
CBi ix.6] 

Iherefore tiie squares on AC, CB are abo incommensurable with twice 
lentaagle AC, CB. [x. 13] 
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Bat EO is equal to the squares era AC, CB, 

and HK is equal to tmce the rectangle ACi CB’, 
therefore EG is incommensurable with HK, 
so that EH is also incommensurable in length witii HN. [vi. 1, x. 11] 

And they are rational; 

tlmrefore EH, HN are rational straight lines commensurable in square only. 

But, if two rational straight lines commensurable in square only be add^ 
together, the whole is the irrational which is called binonual. [x. 36] 

Therefore EN is a binomial straight line divided at H. 

In the same way EM, MN will also be proved to be rational straight lines 
commensurable in square only; 

and EN will be a binomial straight line divided at different points, H and M. 
And EH is not the same with MN. 

For the squares on AC, CB are greater than the squares on AD, DB. 

But the squares on AD, DB are greater than twice the rectangle AD, DB; 
therefore also the squares on AC, CB, that is, EG, are much greater than twice 
the rectangle AD, DB, that is, MK, 

so that EH is also greater than MN. 

Therefore EH is not the same mth MN. . q, b. d. 

Proposition 45 

A major straight line is divided at one and Oie same point only. 

Let AB be a major straight line divided at C, so t^t AC, CB are inoommen- 
^ Q surable in square and make the sum of the 

r 1 1 g squares on AC, CB rational, but the rectai^e 

AC, CB medial; 

I say that AB is not so divided at another point. 

For, if possible, let it be divided at D also, so that AD, DB are also incom- 
mensurable in square and make the sum of the squares on AD, DB rational, 
but the rectangle contained by them medial. 

Then, since that by which the squares on AC, CB differ from the squares on 
AD, DB is also that by which twice the rectangle AD, DB differs from twice 
the rectangle AC, CB, 

while the squares on AC, CB exceed the squares on AD, DB by a rational area 
—for both are rational — 

therefore twice the rectangle AD, DB also exceeds twice the rectangle AC, CB 
by a rational area, though they are medial: 

which is imposable. [x. 28] 

Therefore a major straight line is not (tivided at different points; 

therefore it is only divided at one amd the same pdnt. q. x. n. 

Proposition 46 

The side of a rational plus a medial area is divided at one point only. 

Let AB be the side of a rational plus a medial area divided at C, so that AC, 

CB are incommensurable in square and make the 
sum of the squares on AC, CB me(hai, but twice 
the rectangle AC, CB rational; [x. 40] 

I say that AB is not so divid^ at another p(mt. 

For, if posable, let it be divided at D also, so that AD, DB are idso incom- 



ass fAxsom 

mensurable in square and ma.ke the sum the squares on AD, 'I>B medUd, but 
twice the rectai^e AD, DB rational. 

Since, then, that by'H^di twice ^ rectangle AC, CB differs from twice the 
rectangle AD, DB is also that by which the squares on AD, DB diffdr 'froai lhe 
squares on AC, CB, / 

while twice the rectangle AC, CB exceeds twice the rectan^ AD, DB by« 
rational area^ 

therefore the squares cm AD, DB also exceed the squares on AC, CB by a ra^ 
tional area, though they are medial: 

-vdneh is impossible. {x. '26] 

Therefore the side of a rational plus a medial area is not divided at different 
points; 

therefore it is dividf<|nt one point only. 

Proposition 47 

The aide of die eum of two medial areas is divided at one point on 
Let AB be divided at C, so that AC, CB are incommensurable 
make the sum of the squares on AC, CB medial, and the rectanjele AC, CB 
medial and also incommensurable vdth the sum of the squares oirthem; • 

I say that is not divided atanother point so as to fulfil the given conditions. 

For, if possible, let it be divided 

at D, so that again AC is of course Ej ^ T— V |N 

not the same as BD, but AC is sup- 
posed greater; 

let a rational straight line EF be 
set out, 

and let there be applied to EF the 
rectangle EG equal to the squares on 0 
AC,CB, 

and the rectangle HK equal to twice 

the rectan^e AC, CB; 

therefore the whole EK is equal to b 
the square on AB. [ii. 4] 

Again, let EL, equal to the squares on AD, DB, be applied to EF; 
therefore the remainder, twice the rectangle AD, DB, is equal to the remainder 
MK. . 

And since, by hypothesis, the sum of tiie squares on AC, CB » medial, 
therefore EG is also medial. 

And it is applied to the rational straight line ffF; 
therefore HE is rational and ine(»nmensurable Jn l^igth with BF<. ■ [x. 22] 

For the same reason 

HN is also rational and incommensurs^ble in length with EF. 

And, anoe the sum ^ the squares on AC, CB is incommensurable with twice 
the rectan^e AC, CB, • . ' , 

therefore BC is also' inoommensurable with GN, 

■ BO that EH is also incoimhenBiBaMe with HN. 113 

And they are rational; ' 

therefore EH, HN are rational straight fines cehnhensurahle in square only; 
r > ' thuefoie BAT Isa l^oDUS^ strai^ line divided at fif.' t ’ 
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Kmilaify we oui iffem ibAt it is also divided 

And is not tiie same with JfAT; 

therefore a binomial has bera diyided at diffeimt pomts; 
which is absurd. . 

Therefore a tdde of the sum of two medial areas is not divided at different 
points; 

therefrae it is di^ded at one point mily. 0 . 8 . 0 . 

DEFINITIONS II 

1. Given a rational strmght line and a binomial, divided into its terms, such 
that the square on the greater term is greater ihan the square on the lesser by 
the square on a straight line commensurable in l^igth with the greater, tW, 
if the greater term be commensurable in lei^gth witii the rational straight line 
set out, let the whole be called a first binomial strai^t line; 

' 2. but if the lesser term be commensurable in length with the rational 
straight line set out, let the whole be called a second binomial; 

3. and if neither of the terms be commensurable in length with the ratiimal 
strai^t line set out, let the whole be called a Oiird binomial. 

4. Again, if the square on the greater term be greater than the square on the 
lesser by the square on a straight line incommensurable in length with the 
greater, then, if the greater term be commensurable in length with the rational 
straight line set out, let the whole be called Si. fourth binomial; 

5. if tbe lesser, a fifth binomial; 

6. and if neither, a sixth binomial. 


Proposition 48 


T,o find the first binomial straight line. 

Let two numbers AC, CB be set out such that the sum of them AB has-to 

BC the ratio which a square number has to a 

^ " square number, but has not' to CA Ibe ratio 



which a square number has to a square num- 
ber; [Lmnma 1 after x. 28] 

let any rational strais^t rline Z> be -eOt QUt,<aQd 
let EF be commenauralde in length witb D, 


Ther^re EF is also rational. 


Let it be contrived, that; 

as the number BA is to AC, so is the square on EF to the square m FQ, 


[x.6)llbr.] 

But ABihas to AC the ratio which a nqmber has to a number; 
therefore the square on EF also has to the square on FG the ratio which a num- 
ber has to b< number, 

so that the square on'fffF is omnmensurable with the squareonF^. {X.6] 

And EF is rational; 

theredoie FQ is abolxsttkmtd. 

And, .tince BA has not to. AC the jatio which a.squam number has to a 
squarenumb^, ' ' ■ ',■< ■ xii,--.' 

wtithes, therefore, has the square cm BF tb the square on FC the, iwtie whi^S 
stable number has to a square number; \ 

therefcnwffF iaineomaasnsundtiein lmiglh'^ v. Q 
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Hieiefore EF, FO axe rational straight lines commensorable in square only; 

therefore EO is binomial. [x. 36] 

I say that it is also a first binomial straight line. 

For since, as the number BA is to AC, so is the square on EF to the square 
on FO, 

while BA is greater than AC, 

therefore the square on EF is also greater than the square on FO. 

Let then the squares on FO, H be equal to the square on EF. 

Now since, as BA is to AC, so is the square on EF to the square on FO, 

therefore, eormrtendo, 

as AB is to BC, so is the square on EF to the square on H. [v. 10, For.] 
But AB has to BC the ratio which a square number has to a square number; 
therefore the square on EF also has to theequare on H the ratio ^ch a square 
number has to a square number. I 

Therefore EF is commensurable in length with H; \ [x. 0] 

tiierefore the square on EF is greater than the square on FO by the square on a 
straight line commensurable with EF. \ 

And EF, FO are rational, and EF is commensurable in length mth D. 
Therefore EF is a first binomial straight line. ' q. e. d. 


Pboposition 49 


To find die second binomial straight line. 

Let two numbers AC, CB be set out such that the sum of them AB has to BC 
the ratio which a square number has to a square num- 
ber, but has not to AC the ratio which a square num- 
ber has to a square number; 

let a rational straight line D be set out, and let EF be 
commensurable in length with D; 

therefore EF is rational. 

Let it be contrived then that, 
as the number CA is to AB, so also is the square on EF 
to the square on FO; tx. 6, For.] 

therefore the square on EF is commensurable with the square on FO. [x. 6] 
' Therefore FO is also rational. 

Now, since the number CA has not to AB the ratio which a square number 
has to a square number, neither has the square on EF to the square on FO the 
ratio which a square munber has to a square number. 

Therefore EF is incommensurable in length with FO; [x. 9] 

therefore EF, FO are rational straight lines commensurable in square only; 

therefore EO is binomial. [x. 36] 

It is next to be proved that it is also a second binomial strai^t line. 

For since, inversdy, as the number BA is to AC, so is the square aa OF io 
the square on FE, 


while BA is greater than AC, 

therefore tiie square cm 6F is greater tiian tiie square on FE. . 

Let the squares on EF, H be equal to the square on OF; 

Ihmefore, eommtendo, as AB is to BC, so is the square on F6 to the square <m 
H. Iv. 19, FOP.] 

But AB has to BC the ratio which a square number has to a square number ; 
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therefore the square on FO also has to the squMe .oa H the ratio which a square 
number has to a square number. 

'Therefore FG is commensurable in length with H-, [jc. 9] 

so that the square on FO is greater than the square on FE by the square (m a 
straight line commensurable witii FO. 

Aitd FO, FE are rational straight lines commensurable in squ^ only, and 
EF, the lesser term, is conunensurable in length with the rational straight line 
D set out. 

Therefore EG is a second binomial stnught line. q. k. o. 

Proposition 60 

To find the Oiird binomial straight line. 

Let two numbers AC, CB be set out such that the sum of them AB has to 
BC the ratio which a square number has to a square number, but has not to 
AC the ratio which a square number has to a square number. 

Let any other number D, not 
. ^ A C B square, be set out also, and let 

£ ' it not have to either of the num> 

bers BA, AC the ratio which a 
square number has to a square 
number. 

liCt any rational straight line F be set out, 
and let it be contrived that, as Z> is to AB, so is the square on F to the square 
on FO] [x. 6, Por.] 

therefore the square on F is commensurable with the square on FG. [x. 6] 
And F is rational; 

therefore FG is also rational. 

And, since D has not to AB the ratio which a square number has to a square 
number, 

neither has the square on F to the square on FG the ratio which a square num- 
ber has to a square number; 

therefore F is incommensurable in length with FG. [x. 9] 

Next let it be contrived that, as the number BA is to AC, so is tiie squiue on 
FG to the square on OH] [x. 6, Por.] 

therefore the square on FG is commensurable with the square on OH. [x. 6] 
But FO is rational; 

therefore GH is also rational. 

And, since BA has not to AC the ratio which a square number has to a 
square number, 

neither has the square on F(? to the squue on HG the ratio wMch a square num- 
ber has to a square number; 

therefore FO is incommensurable in length with GH. [x. 9] 
Therefore FG, GH are rational straight lines commen»iraUe in square mily; 

therefore FH is binomiid. [x. 36] 

I say next that it is also a third binomial straight line. 

since, aa.D is to AB, so is the square on F to the square on FG, 
and, as BA is to AC, so is the square on FG to tiie square cm OH, 
therrfcne, ex aequdli, asBistOilC, sols the square on F to the square on OH. 

i:v.22! 
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But i>hM<k0t to itC toe ratio vfaito a square numbor bto tovsqiureiiai^ 
ber; . ■ iffif- 

toetefore neither has the dqttare oh E to the square aa 6H toe ialao which a 
eqaare aumber hUs to a square number ; ' 

therefore E is incommensurable in lengto wito OH. ‘ [X; 9] 
And ^nce, as Bji istoAC/soisthesquaieonFGtothesquareon'CrH, 
toerefore the square (m EH is greater-than toe square on OH. 

Let then the squares on OH, K be equal to the square on FO; 
to^fore, convertendo, as AB is to BC, so is the square on FO to toe Squue on 
K. [V. 19, Por.] 

But AB has to BC toe ratio which a square number has to a square number; 
toerefore the square on FO also has to toe square on K toe ratio which a sqpare 
munber has to a square number; . 

toerefore FO is commensumble in lengto wito AT. I [x. 9] 
Therefore the square on FO is ^ater than toe square on OH W the square 
on a straight line commensurable with FO. \ 

And FO, OH rational straight lines commensurable in square only, and 
neitoer of them is commensurable in length wito E. \ 

Therefore FH is a third binomial straight line. \ q. b. d. 

Proposition 51 

To find the fourth binomial straigM line. 

Let two numbers AC, €B be set out such that AB neitoer has to BC, nor yet 
to AC, toe ratio which a square number has to a square number. 

Let a raticmal straight line D be set out, 

and let EF be commensurable in length wito Z>; i 

toerefore EF is also rational. 

Let it be contrived that, as toe number BA is to AC, so is toe 
square on EF to the square on FO; [x. 6, Por.] 

toeref(»e toe square on EF is commensurable with toe square c 
on FG; [x. 6] 

toerefore FO is also rational. B 

‘ Now, since BA has not to AC the ratio which a square ' 
number has to a square number, 

ntmtoer ha:s toe square on EF to the square on FO the ratio 
which a square number has to a square number; 

therefore EF is incommensurable in length wito FO. [x. 9] 
Therefore EF, FO are raticmal straight lineS ctunmmisumMe in squaro only; 
so that EO is binomial. 

I say next' that it is also a fourth b^omiid straij^t line. 

For since, as BA'ia to AC, so is toe square on EF to toe square oa’FO, 
therefore toe square on is greater toan toe square on FG. 

Let then the squares on FO, H^\» equal to toe ‘square bh EF*, ‘ 

toerefore, convertendo, as the number AB is to BO, so is the square on EF to 
toe square on if. ■ > t ■ ... 19/^rbr.] 

But ABiiaS’iiot to BG toe' ratio wMto^U'Squato 'number has to^^a.^liiifue 
number; v. U" . r..- ■>' i i 

tornetoie'Bmtoeeiiastoe'squainxni £F to toe square on JEf toe ratio'Uddtob 
a^uaaie number has to a square munber. 
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Therefore is incomniensurable m £|Ci9] 

therefore the aqaare oa EF is greater , than the squus on G(F by the square on 
a Btra%ht line incommensurable with EF. 

And EF, FG are rational straicdit lines eommensurable in square only, and 
EF is commensurable in length witb D. 

Therefore EG is a fourth binomial straight line. q. B..n. 

Pboposition 52 

Tp find the fifth binomial Haight line. 

Let liwo numbers AC, CB be set out such that AB has not to either of them 
the ratjo which a square number has to a square number; 

let any rational strai^t line i> be set out, 

A E and let EF be commensurable with D; 

0 therefore FF is rational. 

Let it be contrived that, asCA is to A£, so is tiie squareon FF 
f. . to the square on FG. [x. 6,, Ppr.] 

C- But CA has not to AB the ratio which a square number 

.has to a square numb^; 

B therefore neither has the square on EF to the square on FG the 

H Q ratio which a square number has to a square number. 

Therefore EF, FG are rational straight lines commensurable 
in square only; [x. 9] 

th^fore EG is binomial. [X. 36] 

I say next that it is also a fifth binbmial straight line. 

For since, as CA is to AB, so is the square on EF to the square on FG, 
inversely, as BA is to AC, so is the square on FG to the square on FF; 
therefore the square On GF is greater than the square on FF. 

. Let then <be squares on FF, H be equal to the square m GF; 
therefore, convertendo, as the number AB is to BC, so is the square on GF to 
the square on F. , [v. 19, For.] 

But AB has not to BC the ratio which a square number has to a square 
number; , : 

therefore neither has the square on FG to the square on H the ratio which a 
square number has to a square number. : > 

Therefore FG is incommensurable in Imrgth wiHi, H ; [x« 9] 

so that the square on FG is greater than ibe sqpiare on FE hy the square on a 
straight line incommensurable with FG. „ . . 

And GF, FE are rational straight lines cmnmensurable in square only, and 
the lesser term FF is ccmameosurable in length witb the ratio^ straight line 
D set out. ‘ 1 

TherefcweFO is a fifth binomud straight line. . q. is. o. 

“ PBOPOsmosF <E)3 

, ■ ,v , ' • • i-'fl; • , ,.l . - . ■ ■■'' , , . 

To find the sixth binomial straight line. 

laili^o mnubors AC,, CB be set out sudi that AB hasi not to«ithi» of them, 
the ratio which a square number has to>jir<square numbw; . , ' 

and jet there also be uudhct; number Xl srhi4i is not square and whi<ds has not 
to wtlm cd the.ntiisDhere BA, AC the ttttid vduch a square^nundSer ban to n 
sqpiare number. 't- 
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Let any rational straiglit Bne E be set out, 
and let it be contrived that, as D is to AB, so is the square on E to the 
square on FG\ [x. 6, Pot.] 

Ilierefore the square on E is oonunensurable with the 
square on FQ. [x. 6] * 

And E is rational; 

therefore FO is also rational. 

Now, nnce D has not to AB the ratio which a square 
number has to a square number, ^ 

neither has the square on E to the square on FG the ratio 
which a square number has to a square number; B 

therefore E is incommensurable in lengtii with FG. [x. 9] 

Again, let it be contrived that, asBA js to AC, so is the 
square on FG to the square on GH. [x. 6, Por.] 

Therefore the square on FG is commensurable with the square ^n EG. [x. 6] 
Therefore the square on EG is rational; 

therefore EG is rational. 

And, since BA has not to AC the ratio which a square number has to a 
square number, ' 

neither has the square on FG to the square on GE the ratio which a square 
number has to a square number; 

therefore FG is incommensurable in length with GE. [x. 9] 
Therefore FG, GE are rational straight lines commensurable in square only; 

therefore FE is binomial. [x. 36] 

It is next to be proved that it is also a sixth binomial straight line. 

For since, as D is to AB, so is the square on E to the square on‘ FG, 
and also, as EA is to AC, so is the square on FG to the square on GE, 
therefore, ex aeqmli, as D is to AC, so is the square on E to the square on GE. 

[V.22] 

But D has not to AC the ratio which a square number has to a square num- 
ber; 

therefore neither has the square on E to the square on GE the ratio 
which a square number has to a square number; 
therefore E is incommensurable in length with GE. [x. 9] 
But it was also proved incommensurable with FG; 

therefore each of the straight lines FG, GE is incommensurable 
in length with E. 

And, since, as BA is to AC, so is the square on FG to the square on GE, 
therefore tire square on FG is greater than the square (m GE. 

Let then the squares on GE, K be equal toihe square on FG; 
therefore, cotmrtendo, as AE is to EC, so is the square on FG 

to the square on K. [v. 19, Por.] 

But AB has not to EC the ratio which a square number. has to a square 
number; 

so that neither has the square on EC to the square on K the ratio which a 
square number has to a square numbcfr. 

Therefore FG is inccmunensurable in Imigth with K; [x. 9} 

timefore the square on FG is greater than the square on GE by the square on 
a strai^t line incommensurable with FG. 
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And FG, GH are rational straight lines oonunensurable in square only, and 
neither ot them is commensurable in lengdi with the rationid straii^t line E 
set out. 

Therefore FH is a sixth binomial straight line. q. n. n. 

Leioca. 

Let there be two squares AB, BC, and let them be placed so that DB is in a 
straight line with BE; 

therefore FB is also in a strmght line with BG. 

Let the parallelogram AC be completed; 

I say that AC is a square, that DG is a mean proporticmal 
between AB, BC, and further that DC is a mean propor- 
tional between AC, CB. 

For, tince DB is equal to BF, and BE to BG, 
therefore the whole DE is equal to the whole FG. 

But DE is equal to each of the straight lines AH, KC, 
and FG is equal to each of the straight lines AK, HC [i. 34]; 
therefore each of the straight lines AH, KC is also equal to each of tiie straight 
lines AK, HC. 

Therefore the parallelogram AC is equilateral. 

And it is also rectangular; 

therefore AC is a square. 

And since, as FB is to BG, so is DB to BE, 

while, as FB is to BG, so is AB to DG, 
and, as DB is to BE, so is DG to BC, [vi. 1] 

therefore also, as AB is to DG, so is DG to BC. [v. 11] 

Therefore DG is a mean proportional between AB, BC. 

I say next that DC is also a mean proportional between AC, CB. 

For since, as AD is to DK, so is KG to GC — 
for they are equal respectively — 

and, componendo, as AK is to KD, so is KC to CG, [v. 18] 
while, as AK is to KD, so is AC to CD, 
and, as KC is to CG, so is DC to CB, [vi. 1] 

therefore also, as AC is to DC, so is DC to BC. [v. 11] 

Therefore DC is a mean proportional between AC, CB. 

Beii^ what it was proposed to prove. 

PnoposmoN 54 

If an area be contained by a rational straight line and the first binomial, fte “side” 
of the area is the irrational straight line whidi is called binomial. 

For let the area AC be contiuned by the rational stmght line AB and the 
first binomial AD; 

I say that the “side” of tiie area AC is the irrational struct fine is 
called binomial. 

For, since AD is a first binomial straight line, let it be divided into its tenns 
at F, 

and let AE be the greater term. 

It is then manifest that AE, ED toe rational straight lines omnmensuraMe 
in square only. 
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^ s^are <m AE is greater liiaa file e^piare oa BD bylAiS stloare on a strai^t 
Sne doinmensuraUe widi j?, 

and AE is commensurable in length with the rational strai^t line AB set ottt. 

[X. Deff.H. 1] 

Let ED be bisected at the point F. 


A < 

u 

", 1 

' 0 

. 




B 


\ 1 

. ■ c 




hi 
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Then, ranee the square on AE is grater ilian the square on EDhy the square 
on a straight line commensurable with AE, \ 

therefore, if there be applied to the greater AE a parallelogram equal to the 
fourth part of the square on the less, that is, to the square on EF, ^d deficient 
by a square figure, it divides it into commensurable parts. \ [x. 17] 

Let then the rectangle AG, GE equal to the square on EF be applied to AE; 

therefore AG is commensurable in length with EG. 

Let GH, EK, FL be drawn from G, E, F parallel to either of the straight 
lines AB, CD; 

let the square SN be constructed equal to the parallelogram AH, and the 
square NQ equal to GK, [n. 14] 

and let them be placed so that MN is in a straight line with JVTO; 
th»efore RN is also in a straight line with NP. 

And let the parallelogram SQ be completed; 

therefore £IQ is a square. [Lemma] 

Now, ranee the rectangle AG, GE is equal to the square on EF, 

therefore, as AG is to EF, so is FE to EG; [vi. 17] 

therefore also, as AH is to EL, so is EL to KO; [vi. 1] 

therefore EL is a mean proportional between AH, GK. 

' But AH is equal to 8N, ahd GK to NQ; 

therefore EL is a mean proportional between^ iSN, NQ. 

But MR is also a mean proportional betwerai the same SN, NQ’, [Lemma] 
therefore EL is equal to MB, 
so that it is also equal to PO. 

But AH, GK are also equal to SN, NQ; 
therefore the whde AC is equal to the whole SQ, that is, to the square on ilfO; 
- thrarefore MO is the “rade.” of AC. 


X say next that JfaTO is binomial 
For, since AG is commensurable with GE, 
therefme AF is also cohiinensutable with each of the stnu^t lines' AO, GE. 

tx.'i«] 

But AE is deo, by hypotitesis, conunensurahk with AB; 

therefore AO, GE are also cominensurable 'with AB. [x. 12] 
And AB is rational; 

tben^ore eadli the straight IneS AO, OB' is also’ riititnul; 

therefore each of the rectang^ AH, OK is rational, ■- ' {x; 193 
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aiid il:ff is oommensutable trith t 

• AH i& eqftal to SN'ittod OK to NQ',- <i< 

therefore SN, NQ, that is, the squares on MN, NO, are rational and cottunitt* 
surable. i 

And, since AE is inconune&surable in l^igth with ED, ■ i 

while AE is commensurable with AO, md DE is eommensurable with EF, 


therefore AO is also inconrmensurable with EF, [x. 13] 

so that AH is also inccoomeiisurable with EL. [ti. 1, x. 11] 
But AH is equal to SN, and EL to MR; * * 

therefore SN is also incommensurable with MB. 

But, as SN is to MR, so is PN to NR; [vi. 1] 

therefore PAT is incommensurate with [itJll] 

But PN is equal to MN, and NR to NO; .t> 

therefore MN is incommensurable with NO. 


And tile square on MN is commensurable with the square on NO, 

and each is rational; 

therefore MN, NO are rational straight liims commensurable in square mily. 
Therefore MO is binmnial [x. 36] and the “side” of AC. q. s. d. 

PnoposmoN 55 

If an area he coniained by a rcdumal straight line and the second binomial, the 
“side" of the area is the irrational straight line which is called a first bitnedial. 

For let the area ABCD be contained by rational straight line AB and 
the second binomial AD; 

I say that the “ade” of the area AC m a first bimedial straight Une. 

For, since AD is a second binomial strai^t line, let it be divided into its 
terms at E, so that AE is the greater term; ■ 

therefore AE, ED are rational straight fines commensurable in square only, 
the square on AE is greater than the square oh ED hy the square <hi a strai^t 
line cornmensurable with AE, 

and the lesser term ED is commensurable-in length with AB. [x. Deff . n. 2] 

'Let ED be bisected at P, * 

and let there be applied to AE the rectangle AO, GE equal to the squaihon EF 
and deficient by a square figure; 

therefore AG is commensurable in length with GE. DcrlT] 
Through 0, E, F let GH, EK, FL be drawn paraUel to AB, CD, 
let the square SN be constructed equal to the parallelogram AH, and the 
square -ATiQ e<pisJ to 



' .and let them be pJitised so t^t isih a sti'ait^t’Sne witii IfO; 
tiieiefoih AAr'is ialsb in a sttiaight line w^ 

Let the square SQ be completed. 
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It is then matufeet tinm what was proved bef<ne ihat MR is a mean proper- 
ticmal between SN, NQ and is equal to EL, and that MO is the ‘‘side” oi the 
area AC. 

It is now to be proved that MO is a first bimedial strais^t line. 

Since AE is commensurable in length with ED, 

while ED is commensurable with AB, 
therefore AE is incommensurable with AB. [x. 13] 

And, since AG is commensurable with EG, 

AE is also commensurable with each of the straight lines AG, GE. [x. 15] 
But AE is incommensurable in length with AB‘, 

therefore AG, GE are also incommensurable with AB. [x. 13] 
Therefore BA, AG and BA, GE are pairs of rational straight lines commen- 
surable in square only; • 

so that each of the rectangles AH, GK is medial. \ [x. 21] 

Hence each of the squares SN, NQ is medial. 

Therefore MN, NO are also medial. 

And, since AG is commensurable in length with GE, 

AH is also commensurable with GK, 1, x. 11] 

that is, SN is commensurable with NQ, 
that is, the square on MN with the square on NO. 

And, since AE is incommensurable in length with ED, 
while AE is commensurable with AG, 
and ED is commensurable with EF, 
therefore AG is incommensurable with EF; [x. 13] 

so that AH is also incommensurable with EL, 
that is, SN is incommensurable with MR, 

that is, PN witii NR, [vi. 1, x. 11] 

that is, MN is incommensurable in length with NO. 

But MN, NO were proved to be both medial and commensurable in square; 
therefore MN, NO are medial straight lines commensurable in square o^y. 

I say next that they also contain a rational rectangle. 

For, since DE is, by hyiwthesis, commensurable with eadi of the straight 
lines AB, EF, 

therefore EF is also commensurable with EK. [x. 12] 

And each of them is rational; 

therefore EL, that is, MR is rational, [x. 19] 

and MR is the rectangle MN, NO. 

But, if two medial straight lines commensurable in square only and contain- 
ing a rational rectangle be added t<^ther, the whole is irrational and is called 
a first bimedial straight line. - [x. 37] 

Therefore MO is a first bimedial straight line. Q. n. n. 

Proposition 56 

If on area be eontained by a rational straight lino and the third binomial, the “side'' 
^ the area is the irrational draight line caUed a second bimedud. 

For let the area ABCD be contained by the rational straight line AB and the 
third bin(«nial AD divided into its terms at of whidi terms AE is the greater; 

1 say that the "ade" of the area AC is the inati<mal strai^t line called a 
■eoond bimedial. 
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For let the same construction be made as before. 

Now, since AD is a third binomial straight line, 




therefore AE^ ED are rational straight lines commensurable in square only, 
the square on A is greater than the square on ED by the square on a straight 
line commensurable with AE^ 

and neither of the terms AE^ ED is commensurable in length with AB. 

[x. Deff. n. 3] 

Then, in manner similar to the foregoing, we shall prove that MO is the 
“side” of the area AC, 

and MNy NO are mechal straight lines commensurable in square only; 

so that MO is bimedial. 

It is next to be proved that it is also a second bimedial straight line. 

Since DE is incommensurable in length with AB, that is, wi^ EK, 
and DE is commensurable with EF, 
therefore EF is incommensurable in length with EK, [x. 13] 
And they are rational; 

therefore FE, EK are rational straight lines commensuraUe in square only. 
Therefore EL, that is, MR, is medial. [x. 21] 

And it is contained by MN, NO; 

therefore the rectangle MN, NO is medial. 

Therefore MO is a second bimedial straight line. [x. 3S] 

Q. S. D. 

Proposition 57 

If an area be contained by a rational straight line and the fourth binomial, the 
**8ide” of the area is the irrational straight line called major. 

For let the area AC be contained by the rational straight line AB and the 
fourth binomial AD divided into its terms at E, of which terms let AE be the 
greater; 

I say that the “side” of the area AC is the irrational straight line called major. 
For, since AD is a fourth binomial straight line, 
therefore AE, ED are rational straight lines commensurable in square only, 
the square on AE is greater than the square on ED by the square on a straight 
line incommensurable with AE, 

and AE is commensurable in length with AB. [x. Deff. ii. 4] 
Let DE be bisected at F, 

and let there be applied to AE a parallelogram, the rectangle AO, QE, equal to 
the square on EF; 

tiierefore AO is incommenmirable in length with QS. [x. 18] 
Let OH, EK, FL be drawn parallel to AB, 




m 
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and let tbe rest of the etmstmctian be aa>bef<Ki»; i 
it is tiben manifest that MO is the “aul^’ of the area AC-. 



R 0 
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It is next to be proved that MO is the irratumal straight line called majoh 
i^oe AO is incmmnensurable with Eff^. 

AH is also incommensurable with GK, that is, SN with NQ; |vi. .1, x. 11] 
therefore MN, NO are incommensurable in square. 

And, tdnoe AE is commensurable with AB, 

AK is rational; \ , [x; 19] 

and it is equal to the squares on MN, NO] 
therefore, the sum of the squares on JIf AT, is also rational. 1 

And, since DE is incommensurable in length with AB, that is, with EK, 
while DE is commensurable with EF, 
therefore EF is incommensurable in length with EK. [x.'lS] 
Therefore EK, EF are rational straight lines commensurable in square only; 

therefore LE, that is, MB, is medial. [x. 21] 

And it is contained by MN, NO] 

therefcne the rect^gle MN, NO is medial. 

And the [sum] of the squares on MN, NO is rational, 

and MN, NO are incommensurable in square. ' i . 

But, if two strfught lines mcomtnensurable in square and making the sum of 
HiB squares on them rational, but the rectangle contained by them medial, be 
added together, the whole is irrational and is called major. [x. 39] 

Therefore MO is the irrational straight line called major and is the “side” of 
the area AC. q. e. d. 


Proposition 68 


// m area he contained hy a rational straight line and the fifth binomidl, She “ade" 
the oMi «8 the ttraUonal straight line called the side of a rational plus a mediai 
area. 

'ttFor let the area AC be contained by the rational strai^t line AB and the 
fifth binomial AD divided into itd tenns at E, s^that AE is the greater ,tehn; 

T'say that the “side" o£ tiie area AiCik the irrational strai|;ht line called the 
a^.ef a rational plus a aiedialarea^ 

For let the same construction be made as before shown; 

it is then manifest that MO is the fade” of the area AC. 

It is then to be proved that MO is the side of a ratioiialiplus a inSdkl;aSea. 
'i’Foc, «no6 AitPisineommensuraUe ndth . i. ; <{R:. 18] 

therefore AH is also commensurable with HE^' . 1^ x. 11] 

.y' .^tiiat is, the sqilare <ki>dfAr:wstii the aquBkeon ATO;' 

ther^ore MN, NO arb incOiniirwswimblb in sqoain. ' . > ' ; < 
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: Aad, since 4D is a fiftii IniuHnial striught line, and ED the lesser segment, 
therefcne ED is ctmuaensurable in length with Ai3..[x. Deff. 



But AE b incoixunensurable with ED; 

therefore AB is also incommensurable in length with AE. [x. 13] 
Therefore AK, that is, the sum of the squares on MN, NO, is medial, [x. 21] 
And, since DE ie commensurable in length with AB, that is, with EK, 
while DE is commensurable with EF, 
therefore EF is also commensurable with EK. [x. 12] 

And EK is rational; ^ 

therefore EL, that is, MR, that is, the rectangle MN, NO, is also rational. 

[X. 19] 

Therefore MN, NO are straight lines incommensurable in square which 
make the sum of the squares on them medial, but the rectangle contained by 
them rational. 

Therefore MO is the side of a rational plus a medial area [x. 40] and is the 
“side’' of the area AC. q. b. ©. 

Pboposition 69 

1/ an areaie contained by a rational straight line and the sixSi binomial, the '*aidg" 
of the area is the irrational straight line called the side of the sum of two medial areas. 

For let the area ABCD be contained by the rational straight line AB and 
the ^th binomial AD, divided into its terms at E, so that AE is the greater 
term; . ■ , 

I say that the “ade” of AC is the side of the suip of two medial areas.. 
Let the same eonstruction be made as before shown. 


H K 


It is then manifest that MO is the “ride" of AC, and that MN bihcrnmnes^ 
suzabte in si^tuare .with..itfb. ' >. p.. ^ i . . J 

No#, since .EA is incommensurable in length with AB,; 
ther^ore EA,AB are ratioQal strai^t lum.o«anineiisurab^j«;sq^^ 
therefcne AJC, that is, the sum of the squa|9ire]icat4<f¥» if medial- 

Again, since Bl^btmsmmneasurehlei'in lepgj^ 'wijih 4ll^. ^ 
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therefore FE k also incommeDsurable with EK; [x. 13] 

therefore FE, EK are rational straight lines conunensurable in square cmly; 
therefore EL, that is, MR, that is, the rectangle MN, NO, k medial, [x. 21] 
And, ance AE k incommensurable with EF, 

AK is also incommensurable with EL. [vi. 1, x. 11] 
But AK k the sum of the squares on MN, NO, 

and EL is the rectangle MN, NO; 

therefore the sum of the squares on MN, NO is incommensurable with the 
rectangle MN, NO. 

And each of them is medial, and MN, NO are incommensurable in square. 
Therefore MO k the side of the sum of two medial areas [x. 41], and is the 
“side” of AC. q. a. n. 

Lem]^ 


If a straight line be cut into unequal parts, the squares on the imequal parts 
are greater than twice the rectangle contained by the unequal pt^. 

Let AB be a straight line, and let it be cut into ^ d\ c B 

imequal parts at C, and let AC be the greater; ' ' \ ' ' 

I say t^t the squares on AC, CB&re greater than twice the rectangle AC, CB. 
For let AB be bisected at D. 


Since, then, a straight line has been cut into equal parts at D, and into un- 
equal parts at C, 

therefore the rectangle AC, CB together with the square on CD k equal to the 
square on AD, [ii. 5] 

so that the rectangle AC, CB is less than the square on AP; 
therefore twice the rectangle AC, CB is less than double of the square on AD. 

But the squares on AC, CB are double of the squares on AD, DC ; [ii. 9] 
therefore the squares on AC, CB are greater than twice the rectangle AC, CB. 


Q. E. D. 


Proposition 60 

The square on the binomial straight line applied to a rational straight line pro- 
duces as breadth (he first binomial. 

Let AB be a binomial straight line divided into its terms at C, so that AC k 
the greater term; 

let a rational straight line DE be set out, 
and let DEFG equal to the square on AB be applied to DE producing DC as its 
breadth; 

I say that DC k a first binomial straight line. 

For let there be applied to DE the rectangle DH k m 

equal to the square on AC, and KL equal to the 
square on BC; 

therefore ^e remainder, twice the rectangle AC, 

CB, k equal to MF. 

Let MG be bisected at N, and leti\fObe draem „ , 

paraUel [to ML or CF]. ” ‘• 

Therefore each the rectangles MO, NF k A C 

ei^utd to <»ioe the rectangle AC, CB. 

Now, sinoe AB k a bmcmiial divided into its terms at C, 
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fherefore AC, CB are rational straight lines commensurable in square only; 

[X. 361 

therefore the squares on AC, CB are rational and commensurable with <me an' 
other, 

so that the sum of the squares on AC, CB is also rational, [z. 15] 
And it is equal to DL; 

therefore DL is rational. 

And it is applied to the rational straight line DE; 

therefore DM is rational and commensurable in length with DE. [z. 20] 
Again, since AC, CB are rational straight lines commensurable in square 
only, 

therefore twice the rectangle AC, CB, that is MF, is medial, [x. 21] 
And it is applied to the rational straight line ML; 
therefore MG is also rational and incommensurable in length with ML, that is, 
DE. [X. 22] 

But MD is also rational and is commensurable in length with DE; 

therefore DM is incommensurable in length with MO. [x. 13] 
And they are rational; 

therefore DM, MG are rational straight lines commensurable in square only; 

therefore DG is binomial. [x. 36] 

It is next to be proved that it is also a first binomial straight line. 

Since the rectangle AC, CB is a mean proportional between the squares on 
AC, CB, [cf. Lemma after x. 63] 

therefore MO is also a mean proportional between DH, KL. 
Therefore, as DH is to MO, so is MO to KL, 

that is, as DK is to MN, so is MN to MK; [vi. 1] 

therefore the rectangle DK, KM is equal to the square on MN. [vi. 17] 
And, since the square on AC is commensurable with the square on CB, 
DH is also commensurable with KL, 
so that DK is also commensurable with KM. [vi. 1, x. 11] 
And, since the squares on AC, CB are greater than twice the rectangle AC, 
CB, [Lemma] 

therefore DL is also greater than MF, 

BO that DM is also greater than MO. [vi. 1] 

And the rectangle DK, KM is equal to the square on MN, that is, to the 
fourth part of the square on MO, 

and DK is commensurable with KM. 

But, if there be two unequal straight lines, and to the greater there be ap- 
plied a parallelogram equal to the fourth part of the ffi^uare on the less and de- 
ficient by a square figure, and if it divi^ it into commensurable parts, the 
square on the greater is greater than the square on the less by the square on a 
strai^t line commensurable with the greater; ^ [x. 17] 

therefore tbe square on DM is greater than the square on MO the sqrutie 
on a straight line commensurable with DM. 

And DM, MO are rational, 

and DM, which is the greater term, is commensurable in length with the ra- 
tional straight line DE set out. 

Therefore DO is a first tancnniid strait line. [x. Deff. n. 1] 

Q« SL 
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PROPOsmoN 61 

The aquare on fhe first limedial strait line apjAied to a roAienei straigkt line pro^ 
duces as breadth the second binomial. 

Let AB be a first bimedial strai^t line divided into its medials at C, of 
which medials AC is the greater; 
let a rational straight line DE be set out, 
and let there be applied to DE the parallelogram 
DF equal to. the square on AB, producing DO as 
its breadth; 

I say that DO is a second binomial straight line. 

For let the same construction as before be made. 

Then, since is a first bimedial .divided at C, 
therdloie AC, CB are medial straight lines com- 
mensurable in square only, and containing a rational rectangle\ [x. 87] 

so that the squares on AC, CB are also mediaL \ [x. 2l] 

Therefore DL is medial. [x. lo and 13, For.] 

And it has been applied to the rational straight line DE', \ 
therefore MD is rational and incommensurable in length with DE. [x. 22] 
Again, since twice the rectangle AC, CB is rational, MF is also rational. 
And it is applied to the rational straight line ML', 
therefore MG is also rational and commensurable in length with ML, that is, 
DE] [X. 20] 

therefore DM is incommensurable in length with MO. [x. 13] 
And they are rational; j 

therefore DM, MO are raticmal straight lines commensurable in square only; 

therefore DO is binomial. [x. 36} 

It is next to be proved that it is also a second binomial straight line. 

For, since the squares on AC, CB are greater than twice the rectangle AC, 
CB, 

therefore DL is also greater than MF, 

, so that DM is also greater than MG. [vi. 1] 

And, tince the square on AC is commensurable with the square on CB, 
DH is also commensurable with KL, 
so that DK is also commensurable with KM. [vi. 1, x. 11] 
And the rectangle DK, KM is equal to the square on MN] 
therefore the square on DM is greats than the square on MG by the square on 
a straijd’^t line commensurable with DM. [x. 17] 

’ And MCI is eommengurable in length with DE. 

Therefore DO i»a second binomial strai^tline. [x. Deff . n. 2] 

pROPoamoN 62 

The sgitare on fhe seeond bmedial straight line applied to a rational straigiiUne 
prodwes as brecdih the third binomial.' 

Let AB be a second bimedial strai^t line divided into its medihlS'at C, so 
that ilC is the. greater s^pnent; 
let />£ be any rational straight line, 

and to DE let there be api^edthe pacallelogmm DF equal to the SQpiare <»i 
AB- and producing DO as its breadth; 
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X ae^ tbiat 1)0 n a l^ixd bjaoittial Ihie. ' 

Let ibe BsuDoe coDstruetion be made as before diiawii. 

Then, since AB is a secimd bimedial divided 
at Kff 

therefore AC, CB tae medial strai^t lines ocnn* 
mensurable in squme tmly and ccmtaining a 
medial rectangle, {x. 3!^ 

eo that the sum of the squares oa AC, CB is also 
medial. [x. 15 and 23 Por.] 

A C B And it is equal to DL] 

therefore DL is also medial. 

And it is applied to the rational straight line DE; 
therefore MD is also rational and incommensurable in length with DE. [x. 22] 
For the same reason, 

MG is also rational and incommensurable in length wth ML, that is, with DE) 
therefore each of the straight lines DM, MO is rational and incommensurable 
in length with . DE. 

And, since AC is incommensurable in length with CB, 
and, as AC is to CB, so is the square on AC to the rectangle AC, CB, 
therefore the square on AC is also incommensurable with the rectangle AC, 
CB. [X. 11] 

Hence the sum of the squares on AC, CB is incommensurablie with twice the 
rectangle AC, CB, [x. 12, 13] 

that is, DL ds incommensurable with MF, 
so that DM is ^so incommensurable with MG. [vi. 1, x. 11] 
And they are rational; 

therefore DG is binomial. [x. 36] 

Itis to be proved that it is also a third binomial stiai^t line. 

In manner similar to the forcing we may conclude that DM is greater than 
MO, 

and that DK is cmnmensurable with KM. 

And the rectangle DK, KM is equal to the square tm MN) 
therefore the square on DM is greater than the square on ilf G by the scpiare on 
a straight line commensurable with DM. 

And neither of the straight lines DM, MG is commensurable in length with 
DE. 

Iherefore DO is a third binomial strai^t line. [X. Deff> n; 

Q. n.'.n. ' 

t ’ ' ' , i , « 

PnoposmoN 63 

Thi aqjtuere on One major straight line applied to a rdttional straight tine pimduees 
as breacUh the fourth binomial. • 

Int AB be a major straightline divided at'C, sb that AC is greater than^GS j 
let DE be a rational straight line, - 

and to DE ^t there be applied the paraildbgwn DF equal squaie'on 
AEimd prodttting Z>G as its btead^ ■ 

j — f say that DG is a fburtirbin(»aial strait hhai 
Let the same construction^ made as before shown. ' . • > 

TfaM, tdnoe AB ie, a majAtridi^t UnetMtiided ati C, '■ > 
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AC, CB are straight lines incommensurable in square which make the sum of 
the squares on them rational, but the rectangle contained by them medial. 

[X. 39] 

Since, then, the sum of the squares on AC, CB 
is rational, therefore DL is rational; 
therefore DM is also raticmal and commensurable 
in len^ with DE. [x. 20] 

Again, tince twice the rectangle AC, CB, that 
is, MF, is medial, 

and it is applied to the rational straight line ML, 
therefore MGh also rational and incommensurable 
in length with DE ; [x. 22] 

therefore DM is also incommpnsurable in length wi’ MG. [x. 13] 
Therefore DM, MG are rational straight lines commensu ble in square 
only; 

therefore DG is binomial. [x. 36] 

It is to be proved that it is also a fourth binomial straight li^e. 

In manner similar to the foregoing we can prove that DM is^reater than 
MG, ' 

and that the rectangle DK, KM is equal to the square on MN. 

Since then the square on AC is incommensurable with the square on CB, 
therefore DH is also incommensurable with KL, 
so that DK is also incommensurable with KM. [vi. 1, x. 11] 
But, if there be two unequal straight lines, and to the greater tiiere be ap- 
plied a parallelogram equal to the fourth part of the square on the less and 
deficient by a square figure, and if it divide it into incommensurable parts, 
then the square on the greater will be greater than the square on the less by the 
square on a straight line incon3mensurable in length with the greater; [x. 18] 
therefore the square on DM is greater than the square on MG by the square on 
a stnught line incommensurable with DM. 

And DM, MG are rational straight lines commensurable in square only, 
and DM is commensurable with the rational straight line DE set out. 
Therefore DG is a fourth binomial straight line. [x. Deff . n. 4] 

Q. E. D. 

Pboposition 64 

The egmre on the side of a rational plus a medial area applied to a rational straigM 
Une produces as breadth the fifth binomial. 

Let AB be the side of a rational plus a medial area, divided into its straight 
lines at C, so that AC is the greater; _ 

let a ratioiml straiidit line DE be set out, 
and let there be applied to DE the parallelogram 
DF equal to the square on AB, producing DG as 
its breadth; 

I say that DGxaa fifth binomial strmght line. 

Let the same construction as before be made. ^ 

Since then AB is tiie tide of a rational plus a ^ us 

medial area, divided at C, a . 

theref(»e AC, CB are straii^t lines incoiiiim!iii<P'able in square which make 
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the sum of the squares on them meditU, but tiie rectang^ ccmtahied by them 
rational. [x. 4(q 

Since, then, the sum of the squares on AC, CB is medial, 
therefore DL is medial, 

so that DM is rational and incommensurable in length with DE. [x. 22] 
Again, ance twice the rectangle AC, CB, that is MF, is rational, 

therefore MG is rational and commensurable with DE. [x. 20] 
Therefore DM is incommensurable with MG; [x. 13] 

therefore DM, MG are rational straight lines commensurable in square only; 

therefore DG is binomial. [x. 36] 

I say next that it is also a fifth binomial straight line. 

For it can be proved similarly that the rectangle DK, KM is equtd to the 
square on MN, 

and that DK is incommensurable in length mth KM; 
therefore the square on DM is greater than the square on MG by the square 
on a straight line incommensurable with DM. [x. 18] 

And DM, MG are commensurable in square only, and the less, MG, is com- 
mensurable in length with DE. 

Therefore DG is a fifth binomial. ' q. b. n. 

Proposition 65 

The square on, the side of the sum of two medial areas applied to a rcUional straight 
line produces as breadOi die sixth binomial. 

Let AB be the side of the sum of two medial areas, divided at C, 
let DE be a rational straight line, 

and let there be applied to DE the parallelogram DF equal to the square on 
AB, producing DG as its breadth; 

I say that DG is a sixth binomial straight line. 

For let the same construction be made as before. 

Then, since AB is the side of the sum of two 
medial areas, divided at C, 
therefore AC, CB are straight lines incommensur- 
able in square which make the sum of the squares 
on them medial, the rectangle contained by them 
medial, and moreover the sum of the squares on 
them incommensurable with the rectangle con- 
tained by them, [x. 41] 

so that, in accordance with what was before 
proved, each of the rectangles DL, MF is me^al. 
And they are applied to the rational strai^t line DE; 
therefore each of the straight lines DM, MG is rational and incommensurable 
in length with DE. {x. 22!\ 

And, since the sum of the squares on AC, CB is incommensurable with twice' 
the rectangle AC, CB, 

therefore DL is incommensurable with MF. 

Therefore DM is also incommensurable with MG; [vi. 1, x. 11] 

therefore DM, MG are rational straight lines commensundite in square only; 

thearefore DG is binmmal. {x. 3Q 

1 say next that it is also a ^bcth binonual straight fine. 
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Similady acorn vn oaa provo that the lectangle KM ia eqoal to the 
aqpiare on MN, 

and that DK ia incommeaaurable in length adth KM; 
and, for the same reason, the square on DM is greater than the square on MO 
by the square on a atraij^t line incommenauridde in length with DJIir. < 

And neither of the straight lines DM, MO ia ccmucmsurable in length urith 
the rational straight line DE set out. 

Therefore DO is a sixth binomial strai^t line. Q. a. n. 


PBOPoamoN 66 


A straight line commenswrdble in lengOi vnth a binomial straigU line is Uself also 
baumial and the same in order. 

Let AB be binomial, and let CD be^commensurable in length with AB; 

I say that CD is binomial and the same i 

‘ in order with AB. A — B 

For, since AB is binomial, Jl U 

let it be divided into its tenns at E, \ 

and let AE be the greater term; \ 

therefore AE, EB are rational straight lines commensurable in square only. 


[X. 36] 

Let it be contrived that, 

as AB is to CD, so is AE to CF; [vi. 12] 

therefore also the remainder EB is to the remainder FD as AB is to CD. [v. 19] 
But AD is commensurable in length with CD; 
therefore AE is also commensurable with CF, and EB with FD. , [x. 11] 

And AD, EB are rational; 

therefore CF, FD are also rational. 

And, as AD ia to CF, so is EB to FD. [v. 11] 

Therefore, alternately, as AD is to EB, so is CD to FD. [v. 16] 

But AD, EB are commensurable in square only; 

therefore CD, FD are also commensurable in square only. [x. 11] 
And they are rational; 

therefore CD is binomial. [x. 3^ 

I say next that it is the same in order with AB. 

For the square on AD is greater than the square on EB either by the square 
on a straight line commensurable with AD or by the square on a straight line 
incommensurable with it. 

If then the square on AD is greater than the square on EB by the square on 
a strai^t line'commensurable with AD, > 

the square on CDvrill aUo be greater thw the-squaire on FD by the square oh a 
sbaight 'line commensurable with CD. [x. 14] 

And, if AD is commensurable with the rational struct line set out, CD will 
also be otHmaensurable with it, - [x.'12] 

and for this reason each of the strmght lines AD, CD is afirst Ihnomial, t^t », 
the same in order. [x. Deff. n. 1] 

But, if EB is commensurable with the rational straii^t line set out, PD is 
ahio eohmieiifiuraUe with it^ ' {x. 12] 

and for this reason again CD anil be faihe in order with AD, 

for each them be a second ilmomial. ' [x. Deff« 2] 



But, seiner of the stoaii^t lkieB AB, BB is eomme!D8UtaMe.«i(ii the ra- 
tioxial straight line set out, nn&er ctf the straight lines CF, FD will be o<Mn- 
mensurable with it, 13] 

and each of the straight lines AB, CD is a third Imomial. [x. Deff. ii. 3] 
But, if the square on AE is greater than Ibe square on EB by the square on 
a strai^t line incommensurable with AE, 

the square on CF is also greater than the square on FD by the square on a 
straii^t line incommensurable with CF. [X. 14] 

And, if AE is commensurable with the rational straight line set out, CF is 
also commensurable with it, 

and each of the straight lines AB, CD is a fourth binomial, [x. Deff. n. 4] 
But, if EB is so commensurable, so is FD also, 
and each of the straight lines AB, CD will be a fifth binomial, [x. Deff. n. 5] 
But, if neither of the straight lines AE, EB is so commensurable, ndtlmr iA 
the straight lines CF, FD is commensurable with the rational straight line s^ 
out, 

and each of the straight lines AB, CD will be a sixth binomial, [x. Deff. II. ^ 
Hence a straight line commensurable in length with a binomial straight line 
is binomial and the same in order. * q. e. d. 

PBOPOsmoN 67 

A' straight line commeneuroble in length with a himedial straight line is itself also 
bimedial and the same in order. 

Let AB be bimedial, and let CD be commensurable in length with AB‘, 

A E B I bimedial and the same in order with AB. 

For, since AB is bimedial, 

let it be divided into its medials at E; 

therefore AE, EB are medial straight lines commensurable in square only. ' 

[x.37,38] 

And let it be contrived that, 

as Aj5 is to CD, so is AE to CF; 

therefcnre also the remainder EB is to the remainder FD as AB is to CD. {v. 19] 
But AB is commensurable in length with CD; 
therefore AE, EB are also eommensurable with CF, FD respectively, [x. 11] 
But AE, EB are medial; 

therefore CF, FD are also medial. [x. SiS] 

And since, as A£ is to EB, so is CF to FD. [v. 11] 

and AE, EB are commensurable in square only, 

CF, FD are also commensurable in square only. {x. ll] 
But they were also proved medial; 

therefore CD is Mmedial. 

I say next that it is also the same in order wi^ AB. ■ 

For since, as AE is to EB, so is CF to FD, 
therefore also, as the square on AE is to Ibe ^tangle AB, EB, bo is the square 
on CF to the rectangle CF, FD; 

th^fore, alterxm^y, 

as the square 'Ota. AE is to tibe sqture oa CF, lie is the rectsn^ AB, EB to tiie 
r^etangle CF, FD. < [v. l6] 

■ ‘But the square on AB is commensural^ with the square on CFf 
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ther^ore the rectangle AE, EB is also commensurable with the 
rectangle CF, FD. 

If therefore the rectangle AE, EB is rational, 

the rectangle CF, FD is also rational, 

[and for this reason CD is a first bimedial] ; [x. 37] 

but if medial, medial, [x. 23, Por.] 

and each of the straight lines AB, CD is a second bimedial. [x. 38] 
And for this reason CD \vill be the same in order with AB. Q. b. d. 


Proposition 68 


A straight line commensurable with a major straight line is itself also major. 

Let AB be major, and let CD be commensurable with AB) 

I say that,(^ is major. ^ 

Let AB be divided at E) 

therefore AE, EB are straight lines inconunensurable in squ^ C 

which make the sum of the squares on them rational, but the £. . 

tangle contained by them medial. [x. F 

Let the same construction be made as before. 

Then since, as AB is to CD, so is AE to CF, and EB to FD, ' ® 

therefore also, as AE is to CF, so is EB to FD. [v. 11] 

But AB is commensurable with CD) 

therefore AE, EB are also commensurable with CF, FD respectively, [x. 11] 
And since, as AE is to CF, so is EB to FD, 

alternately also, 

as AE is to EB, so is CF to FD) [v. 16] 

therefore also, compmendo, 

as AB is to BE, so is CD to DF) Fv. 181 

therefore also, as the square on AB is to the square on BE, so is the square on 
CD to the square on DF. [vi. 20] 

Similarly we can prove that, as the square on AB is to the square on AE, so 
also is the square on CD to the square on CF. 

Therefore also, as the square on AB is to the squares on AE, EB, so is the 


square on CD to the squares on CF, FD) 

therefme also, dternately, 

as the square on AB is to the square on CD, so are the squares on AE, EB to 
the squares on CF, FD. [v. 16] 

But the square on AB is commensurable with the square on CD) 
therefore the squares on AE, EB are also commensurable with the squares on 
CF, FD. 

And the squares on AE, EB together are rational; 

therefore the squares on CF, FD together are rational. 

Similarly also twice tiie rectangle AE, EB is ccmunensurable with twice the 
rectangle CF, FD. 

And twice the rectangle AE, EB is medial; 

therefore twice the rectangle CF, FD is also medial, [x. 2i3, Por.] 

Therefore CF, FD are straight lines incinumensurable in square which make, 
at the same time, tie sum tie squares on them rational, but the rectangle 
contained by them medial; therefore the whole CD is the irrational straight 
line called major. .[x. 39] 
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Therrfore a straight line commensurable with the major strai^t line is 
major. q. b. d. 

PBOFOsmoN 69 

A straight line commensurable with ike side of a rational plus a medial area is 
itself also the side of a rational plus a medial area. 

Let AB be the side of a rational plus a medial area, and let CD be commen- 
surable with AB; 

it is to be proved that CD is also the side of a rational plus a 
medial area. 

Let AB be divided into its stral^t lines at E; 
therefore AE, EB are straight lines incommensurable in square 
which make the sum of the squares on them medial, but the 
rectangle contained by them rational. [x. 40] 

Let the same construction be made as before. 

We can then prove similarly that 

CF, FD are incommensurable in square, 
and the sum of the squares on AE, EB is commensurable with the sum of the 
squares on CF, FD, 

and the rectangle AE, EB with the rectangle CF, FD; 
so that the sum of the squares on CF, FD is also medial, and the rectangle CF, 
FD rational. 

Therefore CD is the side of a rational plus a medial area. q. B. n. 

Proposition 70 

A straight line commensurable wtih Ike side of the sum of two medial areas is the 
side of tke sum of two medial areas. 

Let AB be the side of the sum of two medial areas, and CD commensurable 
with AB; 

it is to be proved that CD is also the idde of the sum of two medial 
A areas. 

Q For, since AB is the side of the sum of two medial areas, 
let it be divided into its strmght lines at E; 
therefore AE, EB are straight lines incommensurable in square 
E' F- which make the sum of the squares on theim medial, the rectangle 
contained by them medial, and furthermore the sum of ^ 
squares on AE, EB incommensurable with the rectan^ AE, EB. 

Bl ■ 

Let the same construction be made as before. 

We can then prove mmilarly that 

CF, FD are also incommensurable in square, 
the sum at the squares on AE, EB is commensurable with the sum of the 
squares on CF, FD, ' 

and the rectangle AE, EB with the rectan^ CF, FD; 
so that the sum of the squares on CF, FD is also medial, 
the rectangle CF, FD is medial, 

and moreover the sum oH ^ squares on CF, FD is incommeBBaratile tvitii the 
rectangle CF, FD. 

Thaebm CD is the siiie of the sum of two medial areas. Q. b. d. 
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Proposition 71 

1/ a rational and a medial area be added togeO^, four irratitmal straight lines 
arise, namely a binomial or afirtsl bimetal or a major or a side of a rational •plus 
amedialarea. 

Let AB be rational, and CD medial; < . ' . 

I say that iJie “mie” of the area AD is a bmomial or a first bimedial or a ma- 
jor or a side of a rational plus a medial area. ... 

For AB is either greater or less than CD. 

First, let it be greater; 

let a rational straight line EF be set out, 
let there be. applied to EF the rectangle EO equal to AB, producing Eti as 
breadth, 

and let HI, equal to DC, be applied to EF, producing HK as |)readth. 

Then, since AB is rational 
and is equal to EO, 
therefore EO is also rational. 

And it has been applied to 
EF, producing EH as 
breadth; 

therefore EH is rati<mal and 
commensurable in length 
wth EF, [X. 20] 

Again, since CD is medial 
and is equal to HI, 

theref(»e HI is also medial. ^ 

And it is applied to the rational straight line EF, producing HK as breadtli; 
therefore HK is rational and incommensurable in length with EF [x. 22] 
And, since CD is medial, 

. > while AB is rational, 

therefore AB is incommensurable with CD, 

BO that EO is also incommensurable with HI. . 

But, as EO is to HI, so is EH to HK; [vi. 1] 

therefore EH is also mcommensurable in length with HK. [x. 11] 
And both are rational; 

therefore EH, HK are rational straight lines cinnmensurable in square only; 

tiierefore EK is a binmaial straight line, divided at H. [x. 36] 
And, since AB is greater than CD, 

white AB is equal to EO. and CD to .HI, 

- therefore EO is also greater than HI; 
therefore EH is adso greater than HK. ' ' 

The square, then, <» EH. is greater thah the:equare>on HK dther by the 
square on a strai^t line commensurable in length with EH. or by the square 
(mastraii^t'lmeinoooBmeBBnnbtewithit..''.' . 

Ehst, let the. squaipe <m it be greater, by the square ' on a straight line com- 
mensurable with itself . ' 

kINow the ffnater stnug^t Mb. HE 'teeonxmensiirtdde inteng&i with, tim ra- 
ticmal straight line HF set out; •' 

' » . . thereffKeFHisAfost.bhimniBL y ■ tx..Iteff. n; 1] 





ELBME^X 28S 

^ is -rational; ; 

and, if an area be contained by a rational straight line and the «lii 4 Kjnwiwtial, 
the'side of ^ square eqwd to the area is hit>oniiw.K .{x: Si] 

Therefore the “sdde” of J5/ is binomial; -i 

so that the “side” of AD is also binomial. 

Next, let the square on EH be greater than the square on HK by the square 
on a straight line incommensurable with EH. 

Now the greater strai^t line EH is commensurable in length with the ra> 
tional straight line EF set out; 

therefore is a fourth binomial., [x. Deff. ii. 4] 
But EF is rational; 

and, if an area be contained by a rational straight line and the fourth binomial, 
the “side” of the area is the irrational strai^t line called major. [X. 67] 
Therefore the “rade” of the area El is majcH*; 

so that the “side” of the area AD is also. mSiw, 

Next, tet AB be less than CD; . .. 

therefore £& is also less than ffl, r 

so that EH , is also less than HK. ■ 

Now the square on HK is greater than the square on EH eijther by the 
square on a straight line commenmirable with HK or by tiie- square <m a 
straight line incommensurable with it. 

^rst, let the square on it be greater by tJm square on a strught line coii»- 
mensurable in length with itself. 

Now the lesser straight line EIH is commensuxaible in length with the tar 
tional straight line EF set out; 

therefore EK is a second fainomiaL [x. Deff. ii. 2] 
But EF is rational, 

and, if an area be contained by a rational straight line and the second binoinial, 
the tide of the square equal to it is a first bimedial; [X. 55] 

therefore the “tide” of the area .SI is a first bimedial, 
so that the “tide” of AD is also a first bimedial. 

Next, let the square on HK be greater than the sqruue on HE by tiie square 
on a straight line incommensurable with HK.‘ 

Now the lesser straight line EH is commensurable witir the ratiomd strait 
line set out; ' 

therefore EK is a fifth bintnnial. > : [x. Deff. a. Q 

ButfirF is rational; 

and, if an area be conttined by a rational straight hite and the fifth binoGOMil, 
the tide of the square equal to theareais atide of a rational plusamedialatea. 

iX458] 

Therefore the “tide” of the area ffia’side of anstional plus a metfial diea, 

so thnt the “tide” of the area AD is also a tide of a rational plus a mecBal area. 
Therefcffe etc.> x. n. 



If two medial areas incommmswrdbU wiOi one anoOier be added tageO^fxBtls.va- 
two irrationai'etmif^ iines arise, namt^ eidter a second bimedial or a 
'9ide^4lw>^M'afiu»tlstid«d«rioa. ■ ' >. iui'L 
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For let two medial areas AB, CD incommensurable with one another be 
Added together; 

I say that the “side” of the area AD is either a second bimedial or a mde of 
the sum of two medial areas. 



For AB is eithm* greater or less than CD. , 

First, if it so chance, let AB be greater than CD. 

Let the rational straight line EF be set out, \ 

and to EFlet there be applied the rectangle EO equal to andWoducing EH 
as breadth, and the rectangle HI equal to CD and producing as breadth. 
Now, since each of the areas AB, CD is medial, \ 

therefore each of the areas EG, HI is also medial. \ 

And they are applied to the rational straight line FE, producing EH, HK as 
breadth; 

therefore each of the straight lines EH, HK is rational and incommensurable 


in length with EF. [x. 22] 

And, since AB is incommensurable with CD, 

and AB is equal to EG, and CD to HI, 
therefore EG is also incommensurable with HI. 

But, as EG is to HI, so is EH to HK ; [vi. 1] 

therefore EH is incommensurable in length with HK. [x. 11] 

Therefore EH, HK are rational straight lines commensurable in square 
only; 

therefore EK is binomial. [x. 36] 


But the square on EH is greater than the square on HK either by the square 
on a strmght line commensurable with EH or by the squme on a strai^t line 
incommensurable with it. 

First, let the square on it be greater by the square on a straight line com- 
mensurable in length with itself. 

Now neither of the straight lines EH, HK is commensurable in length with 
tile rational straight line EF set out; 

therefore EK is a third binomial. [x. Deff . n. 3] 

But EF is rational; 

and, if an area be contained by a rational straight line and tiie third binmuial, 
tile “tide” of the area is a second bimedial; [x. 56] 

therefore the “tide” of El, that is, of AD, is a second bimedud. 

Next, let the square on EH be greater than the square on HK by the square 
on a strai^t line incommensurable in len^h .with EH. 

Now each ci the straight lines EH, HK is incommensurable in length 
with EF; 

thmefore EK is a tixth buuwiial. [x. Deff. n. 6] 

But, if an area be contained by a rational tixaight line and tiie sixth In' 
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nomial, the “dde” of the aiea is the ade of the sum of two medial areas; [x. 59] 
so that the “side” of the area AD is also the side of the sum of two n^al 
areas. 

Theref(xe etc. q. b. d. 

The binomial staraight line and the irrational stnught lines after it are neitluv 
the same with the medial nor with one another. 

For the square on a medial, if applied to a rational strai(^t line, produces as 
breadth a straight line rational and incommensurable in length with that to 
which it is applied. [x. 22] 

But the square on the binomial, if applied to a rational straight line, pro- 
duces as breadth the first binomial. [x. 60] 

The square on the first bimedial, if applied to a rational strai^t line, 
duces as breadth the second binomial. [x. 61] 

The square on the second bimedial, if applied to a rational straight line, pro- 
duces as breadth the third binomial. [x. 62] 

The square on the major, if applied to a rational straight line, produces as 
breadth the fourth binomial. [x. 63] 

The square on the side of a rational plus a medial area, if appUed to a ra- 
tional straight line, produces as breadth the fifth binomial. [x. 64] 

The square on the side of the sum of two medial areas, if applied to a rational 
straight line, produces as breadth the sixth binomial. [x. 65] 

And the said breadths differ both from the first and from one another: from 
the first because it is rational, and from one another because they are not the 
same in order; 

so that the irrational straight lines themselves also differ from one another. 

Proposition 73 

If from a rational straight line there be subtracted a rational straight line commen- 
surable vnth the whole in square only, Oie remainder is irrational; and let it be 
called an apotome. 

For from the rational straight line AB let the rational strai^t line BC, com- 
mensurable with the whole in square only, be subtracted; 

f I say that the reminder AC is the itraticmal strali^t 

^ ® ® line called apotome. 

For, ance AB is incommensurable in length with BC, 
and, as AB is to BC, so is the square on AB to the rectangle AB, BC, 
therefore the square on AB is incommensurable with the rectangle AB, BC. 

[X. 11] 

But the squares on AB, BC are commensurable with the square on AB, 

[X. 15) 

and twice the rectangle AB, BC is commensurable with the rectangle AB, BC. 

[X. 6] 

And, inasmuch as the squares on AB, BC are equal to twice the rectan^e 


AB, BC together with the square on CA, [u. 7] 

therefore the squares on AB, BC are also incommensurable with the remfun- 
der, the square on AC. [x. 13, 16] 

But the squares (m AB, BC are rational; 

therefore AC is irrational. [x.X>ef. 4} 

And let it be called an apotome. q. x, 
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If from a medial straighl line there be euhiraded a medial Straight line which is 
commensurable with the whole in square only, and which contains with ike vahoU a 
rational redang^, the remainder is irrational. And Id , it be eaUed d Sseh alwtome 
of a medial straight line. 

For from dene medial etrai^t line AB let tiiem be sabtraeted the medial 
straight Une BC which is commensurable with AB in square lonly and with AB 
makes the rectangle AB, BC rational; 

Isay that the remainder ilC is irrational; and let it A C B 

be called & first apotome of a medial straight' line. ' 

For, ^ce AB, BC are medial, 

the squares on ABfBC are also medial, j 
But twice the rectangle AB, BC is rational; [ 

therefore the squares on AB, BC are incommensurable with taice the rectan> 
gle AB, BC; \ 

therefore twice the rectangle AB, BC is also incommensurable with the re- 
mainder, the square on AC, \ [cf. 11.71 

ance, if the whole is incommensurable with one of the magnitudes, the original 
magnitudes will also be incommensurable. [x. 161 

But twice the rectangle AB, BC is rational; 

therefore the square on AC is irrational; 

therefore AC is irrational. [x. Def. 4] 

And let it be called a first apotome of a medial straight line. q, e. d. 

Proposition 76 


If from a medial straight line there be subtracted a medial straight line which is 
commensurable with the whole in square only, and which contains with the whok a 
medial rectangk, the remainder is irrational; and let it be called a second apotome 
of a medial straight line. 

For from the medial straight line AB let there be subtracted the medial 
straight line CB which is ccanmensurable with the whole AB in square only 
«id such that the rectangle AB, BC which it contains with the whole AB, is 
medial; [x. 28] 

I say that the remainder AC is irrational; and let it be ealleda second apotome 
o/ a medial straicdit line. 



For let a rational strais^t line DI bs Bet‘buV < ‘ 

let JDiF, equal to the squaiMi on AB, BO, be apidied to DI, produdng DO as 
biMt^ > 



ELBMEMTSX 987 

and let DH equal to twiee the reetangle AM, BC be applied to SJ, fnoducSng 
DF as breadth; 

therefore the remainder is equal to the square on did!'. [Hi 5^ 
Now, idnce the squares on AM, BC are medial and commensurable, < 
therefore is also medial. [x. 15 and 28, Bor.] 
And it is applied to the rational straight line DI, producing DO as breadth^ 
therefore DO is rational and incommensurable in length with DI. (x. 22] 
Agtun, since the rectangle AB, BC is medial, 

therefore twice the rectangle AB, BC is also medial, [x. 23, For.] 
And it is equal to DH; . . 

therefore DH is also medial. 

And it has been applied to the rational straight line DI, producing DF as 
breadth; 

therefore DF is rational and incommensurable in length with DI. [x. 22] 
And, since AB, BC are commensurable in square only^ 

therefore AB is incommensurable in length with BC; 
therefore the square on AB is also incommensurable with the rectangle AB, 
BC. [X. 11] 

But the squares on AB, BC ate commensurable with the square on AB, 

[X. 15] 

and twice the rectangle AB, BC is commensurable with the rectangle AB, BC; 

[X.6] 

therefore twice the rectangle AB, BC is inccnnmensurable with the squares on 
AB, BC. [x; 18] 

But DE is equal to the squares on AB, BC, 

and DH to tmce the rectangle AB, BC; 
ther^ore DE is incommensurable wi^ DH. 

But, as DE is to DH, so is GD to DF; [vi. 1] 

therefore OD is incommensuraUe with DF. [x. 11] 

And both are rational; 

therefore OD, DF are raticmal straight lines commensurable in square only; 

therefore FG is an apotome. [x. 73] 

But DI is rational, 

and the rectangle contained by a rational and an irrational straight line is ir> 
rationid, [deduction from x. 20] 

and its “tide” is irrational. 

And AC is the “side” of FE; 

tiierefore AC is irrational. 

And let it be caUed a second straight linei q. 8.D; 

PBOPOSinoK76 

If from a straight line there mMradei a straifght line which is incommensurahk 

in sipmevhffilhe whole and which with the whole makes the sguoma on ftew added 
tpg^her rational, hui the> rectangUconlauted by them medial, the remainder is-ir- 
ralipnal; and let it be cdled sxdnor. > . l > 

Por from the straight line AB let there be subtracted the Uae BO 

I.. ,,, which is UMHnmhtiuniiiible in squasei'ftith the whole 

^ ■ C B aad&Jfiistimgpvmi.cetHlhioiis. - .. i'<.; '[k.3^ 

I the remainder AC is the inadknBd «tnt%ht liiicee^ed 'niMtd*^ 
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For, ^ce tbe sum of the squares on AB, BC is ratimial, while tAvioe the rec- 
tangle AB, BC is medial, 

therefore the squares on AB, BC are incommensurable with twice the rectangle 
AB, BC; 

and, cotwertendo, the squares on AB, BC are incommensurable with the re- 
mainder, the square on AC. [ii. 7, x. 16] 

But the squares on AB, BC are rational; 

therefore the square on AC is irrational; 
therefore ^IC is irrational. 

And let it be called minor. q. s. n. 


PaoposmoN 77 

If from a straight line there he svbtract^a straight line which is iikcommensurable 
in square wiih the whole, and which xoith the whole makes the sum m the squares on 
t lem medial, but twice the rectangle contained by them rational, ^ remainder is 
irrational; and let it be called that which produces with a rational area a medial 
whole. ^ 

For from the straight line AB let there be subtracted the straight line BC 
which is incommensurable in square with AB and fulfils the giveh con- , 
ditions; [x. 34] 

I say that the remainder AC is the irrational straight line aforesmd. 

For, since the sum of the squares on AB, BC is medial, 
while twice the rectangle AB, BC is rational, 
therefore the squares on AB, BC are incommensurable with twice the 
rectangle AB, BC; i 

therefore the remainder also, the square on AC, is incommensurable 
with twice the rectangle AB, BC. [ii. 7, x. 16] ® 

And twice the rectangle AB, BC is rational; 

therefore the square on AC is irrational; 
therefore AC is irrational. 

And let it be called OuU which ‘produces with a rational area a medial whole. 

Q. B. n. 


Proposition 78 

If from a straight line there be subtracted a straight line which is incommensurable 
in square with the whole and which ‘with the whole makes the sum of the squares on 
them medial, twice the rectangle contained by them medial, and further, the squares 
on Owm incommensurable with twice the rectangle contained by diem, the remainder 
is irrational; and let it be caUed that which produces with a medial area a medial 
whole. _ 

For from the straight line AB let there be subtracted the strmght line BC 
incommensurable in square with AB and fulfilling q p q 

the 9 ven conditions; [x. 35] I . | 

I say timt the remaindm* AC is Ibe irrational 
straight line called Oiat which produces with a medial 
area a medial uMe. 

For let a rational strai^t line DI be set out, ■ 

to DI let tiiere be applied DE equal to the squmes * 

on AB, BC, produdng DO as breadth, A t "" b 
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uid let DH equal to twice the rectangle AB, BC be subixacted. 
Thfflefore tiie remainder FE is equal to the square on AC, 73 

so that AC is the “side” of FE. 

Now, since the sum (tf the squares on AB, BC is medud and is equal to DE, 
therefore DE is medial. 

And it is applied to the rational straight line DI, producing DO as breadth; 
therefore DO is rational and incommensurable in length with DI. [x. 22] 

Again, since twice the rectangle AB, BC is medial and is equal to DH, 
therefore DH is medial. 

And it is applied to the rational straight line DI, producing DF as breadth; 
therefore DF is also rational and incommensurable in length with DI. Ix. 22] 
And, since the squares on AB, BC are incommensurable with twice the reo* 
tangle AB, BC, 

therefore DE is also incommensurable mth DH. 

But, as DE is to DH, so also is DO to DF; [vi. 1] 

th^fore DO is incommensurable with DF. [x. 11] 

And both are rational; 

therefore OD, DF are raticmal straight lines commensurable in square only. 
Therefore FO is an apotome. [x. 73] 

And FH is rational; 

but the rectangle contained by a rational straight line and an apotome is ir- 
rational, [deduction from x. 20] 

and its “side” is irrational. 

And AC is the “side” of FE; 

therefore AC is irrational. 

And let it be called that whick produces with a medial area a medial whole. 


Q. E. D. 


PnoposmoN 79 

To an apotome only one rational straight line can be annexed which is commenaw- 
rable mth the whole in square only. 

Let AB be an apotome, and BC an annex to it; 

^ g Q Q therefore AC, CB are rational strai^t lines 

— ■' ' ' — commensurable in square only. [x. 73] 

1 say that no other rational straight line can be annexed to AB which is 
commensurable with the whole in square only. 

For, if possible, let BD be so annexed; 

therefore AD, DB are also rational strai^t lines commensurable in square 
only. . ' [Xi'TS] 

Now, ance the excess of the squares on AD, DB over twice the rectai^ 
AD, DB is also the excess of the squares on AC, CB over twice tiie rectangle 
AC, CB, 

for both exceed by the same, the square on AB, [B. 7] 

tberefcne, alternately, the excess of the squares on AD, DB ovaf ibe squares 
on AC, CB is the excess of twice the rectang^ AD, DB over twme the rec- 
tangle AC, CJS. . 

But the squares on AD, DB exceed the squares on AC, CB by a rational area, 

for botb are rational; 

tixer^ore twice the reotangde AB, DB also exceeds twice the lecrtaagle AC, CB 
hy a rational area: 
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is imposmbb, > ' : 

ftHT.both are medial [x. 21], and a mediai area does notexoeed 'A medial a 
rational area. [x. 26] 

Therefore no other ratic^d strait Ime can be annexed to AB wh^ is 
commensurable with the whole in squme oidy. 

illwrefore only <me rational strait line can be annexed to an apotome 
\tiudi is commensurable with the whole an square only. q. b. d. 


Pbopoution 80 


To a first apotome o/ a medial straight line only one medial Haight line can he 
annexed which is commensurable with the whole in square only and which contains 
with (he whale a rational rectangle. | 

For let AB be a first apotome of a medial a b \ CD 

straii^t lite, and let BC be an annex to AB; * T ' 

therefore AC, CB are mediid strai^t Hirns commensurable in square only and 
such that the rectangle AC, CB which they contain is ratipnal;\ Ix. 74] 
I say that no other medial straight line can be annexed to AB which is com- 
mensurable with the whole in square only and which contains with the whole 
a rational area. 

For, if possible, let DB also be so annexed; 
tirerefore AD, DB are medial stnught lines commensurable in square only and 
such that the rectangle AD, DB which tixey contain is rational. [x. 74] 
Now, fflnce the excess of the squares on AD, DB , over twice the rectangle 
AD, DB is also the excess of the squares on AC, CB over twice the rectangle 
AC, CB, 

for they exceed by the same, the square on AB, [ii. 7] 

therefore, alternately, the excess of the squares on AB, DB over the squares 
cm AC, CB is also the excess oi twice the rectangle AB, DB over twice the rec- 
tangle AC, CB. 

But twice the rectangle AB, DB exceeds twice the rectangle AC, CB by a 
rational area, 

for both are rational. 

. Therefore the squares (m AB, DB also exceed the squares on AC, CB by a 
rational area: 


which is imposcdble, » 

for both are medial [x. 15 and 23, Bor.], and a noedial area does not exceed a 
medial by a rational area. [x. 26] 

' Ibmefore ete. q. su n. 


PBOPOSirioN^ 

To.a second apotome of a medial straigbtiine only one medud straight line can be 
annexed udiieh is commensurable with the whole insquare only and wfitch eontedns 
wUh the, whole a medial restaoi^. ! 

Let AB be a second apot<nne of a medial straight line and BC an saaex to 
AB{, 

the^ore AC, CB are medial strai^t linesoommensurable in square only and 
SKd), the reetaocde AO, CB whit^ they oohtafo is inediaL . 

1 say that no other medial stiaig^t line can be annexed taAAiwhiohfooeis-' 
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meDSQtable 'vrfth th^ tviicte insquaiie onljr iRAdcii-oQiitiuits vi& lli^'wbole 
axoedi^weteoi^.' 

For, if poadble, let £D also be so annexed; 

therefore AD^ DB are also medial straight lines eom- 
-S_P mensurable in square only and such that ‘the xeetanj^ 
AD, DB which they contain is medial. [x. 76] 

Let a rational strai^t line EF be set out, 
let EQ equal to the squares on AC, CB be applied to 
EF, producing EM as breadth, 
and let HO equd to twice the reotancde AC, CB be 
tracted, produdng HM as Inreadth; 

therefore tbio remainder EL is equal to ^ 

square <m AB, • [a. 7} 

so that AB is the of EL. 

Again, let El equal to the squares on AD, DB be ap- 
plied to EF, producing EN as breadth. 

But EL is also equd to the square cm AB; 
therefore the remainder HI is equal to twice tiie rec- 
tangle AD, DB. (it. 7] 

Now, since AC, CB are medial straight lines, 
therefore the squares on AC, CB are also medud. 
And they are equal to EO; 

therefore F6 is also mediaL . [x. 16 and 23, For.} 
And it is applied to the rational straight line EF, producing EM as br^th; 
therefore EM is rational and incommensurable in length with EF. [x. 22} 
Again, since the rectangle AC, CB is medial, 

tAvice the rectangle AC, CB is also nmdial. [x. 23, Per.] 
And it is equal to HO; 

therefore HG is also, medial. 

And it is applied to the rational struct line EF, produdng HM as breadth; 
therefore HM\s also rational and incommensurable in length with EF. [x.. 28|] 
And, dnce AC, CB are commensurable in square only, 

therefore AC is incommensurable in length with CB. 

But, as AC is to CB, so is the square on AC to the rectanid^ AC, CBj 
therefore the square on AC is incommensurable with the rectang^ AC,' CB. 

[xAl] 

But the squares on AC, CB are commensorabie with the square on AC, . - 
while twice the rectang^ AC, CB is commmiBurable with the rectangle AC, 
CB; =lk.«] 

therefore the squares on AC, CB are incommensuralde with twice tim te»< 
tangle AC, CB. ' fx-1^ 

iSuid EO is equal to the squares di AC, CB, 

■ . i. . whSe’CB is equal to twice the rectan^ AC, CB;> i 
therefore BC is incommensurable with BG. 

But, as BG is to BG, BO is BAf toBAf; {rill} 

thmefore BAf is inooimnensoriidd in iHogth with JTB. 

.. And both are rational; 

therdore EM, MH are rational straighhinew etmuasnsaBable m aquare aeiy; 

> .1 tlfen^roBBietaapotcam, iMttdd^nnaiBiigxtoit.- 
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SimiUiiiy' we eati prove that ffi\r is also an anaHc to it; 
therefore to an apotome different straight lines are annexed eiiidh are oom- 
mensurable with the wholes in square only: 

which is impossible. [x. 79] 

TherdFore ete. q. b. d. 


Proposition 82 

To a mirm straight line only one straight line can be annexed which is incommen- 
surable in square with the whole and which makes, with Oie whole, the sum of the 
squares on them rational but twice the rectangle contained by them medial. 

Let AB be the minor straight line, and let BC be an annex to AB', 
therefore AC, CB are straight lines incommensurable in squtue which make 
the sum of the squares on them rational, but twice B j CD 

the rectangle contained by them medial. [x. 76] ‘ 

I say that no other straight line can be annex^ to AB ful^lling the same 
conditions. 

For, if possible, let BD be so annexed; 
ther^ore AD, DB are also straight lines incommensurable in squli^re which ful- 
fil the aforesaid conditions. [x. 76] 

Now, since the excess of lire squares on AD, DB over the squares on AC, CB 
is also the excess of twice the rectangle AD, DB over twice the rectangle AC, 
CB, 

while the squares on AD, DB exceed the squares on AC, CB by a rational area, 

for both are rational, 

therefore twice tbe rectangle AD, DB also exceeds twice the rectan^e AC, CB 
by a rational area: 

whidi is impossible, for both are medial. [x. 26] 

Therefore to a minor straight line only one straight line can be annexed 
which is incommensurable in square with the whole and which makes the 
squares on them added together raticmal, but twice the rectangle contained by 
them medial. Q. e. d. 


Proposition 83 

To a straight line which produces with a rational area a medial whole only one 
straight line can be annexe which is incommensurable in square with the whole 
straight line and which with the whole straight line makes the sum of the squares on 
them medial, but twice the rectangle contained by them rational. 

Let AB be the straight line which produces with a ratiimal area a medial 
vdude, 

and let £C' be an- annex to AB; a B CO 

therefore AC, CB are straight lines incommensu- ' ' 

raUe in square which fulfil the given conditions. [x. 77] 

I say that no other strai^t line can be annexed to AB which fulfils the same 
cimditions. 

' For, if posmble, let BD be so annexed; 

Ihbtefore AZ>, DB are also straight lines incommensuriable in square which ful- 
fil the given conditions. [x.77] 

.fiidoB tiien, as in the preceding cbIsUh ' 

OiO eatcess of the squares en ADi BB.wvcr the sqpisrM on AC, CB is also the 
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excess twice the tectai^k AD, DB over twice tiie rectaot^e A€, GB , . 
while twice the rectangle AD, DB exceeds twice the rectangle AC, CB by a 
rationtd area, 

for both are rational, 

therefore tiie squares on AD, DB also exceed the squares on AC, CB by a 
rational area: 

which is impossible, for both are medial. [x. 26] 

Therefore no other strsught line can be annexed to AB which is incommen- 
surable in square with the whole and which with the whole fulfils the aforesaid 
conditions; 

therefore only one straight line can be so annexed. q. b. d. 

Proposition 84 

To a straight line which produces with a medial area a medial whole only one 
straight line can be annexed which is incommensurable in square with the whole 
straight line and which with the whole straight line makes the sum of the squares 
on them medial and twice the rectangle contained by them both medial and also in- 
commensurable with the sum of the squares on them. 

Let AB be the straight line which produces with a medial area a medial 
whole, 

and BC an annex to it; 

therefore AC, CB are straight lines incommensurable in square which fulfil the 
aforesaid conditions. [x. 78] 

I say that no other straight line can 
B c D be annexed to AB which fulfils the 

aforesaid conditions. 

For, if possible, let BD be so an- 
nexed, 

so that AD, DB are also straight lines 
incommensurable in square which 
make the squares on AD, DB added 
together medial, twice the rectangle 
AD, DB medial, and also the squares 
on AD, DB incommensurable with twice the rectangle AD, DB. [x. 78] 
Let a rational straight line EF be set out,> 
let EG equal to the squares on AC, CB be applied to EF, producing EM as 
breadth, 

and let HG equal to twice the rectangle AC, CB be af^lied to EF, producing 
HM as breadth; 

therefore the remainder, the square on AB [n. 7], is equal to EL] 
therefore AB is the “side” of EL. 

Again, let El equal to the squares on AB, DB be applied to EF, producing 
EN as breadth. 

But the square on AB is also equal to EL] 
therefore the remainder, twice the rectan^e AD, DB [i^. 7], is equal to HI. 
Now, since the sum of the squares on AC, CB is medial and is equal to EG, 
therefore EG is also medial. 

And it is applied to the rational strm^t line EF, produdng EM as breadth; 
therefore EM is rational and' incwnmensuralrfe in length with EF. [x. 22] 
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Again, mnoe twice the ractan^ AG, CS ia medSal md ie etiaal'to BQf 
.. therefcwe ATG'ig.alab medial. > • > ; 

And it is applied to the rational straight line EF, producing HM as breadth; 

therefore HM is rational and ineonunttrsurable in length with EF. [x. 22] 
And, since the squares on AC, CB am incommensurable with twice the rec- 
tangle AC, CB, 

EO is also iitconunenmmd>le with HQ', 
therefore -EAf is also incommensurable in length with Jflf. [vi. 1, x. 11] 
! And both axe rational; 

therefore EM, MH are rational straight lines commensurable in square only; 

therefore EH is an apotome, :and HM an annex to it. [x. 73] 
Similarly we can prove that EH is again an apotome and HN an annex to it. 
Therefore to an apotome different rational straight lines areiannexed which 
are commensurable with the whdesln square only: I 

whidi was proved imposable.. \ [x. 79] 

Therefoie no other straight line can be so annexed to AB. 1 
Therefore to AB only one straight line can be annexed whichlis incommen- 
surable in square with the whole and which with the whole' makes the squares 
on them added together medial, twice the rectangle contained by them medial, 
and also the squares on them incommensurable with twice the rectangle con- 
tained by them. q. b. d. 


DEFINITIONS IH 

1. Given a rational straight line and an apotome, if the square on the whole 
be greater than the square on the annex by the square on a strai^t line com- 
mensurable in length with the whole, and the whde be commensurable in 
length with the rational straight line set out, let the apotome be called a^rst 
apotome, 

■i <2. But if the annex be commensurable in length with the rational strai^t 
liim set out, and the square on the whole be greater than that on the annex by 
the square on a straight line commensurable with the whole, let the apotome 
be called a second apotome. 

3. But if neither be commensurable in length with the rational strai^t line 
set out, and the square on the whde be greater than the squue on the annex 
by the square on a straightline commensurable with the whde, let the apotome 
be called a third apotome. 

. 4. Again, if the squa^ on the whole be greater than the square on the annex 
by the square on a straight line incommensurable with the whole, then, if the 
whole be commensurate in lehg^ with the rational straig^ line set out, let 
the apotome be called a /ourth apotome; 

5. ff the annex be so commensut'able, a fifth; 

6. and, if neither, a sixth. 

Pnoyosmoi^ ^ 

To find ^firsi apotome. .■ ' : 

ijet a rational strai^t line A be set out, 

and lei BG'be commenjRirable in length with A; 

, theetfare Jl(? » also mtionali . ■ . -< >' 
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Let two square numbers DB, EF be set out> aaid let their diffNjeaeeiF&aot 

thmefore neither has ED to DF 
tlui ratio whieh & square mnn-* 
barhastoasquare'number. 

Let it be contrived that) 
as ED is to DF, so is the square on BO to the square cm OC; 6, 1^.} 

therefore the square on BO is commensurable with the square on [x. 6] 
But the square on BO is rational; 

therefore the square on 6C is also rational; 
therefore OC is also rational. 

And, since ED has not to DF the ratio which a square number has to a 
square number, 

therefore neither has the square on BO to the square cm OC the ratio which a 
square number has to a square number; 

therefore BO is incommei^urable in length with OC. [x. 9] 
And both are rational; 

therefore BO, OC are rational strai^t lines commensurable in square only; 

therefore BC is an apotome. [x. 7d} 

I say next that it is also a first apotome. i ‘ 

For let the square on H he that by which the square on BO is greater thah 
the square on OC. 

Now since, as ED is to FD, so is the square on BO to the square on OC, 
therefore also, cmveriendo, [v. 19, For.] 

as DE is to EF, so is the square on OB to the square on H. 

But DE has to EF the ratio which a square nurobmr has to a square number, 

for each is square; 

therefore the square on OB also has to the square on H the ratio which a square 
number has to a square number; 

therefore BO is conunensurable in ler^th with H. . [x. 9] 

And the square on BO is greater than the square on OC by the square on H ; 
therefore the square on BO is greater than the square on OC by the square on 
a straight line conunensurable in length with BO. 

And the whole BO is commensurable in length with &iB ration^ straight line 
A set out. 

Therefore BC is a first apotonm. ' [x. Deff. jn; 1| 

Therefore the first apotome BC has been found. 

(Being) that which it was required to find. O. a. P. 

PBOPoarnoii 86 

To find ihe second apotome. 

^t a rational straight line A be set out, uid OC commensuraUe in tength 
with A; , 

therefoie GC is rational. 

Let two square nurUbos DE, EFJbe set out^ and let tl^ differeMe BF not 
besquare. ■ ■■ ■ ■ ■ * ? 

Now let it be contiived that, as FB is to BB,i so is’ the, square cm CCito tire 
squaceonCB. ; ;m.. .. i,' : Ix.6,Pot.] 

Tbeprfoie the square on CBiseenuntaiSuiaMe with the square <m(?B. [x.6] 
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But tile equaro on CG is rational; 

therefore the square on OB is also rational; 
therefore BG is rational. 

And, since the square on GC has not to the 

square on OB tiie ratio which a square num- 

has to a square number, B C 

CO is incommensurable in length with GB. ' 

[X. 9] H 


And both are rational; 

therefore CG, GB are rati<Mial straight lines E F 5 

commensurable in square only; 

therefore BC is an apotome. [x. 73] 

I say next that it is also a second ^^otome. i 

For let the square on /f be that by which the square on BG te greater than 
the square on GC. \ 

Since then, as the square on BG is to the square on GC, so is t^ number BD 
to the number DF, \ 

therefore, comertendo, \ 

as the square on BG is to the square <hi H, so is DE to EF. ' [v. 19, For.] 
And each of the numbers DE, EF is square; 
therefore the square on BG has to the square on H the ratio which a square 
number has to a square number; 

therefore BO is commensurable in length with H. [x. 9] 

And the square on BG is greater than the square on GC by the square on H-, 
therefore the square on BG is greater than the square on GC by the square on a 
straight line commensurable in length with BG. 

And CG, the annex, is commensurable with the rational straight line A set 
out. 

Therefore BC is a second apotome. [x. Deff. ni. 2] 

Therefore the second apotome BC has been found. q. e. d. 


Pbopositiox 87 

To find the third apotome. 

Let a rational straight line A be set out, 
let three numbers E, BC, CD be set out 
which have not to one another the ratio 
which a square number has to a square num> 
ber, but let CB have to BD the ratio which a 
square number has to a square number: 

Let it be contrived that, as E is to BC, so is 
tiie square on A to the square on FCr, 
and, as BC is to CD, so is the square on FG B 

to the square on GH. [x. 6, For.] 

Since tiien, as E is to BC, so is the square on A to tiw square on FO, 
therefore the square on A is commensurable with the square on FO. [x. 6] 
But the square on A is rational; 

therefore the square on FG is also rational; 

therefcxe FO>iB rational. > 
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And, since E has not to BC the ratio whidb a square numb^ ha g to a square 
number, 

therefore neither has the square on A to the square on FO the ratio whith a 
square number has to a square number; 

therefore A is incommensurable in length with FO. [x. 9] 
Again, since, as BC is to CD, so is the square on FG to the square on OH, 
therefore the square on FG is commensurable with the square on OH. [x. 6] 
But the square on FG is rational; 

therefore the square on OH is also rational; 
therefore OH is rational. 

And. tince BC has not to CD the ratio which a square number ha-a to a 
square number, 

therefore neither has the square on FG to the square on GH the ratio which a 
square number has to a square number; 

therefore FG is incommensurable in length with OH. [x. 9] 
And both are rational; 

therefore FO, GH are rational straight lines commensurable in square cmly; 

therefore FH is an apotome. tx. 73} 

I say next that it is also a third apotome. 

For since, as B is to BC, so is the square on A to the square on FO, 
and, as BC is to CD, so is the square on FG to the square on HG, 
therefore, ex aequuM, as B is to CD, so is the square on A to the square on HO. 

[V.22] 

But B has not to CZ) the ratio which a square number has to a square number; 
therefore neither has the square on A to the square on GH the ratio vtduch a 
square number has to a square number; 

therefore A is incommensurable in length with OH, [x. 9] 

Therefore neither of the straight lines FO, GH is commensurable in lengtii 
with the rational straight line A set out. 

Now let the square on B be that by which the square on FO is greater than 
the square on GH. 

SiUce then, as BC is to CD, so is the square on FO to the square on GB, 
therefore, amsertendo, as BC is to BD, so is the square on FG to the square 
on K. [v. 19, For.] 

But BC has to BD the ratio which a square number has to a square number; 
therefore the square on FG also has to the square on K the ratio whidi a square 
number has to a square number. 

Therefore FG is commensurable in length with K, (x. 9] 

and the square on FG is greater than the square on OH by the square on a 
straight line commensurable with BG. 

And neither of the straight lines FO, OH is cmnmensurable in length with 
the rational straight line A set out; 

therefore FH is a third apotome. [x. Deff. m. 3] 

Therefore the third apotome FH has been found. qr. x. n. ’ 

Proposition 88 , 

To find ihe fourth apotome. 

Let a rational straight line A be set out, and BG commensarable in ha^th 
with it; ' '■■'**■* 



Ml V BDCLSD..-;, 

Let two numbers DF, FE be set out such that the whole DE has imt to 
eithw of the numbers DF, EF the ratio which a square inujpober has to a 
square number. 



Let it be contrived that, as DE b to EF, so is the square cm BG to the square 
on OC; [X. 6, For.] 

therefore the square on BO is comme^qrable with the square on OC. [x. 6] 
But the square on BG is rational; ' ^ t 

tiierefore the square on GC is also rational; \ 
therefore OC is rational. \ 

Now, anoe DE has not to EF the ratio which a square numper has to a 
Squt^ munber, \ 

therefore neither has the square on BO. to the square on OC the rckio which a 
square number has to a square number; 

therefore BO is incommensurable in length with OC. [x. 9] 
And both are rational; 

therefore BG, OC are rational straight lines commensurable in square only; 

therefore BC is an apotcune. [x. 73] 

Now let the square on N be that by whidi the square on BG is greater than 
the square on OC. 

Since then, as DE is to EF, so is the square on BG to the square on OC, 
therefore also, converkndo, as ED is to DF, so is the square on OB to the square 
onH. [V.. 19, For.] 

. But ED has not to DF the ratio which a square munber has to a square 
number; 

ther^ore nmiher has the square cm GB to the square on H the ratio which a 
square number has to a square number; 

therefore BO is incommensurable in length with H. [x. 9] 

And tire square on BG is greater than the square m GChy the. square on JB; 
therefore the square on BG is greater than the square on OC by the square cm 
a strai^t line incommensurable with BO. 

' And the whole BG is commensumblein-length with the raticmal straight line 
A set out. 

Therefcffe BC is.a fourth apotome. _ [x. Beff. m. 4] 

.llherafore :the fourth apotoine has been found. q. s. n. 


PnoposmoN ^ 

To find 1^ apotome. ■ . ' 

Let a rational strai^t line A be set out, and let CG be commensurable in 
length with A; 

therefore CO is rational. . . < . 

letitntonumben DF, FE be set outsuch that DE again hae not to either of 
the mimbers DF, FE the ratio which a sqciare number has to a square njundWi 
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wd let it be coattbred that) as FE.ia U> ED, ee is sqaaie on CG to tbe 
square on GB. 

Thfflefoie Hie square on GB is also ratirmal; [x. 6] 

therefore BO is also rational. < i ; , 

®i j®, Now since, as DE is to EF, so is the squue on BG tb 
the square on GC, 

while Z>B has not to BF tile ratio which a square number has 
to a square number, 

therefore neither has the square on BG to the square on GG 
" the ratio which a square number has to a square numb^; 

G ' -F therefore BG is incommensuridile in Imigth with GC. [x. 9] 
And both ate rational; 

therefore BG, GC are rational straight lines commensurate 
^ in square only; 

therefore BC is an apotome. [x. 73} 

I say next that it is also a fifth apotome. 

For let the squeie on ff be that by which the square on BG is greater than 
the square on GC. 

Since tiien, as the square on BG is to the sqfiare on GC, so is DE to 
therefore, comertendo, as ED is to DF, ao is the square on BG to the square 
on H. [V. 19, For.} 

But ED has not to DF the ratio which a square number has to a square 
number; 

therefore nmtiier lias the square on BG to tiie square on H the ratio which a 
square number has to a square number; 

tberefore BG is incommensurable in length with H. [x. 9] 
And the square on BG is greater than the square on GC by the square on H ; 
therefore the square on GB is greater than the square on GC by the square on 
a straight line incommensurable in length with GB. 

And the atmex CO is commensurable in length with the rational strai^t line 
A set out; 

therefore BC is a fifth apotmne. [x. Deff . in. 3} 

Therefore the fifth apotome BC has been found. q. B. d. 


Pboposixion 90 t 


To find ihe «ixth apotome . . ' 

Let a rational stnught line A be set out, and three numbers E, BC, CD 

having to one another the ratio which a sqmtre 

number has to a square number; and furthw 

let CB also not have to BD the ratio whidh.a 


P + — Q square number has to a square number. - 

Letitbeoontrivedthat,asBi8 toBC, sois 

the square on 4. to the square on FG, 

? — ^ rr and, as BC is to. CB, So is the square on FG to 

, toe square on GH. [x. Fop^ 

. ® .P ' ^ ■ Now tiaee« . as B is to BC, so is square 

on A to the square on FG, . 

tiies^ore theaquare on A is commensurable -wito the siquare te FG. [x. 6] 
itot toe square on A is rational;.,. '.v< .. > , 
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tlier^cne the square on FO is also rational; 
therefore FG is also rational. 

And, fflnce E has not to BC the ratio which a square number has to a square 
niunber, 

therefore neither has the square on A to the square on FG the ratio which a 
square number has to a square number; 

therefore A is incommensurable in length with FG. [x. 9] 

Again, since, as BC is to CD, so is the square on FG to the square on GH, 
therefore the square on FG is commensurable with the square cm GH. [x. 6] 
But the sqiiare on FG is rational; 

therefore the square on GH is also rational; 
therefore GH is also rational. 

And, fflnce BC has not to CD the, r/itio which a square nutnber has to a 
square number, I 

tiieiefore neither has the square on FG to the square on GH thA ratio which a 
square number has to a square number; \ 

therefore FG is incommensurable in length with GIK [x. 9] 
And both are rational; \ 

therefore FG, GH are rational straight lines commensurable in Elquare only; 

therefore FH is an apotome. [x. 73] 

I say next that it is also a sixth apotome. 

For fflnce, as E is to BC, so is the square on A to the square on FG, 
and, as BC is to CD, so is the square on FG to the square on GH, 
therefore, ex aequali, as £ is to CD, so is the square on A to the square on GH. 

[v. 22] 

But E has not to CD the ratio whidi a square number has to a si^uare num- 
ber; 

therefore neither has the square on A to the square on GH the ratio which a 
square number has to a square number; 

therefore A is incommensurable in length with GH) [x. 9] 
therefore neither of the straight lines FG, GH is commensurable in length with 
the rational straight line A. 

Now let the square on X be that by which the square on FG is greater than 
the square on GH. 

Since then, as BC is to CD, so is the square on FG to the square on GH, 
therefore, convertendo, as CB is to BD, so is the square on FG to the square 
on K. [v. 19, For.] 

But CB has not to BD the ratio which a square number has to a square num- 
ber; 

therefore neither has the square on FG to the_square on K the ratio which a 
square number has to a square number; 

therefore FG is incommensurable in length with K. [x. 9] 

And the square on FG is greater than the square on GH by the square on K ; 
tha«fore the square cm FG is'greater than the square on GH by the square on 
a straight line incommensurable in length with FG. 

And ndther of the straight lines FG, GH is commensurable with the rational 
struct line A set out. 

Therefcne FH is a axth apotome. [x. Deff. m. 6] 

Therefore the oxth apotome FH has been found. Q. a. d. 
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Proposition 91 


If an area be contained by a rational straight line and a first apotome, fke **eid^* 
of the area is an apotome. 

For let the area AB be contained by the rational straight line AC and 
first apotome AD; 

1 say that the “»de” of the area AB is an apotome. 

For, since AD is a first apotome, let D6 be its annex; 
therefore AG, GD are rational straight lines commensurable in square only. 

[X.73] 

And the whole AG is commensurable with the rational straight line AC set 
out, 

and the square on AG is greater than the square on GD by the square <m a 
straight line commensurable in length with AG; [x. Deff. ni. 1] 

if therefore there be applied to AG a parallelogram equal to the fourth part of 
the square on DG and deficient by a square figure, it divides it into commen- 
surable parts. [x. 17] 



therefore each of the straight lines 
AC. 


Let DG be bisected at E, 
let there be applied to AG a parallel- 
ogram equal to the square on EG and 
deficient by a square figure, 
and let it be the rectangle AF, FG; 

therefore AF is commensurable 
withFG. 

And through the points E, F, G let 
EH, FI, GK be drawn parallel to AC. 

Now, since AF is commensurable 
in length with FG, 

therefore AG is also commensurable 
in length with each of the stNdght 
fines AF, FG. [x. 

But AG is commensurable with AG; 

', FG is commensurable in lengtli with 

[X- 12] 


And AG is rational; 

therefore each of the straight fines AF, FG is also rational, 
so that each of the rectangles AI, FK is also rational. [x. 19] 
Now, since DE is commensurable in length with EG, 
therefore DG is also commensurable in length with each of the strai{|^t l&ieB 
DE, EG. [X. Ifil 

But DG is rational and incommensurable in length with AG; 
therefore each of the straight fines DE, EG is also rational and incommensur- 
able in length with AG; [x. 13] 

therefore each of the rectangles DH, EK is medial. [x; 21] 
Now let the square LM be made equal to AI, and let there be subtracted 
the sipiare NO having a common angle with it, ^e an|d® and equal to 
FK; 

therefore the squares LM, NO are about the same diameter, tvt. 2(Q 
Let PR be their diameter, and let ihe figure be drawn. 




m mcuD 

Since tiien tiie rectangle contained by AF, FO is equal to the square (m EO, 
therefore, as AF is to EO, so is EO to FO. [vi. 17] 

^t, as AF is to EO, so.is AI to EK, 

and, as EO is to FO, so is EK to KF; fvi. 1] 

^erefore EK is a mean proportional between AI, KF. [y. 11] 

But MN is also a mean proportional between LM, NO, as was before proved, 

[Lemma aftOT X.’ 53] 

and AI is equal to tbe square I/Af, and KF. to NO] 
therefore MN is also equal to EK. 

But EK is equal to DH, and MN to LO; 

therefme DK is equal to Hre gnomon UVW and NOt 
But AK is also equal to the squares LM, NO; 

therefore the remainder AB is equal to JST. 

But 57* is the square on 

therefore the square on LN is equal to AB; 
therefore LN is iJie “side” of AB. 

I say next that LN is an apotome. 

For, since each of the rectangles AI, FK is rational, \ 

and they are equal to LM, NO, 

ther^ore each of the squares LM, NO, that is, the squares on LP, PN respec- 
tively, is also rational; 

therefore each of the straight lines LP, PN is also rational. 

Again, since DH is medial and is equal to LO, 

therefore LO is also medial. 

Since, then, LO is medial, 

while NO is rational, 

therefore LO is incommensurable with NO. 

But, as LO is to NO, so is LP to PN ; [vi. 1] 

therefore LP is incommensurable in length with PN. [x. 11] 

' And both are rational; 

therefore LP, PN are rational staraight lines commensurable in square only; 

therefore LN is an apotome. [x. 73] 

' And it is the “side” of the area A8; 

therefore the “ade” of the area AB is an apotome. 

Therefore etc. 0. a. n. 

Proportion 92 

If an area be contained by a rational ^a^ht Vm and a second apotome, the **8ide" 
ef,Ste area is afir^ apotome of a medicA straight line. 

. : For let the area AB be contained by the rational straight line AC and the 
second apotome AD; 

■ I say t^t the “ade” of thearea AB is afirst apotomeof amedial BtTai^)line. 
For let L6 be the annex to AD; 

therefore AO, OD are, rational strait lines cbmmensnratde in square only, 

, ■ .'[x-.'73] 

and annex DG'.is commenBurable with the rational straight' line AC set out, 
while the square on the whole AO is greater than the square on the annex; &D 
by the square on ajdzaiiht line commeiffnicable m len^- witii AO. 
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Since, then, tiie#(|uareonilOisgreaterlJianlhesquaPe<mG!Dby Ihesqnue 
(m a straight line connnensurable with il(r, '' </ ' ' 

therefore, if there be apphed a 
parallelt^ram equal to tte fourth 
of the equate on OD and deficient fay a 
square figure, it divides it into c(»n- 
mensurable parts. {x. 17] 

Let then DO be bisected at B, 
let there be appfied to AO a patrallhlo- 
gram equal to the square on EO and 
deficient by a square figure, 
and let it be the rectangle A^F, FO\ 
therefore AF is eommenaurabie in 
length with FO. 

Therefore AO is also commensurable 
in length with each of the straight 
lines AF, FO. [X. 

But AO is rational and incommensurable in length with AC; 
therefore each of the straight lines AF, FO is also rational and htcommenisu- 
rable in length with AC; [x. 13] 

therefore each of the rectangles AI, FK is medial. [x. 21] 
Again, since DE is commensurable with EO, 
therefore DO is also commensurable with each the straight lines DE, EO. 

ix. 18] 

But DO is commensurable in length with AC. 

Therefore each of the rectangles DH, EK is rational. [x. 19] 

Let th^ the square LM be constructed equal to AI, 
and let there be subtracted NO equal to FK and being about the same ah^e 
with LM, namely the angle LPM; 

therefore the squares LM, NO are about the same diameter, 28 
Let PR be their diameter, and let the figure be drawn. 

Since then AI, FK are medial and are equal to the squares on LP, PN, ’ 
the squares on LP, PN are idso medial; 
therefore LP, PN are also medial straight lines commensurable in square only. 
And, since the rectangle AF, FO is equal to the square on EG, 

therefore, as AF is to EO, so is EO to FO, [vl. 17] 

while, as AF is to EO, so is AI to EK, 
and, as EO is to FO, So is EK io FK; [Vh 1} 

therefore EK is a mean proportional betwem AI, FK. {v. 11] 

But MN is also a mew proportional l^tween the squares iLM,' NO, 
and AI is equal to LM, and FK to NO; ■ ; 

therefore Mi\r is also equal to £iJl. . !■ 

But DH is equal to EK; and LO equal to MN; 

therefore the whole DK is equal to the gnomon UVy? and NO. 

Since, then, the whole AX is equal to liM, iVO, . ' 

and, in these, DK is equal to Ibe giufaaon l/FlF and NO, ■ ■ ■ , 
therefore the remainder AB i3 equal to 3i8. ' ‘ ' 

" But is the 8qa*h?e'on LX; ■■■ ^ 

' '' therefore the square on LX is equal to the area AB; • ^ ‘ 
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therefore LN is the “edde” of the area ABt 
I say that LN is a first apotome of a medial straight line. 

For, since EK is rational and is equal to IX), 

therefore IX), that is, tibe rectangle LP, PN, is rational. 

But NO was proved medial; 

therefore IX) is incommensurable with NO. 

But, as IX) is to NO, so is LP to PN ; [vi. 1] 

therefore LP, PN are incommensurable in length. [x. 11] 
Therefore LP, PN are medial straight lines commensurable in square only, 
which contain a rational rectangle; 

therefore LN is a first apotome of a medial strai^t line. [x. 74] 
And it is the “side” of the area AB. 

Therefore the “side” of the area A&is a first apotome of a ihedial straight 
line. I Q. E. D. 

Proposition 93 \ 

7/ an area he contained by a rational straight line and a third apoto^, ihe “side" 
of the area is a second apotome of a medial straight line. 

For let the area AB be contained by the rational straight line AC and the 
third apotome AD; 

I say that the “side” of the area AB is a second apotome of a medial straight 
line. 

For let DO be the annex to AD; 

therefore AG, GD are rational straight lines commensurable in square only, 
and neither of the straight lines AG, GD is commensurable in length with the 
rational straight line AC set out, 

while the square on the whole AG is greater than the square on the annex DG 
by the square on a straight line commensurable with AO. [x. Deff. iii. 3] 
Since, then, the square on A & is greater than the square on GD by the square 
on a straight line commensurable with AG, 
therefore, if there be applied to AG a 

parallelogram equal to the fourth part 

of the square on DG and deficient by 
a square figure, it will divide it into 
commensurable parts. [x. 17] 

Let then DG be bisected at E, 1 | I 

let there be applied to AG a parallelo- ® ^ 

gram equal to the square on EG and 
deficient by a square figure, 

and let it be the-rectangle AF, FG. _ $ ) 

Let EH, FI, OK be drawn throu^ 
the points E, F, G parallel to AC. 

Therefore AF, FO are commensu- 
rable; 

therefore A7 is also commensurable i 

with FK. [VI. 1, X. 11] 

And, since AF, FG are commensurable in length, 
therefore AG is also commensurable in leng;th with each of the straight lines 
AF, FO. [X. la 
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But AO is rational and inccnninensuiable in length with ACi 

BO that AF,FO am aolaleo. > 

Therefore each of the rectangles AI, FK is medial. > fx. Slj 

Again, since DE is commensurable in length with EG, < 

therefore DO is also commensurable in length with each of the straight lines 
DE, EG. [x;!l5] 

But OD is rational and incommensurable in length with AC; 
therefore each of the straight lines DE, EG is also rational and incommensu- 
rable in length with AC; [x. 13] 

therefore each of the rectangles DH, EK is medial. , [x. 211 

And, since AG, GD are commensurable in square only, ’ (. 

therefore AG is incommensurable in length with GD. 

But AG is commensurable in length with AF, and DO with EG; 

therefore AF is incommensurable in length with EG. [x. 13] 
But, as AF is to EG, so is AI to EK; - [vi. 1] 

therefore AI is incommensurable with EK. [x. H] 

Now let the square LM be constructed equal to AI, 
and let there be subtracted NO equal to FK and being about the same 
with LM ; 

therefore LM, NO are about the same diameter. [vi. 26] 

Let PR be their diameter, and let the figure be drawn. 

Now, since the rectangle AF, FG is equal to the square on EG, 

therefore, as AF is to EG, so is to FO. . [vi. 17] 

But, as AF is to EG, so is AI to EK, , ■ , , , 

and, as J?G is to FG, so is EK to FK ; {vi. t] 

therefore also, as AI is to EK, so is EK to FK; [y. U] 

therefore EK is a mean proportional between AI, FK. 


But MN is also a mean proportional between the squares LM, NO, 
and AI is equal to LM, and FK to NO; 
therefore EK is also equal to MN. 

But MN is equal to LO, and EK equal to DH; 

therefore the w'hole DK is also equal to the gnomon UVW and NO^ • 
But AK is also equal to LM, NO; 

therefore the remainder AB is equal to ST, that is, to the square on LN; 

therefore LA is the “side” of the area A B. 

I say that LN is a second apotome of a medial straight line. 

For, since AI, FK were proved medial, and are equal to the squares m liP, 
PN, . . 

therefore each of the squares on LP, PN is also medial; 
therefore each of the straight lines LP, PN is medial. . ./ 
And, since AI is commensurable with FK, [vi. 1, x.^ill] 

therefore the square on LP is also ccnnmensurable with the square on PN. 
.^ain, since AI was proved inconunensurable with EK, 

therefore LM is also in^mmensuraUe with MN, 
that is, the square on LP with the rectangle LP,. PN; 
so that LP is also inocxomensurable in length with PA; . {vt. 1, x..ll| 

therefore LP, PA are medial straight lines commensurable in sqmure mdyK.:; 
I say next that they idso contiun a medial rectangle. 

For, since EK was i»oved medud, and is equal to the rectaas^ LP, PNi 
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ilertiforelto rectal^' 2<P, Piy^is alK» 
totlittt LP, PN are medial siaraight iiabs cdmmenaurable in square only which 

odbtain a medial rectan^ < ’ . 

Therefcne LN is a stoond apqtome of ^ medial strai^t line; : {x. 75] 
' '1 aind it is the ^ffide” of file airea Afi; 

Therefore the “ade” of the area AB is a se<;ond apotome of a medial straif^t 
line. ... q.'b.-d; 

PnoposmoN 94 

If 4m ana be amknwed by^a rcM&iud etraight line and a fourth apotome, the “side" 
of the area is minor. , . > ••• 

For let the area AP be contained by the rational straight line AC and the 
fourth apotome AD; > ; > , j 

■ I say that 'the "side” of the area AB is minor .( 

! For let DO be the annex to AD; \ 

therefore AG, GD are rational' strai^t lines commensurable in square only, 
AG is commensurable ih'length with tiie rational stnu^t line AC set out, 
and the square on the. whole AO is greater than the square on theannex DG by 
the square on a straight line incommensurable in length with AG, 

[x. Deff. ni. 4] 

Since, then, the square on AG is 
greater than the square na GD by the 
square on a strai(^t line incommen- 
surable in length with AG, 
therefore, if there be applied to AO a 
ptealielogram equal to the fourth part 
of the square on DG and deficient by 
a square figure, it will divide it into 
incommensurable parts. [x. 18] 

Let then DO be bisected at E, 
let there be applied to AC a paraUelo- 
gram'dqual to the square on EG and 
deficient by a square figure, 
and let^ be tlm rectangle AP, FO; 
therefore AF is incbmmensurable in 
length with FC; ■ 

'Let Mf; FI, OK be drawn through E, F, 0 parallel to AC, BD. 

Since, then, AO is rational and commensurable in length with AC, 

tiierefore the wh<^ Ai£ is rational. [x. 19] 

Again, amoe BC-is inconilnlenBarable in lei^h with AC, and both are rar 
tidnid,.' 

/• therefore is medial. [x. 21] 

Again, since AF U'ikohttmtMUntraUe .in length with FC, . 

therefore A/ is also hiemBineBsurable with FiC. [vi. 1, x. 11] 
Now let tl^ Aquitfe be coDetructed equal to AJ, ' 

ahd tet there be subtracted NO equal Ut FK and 'idMOt the same angle, the 
stmfXiLPM. ■ ‘ 

Therefme the squareeLAf, NO are -about <tlie same diameter. [xi. 26] 
Iht'FJS be-dwir diameter, and let 4be£^pire be draim. - ’ 
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^ee, OieB, ib« nctangle AF, F€Haie<^M .to<the squaro oa »/ 

therefore, proportionally, as AF is t© JSG, so is EO to FO. [Vi. 171 
But, as AF is to FG, so is A/ to FJE, . - > , / 

and, as FG is to FG, so is FX to FX} : {iri. Jl 

^erefore EK is a mean proportional betUfieen AI, FK. 11] 
But MN is also a mean proporticmal between the squares LM, NO, 

' and A J is equal to LM, and FK, to NO; 

■ therefcMe EK is also equ^ to MN. 

But DH is equal to EK, and LO is equal MN; 

therefore the whole DK is equal to the gnomon VVW and NO. 

Since, then, the whole AF is equal to the squares LM, NO, 
and, in these, DK is equal to the gnomon UVW and the squaiie NO, • • 
therefore the remainder AF is equal to ST, that is, to the square (m LN ; ' 
therefore LN is the “side” of the area AF. 

I say that LN is the irrational straight line called minor. 

For, since AK u rational and is equal to tiie squares on LP<, PN, • 

therefore the sum of the squares on LP, PN. is rational. f 
Again, since DK is meditd, 

and DK is equal to twice the rectangle LP, FN,‘ ' . ! 

therefore twice the rectangle LP, PN is medial. 

And, since AI was proved incommensurable with FK, 
therefore the square on LP is also incommensurable with the square on PN. 

Therefore LP, PN are straight lines incommensurable in square which make 
the sum of the squares on them rational, but twice the rectani^ ocmtained by 
them medial. 

Therefore LN is the irrational straight bne called minor; [x. 76] 

and it is the “side” of the area AF. 

Therefore the “tide” of the area AF is minor. Q. b. d. 

Pboposition 9^ , ' 

If tm area be contained by a rational straight line and a fifth a/potome, the “tide” 
of the area is a straight line which prodttces widt a rational.area a medial vMe* 
For let the area AF be contained by the rational straight line AC and the 
fifth apotome AD; 

I say that the “tide” of the area AF is a sti»i|dit line which produces wiiii 
a rational area a medial whde. .> 

For let 2)G be the aimex to.AF; • s, 

therefore AG, GD are rational straight lines commensurable in sqpiare 
the aanen OD is Commensurable in length with tiie jrati<(mal straiiht lum AC 
set out, ' . !'• ; . I. 

and the square on the whole AG is greater than the ^uare (nr the asmexFiGby 
the equate on a straii^ line incommeohurable with. AG. : [x; Oeff. 

Therefi»!e> if there be aiqtlied to AG a paealleh^pmu, equal to thelfourtiniMurt 
of the square on DO and deficient by a square figure, it will diinde it into kir 
oamamBsoraUe parts.' . . > 

Let then FG be bisected at the pc^ Fy * - . , , . 

let. there be applied to AG a parallelogram equal to the square cm FG and de- 
fitienlbby«.'square figure,; and 4tii.it be tbe;i?etol»nideAFy.JiGji; ; 

theitiore AFisinoomra^urabte.inlisnctii aihtfryllS'.H?;;:’ r 
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Now, nnee AO is incommensurable in length with CA , and both are rational, 
therefore AK is medial. [x. 21] 

Again, anoe DO is rational and 
commensurable in length with AC, 

DK is rational. [x. 19] 

Now let the square LM be con- 
structed equal to AI, and let the 
square NO equal to FK and about 
the same angle, the angle LPM, be 
subtracted; 

therefore the squares LM, NO are 
about the same diameter. [vi. 26] 

Let PR be their diameter, and lett 
the figure be drawn. 

Similarly then we can prove that 
LN is the “side” of the area AB. 

I say that LN is the straight line 
which produces with a rational area a medial whole. \ 

For, since AK was proved medial and is equal to the squares on LP, PN, 
therefore the sum of the squares on LP, PN is medial. 

Again, since DK is rational and is equal to twice the rectangle LP, PN, 
the latter is itself also rational. 

And, since AI is incommensurable with FK, 
therefore the square on LP is also incommensurable with the square on PN; 
therefore LP, PN are straight lines incommensurable in square which make 
the sum of the squares on them medial but twice the rectangie contained by 
them rational. 

Therefore the remainder LN is the irrational strai^t line called that which 
produces with a rational area a medial whole; [x. 77] 

and it is the “side” of the area AB. 

Therefore the “ade” of the area AB is a straight line which produces with a 
latimud area a medial whde. Q. e. d. 

Proposition 96 

If an ■carta be contained by a roHonal etraight line and a sixth apotome, the "side" 
of the area is a straight line which produces with a medial area a medial whole. 

For let the area AF be contained by the rational straight line AC and the 
mxth apotiHne AD; 

I say that the “side” of the area AB is a straight line which produces with 
a medial area a medial whole. -- 

For let 1X7 be the annex to AD; 

therefore AO, OD are rational straight lines commensurable in square only, 
ndtiber of them is commensurable in tength with the rational straight line AC 
set out, 

mmI tile square on the whole AO is greater than the square on the annex DG Igr 
the square on a straight line incommensurable in length with AO. 

■■' I . [X. Deff. ra. 6] 

Since, then, the'^usre on AG is greater than the square on OD by the square 
on a straight Sneineoihiaensurable in length with AG, 
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therefore, if there be applied to AO a parallelogram equal to the fourth part 
the square on DO and deficient by a square figure, it will divide it into imx^- 
mensurable parts. [x; 

Let then DO be bisected at E, 
let there be applied to AO a parallelo- 
gram equal to the square on EO and 
deficient by a square figure, and let 
it be the rectangle AF, FO) 
therefore AF is incommensurable in 
length with FG. 

But, as AF is to FO, so is AI to 
FK) [VI. 1] 

therefore AI is incommensurable with 
FK. [X. 11] 

And, since AG, AC are rational 
straight lines commrasurable in 
square only, 

AK is medial. [x. 21] 

Again, since AC, DO are rational straight lines and incommensurable in 
length, 

DK is also medial. [x. 21] 

Now, since AG, GD are commensurable in square only, 

therefore AG is incommensurable in length with GD. 

But, as AG is to GD, so is AK to KD; [vit 1] 

therefore AK is incommensurable with KD. [x. 11] 

Now let the square LM be constructed equal to AI, 
and let NO equal to FK, and about the same angle, be subtracted; 
therefore the squares LM, NO are about the same diameter, [vi. 26] 

Let PR be their diameter, and let the figure be drawn. 

Then in manner similar to the above we can prove that LN is the “side” of 
the area AB. 

I say that LN is a straight line which produces with a medial area a medial 
whole. 

For, since AK was proved medial and is equal to the squares on LP, PNi 
therefore the sum of the squares on LP, PN is medial. 

Again, since DK was proved medial and is equal to twice the rectaag^ LP, 
PN, 

twice the rectangle LP, PN is also medial. 

And, since AK was proved incommensurable mth DK, 
the squares on LP, PN are also incommensurable with twice the reetan^ LPi 
PN. 

And, ance AI is incommensurable with FK, _ , 

therefore the square on LP is also incommensurable with the square on PAT; 
therefore LP, PN are straight lines incommaisurable in square which make 
the sum of the squares on them meditd, twice the rectanj^ c(mtaiaed.fcy>tl^m 
medial, and further, the squares cm them incommensurable with twice the rec- 
tangle contained by them. 

Theiefore LAT is the irrational straif^t line called that whadi ptoduees with 
a medial area a medial wheie; [^* 78] 






m woiXD' i ■ 

- ;aiic|itistbe*%ide’’oftl)ftarea.j4<iB. - ; . 

Therefore the (rf the area is a straight line which>produoe8 with a me- 

chal area a medial whole. q. k. o. 

, PBOPOsrnoN 97 

7Vie s^aore on an apoUme iitpplied to a rational straight line produees as bread^i 
a first apotome, J , 

Let AB be an apotomei and' CD rational, 
and to CD let tiiere be applied CE equal to the square on AB and produdng 
CiP as breadth; . 

I say that CF is a first apotome. 

For let BG be the annex to 


AD; 

the^ore AC, CD are rational 
straight lines commensurable ( 

A* 



■ ? 1 


4 




^ K M 

in square only. ■ i[x. 73] 

To CD let there be applied 

CH equal to the square on AC, 






and iKL equal to the square on D ' E 6T 


BG. 

Therefore the whole CL is equal to the squares on AG, GB, and, in these, CE 
is equal to the square on AB ; 

therefore the remaindel: FL is equal to twee the rectangle AG, GB. [ii. 7] 
Let FM be bisected at the point N, 

and let NO be drawn tl^ou^ N parallel to CD; 
therefore each of the rectangles FO, LN is equal to the rectangle AG, GB. 
Now, since the squares on AG, GB are rational, 

and DM ia equal to the squares on AG, GB, 

. therefore DM is rational. 

And it has been applied to the rational straight line CD, producing CM as 
breadth; 

therefore CM is raticmal and coiPmensurable in length with 'CD. [x. 20] 
Again, since twee the rectangle AG, GB is medial, and FL is equal to twice 
the rectangle AC’, 

therefore FL is medial. 

AruUt U applied to the rational strai^t line CD, producing FM as breadth; 

therefore FM is rational and incommensurable in length with CD. [x. 22] 
And, »nce the squares AG, GB are rational, 

while twice the rectangle AG^ >GB is medial, 
therefore the squares on AC, GB are incommensiuable with twiee the rec- 
tangle AG, GB. 

And CD is equal to the squares on AC, CD, 

' . ‘ add FD to twice the rentable AC, CD, ' 

M . thereforbDM is incommensurable with FD. 

'Btt^hsDiWisto'FD, soisCilftoF^;!' 1] 

' - tfaeieforeCif mincommeiiBUEBble in length with FAf. : iixl U] 

And both are rational; .. ' . ” 

ibirefore'Cihf; AfF amsatloiiiai'StBaightiliaeB ooinmensarfeiible in sepmieonly; 
' therefore CF is mi apotomfe >:.!!>' V.' ' : 43fc ,7aSl 
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Isay nextthatitisalso'afiwtapotome. ■ 

For, fflnce the zeeta&gle AG, OB is a mean praportio^uil between the squaies 

oa.AG,G£, 

and is equal to the iqaato on 
KL equal to the squarb tm BO, 
and JVXt equal to the rectaoidB AG, i..:/, 

thm:efore NL is also a mean proportibnal between CH^ KL', ; . . . r 5 
therefore, aa CH ia to NLyaoiaNL to KL. ■■ . 

But, as CH is to ATL, so is CX to iVJIf , . . . ; 

aod, as NL is to KL, . 60 ia NM to KM; [vi. 1] 

therefore the rectangle CK, KM is equal to the square oP NM {vi. 17], tbatls, 
to the fourth part of the square on FM. 

And, since the square on AG is commensurable with the square ouGB.,- 
Off is also commensurable 'ndtb XL. > 

But, as CX is to KL, so is CK to KM; [vi. 1 ] 

therefore CK is commensurable with KM, ‘ • [x. 11 ] 

Since, then; CM, MF are two unequal straight lines, ' !. 

and to CM there has been applied the rectangle CK, KM eqiud to the fourth 
part of the square on FM and deficient by a square figure; . < ' 

while CX is cconmensurable with XM, 

therefore the square on CM is greater than the square on MF by the square on 
a straight line commensurable in length Avith CM. [x. 17] 

And CM is commensurable in length with the rational straight line CD set 
out; 

therefore CF is a first apotmase. [x. Deff. ui. 1] 

Therefore etc. q. e. o. 

Proposition 98 

The ^piare on a first apotome of a medial straight line applied to a rational straigM 
line prodiuxs as breadtii a second apotome. . • 

Let AB be a first apotome of a medial straight line and CD a ratumal stradg^ 
line, ■ : . ‘ . i • . . ,r-- 

and to CD let there be applied CE equal to the square on AB, producing CF as 

breadth; ' , 

I say that CF is a second apotome. 

For let BC be the annex to AB; - > > 'ii 

therefore AO, OB are medial straight hues coiiun^isaralfie in< square oidy 
which coiAain a rational rectangle. ■ ■> [Xi.<74] 

To CD let there be aipi^nil 
CH equal to the square on AO, 
producing CK as breadth^' Und 
XL equal to the square cm CB, 
producing KM as breadtii; 
therefme the 'whefie- 
equal' to'-^ sqBaree:jaii''.A)8l; 
OB; i..*v ''■■■ S U ■' t 

" . - ther^ore CL italsonaedial.',. t fgEi!l5aiiii.S8^FtaR^ 

And it is applied to the rational strai^t line CD, produch^ CM as l^wWMith^ 
tibterefore CM is rational orad inoireitteiiBUihMe in Imqcfli witii CD. [x. 2^ 
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[VI. 11 
[X. 11] 


m square only; 
\ [x. 73] 


Now, since CL is equal to the squares on AO, OB, 

and, in ti^se, Hie square on AB is equal to CE, 
therefore the remainder, twice the rectangle AO, OB, is equal to FL. [n. 7] 
But twice the rectangle AO, OB is rational; 

therefcwe FL is rational. 

And it is applied to the rational straight line FE, producing FM as breadth; 
therefore FM is also rational and commensurable in length with CD. [x. 20] 

Now, tince the sum of the squares oa AO, OB, that is, CL, is medial, while 
twice the rectangle AO, OB, that is, FL, is rational, 

I . therefore CL is incommensurable with FL. 

But, as CL is to FL, so is CM to FM) 

therefore CM is incommensurable in length with FM. 

And both are rational; 

therefore CM, MF are rational straight lines commensurable ^ 
therefore CF is an apotome. 

1 say next that it is also a second apotome. \ 

For let FM be bisected at N, \ 

and let NO be drawn through N parallel to CD; \ 
therefore each of the rectangles FO, NL is equal to the rectangle AO, OB. 

Now, since the rectangle AO, OB is a mean proportional between the squares 
on AO, OB, 

and the square on AO is equal to CH, 
the rectangle AO, OB to NL, 
and the square on BO to KL, 

tiierefore NL is also a mean proportional between CH, KL; 
therefore, as CH is to NL, so is NL to KL. 

But, as CH is to NL, so is CK to NM, 

and, as NL is to KL, so is NM to MK; [vi. 1] 

therefore, as CK is to NM, so is NM to KM ; [v. 11] 

therefore the rectangle CK, KM is equal to the square on NM [vi. 17], that is, 
to' the fourth part of the square on FM. 

Since, then, CM, MF are two unequal strmght lines, and the rectangle CK, 
KM equal to the fourth part of the square on MF and deficient by a square 
figure has been applied to the greater, CM, and divides it into commensurable 
parts, 

therefore the square on CM is greater than the square on MF by the square on 
a strai^t line commensurable in length with CM. [x. 17] 

And the annex FM is commensurable in length with the rational strai^t 
Hue CD set out; ' 

therefore CF is a second- apot<Hne. [x. Deff. in. 2] 

Therefore etc. q. n. o.' 
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2%e SQuars on. a second apotome of a mMitA straight line applied to a raHoncd 
straigkt line produces as breadth a tkird-apotome. 

Let AB be a second apotone of a medial strai^t line, and CD rational, 
and to'CB let there be applied CE equal to the square on AB, producii:^ CF as 
brisadth; '• 

I say that CF is a third apottmie. 



C F N K M 
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For let BO be tbe annex to AB; 

therefore A6, GB are medial strai^t lines commensurable in square (mly 
which contain a medial rectangle. 76] 

^ B G equal to the square 

-7 * on AO be applied to CD, pro- 

ducing CK as ' br^ih,! 
and let KL equal to the squace 
on BO be applied to KH, pro- 
ducing KM as breadth; 
therefore the Avhole CL is equal' 
to the squares on AO, OB', 
therefore CL is also medial. [x. 16 and 28> Per.] 

And it is applied to the rational straight line CD, producing CM as breadth; 
therefore CM is rational and incommensurable in length with CD. [x. 22} 
Now, ance the whole CL is equal to the squares on AG, GB, and, in these, 
CE is equal to the square on AB, 

therefore the remainder LF is equal to twice the rectangle AG, GB. [n. 7 ] 
Let then FM be bisected at the point N, 

and let NO be drawn parallel to CD; 

therefore each of the rectangles FO, NL is equal to the rectangle AG, OB. 
But the rectangle AG, GB is medial; 

therefore FL is also medial. 

And it is applied to the rational straight line EF, producing FM as breadth; 
therefore FM is also rational and incommensurable in length with CD. [x. 22 ] 
And, since AG, GB are commensurable in square only, 

therefore AG is incommensurable in length with GB; 
therefore the square on AG is also incommensurable with the rectangle AO,' 
GB. [VI. 1, X. 11] 

But the squares on AG, GB are commensurable with the square on AG, 
and twice the rectangle AG, GB with the rectangle AG, GB; 
therefore the squares on AG, GB are incommensurable with twice the rectang^- 
AG, GB. [x. 1 ^ 

But CL is equal to the squares on AG, GB, 

and FL is equal to twice the rectangle AG, GB; 
therefore CL is also incommensurable with FL. 

But, as CL is to FL, so is CM to FM; [vi- 1] 

therefore CM is incommensurable in length with FM. [x. 11 ] 
And both are rational; 

therefore CM, MF are rational straight lines commensurable in square' oidy; 

therefore CF is an apotome. < [x. 7^ 

I say next that it is also a third apotome. 

For, since the square on AG is commensurable with the square on GB, 
therefore CH is also commensurable with KL, 

> so that CK is also commensurable with KM. [vi. 1 , x.- 11] 

And, ninea the rectan^e AG, CB is a mean proportiimal between the squaces 
on AO, GB, 

and CH is equal to the squme on AO, 

KL equal to the square on OB, 

• NL equal to the rectang;le AO, OB; 
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therefore i\rL is also a mew proportittuil b6t;nwea<?H, J££r; . 
therefore, as CH is to. so to XL.. « . , , 

. But, as Cf7 is to i^L, so is CiiT to 3/’Af, 

aiad, »a NL is to KL, so is NM to KM; [vi. 1] 

therefore, as C£ is to M^, Boisilf.Ar4io.EM; ' [v. 11] 

therefcne therectaa^e CK, KM is equal to [the square on MN, that is, to] the 
fourth part of.the sqpiare on FM. ' 

Sinoe, then,CJf,'Aff are two imequal straight lines, and a paraUelogram 
equal to the fourth part oi the square on FM and deficient by a square figure 
hw been apidied to CM, and divides it into e<»nmensurable parts, 
therefore the square on CM is greater than the square on MF by the square on 
a stra^ht line commensurable with CM. [x. 17] 

And neither of the straight lines Cil^, MF is commensulaUs in length with 
the rational strai^t line CD set out; ( 

therefore CF is a third apotome. Ux. Deff. in. 3] 
Therefore etc. \ q. b. n. 
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The square on a minor etraight line appUed to a roHonal straight line produces as 
breadth a fourth apotome. 

Let AB be a minor and CD a rational strai^t line, and to the rational 
straight line CD let CE be applied equal to the square on AB and producing 
CF as breadth; 

I say that CF is a fourth apotome. 


I^nr Ka ttnnfikv fo 



th^fore AO, GB are straight 
lines iiKK>mmensurable in 


square which make dw sum 
of the squares on AO, OB rsr 
tkmal, but twice the lectai^e 
AO, GB medial. [x. 76] 

To CD let there be applied CH equal to the square on AO and producing CK 
as breadth, 

and KL equal to the square on BO, producing KM as breadth; 
therefore the whole CL is equal to the squares on AO, OB. 

And the sum of the squares on AO, OB is rational; 

therefore CL is also rational. 


And it is applied to the rational straight line CD, produdng CM as breadth; 
therefore CM is also rational and commeesurable in length with CD. [x. 20] 
And, since the whole CL is equal to the squares on AO, OB, and, in these, CE 
is equal to the square on AB, 

therefore the remainder FL a equal to twice the rectan^e AC, OB. |li. 7] 
Let then FM be bisected at the point Af^, , ^ 

and let NO be drawn throui^ N pacalld to dther of the dreis^t lines CD, ML; 
therdore each of the rectangles FO, NL is equal tp the rectangle AO, OB. 
And, once twice the rectangb AC,. QB is medial and w equal to FL, 
therefine FL is also medial.’. > 


And it is applied to the.ratioBal straq^lrae FE, producing FM as breadth; 
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^iei^ate FM is latiosial sad inoonuaensun^le in length vitih CDi • ' 

And^ since the sum of’ the squares on AO, OB b raticnudi 

while twice the rectangle AO, OB is medial, 
the squares on AO, OB are incommensurable with twice the rectangle AO^ OB. 
But CL is equal to the squares on AO, OB, 

and FL equal to twice the rectangle AO, OB\ 
therefore CL is ine<HnmensurabIe with FL. ■ . ' 

But, as CL is to FL, so is CM to MF) (vi. If 

therefore CM is incommensurable in length with MF. [ 3 C. llj 
And both are rational; 

therefore CM, MF are rational straight lines commensuraUe in square (mljr; 

therefore Cf* is an apotome. [X. 73] 

I say that it is dso a fourth apotome. 

'Fat, since AO, OB aae incommensurable in square, 
therefore the square on AO is also incommensurable with the square on OB. 
And CH is equal to the square on AO, 

and KL equal to the square on OB', 
therefore CH is incommensurable with KL. 

But, as CH is to KL, so is CK to KM', . {vt. 1] 

therefore CK is incommensurable in length with KM. 11] 

And, since the rectangle AO, OB is a. mean proportional between the squares 
on AG, OB, 

and the square on AO is equal to CH, 
the square on OB to KL, 
and the rectangle AO, OB to NL, 
therefore NL is a mean proportional between CH, KL; 
therefore, as CH is to NL, so is NL to KL. 

But, as CH is to NL, so is CK to NM, 

and, as NL is to KL, so is NM to KM ; [Tt. 1] 

therefore, as CK is to MN, so is MN to KM; [▼. 11] 

therefore the rectangle CK, KM is equal to the square on MN [vi. 17], t^t is, 
to the fourth part of the square on FM. . . 

Since then CM, MF are two unequal straight lines, and the rectangle CK, 
KM equal to the fourth part of the square on MF and deficient by a sqUaie 
figure been applied io CM and divides it into incommensurate pacts, 
therefore the square on CM is greater than the square on MF by the square on 
a straight line incommensurable with CM. [x. IS] 

And the whole CM is commensurable in lengtii with the rational straigbit 
line CD set out; 

therefore CF is a fourth apotome. [x. Deff . ni. 4} 

Therefore etc. Q. a>.xr. 

PsoposmoM 101 . ' f. 

The agtultrs on Sie straighi line vAtcA produce* wifft a rational ea'eda meditd 
if applied to a rational straight line, prqdveea as breadth a fifth apotome: 

l«t AB be Ibe stmight line which ^odiices with a ratibnal fOea a medUd 
whole, wd CD a rationt straight line, and to CD let Ci? be allied eiqdsl: to 
the squ^'oii AD' and producing CF as brMdtb; • 

- ' I Say that CF is a fifth apotome. 

BO be the ani^ to AB; 
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ACf, GB axe strai^t tinea incommenrarable in square which moVc 
itie sum of the squares on th^ medial but twice the rectangle contained by 
them rational. fx. 77] 

To CD let there be applied 

C// equal to the square on A O, a B G 

and KL equal to the square on 
OB; 

therefore the whole CL is equal 
to the squares on AO, OB. 

But the sum of the squares 
on AO, OB together is medial; 
therefore CL is medial. 

And it is applied to the rational straiight line CD, producing pM as breadth; 

therefore CM is rational and incommensurable with CD. [x. 22] 
And, since the whole CL is equal to the squares on AO, 

and, in these, CE is equal to the square on AB\ 
therefore the remainder FL is equal to twice the rectangle A0\GB. [ii. 7] 
Ijet then FM be bisected at N, \ 

and through N let NO be drawn parallel to either of the straight lines CD, ML; 
therefore each of the rectangles FO, NL is equal to the rectangle AO, OB. 
And, since twice the rectangle AG, OB is rational and equal to FL, 
therefore FL is rational. 

And it is applied to the raticmal straight line EF, producing FM as breadth; 
therefore FM is rational and commensurable in length with CD. [x. 20] 
Now, since CL is medial, and FL rational, 

therefore CL is incommensurable with FL. 

But, as CL is to FL, so is CM to MF; [vi. 1] 

therefore CM is incommensurable in length with MF. [x. 11] 
And both are rational; 

therefore CM, MF are rational straight lines commensurable in square only; 

therefore CF is an apotorae. [x. 73] 

I say next that it is also a fifth apotome. 

For we can prove similarly that the rectangle CK, KM is equal to the square 
on NM, that is, to the fourth part of the square on FM. 

And, since the square on AO is incommensurable with the square on OB, 
while the square on AG is equal to CH, 
and the square on OB to KL, 
therefore CH is incommensurable with KL. 

But, as CH is to KL, so is CK to KM; [vi. 1] 

therefore CK is incommensurable in length with KM. [x. 11] 
Since then CM, MF are two unequal straight lines, 
and a parallelogram equal to the fourth part of the square on FM and deficient 
by a square figure has been applied to CMy and divides it into incommensu- 
rable parts, 

therefore the square on CM is greater than the square on MF by the square on 
a straight line incommensurable with CM. [x. 18] 

And the annexFilf is commensurable witii the rational strai^tlineCDset out; 

therefore CF is a fifth apotome. [x. beff. iii. 5] 

0. B. P- 
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Proposition 102 

The egyare on the straight Hne whidi produces w&h a mediai area a medial vHude^ 
if applied to a rational straight line, produces 08 breadth a sixth apotome. 

Let AB be the straight line which produces with a medial ar^ a medial 
whole, and CD a rational stmght line, 

and to CD let CE be applied equal to the square on AB and produmsg CF as 
breadth; .> 

I say that CF is a sixth apotome. 

For let BG be the annex to Afi; 

therefore AO, GB are straight 
lines incommensurable in 
square which make the sum of 
the squares on them mecKal, 
twice the rectangle AO, OB 
medial, and the squares on 
AO, GB incommensurable with 
twice the rectangle AO, OB. 

[ X . 7^ 

Now to CD let there be applied CH equal to the square on AG and produc- 
ing CK as breadth, 

and KL equal to the square on BG] 
therefore the whole CL is equal to the squares on AO, OB] 

therefore CL is also medial. ' 

And it is applied to the rational straight line CD, producing CM as breadth; 
therefore CM is rational and incommensurable in length with CD. fx. 22] 
Since now CL is equal to the squares on AG, OB, 

and, in these, CE is equal to the square on AB, 
therefore the remainder FL is equal to twice the rectan^e AG, OB. [ir. 7] 
And twice the rectangle AO, GB is medial; ' ‘ 

therefore FL is also medial. 

And it is applied to the rational straight line FE, producing FM as breadth; 
therefore FM is rational and incommensurable in length with CD. fx. 2^ 
And, since the squares on AG, OB are incommensurable with twice the rec- 
tangle AG, OB, 

and CL is equal to the squares on AO, GB, 
and FL equal to twice the rectangle AO, OB, 
therefore CL is incommensurable with FL. 

But, as CL is to FL, so is CM to MF] fw- 11 

therefore CM is incommensurable in length wilh MF. [x. 11] 
And both are rational. 

Therefore CM, MF are ratiomd straight lines commensurable in square tmly ; 

therefore CF is an apotome. ' . ' [X; 7JQ 

1 say next that it is also a sixth apotome. 

For, since FL is equal to twice the rectangle AG, GB, ■ ' ' ' ' 

let FAf be bisected at N, 

and let NO be ifrawn throu^ N paraHel1!e<10*, ' 
^reftne each of the lectai^de FO, NL is ^ual to th^ rectan^ ' 

And, aincA AO, GB axe incommensurable in squme, ^ 





th^efore the square on AO is incommensurable vfith tire square (m OB. 
But CH is equal to the square on AO, 

and JfTL.is equal th the square on>6B; 
therefore CH is incommensuraUs with KL. 

But, aaCHia io KL, BO in CK to KM; , [vi. 1] 

therefore CK is incommeosurable with KM. [x. 11] 

And, since the rectangle AO, OB is a znean {xroportional betwe^ the squares 
aaAO,OB, 

and CH is equal to the square on AO, 

KL equal to the square on OB, 
and NL equal to the rectangle AO, OB, 

, ther^(ne NL is also a mean proportional between CH, KL; 

, therefore, as is to«ML, so is NL to £L. 

And for tin same reason as before the squa^ on CM is grater than the 
square on MF the square on a straight line incommensurable with CM. 

[X. 180 

And neither of th^ is commensurable with the rational strr^ght line CD 
set out; \ 

therefore CF is a axth apotome. [x. Deff. in. 6] 

a. D. 

PBOPOsmoN 103 

A straight line commensurable in length with an apotome is an apotome and the 
same in order. 

Let AB be an apotome, 

' and let CD be cmnmensurable in length with AB; • - 

I say that CD is also an apotome and the same in C ^ F 

order with AB. 

. For, since AB is an apotome, let BE be the annex to it; 
therefore AE, EB are rational strai^t lines commensurable in square only. 

[X. 73] 

Let it be contrived that the ratio cS BE to DF is the same as the ratio of AB 
to CD; [VI. 12] 

, ither^me also, as one is to one, so are all to all; [y. 12] 

therefore also, as the whole AE is to the whole CF, so is AB to CD. 

But AB is commensurable in length with CD. 

Therefore AEia also commmtsuiable with.CF, and BE isith DF. [x. 11] 
And AE, EB am .ra1»nial stnught ,lin^ commensurable in square only; 
thomfoie CF, FD are also rational straight lines commensurable in square only. 

: • [X. 18] 

Now since, as AE is to CF, so is BE to DF, 

altmuately theref(nc„as ABis<toBB»soisCFto.FZ). ,.[v.l6] 
. And the square on AF is greater than the square tm EB ei^er by the squ^ 
on a straight line commensurable with A>F or by the square on a straoi^t line 
incmnmensurable with it. , „• .. , ,, 

If then the square on AB istgreater. tiiUA the sqimm on EB by the square (m 
a straight line .eenuneiusiraMe wik..A^'tho S^paie on CF. ^ also be greater 
than, the square on FD. by tbe square on a «tmij^<lme cmnmsnsurable with 
CF. ' ,|ix.l4] 
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And, if A £ is commensurable in length mth ^ rational stiai^t Him set out, 

C!P is S(i [x. 12] 

if BE, then DF> also, ' , §»[.] 

and, if ndtiier of the straiiht lines AS, SB, then nmth^of the straif^t Hues 
CF,FD. Ix.13] 

But; if the square on AE is greater than the square oaEBhyibe square on 
a strius^t line incommensurable with AE, : 

the square on CF will also be greater than the square on FD by the square on 
a strai^t line incommenmirsble with [x.l4] 

' And,' if AE is commensurable m length witli the rational straight line set out, 

CFissotdso, 

if BE, then DF also, [x. 12] 

and, if neither of the straight lines AE, EB, then neither ci the straight Knes 
CF,FD. [X.183 

Therefore CD is an apotome and the same in order with AB. q. x. n. 

PnoposiTiON 104 

A straight line commensuriMe with an apotome of a . medial straigJU Urn is an 
apotome of a medial straight line and the same in older . 

Let AB be an apotome of a medial straight line, 

and let CD be commensurable in length with AB; . . . , 
r say that CD is also an apotome of a medial straight 
- — ^ line and the same in order with AB. 

C D F For, ance AB is an apotome of a medial straight 

Une, let EB be the annex to it. ' 

Therefore AE, EB are medial straight lines commensurable in square only. 

tx.74,'7S] 

Let it be contrived that, as AB is to CD, so is BE to DF; [vi. 12] 

therefore AE is also commensurable mth CF, and BE with DF. [v. 12, x. llj, 
But AE, EB are medial straight lines commensurable' in eqdare only; - 
therefore CF, FD are also medial straight lines [x.23] commensurable in 
square only; [x. 13] 

therefore CD is an apotome of a medial straight line. [x. 74, 7^ 
1 say next that it is also the same in order with AB. ■ ' 

^ttee, a8 AB is to BB, so is CF to FD, 
therefoile also, as the square on ABis to the rectahfde AB, SB, so is the square 
on CF to the rectangle CF, FD. i i 

But the square on AB is commensurable with the square on CF; 
therefore the rectangle AB, EB is also commensurable with the‘ieetattglB CF, 
FD. ' . . ; > . tv. ie;xill] 

Therefoi^ if tiie rectahgle AB, EB is' rBtioinaI,:the reetal^e CF, .FD'WiS. 
also -be rational,' i ■>.: ^.-Def.'^. 

and if the rectangle AB, EB is medial, the rectangle CF, FD is also medial. > . 

■ [X;'28,'Pttr.] 

> : Thsieldre CD an apotome olamediai tiaaight Hoe and the same in older 
withAB. [x..f4i7# 

':Q.»at.‘n. . 


s i;' 
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pBOPOsmoN 105 

A tiiraigkt line commensurable vrith a minor straighi line ie minor. 

Let AB be a tninor straight line, and CD commensurable with AB; 

I say that CD is also minor. ^ BE 

Let the same construction be made as before; ' 

then, ance AB, EB are incommensurable in square, C D F 

[X. 76] 

therefore CF, FD are also incommensurable in square. [x. 13] 
Now since, as AE is to EB, so is CF to FD, [v. 12, v. 16] 

therefore also, as the square on AE is to the square on EB, so is the square on 
CF to the square on FD. [vi. 22] 

Iherefore, amponendo, as the squall' on AE, EB are to the ^uare on EB, 
so are the squares on CF, FD to the square on FD. I [v. 18] 

But the square on BE is commensurable with the square on DF; 
therefore the sum of the squares on AE, EB is also commensurable with the 
sum of the squares on CF, FD. \[v. 16, x. 11] 

But the sum of the squares on .4F, FB is rational; \ [x. 76] 

therefore the sum of the squares on CF, FD is also rational, [x. Def. 4] 
Again, since, as the square on AE is to the rectangle AE, EB, so is the 
square on CF to the rectangle CF, FD, 

while the square on AE is commensurable with the square on CF, 
therefore the rectangle AE, EB is also commensurable with the rectangle CF, 
FD. 

But the rectangle AE, EB is medial; [x. 76] 

therefore the rectangle CF, FD is also medial; [x. 23, For.] 
therefore CF, FD are straight lines incommensurable in square which make 
the sum of the squares on them rational, but the rectangle contained by them 
medial. 

Therefore CD is minor. [x. 76] 

Q. E. D. 


PnoposmoN 106 

A straight line commensurable with that which produces with a rational area a 
medial whole is a straighi line which produces tei^ a rational area a medial whole. 
Let AB be a straight Hne which produces with a rational area a medial whole, 
and CD commensurable with AB', 

I say that CD is also a strai^t line which produces ^ T ' ^ 

e?ith ai rational area a medial whole. C J F 

For let BE be the annex to AB; — 

tiierefore AE, EB sae strai^t lines incommensurable in square which make 
the sum of the squares on AE, EB medial, but the rectangle contained by them 
rational. [X..77]. 

Let the same construction be made. 

. Tben we can prove, in manner ramilar to the foregdng, that CF, FD aiee in 
same ratio as AE, EB, 

tbe sum of the squares on AE, EB is commensurable with the sum of the 
squmres on CF, FD, 

and the rectangle AE, EB with the rectangle CF, FD; 
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80 that CF , FD are also strai^t lines incommensurable in square 'v^ch make 
the sum of the squares on CF , FD medial, but the rectangle contained by them 
rational. 

Therefore CD is a straight line which produces with a rational area a medial 
whole. [X. 773 

Q. E. D. 

Proposition 107 

A straight line commensurable with that which produces with a medial area a 
medial whole is itself also a straight line which produces with a medial area a medici 
whole. 

Let AB be a straight line which produces with a medial area a medial whole, 

^ BE ^ commensurable with AB', 

- I I say that CD is also a straight line which produces 

C ^ F with a medial area a medial whole. 

For let BE be the annex to AB, 
and let the same construction be made; 
therefore AE, EB are straight lines incommensurable in square.which make 
the sum of the squares on them medial, the rectangle contained by them me- 
dial, and further, the sum of the squares on them incommensurable with the 
rectangle contained by them. [x. 78] 

Now, as was proved, AE, EB are commensurable with CF, FD, 
the sum of the squares on AE, EB ivith the sum of the squares on CF, FD, 
and the rectangle AE, EB with the rectangle CF, FD; 
thei-efore CF, FD are also straight lines incommensurable in square which 
make the sum of the squares on them medial, the rectangle contained by them 
medial, and further, the sum of the squares on them incommensurable with the 
rectangle contained by them. 

Therefore CD is a straight line which produces with a medial area a mediid 
whole. [x. 7^ 

Q. E. D. 


Pbopositipn 108 

If from a rational area a medial area be subtracted, the “side" of the remaining 
area becomes one of two irrational straight lines, either an apotome or a minor 
straight line. 

For from the rational area BC let the medial area BD be subtracted; 

I say that the “side” of the remainder EC 
becomes one of two irrational straight 
lines, either an apotome or a minw straight 
line. 

For let a rational strai^t line FO be. 
set out, 

to F6 let there be applied the rectangular 
parallelogram GH equal to BC, 
and let OK equal to DB he subtracted; 
therefore the remainder BC is equal toDH. 

Since, thmi, BC <i8 mtioaal, and- BD 
medial. 
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while B€ is equal to OH, aniiBD to OK, 
tittiefore OH is ratieoal, and GK mediaL : 

And they are applied to the rational straight line FO; 
theirefore FH.ia raticmal and commensunible m length wiili F6, {x. 20] 

While FK is rational and incommensurable in length with FG; [x. 

therefore FH is incommensurable in length with FK. [x. 13] 

Therefore FH, FK are rational straight lines commensurable in square only; 

therefore KH is an apotome [x. 73], and KF the annex to it. 

Now the square on HF is greater than the square on FK by the square on a 
strmid^t line either commensurable wilb HF or not commensurable. 

First, let the square on it be greater by the square on a straight line oom^ 
mensurable with it. . . , - 

Now the whde HF is commensurable in length with the raljional straight 
line FO set out; \ 

therefore KH is a first apotome. [x. Deff. m. 1] 

But the “side” of the rectangle contained by a rational straight line and a 
first apotome is an apotome. \ [x. 91] 

Therefore the “side” of LH, that is, of EC, is an apotome. \ 

But, if the square on HF is greater than the square on FK by the square on> 
a strai^t line incommensurable with HF, 

while the whole FH is commensurable in length with the rational strai^t line 
FO set out, 

KH is a fourth apotome. [x. Deff. in. 4] 

But the “side” of the rectangle contained by a rational straight line and a 
fourtii apotome is minor. > [x. 94] 

Q. E. n. 

Proposition 109 

If prom a medial area a rational area be subiraded, there ariee two other irroHonal 
Haight lines, either a first apotome of a medial straight line or a straight line which 
“produces “with a rational area a medial whole. 

For from the medial area BC let the rational area BD be subtracted. 

I say that the “side” of the remainder EC becomes one of two irrational 
straight lines, either a first apotcsne of a medial straight line or a strai^t line 
which produces witii a rational mea a mediid whole. 

For let a rational stnught line F6 be set F K H 

out, I 

mid let' the areas be dmilariy applied. 

It fdlows dien that FH is rational and 
incommensurable m length \nth FO, 
while KF is rational and commensurable in 
Imgth with FO; 

therefore FH, FK are rational straight lines 
coiiimeasuiable in squareicnily; • '[X. 13] 

therefore KH is an apotome, and FK the annex to it. [x. 73] 
'Nont- the square oaHF is gp^tertium the square on FK either by the square 
od 4 straig^ IhiS. tjornmeasuralide yntH'HF the square oh a stimj^tlme- 
incommensurable with it. ' 
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If. then the8qtta]<e on.^EfF i$ greater than the square on FX by the sqvpr^ on 
a struct line comiaensurable with .&F, 

while the annex FKJb conjcnensuieble in lei^ with the mtiooal eixaii^t. line 
FG set out, 

KH is a second apotome. [x. Daff. m. 2} 

But is rational; < i . 1 , 

so that the “side” of LH, that is, of EC, is a first apotome of a medial strait 
line. [X. 923 

But, if the square on JiF is greats than the square on FK by the square on 
a straight line inoonunensurable with HF,. 

while the annex FK is commensurable in length with the rational strai^t line 
FG set out, 

KH is a fifth apotome; [x. Deff. in. h] 

so that the “side” of EC is a stnu^t line which produces with a rational area a 
medial whole. [x. 95] 

Q. B. D. 

PnoposmoN 110 

If from a medial aria there be subtracted a medial area intmmmsurable with the 
whole, the two remaining irrational straight lines arise, either a second apotome of 
a medial straight Une or a straight line which produces with a medial area a medioi 
whole. 

For, as in the foregoing figures, let there be subtracted from the medial area 
BC the medial area BD incommensurable with the whole; . 

I say that the “side” of EC is one of 
two irratioiud straight lines, either a Sec- 
ond apot<»ne of a medial straight line or 
a straight line which produces mth a 
medial area a medial whole. 

For, (Hnce each: .<^ the lecta^es BGi 
BDismedial, 

and BC is incommensurable with BD, 
it follows that each of the sUm^t Imes 
FH, FK will be rational and incommen- 
surable in length with FG. [x. 22] 

And, since BC is incommensuraUe with BD, 

that is, .Gif with (?iC, . 

HF is also incommensunibte.!with FK] {vi. i; x. il] 
theiefcne FH, FK are ratkaaai strai^t lines oommensurable in square only; 

theretoe £lf isanapotmne. ' ^73] 

. If then the square on FIf is greater than square aaFK by the siyuce on 

a" straight line coimnensurablewi& FIT, ^ ; 

while neither of the strai^t lines FH, FK is commenaurable in length with tiie 
ratiwal stra%ht Une FG set^wit, 

iillf is a tbusd jqMtome. . 'Ex. Deff. m. 3] 

< 'Sttt KL is rational, 

and ^e reotan^e contained by a rational atraij^t UaBoindn thuid apotmne is 
iixatimial, > 
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and iSae “side” of it is irrational, and is called a second apotome of a medial 
stm^t line; [x. 93] 

a6 that tile “side” aS LH, that is, of EC, is a second apotome of a medial straight 
line. 

But, if the square on FH is greater than the square on FK by the square on 
a straight line incommensurable with FH, 

while neither of the straight lines HF, FK is commensurable in lengtii with FO, 

KH is a sbcth apotome. [x. Deff. in. 6} 

But the “side” of the rectangle contained by a rational strai^t line and a 
sixth apotome is a straight line which produces with a medial area a medial 
whole. [x. 96] 

Therefore the “side” of LH, that is, of EC, is a straight line which pn^uces 
with a medial area a medial whole. * q. e. d. 

Proposition 111 \ 

The apotome ie not the same vnth the binomial straight line. \ 

Let AB be an apotome; \ 

I say that AB is not the same with the binomial 

straight line. ^ P 

For, if possible, let it be so; D G E F 

let a rational straight line DC be set out, and to CD i ' — i 

let there be applied the rectangle CE equal to the 
square on AB tmd producing DE as breadth. 

Then, since AB is an apotome, 

DE is a first apotome. [x. 97] 

Let EF be the annex to it; 

therefore DF, FE are rational straight lines commen- 
surable in square only, 

the square on DF is greater than the square on FE by ^ 

the square on a stnught line commensurable with DF, 

and DF is commensumble in length with the rational straight line DC set out. 

[x. Deff. III. 1] 

Again, since AB is binomial, 

therefore DE is a first binomial straight line. [x. 60] 

Let it be divided into its terms at G, 

and let DG be the greater term; 

therefore DG, GE are rational straight lines commensurable in square only, 
the squme on DG is greater than the square cm GE by the square on a straight 
line commensurable with DG, and the greater-term DG is commensurable in 
length with the rational straight line DC set out. [x. Deff. n. 1] 

Therefore DF.is also commensurable in length with DG) [x. 12] 

tiierefore the remainder GF is also commensurable in length with DF. [x. 15] 
Blit DF is incommensurable in length with EF; 

therefore FG is also incommensurable in length with EF. 13] 
Therefore OF, FE are rational strai^t lines commensurable in square only; 

therefore EG is an apotome. 73] 

But it is also rational: • ' 


which is impossible. 
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Therefore the apotome is not the same with the binomial straight line. 

Q. K. D. 

The apotome and the irrational straight lines following it are neither the same with 
the medial straight line nor with one another. 

For the square on a medial straight line, if applied to a rational straight line, 
produces as breadth a straight line rational and incommensurable in length 
with that to which it is applied, [x. 22] 

while the square on an apotome, if applied to a rational straight line, produces 
as breadth a first apotome, [x. 97] 

the square on a first apotome of a medial straight line, if applied to a rational 
straight line, produces as breadth a second apotome, [x. 98] 

the square on a second apotome of a medial straight line, if applied to a ra- 
tional straight line, produces as breadth a third apotome, [x. 99] 

the square on a minor straight line, if applied to a rational straight line, pro- 
duces as breadth a fourth apotome, [x. 100] 

the square on the straight line which produces with a rational area a medial 
whole, if applied to a rational straight line, produces as breadth a fifth apo- 
tome, [X. 101] 

and the square on the straight line which produces with a medial area a medial 
whole, if applied to a rational straight line, produces as breadth a sixth apo- 
tome. [x. 102] 

Since then the said breadths differ from the first and from one another, from 
the first because it is rational, and from one another since they are not the 
same in order, 

it is clear that the irrational straight lines themselves also differ from one an- 
other. 

And, since the apotome has been proved not to be the same as the binomial 
straight line, [x. Ill] 

but, if applied to a rational straight line, the straight lines following the apo- 
tome produce, as breadths, each according to its own order, apotomes, and 
those following the binomial straight line themselves also, according to their 
order, produce the binomials as breadths, 

there^re those following the apotome are different, and those following the 
binomial straight line are different, so that there are, in order, thirteen irra- 
tional straight lines in all, 

Medial, 

Binomial, 

First bimedial. 

Second bimedial. 

Major, 

“Side” of a rational plus a medial area, 

“Side” of the sum of two medial areas, 

ApotcHoe, 

First apotome of a medial strai^t line, 

Second apotome of a medial straight line, 

Min<ff, 

Producing with a rational area a medial whde, 

Produiang ^th a medial area a medied whole. 
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pBOPOsinoN 112 

The square on a raUorud straight line applied to the binomial straight lineproduees 
ds 'breadth an apotome the terms of whit^ are commensurable with the terms of the 
binomial and moreover in the same ratio; and further, the apotome so arising wiU 
have the same order as the binomial straight line. 

Let be a ratioaid etraight line, 

let BC be a binomial, and let DC be its greater tmn; 
let tbe rectang^ £C, JSF' be equal to tile square OB il; ' 

A 


C 6 



I say that EF is an apotome the terms of which are commensuraple with CD, 
DB, and in the same ratio, and further, EF will have the same or^er as BC. 
For again let the rectangle BD, O be equal to the square on A. 

Since, tiien, the rectangle BC, EF is equal to the rectangle BD, G, 

therefore, as CB is to BD, so is 6 to EF. [vi. 16] 

But CB is greater than BD; 

therefore G is also greater than EF. [y. 16, v. 14] 

Let EH be equal to G; 

therefore, as CB is to BD, so is HE to EF; \ 
therefore, separando, as CD is to BD, so is HF to FE. [v. 17] 
Let it be contrived that, as HF is to FE, so is FK to KE; 
tis^refore also the whole HK is to the whole KF as FK is to KE; 
for, as one of the antecedents is to one of the consequents, so are all the ante* 
cedents to all the consequents. [v. 12] 

But, as FK is to KE, so is CD to DB; [v. 11] 

therefore also, as HK is to KF, so is CD to DB. [id.] 

But the square on CD is commensurable with the square on DB; [x. 36] 
ther^re the square on HK is also commensurable with the square (m KF. 

[VI. 22, X. 11] 

And, as the square on HK is to the square on KF, so is HK to KE, since the 
three straight lines HK, KF, KE are proportional. [v. Def. 9] 

Therefore HK is commensurable in length with KE, 

so that HE is also commensurable in l^igth witii BK. [x. IQ 
Now, since the square on A is equal to the rectangle EH, BD, 
while the square on A is rational, 
therefore the rectai^le EH, BD is also ratitmat. 

And it is applied to the rational struct line BD; 

therefore EH is rational and commensurable in lei^;th .'Snth BD; [x. 20] 
so that EK, being commensural:^ with vs also ratiomd and commensurable 
in length mth BD. 

^ce, then, as CD is to DB, so is FK to KE, 

while CD, DB-ate stiaigbt Hass eramneni^iraUe in sqtuire only, 
therefore FK, KB are also eomtaeiisiirible hi> square'only. [x. 11] 
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But KE is raHonai; 

tbffift&ra is aisottttioi]^. 

Tjberefote'FX, XBase rational strait lines ccmunensorableUi sqasze only; 

therefore EF is an apototne. fx:'73] 

' Now the squahe on CD is greater than the square onBB eilherby the square 
on a straight line commensurable with CD or by the square on a fttralg^/linA 
kicommensurable with it. ■ 

If then the square on CD is greater than the square on DB by the square on 
a straight line commensurable with CD, the square on FK is also greater than 
the square on KE by the square on a straight line commensurable with FK. 

[X. 14-] 

And, if CD is cmnmensurable in length with the rational straight line set out, 

so also is FK] [x. 11, 12] 

if BD is so commensurable, 

so also is KE\ [x. 12J 

but, if neither of the straight lines CD, DB is so cmnmensurable, 
neither of the straight lines FK, KE is so. 

But, if the square on CD is grater than the square cm DB by the square on 
a straight line incommensurable with CD, 

the square on FK is also greater than the square on KE by the square on a 
straight line incommensurable with FK. [X. 14] 

And, if CD is commensurable with the rational straight line set out, 

so also is BX; 
if BD is so commensurable, 
so also is KE) 

but, if neither of the straight lines CD, DB is so commensurable, 
neither of the strai^t lines FK, KE is so; 
so that FEhua apotmne, the terms of which, FK, KE are commensurable with 
the terms CD, DB of the binomial straight line and in the same ratio, and it 
has the same order as BC. q. e. d. 

PnoposmoN 113 

The square on a roHonoi strain Bne, if applied U> an apolome, produces as breatBh 
the binomitd sbraight line the terms of which Ore commensurable with the terms iff 
the apolome and in die same ratio; and further, the binomial so arising has the same 
order as the apotome. 

Let-A be a rational straight line and BD mi apotmne, and let the rectsogle 
BD, KH be equal to the e^are on A, so that the squue'cm 
the rat«Hial struct line A when api^ed to the apotcpne 
BD produces KH as breadth; 

I say that KH is a Innomid strai^t line the tenM of 
which are commensurable with the terms of BD and in tho 
same ratio; and further, XH has the same order'as BD.' 

For let DC be the annex to BD; 
therefore BC, CD are National straight fines ccmunensu- 
lable in sqcwre mily. > [x. 73] 

- Let the rectangle BC,' 0 be also etldal to ^ sqipm 
on A. 

Bub the square <m A ientionid; 
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therefore the rectangle BC, G is also rational. 

And it has been applied to the raticmid strai^t line BC; 

therefore 0 is rational and commensurable in length 'mtii BC. [x. 20] 
Since now the rectangle BC, G is equal to the rectangle BD, KH, 

therefore, proportionally, as CJB is to BD, so is KH to G. [vi. 16] 
But BC is greater than BD; 

therefore KH is also greater than G. [y. 16, v. 14] 

Let KE be made equal to G; 

therefore KE is commensurable in length with BC. 

And since, as CB is to BD, so is HK to KE, 
therefore, convertendo, as BC is to CD, so is KH to HE. [v. 19, For.] 

Let it be contrived that, as KH is to HE, so is HF to FE; 
therefore also the remainder KF is to,F^H as KH is to HE, that is, as BC is to 
CD. [ [V. 19] 

But BC, CD are commensurable in square only; 

therefore KF, FH are also commensurable in square d^y. [x. 11] 
And since, as KH is to HE, so is KF to FH, 

while, as KH is to HE, so is HF to FE, 
therefore also, as KF is to FH, so is HF to FE, ' [v. 11] 

so that also, as the first is to the third, so is the square on the first to the 
square on the second; [v. Def. 9] 

therefore also, as KF is to FE, so is the square on KF to the square on FH. 
But the square on KF is commensurable with the square on FH, 
for KF, FH are commensurable in square; 
therefore KF is also commensurable in length with FE, [x. 11] 
so that KF is also commensurable in length with KE. ‘ [x. 15] 

But KE is rational and commensurable in length with BC; 
therefore KF is also rational and commensurable in length with BC. [x. 12] 
And, rince, as BC is to CD, so is KF to FH, 

alternately, as BC is to KF, so is DC to FH. [v. 16] 

But BC is commensurable with KF; 

therefore FH is also commensurable in length with CD. [x. 11] 
But BC, CD are rational straight lines commensurable in square only; 
therefore KF, FH are also rational straight lines [x. Def. 3] commensurable in 
square only; 

therefore KH is binomial. [x. 36] 

If now the square on BC is greater than the square on CD by the square on a 
straight Uae commensurable with BC, 

the square on KF will also be greater than the square on FH by the square on a 
strai^t line commensurable with KF. [x. 14] 

A^, if BC is commensurable in length vrith the rational straight line set out, 

so also is KF; 

if CD is commensurable in length with the rational straight line set out, 

so also is FH, 

but, if neither of the straight lines BC, CD, 
then neither of the straight lines KF, FH. 

But, if the square on BC kgreater than the squme on CD by the square bn a 
streu^t line incommensurable with BC, 

the square on KF is also greater than the square on FH by the squaire on a 
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line inc(nnmensurable with KF. [x. 14] 

And, if BC is commensurable with tiie rational stoai^^t line set out, 

so also is KF; 
if CD is so commensurable, 

BO also is FH; 

but, if neither of the strai^t lines BC, CD, 
then neither of the straight lines KF, FH. 

Therefore KH is a binomial straight line, the terms of which KF, FH are 
commensurable with the terms BC, CD of the apotome and in the same ratio, 
and further, KH has the same order as BD. Q. s. n., 


Proposition 114 

If an area be corUained by an apotome and the binomial straight line the terms of 
which are commensurable with the terms of the apotome and in the same ratio, the 
“side” of the area, is ralional. 

For let an area, the rectangle AB, CD, be contained by the apotome AB imd 

the binomial straight line CD, 
and let CE be the greater term ol the latter; 
let the terms CE, ED of the binomial straight 
line be commensurable with the terms AF, FB of 
the apotome and in the same ratio; 
and let the “side” of the rectangle AB, CD be G; 
I say that G is rational. 

For let a rational straight line H be set out, 
and to CD let there be applied a rectangle equal 
to the square on H and producing KL as breadth, 
Therefore KL is an apotome. 

Let its terms be KM, ML commensurable with the terms CE, ED of the bi- 
nomial straight line and in the same ratio. [x. 112] 

But CE, ED are also commensurable with AF, FB and in the same ratio; 

therefore, as AF is to FB, so is KM to ML. 

Therefore, alternately, as AF is to KM, so is BF to LAf; 
therefore also the remainder AB is to the remainder KL as AF is to KM. [v. 19] 
But AF is commensurable with KM; [x. 12] 

therefore AB is also commensurable vdth KL. [x. 11] 

And, as AB is to KL, so is the rectangle CD, AB to the rectangle CD, KL; 

[VI. 1] 

therefore the rectangle CD, AB is also commensurable with the rectangle CD, 
KL. [X. 11] 

But the rectangle CD, KL is equal to the square on H; 
therefore the rectangle CD, AB is commensurable with the square on H. 

But the square on G is equal to the rectangle CD, AB; 

therefore the square on (7 is commensurable with the square on H. 

But the square on H is rational; 

therefore the square on 6 is also rational; 
therefore G is rational. 

And it is the “side” of the rectangle CD, AB. 

Therefore etc. 
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PoBiSM. And it is nutde manifest to uk by this also tliat it is posdble lor * 
rational area to be (Kmtained by irrational strai^t lines. q. x. n. 

) 

PnoFosmoN 115 

From a medial atraighi line there arise irraMonal straight lines infinite in number, 
and none of them is the same as any of the preceding. 

Let A be a medial stiaigbt line;' 

I say that from A there arise irrational ^ 
str^j^t lines infinite in number, and none ' 

of them is the same as any of the preceding, b ■' 

Let a rational straight line B be set out, ^ 

and let the square on C be equal td the 

rectangle ^B, A; 0 

therefore C is irrational; [x. Def. 4] 

for that which is contained by an irrational and a raticmal straight line is ir- 
rational. [deductiW from x. 20] 

And it is not the same with any of the preceding; \ 

for the square (m none of the preceding, if applied to a rational straight line 
Inroduces as breadth a medial straight line. 

Again, let the square on D be equal to the rectangle B, C; 
therefore the square on D is irrational. [deduction from x. 20] 

Therefore D is irrational; [x. Def. 4] 

and it is not the same with any of the preceding, for the square on none of the 
preceding, if applied to a rational straight line, produces C as breadth. 

Similarly, if this arrangement proceeds ad infinitum, it is manifest that from 
the medial straight hue there arise irrational straight lines infinite in number, 
and none is the same with any of the preceding. q. x. n. 
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DEFINITIONS 

1. A tdid is that which has length, breadth, aod deptii. 

2. An extremity of a solid is a surface. 

3. A staighi line is ai right angles to a plane, when it makes right angles, with 
all the straight lines which meet it and are in the plane. 

4. A plane is cd right angles to a jAane when Ihe straight lines drawn, in one of 
the planes, at right angles to the common section of the planes are at rig^t 
angles to the remaining plane. 

5. The inclination of a straight line to a plane is, assuming a perpendicular 
drawn from the extimity of the straight line which is elevated above the {dane 
to the plane, and a straight line joined from the point thus ariring to the ex- 
tremity of the straight line which is in the plane, the. angle contained by the 
straight line so drawn and the strai^t line standing up. 

6. The inclination of a plane to a plane is the acute an^e contained by the 
straight lines drawn at ri^t angles to the cmnmon section at the same point, 
one in each of the planes. 

’ 7. A plane is said to be similarly indwed to a plane as another is to another 
when the said angles of the inclinations are equal to (me another, 

8. Parallel planes are those which do not meet. 

9. Similar solid figures are those contained by mmilar planes equal in multi- 
tude. 

10. Equal and similar solid figures are those contained by timilar planes 
equal in multitude and in magnitude. 

11. A solid angle is the inclination constituted by more than two lines which 
meet one another and are not in the same surface, towards ail the lines. 

Oih^wise: A soUd ongie is that which is oontai^ by more than two fdarte 
angles which are not in the same plane and are constructed to one pcunt. . 

12. A pyramid is a solid figure, conteuned by planes, -which is coiutnmted 

from one plane to one point. > 

13. A prism is a solid figure contained by planes two of wMchi nimaely those 

which are opposite, are equal, siinilar and parallel^ whUe .tin rest ace prurallek^' 
grams. ! _ i 

14. When, the diameter of a semi(drcle remainiag fixed, the semkirole isear- 
ried round and restored again to the same position from whidi it began to be 

moved, the figure so (KHspiebrndediis a 8jp^. 

15. The Otis of the sphere is the stra^hae which reraairu fixed and about 

which the semicircle is tunmd. ! ,t , >■ » . ' 

16. The centre of the spkemis the same aa that d thasemkMfi* 

lH.Aiiameter of the ^Acraiaany straight fine drawn tiuwuidr the eerttreasld 
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terminated in both directions by the surface of the sphere. 

18. When, one side of those about the right angle in a right-angled triangle 
remaining fixed, the triangle is carried round and restored again to the same 
position from which it began to be moved, the figure so comprehended is a cone. 

And, if the straight line which remains fixed be equal to the remaining side 
about the right angle which is carried round, the cone will be rightrangled; if 
less, obtuse-angled] and if greater, acute-angled. 

19. The axis of the cone is the straight line which remains fixed and about 
which the triangle is turned. 

20. And the base is the circle described by the straight line which is carried 
round. 

21. When, one side of those about the right angle in a rectangular parallelo- 

gram remaining fixed, the parallelogram is carried round and restored again to 
the same position from which it began to be moved, the figure ^ comprehend- 
ed is a cylinder. \ 

22. The axis of the cylinder is the straight line which remains fiWd and about 

which the parallelogram is turned. \ 

23. And the bases are the circles described by the two sides opposite to one 

another which are carried round. ' 

24. Similar cones and cylinders are those in which the axes and the diameters 
of the bases are proportional. 

25. A cube is a solid figure contained by six equal squares. 

26. An octahedron is a solid figure contained by eight equal and equilateral 
triangles. 

27. An icosahedron is a solid figure contained by twenty equal and equi- 
lateral triangles. 

28. A dodecahedron is a solid figure contained by twelve equal, equilateral, 
and equiangular pentagons. 


BOOK XI. PROPOSITIONS 
Proposition 1 

A pari of a straight line cannot be in the plane of reference and a part in a plane 
more elemted. 

For, if possible, let a part AB of the straight line ABC be in the plane of ref- 
erence, and a part BC in a plane more elevated. 

There will then be in the plane of reference some 
straight line continuous with AB in a straight line. 

Let it be BD] 

therefore AB is a common segment of the two straight 
lines ABD: 

which is impossible, inasmuch as, if we describe a circle 
withwcentre £ and distance ABf the diametm will cut 
off unequal circumferences of the circle. 

Therefore a part of a straight line cannot be in the 
df reference, and a part in a plane more elevated. 



a. D* 
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Proposition 2 

If two straight lines cut one another, they are in one plane, and every triangle is in 
one plane. 

For let the two straight lines AB, CD cut one another at the point E] 

I say that AB, CD are in one plane, and every triangle is in one plane. 
For let points F,Ghe taken at random on EC, EB, 

let CB, FG be joined, 
and let FH, GK be drawn across; 

I say first that the triangle ECB is in one plane. 

For, if part of the triangle ECB, either FHC or GBK, is in the plane of ref- 
erence, and the rest in another, 
a part also of one of the straight lines EC, EB will 
be in the plane of reference, and a part in another. 

But, if the part FCBG of the triangle ECB be in 
the plane of reference, and the rest in another, 
a part also of both the straight lines EC, EB will 
be in the plane of reference and a part in another: 

which was proved absurd. [xi. 1] 
Therefore the triangle ECB is in one plane. 
But, in whatever plane the triangle ECB is, in 
that plane also is each of the straight lines EC, EB, 
and, in whatever plane each of the straight lines EC, EB is, in that plane are 
AB, CD also. [xi. 1] 

Therefore the straight lines AB, CD are in one plane, 

and every triangle is in one plane. Q. B. D. 



Pbopobition 3 

If two planes cut one another, their common section is a straight line. 

For let the two planes AB, BC cut one another, 

and let the line DB be their common section; 

I say that the line DB is a straight line. 

For, if not, from Z> to B let the strai^t line DEB be 
joined in the plane AB, 
and in the plane BC the strm^t line DFB. 

Then the two straight lines DEB, DFB will have the 
same extremities, and will clearly miclose an area: 
which is absurd. 

Therefore DEB, DFB are not straight lines. 
Similarly we can prove that neither will there be 
any other straight line joined frmn JD to B except DB 
tile commmi section of the planes AB, BC. 

Q. E. n. 



Proposition 4 

If a strait line be set up airightangles to two straight lines whseh cut one ano&er, 
at their common point of seatton, it will also be at right angles to the plane tkrmgfis 
them, . 
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For let a stnd^t line EF be wet up at rij^ angles to the two straif^t lines 
AB, CD, which cut one another at the point E, from E; 

I say that EF is also sit ii|^t angles to the 
plane throu^ AB, CD. 

For let AE, EB, CE, ED be cut off equal to 
one another, 

and let any strdf^t line GEH be drawn across 
i^rou^ E, at random; 

let AD, CB be joined, 

and further, let FA, FO, FD, FC, FH, FB be 
joined fr<nn the point F taken at random <on 
EF>. . 

Now, mnce the two stnu^t lines AS, ED are equal to the tWo strai^t lines 
CEi EB, and contain equal angles, \ [i* 15] 

therefore the base AD is equal to the base CB, ' 
and the triangle AED will be equal to the triangle Cf^B; [i. 4] 
so that the angle DAE is also equal to the angle El 
But the angle 4 JBCr is also equal to tlie angle FF/f; \ [i- 15] 

therefore AGE, BEH are two triangles which have two angles equal to two 
angles respectively, and one ride equal to one ride, namely that adjacent to tiie 
equal angles, that is to say, AE to EB; 

therefore they will also have the remaining rides equal to the remaining rides. 

[1.26] 

Therefore GE is equal to EH, and AG to BH. 

And, rince AE is equal to EB, i 

while FE is common and at right angles, 
therefore the base FA is equal to the base FB. [i. 4] 

For the same reason 

FC is also equal to FD. 

And, since AD is equal to CB, 

( and FA is also equal to FB, 

the two rides FA, AD are equal to the two rid«i FB, BC respectively; 
and the base FD was proved equal to the base FC; 
therefore the angle FAD is also equal to the angle FBC. [i. 8] 
And rince, again, AG was proved equal to BH, 

and further, FA also equal to FB, 
the two rides FA, AG are equal to the two rides FB, BH. 

And the an^ FAG was proved equid to the anj^e FBH; 

therefore the base FG is equal to the base FH. [i. 4] 

Now smoe, again, OE was proved equal t<r EH, 

and FF is common^ 

the two rides GF, FF are equal to the two rides FF, FF; 
and- the base FG is equal to the base FF ; 
therefore the angle GFF is equal to the angle FFF. < [i. 8] 
Therefore each of the angles GFF, FFF is ri^t. 

Therefore FE is at ri^t angles td GF drawn at random throu^ F. 
lBnia«u4y we csn prove that FF will alse ntake right angles wirii all the 
ri^m^tlinesvrhidhnieetltsmda^ihtheplimeiff mferenee. ^ \ 

But a straight line is at ri^t angl^ to a plane when it makes ri^t a^gjes 
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with all the stnu^t lineiB which meet it ate io thatsiune plane; {xi. Def. 3] 

therefom FE is^at aagleB to the irfaae of refnence. 

Bttt the plane of r^brenoe is the plane through the stri^ht lines AB, 
Therefore FE is at right angles to the plane throu^ AB, CD. • - 

Therefore etc. q. a. t>. 

PBoeosiTi(»« 6 

If a tibraigkt Urn ^tetupat right angles to three straighl lines which tne^ one an- 
other, at their common point of eedion, the Oiree straight lines are in one plane. 

For let a straight line AB be set up at right angles to the three struct Unes 
BC, BD, BE, at their point of meeting at B; 

I say that BC, BD, BE are in one plane. 

For suppose they are not, but, if possible, let BD, 
BE be in Ihe plane of reference and BC in one more 
elevated; 

let the plane throui^ AB, BC be produced; 
it will thus make, as common section in the plane of 
reference, a strai^t line. [xi. 3] 

Let it make BF. 

Therefore the three straight lines AB, BC, BF are in (me phme, zuunely that 
drawn through AB, BC. 

Now, rince AB is at right angles to each of the straight lines BD, BE, 
therefore AB is also at right migles to the plane through BD, BE. [xi. 4] 
But the plane throu^ BD, BE is the plane (rf reference; 

therbfore AB is at right angles to riie plane of r^erence. 

Thus AB will also make right angles with all the straight lines which meet it 
and are in the plane of reference. [xi. Def. 3] 

But BF which is in the plane of refermtie' meets it; 

therefore the angle ABF is ri^t. 

But, by hypothesis, the angle ABC is also rij^t; 

therefore the angle ABF is ecpial to the angle ABC. 

And they are in one fdane: 

which is impossible. 

Therefore the straight line BC is not in a more elevated plane; 

therefore the three striught lines BC, BD, BE are in one plane. 
Hmrefore, if a straight line be set up at rig^t a^es to three strtu^t Unes, 
at their pdht <A meeting, the three strm^t lines are in one plane. (}. a. n. 



PsoposmoN 6 

If two straSffht lines be at right angles to the same plane, Ike ^raight lines wiB be 
parallel. 

For let Ike two strai^t hues AB, CD be at rig^t mtg^es to the plate of ref- 
eicenee; 

I say that AB n parallel to CD. 

Fte letthtei meet ike ^ane of referahce at the p<kits B>'D, 

let the straight line BD be jikied,' ‘ 

let DB be drawn, k the plane reference, at tigbt*teg^ to BD, 
let D5 be made cKj^ to AB, 
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and let BE, AE, AD be jinned. 

Now, sinee AB is at right angles to tire idane reference, it will also make 
K^t an^s with all the straight lines which meet it and are in the plane of ref- 
erence. [XI. Def. 3] 

But each of the straight lines BD, BE is in the 
plane of reference and meets AB; 
therefore each of the angles ABD, ABE is right. 

For the same reason 

each of the angles CDB, CDE is also right. 

. And, since AB is equal to DE, 

and BD is common, 

the two sides AB, BD are equal to the two rides 
ED, DB-, . 

and they include right angles; 
therefore the base AD is equal to the base BE\ 

And, since AB is equal to DE, 

while AD is also equal to BE, \ 

the two rides AB, BE are equal to the two rides ED, ^A; 

and AE is their common base; ' 

therefore the angle ABE is equal to the angle EDA. 

But the angle ABE is right; 

therefore the angle EDA is also right; 
therefore ED is at right angles to DA. 

But it is also at right angles to each of the straight lines BD, DC; 
therefore ED is set up at right angles to the three strad^t lines BD, DA, DC at 
their point of meeting; 

therefore the three straight lines BD, DA, DC are in one plane. 

But, in whatever plane DB, DA are, in that plane is AB also, 
for every triangle is in one plane; 
therefore the straight lines AB, BD, DC are in one plane. 

And each of the angles ABD, BDC is right; 

therefore AB is parallel to CD. 

Therefore etc. 


[1.4] 


[I. SI 


[XI. 6] 
[Xl.2] 


[1.28] 
Q. E. D. 


PnoposmoN 7 

If two straight linos be paraUel and points be taken at random on each of them, the 
straight line joining the points is in the same plane with the paraUel straight lines. 

Let AB, CD be two parallel straight lines, 
and let points E, F be taken at random on them 
- respectively; 

I say that Ihe straight line jdmng the points E, F 
is in the same plane with the parallel straight lines. 

For suppose it is not, but, if possible, let it be in 
a more elevated plane as EGF, 

and let a plane be drawn through E6F; 
it will then m^, as section in the plane of reference, a straight Une. [ki. 3] 
Let it make it, as EF; 

therefore the two straight lines EOF, EF will enclose an area: 
whidi is imposrible. 
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' Ther^ore the stnught line joined from to is not in a pUme more elevated; 
therefore the straight line joined from £ to F is in the plane throng the par- 
allel straight lines AB, CD. 

Therefore etc. q. b. d. 

Proposition 8 

If two straight lines be parallel, and one of them be at right angles to any plane, the 
remaining one will also be at right angles to the same plane. 

Let AB, CD be two parallel straight lines, 

and let one of them, AB, be at ri^t angles to 
the plane of reference; 

I say that the remaining one, CD, will also be at 
right angles to the same plane. 

For let AB, CD meet the plane of reference at 
the points B, D, 

and let BD be joined; 

therefore AB, CD, BD are in one plane, [xi. 7] 
Let DE be drawn, in the plane of reference, at 
right angles to BD, 
let DE be made equal to AB, 
and let BE, AE, AD be joined. 

Now, since AB is at right angles to the plane of reference, 
therefore AB is also at right angles to all the straight lines which meet it and 
are in the plane of reference; [xi. Def. 3] 

therefore each of the angles ABD, ABE is right. 

And, since the straight line BD has fallen on the parallels AB, CD, 

therefore the angles ABD, CDB are equal to two ri^t angles. [l. 20] 
But the angle ABD is right; 

therefore the angle CDB is also right; 
therefore CD is at right angles to BD. 

And, since AB is equal to DE, 

and BD is common, 

the two rides AB, BD are equal to the two rides ED, DB‘, 
and the angle ABD is equal to the angle EDB, 
for each is right; 

therefore the base AD is equal to the base BE. 

And, rince AB is equal to DE, 

and BE to AD, 

the two rides AB, BE are equri to the two rides ED, DA respectively, 
and AE is their common base; 
therefore the angle ABE is equal to the angle EDA. 

But the an^ ABE is right; 

therefore the angle EDA is also ri^t; 
ther^isre ED is at ri^t angles to AD. 

But it is also at right angles to DB; 

therefore ED is also at right an^es to the i^uie throuc^ BD, DA. [xi. 4] 
Therefore ED will also mrilce right tmgles with all the stral^t lines which 
meet it and are in the plane throu^ BD, DA. 

But DC is in the plime thrmigh BD, DA, inamuch as AB, BD are in the 
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plane •> ' ; -f'' ' i ■.•■.. 1 1 '[ait ig 

ami J}C'iBaIaa in tbepIiiae 'mjrbieb AB/ 31^ tm. i " ' . ■ ; 
Therefore £D is at ri^t an^es to DC, • ' j -i , ' 

so that CD is also at right angles to 
But CD is also at li^t angles to BD. 

Therefore CD is set up at right angles to the two straight lines DE, DB 
which out one another, from the point of section at D^ 4 
so that CD is also at li^t angles to the plane through DE, DB. [xi. 4} 
But the plane through DE, DB is the i^ne of referenee; 

^erefore CD is at right angles to the {dane of reference. 

Therefore etc. q. bi d. 

Pbop^jjtiob 9 I 

Straight lines which are parcMel to the same straight line and arAnot in the same 
plane mdi it are also parallel to one another. ' ! \ 

For let each of tire straight lines AB, CD be parallel to EF, n^ being in tire 
same plane with it; 

I say that AB is paralld to CD. 

For let a point G be taken at random on 
EF, 

and from it let there be drawn OH, in the 
plane through EF, AB, at right angles to 
EF, and GK in the plane throu^ FE,- CD 
s^n at right angles to EF. 

Now, since EF is at right angles to each of 
the strai^t lines OH, OK, 
therefore EF is also at right an^es to the plane through OH, OK. [xi. 4] 
And EF is parallel to AB; 

therefore AB is also at right angles to the plane through HO, OK. [xi. 8] 
For the same reason 

CD is also at right angles to the plane throu^ HO, GK; 
therefore each of the straight lines AB, CD is at right angles to the plane 
through HO, OK. . 

But, if two strmj^t lines be at right ar^Os to 'the same |>lane, the straight 
lines are parallel; [xi. 6] 

therefore AB is parallel to CD. < -■ q. b. d. 

PnoPQSiqa^B.ld 

If two straight lines meeting one another be parallel to two stntigMlinmineeUng one 
another not in the same plane, they wUd contain equal angles. 

For let the two straight lines AB, BC meetmg tnae anothd: be parallel to the 
two strai^t lines DE, EF meeting one another, not in the saihB'plaae;' ' 

1 say that the angle iUSC'iaeGpial'to tiie an^ DEF. 

For let BA, BC, ED; EF ba eut off eqod to Ane^ another, and let AD, CF, 
B£r, AC, DF be jdned. ' ^ • 'Sr > ' 

Now, rinoefiXisclqucdandparaMte£D, ' 'u - i ' 

Mr <r. ■ iherefote ADisabo equal and paralld.'to'Si^A' |t.!33] 

For the same reason ‘ ■ - i,. j. n, r. . 

r CFisalsoeqtt«d‘aadpaiialiei'to-AS. a • o. r.nl 
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Therefore the etraight lines CFia equal tod' ptosUel to BE. 

But straif^t Unes which axe parallel 
to the same straight line tod are not ih 
the same plane with it are paralld to 
one another; [xl. 9] 

tber^ore AD is paralld and equd to CF. 

And AC, DF join them; ’ 

therefore AC is also equal and parallel 
toDF ti.383 

Now« einoe the two sides AB, BC are 
equal to the two mdes DE, EF, > 
and the base AC is equal to the base DF, 
therefore the angle ABC is equal to the angle DEF. [i. 8] 

Therefore etc. q. s. d. 

Proposition 11 

From a given elevated point to draw a straight line perpendictdar to a given p3ane. 

Let A be the ^ven devated point, and the plane of reference the given plane; 
thus it is required to draw from the point A a straight line perpendicular to the 
plane of reference. 

Let any straight line BC be drawn, at random, in 
the plane of reference, 

and let AD be drawn from the point A 

perpendicuUur to BC. [l. 121 

If then AD is also perpendicular to the i^ane hf 
reference, that which was enjoined will have been 
done. 

But, if not, let DE be drawn from the point D«t 
right angles to BC and in the plane of reference, [i. 11] 
let AF be drawn from A perpendicular to DE, 1^ 

and let j^i^'be drawn through the point F parallel to BC. {i. 31] 
^ow, since BC is at right angles to each of the strmght lines DA, DE, '■ 
therefore BC is also at right angles to the plane throu^ ED, DA. [xi. 4] 
And GH is pnralld to it; 

but, if two strai^t lines be parallel, tod one of them be at si^t angles to toy 
plane, tilie remaining toe will also be at right angles to the same plane; [xi; ^ 

tiherefore'CD is also at right angles to the plane through ED, DA . 

Therefore GH is also at light angles to all the straight lines which meet it 
and are in the plane through ED, DA. [xi. Def. 3] 

But AF meets it and is in the plane through ED, DA;- 
therefore Chf is at right angles to FA, 

> ao .th&t FA is also at right angles to <M. 

But AF is also at right angles to DE; 
therefore AF is at right angleii to each-c^ the straight lines GH, DE. 

But; if a straight line be set up at right angles to two strai^'hnes whM cut 
one another, at the pdnt of section, it will alsp be at ri^t angles to the plane 

throng them; [xi. 4] 

thtoifoiq FA 

‘\Butl^j|iteqe BD,;^iB4i>eplan»6f<i«fairfend»; ■ ' ! 
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therefore AF is at ri^t angles to the plane of reference. 

Therefore from the given elevated point A the straight line AF hasi>een 
drawn perpendicular to the plane of reference. q. e. f. 

Proposition 12 

To 9ei up a straight line at right angles to a given plane from a given poM in it 
Let the plane of reference be the given plane, 
and A the point in it; 

thus it is required to set up from the point A a straight 
line at right angles to the plane of reference. 

Let any elevated point B be conceived, 

from B let BC be drawn perpendicular to 

the plane of reference,* [xi. 11] 

and through the point A let AD be drawn 

parallel to BC, [i. 31] 

Then, since AD, CB are two parallel straight lines, 
while one of them, BC, is at right angles to the plane of referencfe, 
therefore the remaining one, AD, is also at right angles to the p^ne of refer- 
ence. [XI. 8] 

Therefore AD has been set up at right angles to the given plane from the 
point A in it. q. e. f. 

Proposition 13 

From the same point two straight lines cannot be set up at right angles to the same 
plane on the same side. 

For, if possible, from the same point A let the two straight lines AB, AC be 
set up at right angles to the plane of reference and 
on the same side, 

and let a plane be drawn through BA, AC; 
it will then make, as section through A in the plane 
of reference, a straight line. [xi. 3] 

Let it make DAE; 

therefore the straight lines AB, AC, 

DAE are in one plane. 

And, since CA is at right angles to the plane of 
reference, it will also make right angles with all the straight lines which meet 
it and are ih the plane of reference. [xi. Def. 3] 

But DAE meets it and is in the plane of reference; 

therefore the angh CAE is right. 

For the same reason 

the angle BAE is right; 

therefore the angle CAS is equal to the angle BAE. 

And they are in one plane: 

which h impassible. 

Therefore etc. q. e. n. 

Proposition 14 

Planes to whiA the same straiiffU line ie at right angles will be paraBel. 

For let any straight line AB be at rig^t anglesio each of the planes CD, EF; 
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I say that pltmes are paraliel. 

For, if not, they will meet when produced. 

Let them meet; 

they will then make, as common section, 
a straight line. [xi. 3] 
Let them make GH‘, 
let a point K be taken at random cm QH, 
and let AK, UK be joined. 

Now, since AB is at right angles to 
the plane EF, 

therefore AB is also at right angles to BK which is a straight line in the plane 
EF produced; [xi. Def. 3] 

therefore the angle ABK is right. 

For the same reason 

the angle BAK is also right. 

Thus, in the tnangle ABK, the two angles ABK, BAK are equal to two 
right angles: 

which is impossible. [i. 17] 

Therefore the planes CD, EF will not meet when produced; 

therefore the planes CD, EF are parallel. [xi. Def. 8] 

Therefore planes to which the same straight line is at right angles are par- 
allel. Q. E. D. 



Proposition 15 

If two straight lines meeting one another be parallel to two straight lines meeting 
one another, not being in the same plane, the planes through them are parallel. 
For let the two straight lines AB, BC meeting one another be parallel to the 

two straight lines DE, EF meeting one another, 
not being in the same plane; I say that the 
planes produced through AB, BC and DE, EF 
will not meet one another. 

For let BG be drawn from the point B per- 
pendicular to the plane through DE, EF [xi. 11], 
and let it meet the plane at the point G\ 
through 6. let GH be drawn parallel to ED, and 
GK parallel to EF. [i. 31] 

Now, since BG is at rig^t angles to the plane 
through DE, EF, 

therefore it >vill also make right angles witii all the straight lines which meet it 
and are in the plane through DE, EF. [xi. Def. 3] 

But each of the straight lines GH, GK meets it and is in the plane throu^ 
DE, EF', 

therefore each of the angles BGH, BGK is right. 

And, since BA is parallel to GH, [xi. 9] 

therefore the angles GBA, BGH are equal to two li^t angles, [l. 3^] 
But the ang^e BGH'is riji^t; 

therefore the angle GBA is also ri^t; 
therefore OB is at ri^t angles to BA. 

For tfa# same reason 



m xiarcLm . 

OB'isalso at aj^ea t6 1^.. 

Since then the straight line GB is set up at»right-aa^es to tiie twoatnii|ht 
lines BA, BC which cut cme another, therefore OB is also at ri^t angles to the 
idwe through jBC: ■- • [xi. 4] 

But planes to which the same straight line is at right angles are pa^el; 

[XI. 14] 

tiiwefore the plane through AB, BC is parallel to the plane through DE, EF. 

Therefore, if two straight lines meeting one another be parallel to two 
stt'aig^t lines meeting <me another, not in the same plane, the planes through 
them are parallel. Q. b. d. 

Proposition 16 

If two parallel planes he end hy any pkMe, their common eeeUoni are paraUd. 
For let the two parallel planes AB, CD be cut by the plane\£>F<7£f; 
and let EF, GH be their common sections; 

I say that EF is parallel to OH. 



For, if not, EF, GH will, when produced, meet either in the <hrection of F, H 
or of E, G.' 

Let them be produced, as in the direction of F, H, and let them, first, meet 
at K. ■ 

Now, since EFK is in the plans AB, 

therefore all the p(^ts oa'EFK are also ip the plane AB. . [xi. 1] 

But K is one of the points' on the straight line EFK; . 

therefore N is in the plane d.B. 

For the same reason ■ ' ’ , ' . 

N is atio in>the jfiane C£>; ' 

therefore the planes AB, Ci) willmeet when prodticed. ■' 

' But they do not meet, because they are','by hypotheeiB','paratlelT 
therefore the straight lines EF, GH will not meet when produced in the direc- 
tion of F,N. ■ ' . t .. 

' '^rnilarly we can prove that neither will 'the sttOii^tii^eB BF, 4lff wieet 
produced in the direction, of B, ’ ‘ >' 

But straight lines which do not meet in either diMcticm ji^'peiaOel. ' ' 

■ ■■■ ■■■■ ■ [i.Def.23] 

Ther^ore EF is psrallei tct'GH-. ' 

Tberetate etc. 
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' Proposition 17 

If two be ait by paralid planes, they vnU be aU in the aameimHoe. 

Fw let the two straight lines AB, CD be cut by the parallel planes GH, Kh, 
MN sA tibei points 4, S, B and C,F,Di . 

. I say that, as the slaai^t line AE is to 
EB, so is CF to FD. 

Fop let AC^ BD, AD he joined,' 
let 4i> meet ihe planeJCLat the pmntO, 
and let EO, OF be joined. . 

Now, since the two parallel planes KL, 
MN are' cut by the plane EBDO, 
their commonseotiims EO, BD are parallel. 

{XI. 16] 

For the same reason, since the two 
parallel planes GH, KL are cut by the 
plane AOFC, 

their common sectionsilC, OF are parallel. 

{id.] 

And, since the straight line EO has been drawn parallel to BD, mie of the 
sides of the trian^e ABD, 

toerefore, proportionally, as AE is to EB, so is AO to OD. [vi. 2] 
Again, since the straight line OF has been drawn parallel to AC, one of the 
sides of the triangle ADC, 

- proportionally, as AO is to OD, so is OF to FD. [idj 

But it was also proved that, as AO is to OD, so is AE to EB] 

therefore also, as AE is to EB, so is CF to FD. [v. 11] 

Therefore etc. 0 . e. b. 



Proposition 18 

If a straight line be at right angles to any plane, aU the planes through it vnU aUso 
be at right angles to the same plane. 

For letaay strai^t line AB be at ri^t angles to the plane of reference; 

I say that all the planes through AB are also 
at right angles to the plane of reference. 

For let the plane DE be drawn through AB, 
let CF be the common section of the plane DE 
and the plane of reference, . 
let a pdnt F be taken at random on CE,. ■ 
■and frmn F let FC be drawh in the idane DE 
at ri^t angles to CF. .(l. 11] 
‘ Now, since 4F is at right angles to 1he> plane 
of r^ereBce',-4P is also at rig^ht angles to all the stoai^t lines whiehr meetdt 
and are ih,^eidane of reference; .[xi;,Daf. 8] 

. / ' - " so that it is adso.at right an^es to CF;. , ii 

- . therefore theangle ilFF is rig^t. 

. But toe-aa^-CFF is alsp right; . . 

thermrae 4F is psuridlel to FC. ' , . . ' . . >> 

!But'4F^.>M ni^6ni^eBto thia(dasie.of!i!^erence; 
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therefore FO is also at right angles to the plane of reference, [xi. 8] 

Now a plane is at right angles to a plane, when the straight lines drawn, in 
one of the planes, at right angles to the common section of the planes are at 
right angles to the remaining plane. [xi. Def. 4] 

And FG, drawn in one of the planes DE at right angles to CF, the common 
section of the planes, was proved to be at right angles to the plane of reference; 
therefore the plane DE is at right angles to the plane of reference. 

Similarly also it can be proved that all the planes through AB are at right 
angles to the plane of reference. 

Therefore etc. q. b. d. 

Proposition 19 

1/ two planes which cut one another be at right angles to any 
section will also be at right angles to the same plane. 

For let the two planes AB^ BC be at right angles to the 
and let BD be their common section; 

I say that BD is at right angles to the plane of 
reference. 

For suppose it is not, and from the point D let 
DEhe drawn in the plane AB at right angles to the 
straight line AB, and DF in the plane BC at right 
angles to CD. 

Now, since the plane AB is at right angles to 
the plane of reference, 

and DE has been drawn in the plane AB at right 
angles to AB, their common section, 
therefore DE is at right angles to the plane of reference. [xi. Def. 4] 

Similarly we can prove that 

DF is also at right angles to the plane of reference. 

Therefore from the same point B two straight linos have been set up at right 
angles to the plane of reference on the same side: 

which is impossible. [xi. 13] 

Therefore no straight line except the common section BB of the planes AB, 
BC can be set up from the point B at right angles to the plane of reference. 

Therefore etc. Q. e. d. 

Proposition 20 

If a solid angle be contained by three plane angles, any two, taken together in any 
manner, are greater than the remaining one. 

For let the solid angle at A be contamed4>y the three plane angles BAC, 
CAD, DAB; 

I say that any two of the angles BAC, CAB, 

DAB, taken together in any manner, are 
greater than the remaining one. 

If now the angles BAC, CAD, DAB are 
equal to one another, it is manifest that any 
two are greater than the remaining one. 

But, if not, let BAC be greater, 
and on the strai^t line AB, and at ike point A oh it, let the an^e BAB be 
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constructed, in the plane through BA, AC, equal to the ai^le DAB; 
let AE be made equal to AD, 

and let BEC, drawn across thrdugh the point E, cut the straight lines AB, ACr 
at the points B,C; 

let DB, DC be joined. 

Now, since DA is equal to AE, 

and AB is coitimdn, 
two sides are equal to two sides; 
and the angle DAB is equal to the angle BAE; 
therefore tlie base DB is equal to the base BE. [i. 4| 

And, since the two sides BD, DC are greater than BC, [i. 20] 

and of these DB was proved equal to BE, 
therefore the remainder DC is greater than the remainder EC. 

Now, since DA is equal to AE, 

and AC is common, 

and the base DC is greater than the base EC, 
therefore the angle DAC is greater than the angle EAC. [i. 25] 
But the angle DAB was made equal to the angle BAE; 

therefore the angles DAB, DAC are greater than the angle BAC. 
Similarly we can prove that the remaining angles also, taken together two 
and two, are greater than the remaining one. 

Therefore etc. q. e. d. 

Proposition 21 

Any solid angle is contained by plane angles less than four right angles. 

Let the angle at A be a solid angle contained by the plane angles BAC, 
CAD, DAB; 

I say that the angles BAC, CAD, DAB are less 
than four right angles. 

For let points B, C, D be taken at random on the 
straight lines AB, AC, AD respectively, 
and let BC, CD, DB be joined;. 

Now, since the solid angle at B is contained by 
the three plane angles CBA, ABD, CBD, 
any two are greater than the remaining one; 

[XI. 20] 

therefore the angles CBA, ABD are greater than the angle CBD. 

For the same reason 

the angles BCA, ACB are also greater than the angle BCD, and the lingles 
CDA, ADB are greater than the angle CDB; 

therefore the six angles CBA, ABD, BCA, ACD, CDA, ADB are greater than 
the three angles CBD, BCD, CDB. ; ? 

But the three angles CBD, BDC, BCD are equal to two right angla^; [i. 32J 
therefore the six angles CBA, ABD, BCA, ACD, CDA, ADB are greater than 
two right angles. 

And, since the three angles of each of the triangles ABG^ ACD^y ADB iue 
equal to two right angles, 

therefore the nine angles of the three triangles, the angles CBA^ ACB, BAC, 
ACD, CDA, CAD, ADB, DBA, BAD are equal to siat xi^t anglea; ^ ^ . / 
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and of them the aixasit^esi ABC, BGA, ACI>, CDA, ADB, DBA aie greatw) 
than two right angles; >■> 

therefore the. remainiiig tiiree angles BAC, CAD, DAB containing the aotid 
angle are less than four right angles. > 

Therefore etc. q. e. d. 

PnoposinoN 2!l . 

If there he three plane anffleeef which two, teAert iogeOter in any manner, are greater 
Qum the remaining one, and Oiey are contained by egttai straight lines, it is possible 
to construct a triangle ovt of the straight lines joining, the extremities of the equal 
straight lines. 

Let there be three l)lane angles ABC, DBF, OHK, of which two, taken to- 
gether in ahy manner, are greater than the renutining one, najndy 
the angles ABC, DBF greater than the angle 6B! 
the angles DBF, GHK greater than the angle AB\ 
and, further, the angles GHK, ABC greater than the anne DBF; 
let the straight lines AB, BC, DB, BF, OH, HK be e^ual, 
and let AC, DF, OK be joined; \ 

I say that it ispossible to construct atrian^^e out of straight lines equal toAC, 
DF, GK, that is, that any two of the i^raight hnes AC, DF, GK are greater 
than the remaining one. 



. Now, if the angles ABC, DBF, GHK are equal to one another, it is manifest 
that, AC,. DF, GK being equal also, it is possible to construct a trian^^e out of 
straight lin^ equal to AC, DF, GK. 

But, if not, let them be unequal, 
and on the straight line HK, and at the point H on 
it, let the angle KHL be oooslructed equal to the 
angle ABC; 

let HL be made eqiml to cote of the stra%ht lines AB, 

BC,DB,BF,OH-,HK, . ~ 

«nd X^lKL, QL be joined’. ' 

Now, since the two rides AB, BC are equal to' the 
two rides ' 

'( -and the angle at Bis Aqua! to the-angleJCB^B; 

therefore the base AC is equal to the base KLi ’ [i. 

"■AndyVrinee the angles ABC, GHK aii«'i^eat€»r than the angle DBF, 
while the ang^e ABC is equal to the angle 
. timilefore the' angle GBB is dikn* the aag^ei^B, 

And, Mtnaw itjia twin rides OH, HL aro eqtnd to the two D'E, BP, ' 
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and tha angle QHh is greater than the angle DEF, 
therefore the base QL ie grater than the base DF. [i. 2^ 
!But XL ase greater than GL. ' 

Therefore GK, KL are much greater than DF. 

But KL is equal to AC; 

therefore AC^ GK are greater thah the remaining Straight line DF. 
Similarly we can prove that 

AC, DF are greater than GK, 
and further, DF, GX are greater than AC. 

Therefore it is possible to construct a triah^e out of straighl' Haas eqimt to 
AC, DF, GK. Q. Bijjt 

PaOPOSITION ^ 

To construct a solid cmgle out of three plane angles two ofwhidi, tidren togeOiet in 
any manner, are greater than the remaining one: time the Oiree angles must be less 
then four right qngles. , ■ 

Let the angles ABC, DEF, GHK be the three given plane angles, and let two 
of these, taken together in any manner, be greater than the remaining one, 
while, further, the three are less than four right angles; 
thus it is required to construct a solid angle out of angles equal to the angles 
ABC, DEF, GHK. 

B 

A 

F G 



Let AB, BC, DE, EF, GH, HK be cut equid to one another, 
and let AC, DF, GK be joined; 

it is therefore posable to construct a triangle out of i^xai^t lines equal to AC, 
DF, GK. [XI. 3^ 

,, Let LMN be so ocmstructed that d.6'is equal tio 

"N. LAf, DFto.MX,andfurther, <tX toXL,' ■ ’'i 

MiL__ ~3\\ tlm drde LMN be described about the triai^e 

LMN, i!; 

I V let its centre be taken, and let it be 0^, -v.: 

\ \ \ // .X/ let IID, MO, NO be joined; 

Y \ \// jT j I say that ilB is greatw than ZjO. ' 

v\ ^ either equal to L0.,«^ Jess. <■ 

' ■ First, let it be equal. ■ >1 

Then, since dX is ec^al' to L(jl^ . ' i i. 
while AB is equal tO'BC, >and OL to OM, 
the two ddes AB, BC are equal to the two ddes LO, CJf ^ibl^astiwely;; : ; 

. 4 and, hypotheas, the base AC is equid to tha ibdae-I^; . ’.a 
therefore the ai^^ ABC is equal^to tfaeisii^'LClSr.*- ' <' 

F(ff the same reanhi')' ■ 
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the an^e DBF ig also equal to the’ aogle MON, 
and further the angle GHK to the angle NOL; 
therefore the three angles ABC, DBF, QHK are equal to the thm angles LOM, 
MON, NOL. 

But the three angles LOM, MON, NOL are equal to four li^t angles; 
therefore the angles ABC, DBF, QKH are equal to four right angles. 

But they are also, by hypothesis, less than four ri^t angles: 

which is absurd. 

Therefore AB is not equal to LO. 

I say next that neither is AB less than ID. 

For, if possible, let it be so, 

and let OP be made, equal to AB, and OQ equal to BC, 
and let BQhe joined. 

Then, since AB is equal to BC, 

OP is also equal to OQ, 
so that the remainder LP is equal to QM. 

Therefore LM is parallel to PQ, \ [vi. 2] 

' and LMO is equiangular with PQO; \ [i. 29] 

therefore, as OL is to LM, so is OP to PQ; [vi. 4] 

and alternately, as LO is to OP, so is LM to PQ. [v. 16] 

But LO is greater than OP; 

therefore LM is also greater than PQ. 

But LM was made equal to AC; 

therefore ilC is also greater than PQ. 

Since, then, the two sides AB, BC are equal to the two sides PO, OQ, 
and the base ^40 is greater than the base PQ, 
therefore the angle ABC is greater than the angle POQ. [i. 25] 

Similarly we can prove that 

the angle DBF is also greater than the angle MON, 
and the angle GHK greater than the angle NOL. 

Therefore the three angles ABC, DBF, GHK are greater than the three 
angles LOM, MON, NOL. 

But, by hypotheas, the angles ABC, DBF, GHK are less than four right 
aaogles; 

therefore the angles JDM, MON, NOL are much less than four right angles. 

But they are also equal to four right angles: 

which is absurd. 

Hierefore AB is not less than LO. 

And it was proved that neither is it equal; 

therefore AB is greater-than LO. 

Let then OB be set up from the point 0 at ri^t angles to the plane of the 
circle LMN, Ixi. 12] 

and let the square on OB be equal to that area by which the square on AB is 
greater than the square on LO; [Lemma] 

let BL, BM, BNibe joined. 

Then, sdnee BO is at right an^es to the plane of the circle LMN, 
therefore BO is also at ri^t angles to each of the strm^t lines LO, MO, NO. 
; And, since LO is equal to OAT,- . . 

while OR is common and at ri^t angles, ' 
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therefore the base fiLiaeqtiai to the b»ae'iZtf. [114] 

For the same reason 

RN is also equal to eaeh of. the strai^t lines AL, RM; 
therefore the three straight lines RL, RM, RN are equal to one another. 

Next, since by h 3 q>othe 8 ls the square on OR is equal to that area by tdiich 
the square on AB is greater than the square on LO, 

therefwe the square on AB is equal to the squares on LO, OR. 

But the square on LR is equal to the squares on LO, OR, fen* the angle LOR 
is right; [i.47] 

therefore the square on AB is equal to the square on JBL; 
therefore AB is equal to RL. 

But each of the straight lines BC, DE, EF, GH, HK is equal to AB, 
while each of the straight lines RM, RN is equal to RL; 
therefore each of the straight lines AB, BC, DE, EF, GH, HK 
is equal to each of the straight lines RL, RM, RN. 

And, since the two sides LR, RM are equal to the two sides ABf BC, ■ 
and the base LM is by hyjjothesis equal to title- base AC, 
therefore the angle LRM is equal to the angle ABC. [l. 8] 

For the same reason 

the angle MRN is also equal to the angle DEF, 
and the angle LRN to the angle GHK. 

Therefore, out of the three plane angles LRM, MRN, LfiiV, which are equal 
to the three given angles ABC, DEF, GHK, the solid angle at R has been cfbn- 
structed, which is contained by the angles LRM, MRN, LRN. q. e. r. 


Lemma 


But how it is pdssible to take the square on OR equal to that area by which 
the square on AB is greater than the square on LO, we can show as follows. 

Let the straight lines AB, LO be set out, 
and let AB be the greater; 
let the semicircle ABC be described (m AR, 
and into the semicircle ABC let AC be fitted equal to the 
straight line LO, not being greater than the diameter AB; 

[iv. 1] 



let CB be joined 

Since then the angle ACB is an angle in the semicircle ACB, 

therefore the angle A CB is right. [m. 31] 

Therefore the square (m AB is equ^ to the squares on AC, CB, ' (t. 47] 
Hence the square on AB b greats than the square on AC by tbe sqaare’on 
CB. 


But AC is equal to LO. 

Therefore the square on AB is greater than the square on LO by the square 
on CB. 

If then we cut off OR equal to BC, the square on AB will be greater ihaa tbe 
square on LO by the square on OR. q. e. f. 

Propositiok 24 


If a solid bs tovkxmsd by paraUeVplanes, the opposite pkmss in'-it tees equal and 
parallelogrammic. . . 




tae sucm> 

' For let the sdUd.CDiffO be contained by the {MmUel ^nea AC, OF, AH, 
DF,BF,AE’, 

I say that the (qiposite planes in it ate 
equal and parallelogranunic. 

For, since the two piurallel planes BO, CE- 
are cut by the plane AC, 
their commot seetiras are paralleL [xi. 16] 

' ThereforeulB is parallel to DC. 

. ‘Again, once the two parallel planes BF, 

AE are cut^by the plane AC, . 
their common sections are parallel, [xi. S6] 

Therefore BG fs parallel to AD. 

But AB was ajbo proved parallel to'DC; 

therefore AC is s, paralleloffram. 

Similarly we can' prove that each of the planes DF, FO, 01^, BF, AE is a 
parallelogram. 

Let AB, DF be' jcaned. 

Then, since AB is.parallel to DC, and BH to CF, \ 

the two straight lines AB, BH which meet one another are parallel to the two 
straight lines DC, CF which meet one another, not in the same plane; 

therefore they wiU contain equal angles; [xi. 10] 

therefore the angle ABB is equal to the angle DCF. 

And, siiMse the two sides AB, BH are equal to the two sides DC, CF, 

[1.34] 

and the angle ABB is equal to the angle DCF, 
therefore the base AH is equal to the base DF, 
and the triangle ABB is equal to the triangle 2X7F. [1.4] 

And the parallelogram BO is double cf the triangle ABB, and the parallelo- 
gram CE double of the idimgln DCF; . . i [i- 34] 

therefore the parallelogram BO k equal to the parallelogram CE. 

SimUaily we can prove that 

AC k also equal to OF, 

/ •' and AB. to BF. 

‘ l^erefore etc. q. x. n. 


PBO^rno9 ?6 , 

f/aporallelepipedal solid {>e cut hy a plane uAicA is panBel to the opposite pJarm, 
Vhen, as the ha6e islothe hast, so will the solid bsto the solid. 

' For tiab paraUekpipedal solid . ABCD be eat by the plane FO which k 
parallel to the oppodte planes BA, DB; - 
1 say that, as the base AEFV k to the base EHCF,. so k tlwsoHd ABFU to 

tire solid IB(^D. > ; v . 

For let AH be produced in each direction, 

Ist any numbw: of straight liros •wfaatewpr, AK, KL, bn made equal to AH; 

and any number whatever, BAf; JlfB, equal to BB; 
and let the parallelograms LP, Ky, HW, MS and the solids LQ, KR, DM, MT 
be completed. ’ ’ ' ' ' 

^ Then, innee toe stea%ht ' liBeB DB, BAy A:,iE aze equal to CM another, 
toe paralldograms LP, KV, AF are also equal to one another,' > 
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K0,KB,A<jtvntqaslii6<>as:asKi&m, - 'k, 

and further, 2iX, JTQ, AR are eqtul to one anoUxer, for they' are ojpfMrite.. ' 



For the same reason 

the parallelograms EC, HW, MS are also equal to one another, 

HO, HI, IN me equal to one another, ' 

and further, DH, MY, NT are equal to one another. 

Therefore in the solids JDQ, KR, A U three planes are equal to three planes. 
But the three pdanes are equal to the three opposite; 

therefore the three soli^ LQ, KB, AU axe equal to one another. 

For the same reason 

the three solids ED, DM, MT are also equal to one another. 
Therefore, whatever multiple t^ base LF is of the base AF, the same multi- 
ple sdso is the solid LU of the solid A U. 

For the same reason, 

whatever multiple the base NF b of the base FH, the same multiple also is the 
solid of the solid 

And, if the base LF is equal to the base NF, the solid LV\a also equal to 
solid NV] 

if the base LF exceeds the base NF, the solid LU also exceeds the solid NU', 
and, if one falls short, the other falls idiort. ’ 

Therefore, there being four magnitudes, the two bases AF, FH, and the two 
solids At;, rff, 

equimultiples have been taken of the base AF and the solid A U, namely the 
base LF and the solid LIT, 

and equimultiptss'cA' Ihe base HF and tte solid HV i namely the base NF and 
the solid iVi;, ^ ' ^ 

and it has been proved that; if the base LF exceeds the base FN, the solid LV 
also exceeds the solid NU, 

a the bases me equal, the s(4ids are equal, ' ■ 

and if the base falls short, the solid falls short, 

Therefore, as the base AF is to the bhse FHj 90 is the Solid At; to the 
solid C;B^. ; 

. ^ * ’ Q.' A.-’ 0. ' ' 

FBOPOspnpjit.% ' ■ 

On a given etraigkt line, and at a given point on it, to eonebntei'a tAid anglo4^puA 
toagiveneolidiai^. 
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Let AB be the straight litie, A the given point on it, and the an^e at 
D, ccmtained by the angles EDC, EDF, FDC, the ^ven solid angle; 

.'thus it is required to construct on the straight line AB, and at the point A on 
it, a solid angle equal to the solid angle at D. 

For let a point F be taken 

at random on DF, .iH 

let FG be drawn from F per- 
pendicular to the plane 
through ED, DC, and let it 
meet the plane at G, [xi. 11] 
let DQ be joined, 
let there be constnict^ on 
the straight line AB and at 
the point A on it the angle 
BAL equal to the angle 
EDC, and the angle BAK 
equal to the angle EDG, 

[1. 23] \ 

let AK be made equal to DG, 

let KH be set up from the point K at right angles to the plane through BA, AL, 

[xi. 12] 



let KH be made equal to GF, 
and let HA be joined; 

I say that the solid angle at A, contained by the angles BAL, BAH, HAL 
is equal to the solid angle at D contained by the angles EDC, EDF, FDC» 
For let AB, DE be cut off equal to one another, 

and kt HB, KB, FE, GE be joined. 

Then, since FG is at right angles to the plane of reference, it will also make 
night angles with all the straight lines which meet it and are in the plane of ref- 
erence; [xi. Def. 3] 

therefore each of the angles FGD, FGE is ri^t. 

For the same reason 

each of the angles HKA, HKB is also right. 

And, once the two sides KA, AB are equal to the two sides GD, DE respec- 
tively, 

and they contain equal angles, 

therdore the base KB is equal to the base GE, [i. 4] 

But KH is also equal to GF, 

' and they contain right angles; . 

therefore HB is also e^ual to FE. [i- 4] 

Again, rince the two sides AK, KH are equal to the tw rides DG, GF, 
and they contain right cmgles, 

therefore the base AH is equal to the base FD.. Oi. 4] 

; But AB is also equal to DE] 

therefore the two rides HA, AB are equal to the two rides DF, DE. 

And the base HB is equal to the base FE; 

therefore the angle BAH is equal to the angle EDF. 

' . For thesame reason 

the angle HAL is also equal to the angle FDC. 


[i.« 
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And the angle BAL is also equal to the anglft EDO. 

Therefore on the straight line AB, and at the point A (m it, a solid has 

been constructed equal to the given solid angle at D. q. b. f. 



Proposition 27 

On a given straight line to describe a paraUelepipedal solid similar and similarly 
situated to a given paraUdepipedal solid. 

liet AB be the ^ven straight line and CD the given paraUelepipedal solid; 
thus it is required to describe on the given straight line AB a paraUelepipedal 
soUd siinilar and amilarly atuated to the given paraUelepipedal solid CD. 

For on the straight Une 

P AB and at the point A on 

it let the solid angle, con- 
tuned by the angles BAH, 
HAK, KAB, be constructed 
equal to the soUd angle at 
C, so that the angle BAH is 
equal to the angle ECF, the 
angle BAK equal to the 
angle ECO, and the angle KAH to the angle GCF; 

and let it be contrived that, 
as EC is to CO, so is EA to AK, 
and, as CC is to CF, so is KA to AH. [vi. 12] 

Therefore also, ex aequcUi, 

as EC is to CF, so is BA to AH. [v. 22] 

Let the parallelogram HB and the solid AL be completed. 

Now since, as EC is to CO, so is BA to AK, 
and the sides about the equal angles ECO, BAK are thus proportional, 
therefore the parallelogram GE is similar to the parallelogram KB. 

For the same reason 

the parallelogram KH is also similar to the parallelogram GF, and further, FE 
to HB; 

therefore three parallelograms of the soUd CD are similar to three parallelo- 
grams of the soUd AL. 

But the former three are both equal and dmilar to the three oppoate par- 
allelograms, 

and the latter three are both equal and simUar to the three opposite paraUdo- 
grams; 

therefore the whole soUd CD is similar to the whole soUd AL. [xi. Def. 0] 
Therefore on the given straight line AB there has been described AL amilar 
and similarly situated to the ^ven paraUelepipedal solid CD. • q. e. f. 


Proposition 28 

If a paraUelepipedal solid be cut by a plane through (he diagonals cf the opposite 
planes, the solid unll be bisected by the plane. 

For let the paraUelepipedal solid AE be cut by the plane CDEF throu(^ the 
diagonals CF, DE of opposite planes; 

1 say that the soUd AB wiU be bisected by the piaiw CDEF. 

For, ance the triangle CGF is equal to the triangle CEE, . . . {s. 8^ 
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and ADE to DBil,’ 

labile tiw parallelognmCAii aleo eqaU to the pacaMo- 
gram EB, for they are oi^toate, and OE to CH, 
therefore the prism contained by the two triangles 
COF, ADE and the three paraHelograms GE, AC, CE 
k also equd to the prism contained by the two triangles 
CFB, DEH and the three parallelograms CH, BE, CE} • 
fm* they are contained by planes equal both in mniti- 
tude and in magnitude. [xi. Def. 10] 

Hence the -vdiole solid AB is bisected by the plane CDEF. 



Q. B. D. 



pROnpijHTION 29 I 

ParaUdejripedal solids lohidi are on the same base and of the sanM height, and in 
vihi^ the extremities of the sides which stand wp are on the same straight lines, are 
equal to one another. \ 

Let CM, CN be parallelepipedal solids on the same base AB aqd of the same 
height, \ 

md let the extremities of their sides which 
stand up, namely AQ, AF, LM, LN, CD, 

CE, BH, BK, be on the same straight lines 
FN, DK } 

I say that the solid CM is equal to the 
solid CN. 

For, since each of the figures CH, CK is a 
parallelogram, CB is equal to each of the 
straight lines DH, EK, {i. 34] 

hence DH is also equal to EK. 

Let EH be subtracted from each; 

therefore the remainder DE is equal to the remainder HK. 

Hence the triangle DCE is also equal to the triangle HBK, 

and the parallelogram DG to the parallelogram HN. 

For the same reason 

the triangle AFG is also equal to the triangle MLN. 

But the parallelogram CF is equal to the pmallelogram BM, and CG to BN, 
for they are opposite; 

tiver^ore the prism contained by the two triangtes AFG, DCE and the three 
parallelograms AD, DG, CG is equal to the prism contained by the two tri- 
angles MLN, HBK and the three parallelograms BM, HN, BN. 

' Let there be added to each the solid of which the parallelogram AB is the 
base and' GEHM its c^poate; 

therefore the whole parallelepipedal solid CM is equal to the whole parallele- 
{npedal solid CN. 

’ Tlieiefcneeto. ' . . <».»., »• 


[1.8,4] 

[1.36] 


PsopomTioNao 

Parallelepipedcd solids which are on the same base and of the same height, md in 
which the extremes' the sides whids stand upar>enctonihe same straight lines, 
ddfe-hquad to one ane/Oier. • >'■ ' 
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Let CM, CN be p» r all eTep q)edal sdids on tin same base AB and of tise same 

hei^t, 

and let the extremities of their sides 
which stand up, namdy AF, AO, LM, 

LN, CD, CE, BE, BK, not be on the 
same straight lines; 

I say that the solid CM is equal to the 
soM CN. 

For let NK, DH be produced and 
meet one another at R, 
and further, let FM, OE be produced to 

P,Q; 

let AO, LP, CQ, BB be joined. 

Then the solid CJIf, of which the parallelogram ACBL is the base, and 
FDHM its oppoate, is equal to the solid CP, of which the parallelogram ACBL 
is the base, and OQKP its oppoate; 

for they are on the same base ACBL and of the same height, and the extremis 
ties of their sides which stand up, namely AF, AO, LM, LP, CD, CQ, BE, BE, 
are on the same strfdght lines FP, DR. [xi. 29] 

But the solid CP, of which the parallelogram ACBL is the base, and OQBP 
its opposite, is equd to the solid CN, of which the paralldogram ACBL is the 
base and GEKN its opposite; 

for they are again <m the same base ACBL and of the same height, and the ex- 
tremities of their ades which stand up, namely AO, AO, CE, CQ, LN, LP, BK, 
BB, are on the same straight lines GQ, NR. 

Hence the solid CM is also equal to the solid CN. 

Therefore etc. Q. B. 0 . 
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Parallelepipedal solids which are on equal bases and of the same heigM are equal 
to one anoOter. 

Let the parallelepipedal solids AP, CF, of the same height, be on equal bases 
AB,CD. 

I say that the solid AE is equal to the solid CF. 



Fir^ let the sides which stand up, EK, BE, AO, -LM, PQ, DF ,'CO, BSj be 
gtjol^t ani^ to ^ bases AB, CD; 
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let the straight line RT be produced in a strdght line ndth CR; 
on the straight line RT, and at the point R on it, let the angle TRU be C(m- 
structed equal to the angle ALB, [i. 28] 

let RT be made equal to AL, and RU equal to LB, 
and let the base RW and the solid XU be completed. 

Now, since the two sides TR, RU are equal to the two sides AL, LB, 
and they contain equal angles, 

therefore the parallelogram RW is equal and similar to the parallelogram HL. 
Since again AL is equal to RT, and LM to RS, 

and they contain right angles, 

therefore the parallelogram RX is equal and similar to the parallelogram AM. 
For the same reason , 

L£ is also equaband similar to £>U; I 
titerefore three parallelo^ams of the solid AJE are equal andWmilar to three 
parallelograms of the solid XU. \ 

But the former three are equal and similar to the three opposite, and the 
latter three to the three opposite; \ [xi. 24] 

therefore the whole parallelepipedal solid AE is equal to the wWe parallele- 
pipedal solid XU. [xi. Def. 10] 

Let DR, IF U be drawn through and meet one another at V, 
let oTb be drawn through T parallel to D¥, 
let PD be produced to a, 
and let the solids YX, RI be completed. 

Then the solid XY, of which the parallelogram RX is the base and Yc its op- 
posite, is equal to the solid XU of which the parallelogram RX is'the base and 
UF its opposite, 

for they are on the same base RX and of the same height, and the extremities 
of their sides which stand up, namely RY, RU, Tb, TW, Se, Sd, Xc, XV, are 
on the same straight lines YW, eV. [xi. 29] 

But the solid XU is equal to AE; 

therefore the solid XY is also equal to the solid AE. 

And, since the parallelogram RUWT is equal to the parallelogram YT, 
for they are on the same base RT and in the same parallels RT, YW, [i. 8§1 
while RUWT is equal to CD, since it is also equal to AB, 
therefore the parallelogram FT is also equal to CD. 

But DT is another parallelogram; 

therefore, as the base CD is to DT, so is YT to DT. [v. 7] 

And, ance the parallelepipedal solid Cl has been cut by the plane RF which 
is parallel to opposite planes, 

as the base CD is to the base DT, so is the solid CF to the solid RI. [xi. 25] 
For the same reason, 

since the paralleiepipedal solid YI has been cut by the plane RX which is par- 
all^ to opposite planes, 

as the base YT is to the base TD, so is the solid FX to the solid RI. [xi. 2Si 
But, as the base CD is to DT, so is YT to DT; 
therefore also, as the solid CF is to the solid RI, so is the solid FX to RI. 

[V. 11] 

Iberefote each of the solids CF, YX has to RI the same ratio; ' 

therefore the solid CF is equal to the solid YX. [▼• ^ 
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But YX waa imved equal to AE; 

therefore AE is also equal to CF, 

Next, let the sides standing up, AO, HK, BE, LM, CN, PQ, DF, l&S, not be 
at right angles to the bases AB, CD", 

I say again that the solid AE is equal to the solid CF. ■ ■ 



For from the points K, E, G, M, Q, F, N, S let KO, ET, OU, MV, QW, FX, 
NY, 81 he drawn perpendicular to the plane of reference, and let them meet 
the plane at the points 0, T, U, V, W, X, Y, I, 

and let OT, OU, UV, TV, WX, WY, YI, IX be joined. 

Then the solid KV is equal to the solid QI, 
for they are on the equal bases KM, QS and of the same height, and their rides 
which stand up are at right angles to their bases. [First part of this Prop.] 
But the solid KV is equal to the solid AE, 

and QI to CF; 

for they are on the same base and of the same height, while the extremities of 
their sides which stand up are not on the same straight lines. [xi. 30] 

Therefore the solid AE is also equal to the solid CF. 

Therefore etc. Q. s. D. 


Proposition 32 

Parallelepipedal solids which are of the same height are to one another as their bases. 
Let AB, CD be parallelepipedal solids of the same hei^t; 

I say that the parallelepipedal solids AB, CD are to one another as their bases, 
that is, that, as the base AE is to the base CF, so is the solid AB to the solid 
CD. 



For let FH equal to AE be applied to FO, [l. ^ 

and, on FH as base, and with the same height as that of CD, let the parallrie- 
pipedal solid GK be completed. 

Then the solid AB is equal to the solid GK; 
for they are on equal bases AE, FH and of the same height. [xi. 31] 

And, smee the parallelepipedal solid CK is cut by the plane DO triiich is 
parallel to opposite planes, 
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ti)eref<ne, as the base CF is to the base FH, so ls the si^d CI> to the stdid DH. 

[XI. 25] 

But the base FH is equal to the base AE, 

and the solid GK to the solid AB; 

therefore also, as the base ilB is to the base CF, so is the solid AB to the solid 
CD. 

Therefore etc. q. b. d. 
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Similar pamlldepipedcd aolids are to one another in the triplicate ratio of their 
corresponding sides. 

Let AB, CD^ be amilar parallelepipedal solids, 

and let AE be the tide corresponding to CFi 
I say that the solid AB has to the solid CD the ratio triplicate of that which 
AB has to CP. 




For let EK, EL, EM be produced in a straight line with AE, GE, HE, 
let EK be made equal to CF, EL equal to FN, and further, EM equal to FB, 
and let the pardlelogram KL and the solid KP be ccanpleted. 

Now, since the two sides KE, EL are equal to the two sides CF, FN, 
while the angle KEL is also equal to the angle CFN, inasniueh as the angle 
AEG is also equal to the angle CFN because of the similarity cf the solids AB, 
CD, 

therefore the parallelogram KL is equal <aad similar> tq the parallelogram 

CN^-: ,„■■■■ 

For the same reason 

the parallelogram is also equal and similar to C£, i 
. : : , and fuither, BP to Z>P; , , 

tiuee |M^alM<«raias o| the solid KP aienqual.and inmiiar to.tiuee 
patallelograms ^ the sdid CP. 
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But the former three parallelograms are equal and {dmilar to tfanr K^iqKMdteW' 
and the iatt«r three to thdr opposites; [xi. 24} 

therefore the whole solid KP is equal and mmilar to the whde b(^ CD. 

[XI. Def. 10] 

Let the parallelogram OK be completed, 
and on the parallelograms OK, KL as bases, and with the same faoght as that 
of AB, let the solids EO, LQ be completed. 

Then once owing to the omilarity of the solids AB, CD, 

as AE is to CF, so is ^ to FN, and EH to FB, 
while CF is equal to EK, FN to EL, and FR to EM, 
therefore, as AE is to EK, so is to EL, and HE to EM. 

But, as AE is to EK, so is AO to the parallelogram OK, 
as GE is to EL, so is OK to KL, 
and, as HE is to EM, 80 is QE to KM; [vi. 1] 

therefore also, as the parallelogram AG is to OK, so is OK to KL, and QE to 
KM. 

But, as AG is to OK, so is the solid AB to the solid EO, 

as OK is to KL, so is the solid OE to the solid ^L, 
and, as QE is to KM, so is the solid QL to the solid KP; [xi. 32] 
therefore also, as the solid AB is to EO, so is EO to QL, and QL to KP. 

But, if four magnitudes be continuously proportional, the first has to the 
fourth the ratio triplicate of that which it has to the second; [v. Def. 10] 
therefore the solid AB has to KP the ratio triplicate of that which AB has to 
EO. 

But, as AB is to EO, so is the parallelogram AO to OK, and the straight line 
AE to EK [VI. 1]; 

hence the solid AB has also to KP the ratio triplicate of that which AE has to 
EK. : 

But the solid KP is equal to the sdid CD, 

and the straight line EK to CF; 

therefore the solid A B has also to the solid CD the ratio triplicate of that which 
the corresponding side of it, AE, has to the corre^onding ride CF. 

Therefore etc. Q. b. d. 

POBimc. From this it is manifest that, if four straight lines be <oontinuous* 
ly> pit^rtional, as the first is to the fourth, so will a parallriepipedal S(^d on 
the first be to the rimilar and rimilariy described paralleleinpe^ solid on the 
second, inasmuch as the first has to the fourlht the ratio triplicate of that whic^ 
it has to the second. 

Pboposition 84 

In equal- paraUeiepipedal aoUde the bases are reeifrocafly proportional- to the 
hUffhta; those paraUeiepipedal solids in vhich ^ bases are reeiproetdly pro- 
portional to the hdghts are equal. 

Let AB, CD be equal paraUeiepipedal soUds^ 

' T say that in tihe paraUeiepipedal solids ABj CD Uie bases are reciprooslly 
proportional to the heights, . - >>! 

that is, as the base EH is to the base NQ, so k Uie hrifd^t trf He solid CD to the 
bright of the- solid AB. 

First, let the ridra whirii stttid up, naoMy AiZ,- EF, LB, SKi GM^ NCk, FJE>., 



m EUCLID 

QB, be at ri|^t angles to their bases; 

I say that, as the base EH is to the base NQ, so is CM to AO. 

If now the base EH is equal to the base NQ, 

while the solid AB is also equal to the solid CD, 

CM will also be equal to AO. 

For parallelepipedal solids of the same height are to one another as the 
bases; [xi. 32] 

and, as the base EH is to NQ, so will CM be to AO, 
and it is manifest that in the parallelepipedal solids AB, CD the bases are re- 
ciprocally proportional to the heights. 

Next, let the base EH not be equal to the base NQ, 
but let EH be greater. 


A E 


Now the solid AB is equal to the solid CD; 

therefore CM is also greater than AO. 

Let then CT be made equal to AG, 

and let the parallelepipedal solid 7(7 be completed (m NQ as base and with CT 
as height. 

Now, since the solid AB is equal to the solid CD, 
and CV is outside them, 

while equals have to the same the same ratio, [v. 7] 

tiierefore, as the solid AB is to the solid CV, so is the solid CD to the solid CV. 
But, as the solid AB is to the solid CV, so is the base EH to the base NQ, 
for the solids AB, CV are of equal hei^t; [xi. 32] 

and, as the solid CD is to the solid CV, so is the base MQ to the base TQ 
[xi. 25] and CM to CT [vi. 1]; 

therefore also, as the base EH is to the base NQ, so is MC to CT. 

But CT is equal to AG; - 

therefore also, as the base EH is to the base NQ, so is MC to AG. 
Therefore in the parallelepipedal solids AB, CD the bases are reciprocally 
proportional to the heights. 

A^n, in the parallelepipedal solids AB, CD let the bases be reciprocally 
ptbportional to the heights, that is, as the base EH is to the base NQ, so let the 
hei^t of the solid CD be to the height of the solid AB; 

I say that the solid AB is equal to the solid CD. 

Let the sides which stand up be again at right angles to tiie baim. 

■ ' ^Now, if the base is equd to base NQ, 
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and, as the base EH is to the base NQ, so is the h^ght of the solid CD to the 
height of the solid AB, 

therefore the height of the solid CD is also equal to the height of the solid AB. 

But parallclepipedal solids on equal bases and of the same height are e^al 
to one another; [xi. 31] 

therefore the solid AB is equal to the solid CD. 

Next, let the base EH not be equal to the base NQ, 
but let EH be greater; 

therefore the height of the solid CD is also greater than the height of tbe s<did 
AB, 

that is, CM is greater than AG. 

Let CT be again made equal to A 6’, 

and let the solid CV be similarly completed. 

Since, as the base EH is to the birsc NQ, so is MC to AG, 
while AG is equal to CT, 

therefore, as the base EH is to the base NQ, so is CM to CT. 

But, as the base EH is to the base NQ, so is the solid AB to the solid CV, 
for the solids AB, CV are of equal height; [xi. 32] 

and, as CM is to CT, so is the base MQ to the base QT [vi. 1] 
and the solid CD to the solid CV. [xi. 25] 

Therefore also, as the solid A B is to the solid CV, so is the solid CD to the 
solid CV; 

therefore each of the solids AB, CD has to CV the same ratio. 
Therefore the solid AB is equal to the solid CD. [v. 9] 

Now lot the sides which stand up, FE, BL, GA, HK, ON, DP, MC, RQ, not 
be at right angles to their bases; 

let perpendiculars be drawn from the points F, G, B, K, 0, M, D, Rio tbe 

planes through EH, NQ, 

and let them meet the planes at S, T, U, V, W, X, Y, a, 
and let the solids FV,Oaho completed; 

I say that, in this case too, if the solids AB, CD are equal, the bases are re- 
ciprocally proportional to the heights, that is, as the base EH is to the base 
NQ, so is the height of the solid CD to the height of the solid AB. 

Since the solid AB is equal to the solid CD, 




white A B is equal to BT, 

for they are on the smne base FK and of the same helg^; 


I>Ct; 90^30] 
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for they are again on the same base BO and of the. eaihe height; : [H*] 
theref(»e the solid. BIT .is eJso equal, to the solkiDX 
Therefore^ as the base FK is to the base OB,. so is the height oC the solid &X 
to the .height of the solid BT. {Part l.] 

But the base. is. equal, to the base BB, 

and the base OB to the base BQ; 

therefore, as the base EH is to the base NQ, so is the height of the solid DX to 
tiie.hei^t (d the solid BT. . ■ , . i . ,j ... 

But the solids DX, BT and the soUds DC, BA have the same heights respeo- 
tively; 

therefore, as the base EH is to the base NQ, so is the height of the solid DC to 
the height of the solid .4B. I 

Therefore in the paraUeleinpedal solids AB, CD the bases reciprocally 
proportional to the heights. \ 

Agaii^ in the parallelepipedal solids AB, CD let the- bases m redprocally 
{nropoStional to the heights, . 

that is, as the base EH is to the base NQ, so let the height of the ^olid CD be to 
the height of the solid AB; 

I say that the solid AB is equal to the solid CD. 

.For, "Udth the same construction, 

^ce, as the base EH is to the base NQ, so is the height of the solid CD to tbe 
height of the solid AB, 

while the base EH is equal to the base FK, 

! • • and ATQ to OB, 

therefore, as the base FK is to the base OR, so is the hei^t of the solid CD to 
the hei(dit of the solid AB.. ' 

But the solids AB, CD and BT, DX have the same heights respectively; 
therefore, as the base FK is to the base OB, so is the height of the solid DX to 
the height of the solid BT. 

.Therefore in the parallelepipedal solids BT, DX the bases are reciprocally 
jn^orl^onal to the heights; 

' therefore the solid BT is equal ito the solid DX. [Part i.] 

But BT is equal to BA, 

for they are on the same base FK and of the same height; [xi. 20, 30] 

and tile sdid DX is equal to the solid DC. [id.] 

Therefore the siolid. AB is ^so equal to the wUd CD. q. x. n. 

Pabposrnox'SS 

If there be hoo , plane onglee, and on their verticee there be set up elevated 
straight lines coMdiniiig equal angies witA the tpiginal straight lines respectively, 
if on the devoted straight lilies fmnts be taken dt random and perpendiculars be 
drawn from them to, the planes in which the mginal anglesaire, and if from the 
points so arising in the planes straight lines W joined to ihe verti^ of the original 
angles, they w&l contain, with the devoted strait lines, equal angles. 

Let the angl^ BAC, EDF.he two equal rectilineal angles, and from the 
^l^nts A, D let ti^ elevated straight Unre AG, DM be set up containing, with 
<Hriginal straight lines, ecpial angles reagiectively, namely, the angle MDE 
taldsernghOAB sad ii»ta^MDF to hbhami^GACf • ' 
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i let points Oi be. taken ^tnmdom on ilO, Dflft/ "(I.’ ■■ sr nii 

1st OL, MN be drawn from the points G, M perpendicular to the planes throu|^ 
BA, AC and ED, DF, and let them meet the planes at L, N, - : * 

and let LA, ND be joihed; •, . ? 

'I say that the an^e (?AL is equal to the angle ' i 

Let AH be made equal 
toDAf, 

and let HK be drawn 
throu^ the pdnt H paral- 
lel to OL. . 

But GL is perpendicular 
to the plmis through BA, 
AG; 

therefcHn HK is, also pelv 
poadicular to .the pkne 
; > > through BA, AC. {xi. 8] 

From the points K, N let KC, NF, KB, NE be drawn perpendicular to the 
atrai^t .lines AC, DF, AB, DE, 

and let HC, CB, MF, FE be joined. 

Since the square on HA is equal to the .squares on HK, KA, 

and the^equares on KC, CA are equal to tiie square on KA, [i. 47] 
therefore the square on HA is also equal to the squares on HK, KC, CA. 

But the square on HC is equal to the squares on HK, KC; :{i.;47] 

therefbre the square on HA is equal to the squares on HC, CA. 
Therefore the angle ffCd. is right. [i<48] 

' 'For the same reason , > 



the angle DFM is also right. 

Therefore the angle ACH is equal to the angle DFM. 

But the angle HAC is also equal to the angle MDF. 

Therefore MDF, HAC are two triangles which have two angles equal to two 
angles respectively, and one side equal to one nde, namely that subtent&ig 
one of the equal angles, that is, HA equal to MD; 

therefore they will also’have the remaining sides equal to the cemaining ddes 
respectively. [i-MO 

Therefore AC is equal to DF. 

Similarly we can prove that AB is also equal to DE. 

Since then A,C is equal to DF, and AB to DE, 

the two »des CA, AB are equal to the two, sides FD, DE. 

But the an^e CAB is also equal to the angle FDE; 
therefore the base BC is equal to the base EF, the triangle to the triangle, and 
the remaWng angles- to the remaining angles; [i. 4] 

. therefore the angle ACB is equal to the angle DFB, 

But the light ani^ ACK is also equal to the ri^t aogh.DFN; 
therefore the remaining angle BCK is also equal to the remaining ang^ EFN. 
For the same reason “ 

the angle CBK is also equal to the angle FE^, . ^ 

Therefore BCK, EFN are two triangles which have two an^es equal to two 
a&i^ ttespedtivdyiiaad bne ride eqtlalitdone ride, naoirilyf thitt adjaeosti to 
the equal angles, that 
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therefore they will also have the remaining rides equal to the remaining rides. 

[1.261 

Therefore CK is equal to FN. 

But AC is also equal to DF\ 

therefore the two sides AC, CK are equal to the two sides DF, FN; 
and they contain right angles. 

Therefore the base AK is equal to the base DN. [i. 4] 

And, since AH is equal to DM^ 

the square on AH is also equal to the square on DM. 

But the squares on AK^ KH are equal to the square on AH^ 

for the angle AKH is right; [i. 47] 

and the squares on DN, NM are equal to the square on DM, 

for the angle *DiVM is right; [i. 47] 

therefore the squares on AK, KH are equal to the squares on DNt NM; 

and of these the square on AK is equal to the square^n DN; 
therefore the remaining square on KH is equal to the square on NM; 

therefore HK is equal to MN. \ 

And, since the two sides HA, AK are equal to the two sidei| MD, DN re- 
spectively, 

and the base HK was proved equal to the base MN, 
therefore the angle HAK is equal to the angle MDN. [i. 8] 

Therefore etc. 

PoRiSM. From this it is manifest that, if there be two equal plane angles, and 
if there be set up on them elevated straight lines which are equal and contain 
equal angles with the original straight lines respectively, the perpendiculars 
drawn from their extremities to the planes in which are the original angles are 
equal to one another. q. e. d. 


Proposition 36 

If three straight lines be proportional, the parallelepipedal solid formed out of the 
Aree is equal to the parallelepipedal solid on the mean which is equilateral, bvl 
equiangular with the aforesaid solid. 

Let A, B, C be three straight lines in proportion, so that, as A is to B, so is B 
to C; 



B 

C — 

I say that the solid formed out of A, B, C is equal to the solid on B whirii 
is equilateral, but equiangular with the afdresakl solid. 
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Let there be set out the sdid angle at E contdned by the angles DSXl, OSF, 
FED) t \ 

let each of the straight lines DE, GE, EF be made equal to B, and let the pan* 
allelepipedal solid EK be completed, 

let LAf be made equal to A, 

and on the straight line LM, and at the point L on it, let there be construct^ a 
solid angle equal to the solid angle at E, namely that contained by iVLO, OLAf • 
MLN; 

let LO be made equal to B, and LN equal to C. 

Now, since, as A is to B, so is B to C, 

while A is equal to LAf , B to each of the strai^t lines LO, ED, and C to LAT, 
therefore, as LM is to EF, so is DE to LN. 

Thus the sides about the equal angles NLM, DEF are reciprocally propor- 
tional; 

therefore the parallelogram MN is equal to the parallelogram DF. [vi. 14] 
And, since the angles DEF, NLM are two plane rectilineal angles, and on 
them the elevated straight lines LO, EG are set up which are equal to one an- 
other and contain equal angles with the original straight lines respectively, 
therefore the perpendiculars drawn from the points G, 0 to the planes through 
NL, LM and DE, EF are equal to one another; [xi. 35, Por.] 

hence the solids LH, EK are of the same height. 

But parallelepipedal solids on equal bases and of the same height are equal 
to one another; [xi. 31] 

therefore the solid HL is equal to the solid EK. 

And LH is the solid formed out of A, B, C, and EK the solid on B; 
therefore the parallelepipedal solid formed out of A, B, C is equal to the solid 
on B which is equilateral, but equiangular with the aforesaid solid. 

Q. £. D. 


Proposition 37 

If four straight lines he proportional, the parallelepipedal solids on them which are 
similar and similarly described will also be proportional; and, if the parallelepiped 
dal solids on them which are similar and similarly described be proportional^ the 
straight lines will themselves also be proportional. 

Let AB, CD, EF, GH be four straight lines in proportion, so that, as AB is 
to CD, so is EF to GH ; 

and let there be described on AB, CD, EF, GH the similar and similarly situ- 







ated parallelepipedal solids KA, LC, ME, NO; 

I say that, as KA is to LO, to is MS'-to NO. 



m v'-smumAK 

, iKdr, sittce tfae.pandlelet]ip«iia]iSoM£j4|s«^^ < , ii < ; f 

therefore KA has to LC the ratio triplicate of that which AB has to CD> v>' 

‘ '^1 * • ‘ ' ■ ■ . .[aa.'Saj 

For the same reason .i - -4 ,, 

ME also has to NO the ratio tripUeete of- that whidi EF has to OH. [td.] 

\Aatdi as AB Vi to CDi Bois EF to OH.. ‘ 

, fniateS6t6 aiao, a& AK is to LC, eoM ME io NO, I' 

Next, as the solid AK is to the solid LC, so let the solid ME be to thesdid 
NO; , 

I say that, as the straight line AB is to C^, so is EF to OS. , 

'Fop since, again, KA has to i<C.the ^tb triplicate of that whioh AR hais to 
CD, [XI. 33] 

and ME also has to NO. the rati6 triplieate<^ that whidi £F| has to OH, [td.] 
and, as KA is to LC, so is ME to NO, 

' thoefore also, as dB is to CD, so is EF to 01 
, Therefore etc. \ q. B; o. 


, , . PROPOsmoN 38 . . . , , \ 

If ihe sides of the opposite planes of a cubehe bisected, emd planes be oairied fkrov/gh 
^ points of section, the common section of die planes and the diameter of Out cube 
bisect one another. 

For let the indes of the oppodte planes CF, AH of the cube AF be bisected 
at the points K, L, M, N, 0, Q, P, R, and through the points of section let the 
planes KN, OR be carried; 

let US be the common action of the planes, and DO the diameter of the cube 
AF. 


I say that f/T* is equal to TB, and Dir to : 

FoCilet DU, UE, BS, SO be joined. 

Then, ^ce DO is parallel to .PB, 

the alternate angles DOUi UPE are equal to one another. [i. 29} 
And, once iX> is equal ‘to PB, and _ . ’ ' 2 


OUtoUP, 

ahd they contain equal ai^es, ' 
therefore the base DU is equal to the 
base .C^B, ; 

the triangle DOU is equal to the tri> 
i;. 'an^ePl/lS, ■ - . 
wd the remaining angles are equal to 
- - the maamiqig angles; [i. 4] 
therefore the angle OUD is equal to 
■■ the angle PUEl ' 

For this reason. DC/B fe a straiihi 

hne. , [1.10 

i Fortheaam&jceason, BB(?i8alaoa 
strai^tline, 

' ' snd'BB iB4qaai. to iSG*. - • 

Now, fflnee CA is equal and paral- 
lel to DB, 



.iMlfile*'(M.b alM eqaal andidBalld to EQ, 
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therefore DB is also equal and parallel to EQ. [xi. 9) 

And the straight lines DE, BG join their extremities; 

therefore DE is parallel to BG. [i, 33] 

Therefore the angle EDT is equal to the angle BGT, 

for they are alternate; [i. 29] 

and the angle DTU is^^u^ to thh angle GTS. [i. 15] 


Therefore DTU , GTS are two triangles which have two angles equal to two 
angles, and one side equal to one tide, namely that subtending one of the equal 
angles, that is, DU equal to GS, 

for they are the halves d‘DE, BG\ 

therefore they will also have the remtining-tides equal to the remaining tides. 

[ 1 . 26 ] 

Therefore DT is equal to TG, and UT to TS. 

Therefore etc. q. b. h. 

, PROPOsmoN 39 

If there he two prism of equal heigM, arid one have a pco'aMogram as hose raid &il! 
other d trkmgle’, and if the paraUehgrarn he dovbU of die triangle, the prism imU 
he equal. 

Let ABCDEF, GHKLMN be two prisms of equal height, 
let one have the i)ai^llelogram AP as base, and the other the triangle OBK, 
and let the parallelogram AF be double of the triangle GHK; 

I say that the prism ABCDEF is equal to the i»ism GHKLMN. 



For let the solids AO, GP be completed. 

Since the parallelogram AF is double of the triangle GHK, 
while the parallelogram HK is also double of the triangle GHK, [i. 34] 
therefore the parallelogram AF is equal to the parallelogram HK. 

' But pMUeiepipedal solids which are on equal bases ^d of tiie'mmeh^^l^t 
areequaltdohe another; ^ [ki'.'Sl] 

therefore the solid AO is equal to the solid OP. ■ ' " > i • ^ 
And the pri^ ji^BCDEF is half of the sWid A'O, ■ ' ‘ ^ i ' 

and the prism GHKLMN to half of the solid GP) ■ 2$] 

therefore the prism ABCDEF is eqtiai to the prism GHKLMN. ' * 
■Therefore etc. ' ‘ . ' ’ , ‘ ‘ 
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PROPOSITIONS 


Proposition 1 

Similar ‘polygons inscribed in circles^ to one another as the squares on the dior 
meters. 

Let ABC, FGH be circles, 

let ABODE, FGHKL be amilar polygons inscribed in them, d|nd let BM, GN 
be diameters of the circles; 

I say that, as the square on BM is to the square on GN, sdis the polygon 
ABODE to the polygon FGHKL ' 

For let BE, AM, GL, FN be joined. 

Now, since the polygon ABODE is mmilar to the polygon FGHKL, 



the angle BAE is equal to the angle GFL, 
and, as BA is to AE, so is OF to FL. [vi. Def. 1] 

Thus BAE, GFL are two triangles which have one angle equal to one angle, 
namely the angle BAE to the angle GFL, and the sides about the equal angles 
proportional; 

therefore the triangle ABB is equiangular with the trian^ FOI(, . [vi. 6} 
Therefore the ang^ ABB is equal to the angle FLO. 

But the angle ABB is equal to the ang^e AMB, 

for they stand on the same circumference; [xn. 27] 

and the angle FLO to the ai^e FNG‘, 
therefore the angle AMB is also equal to the angle FNG. 

But the right angle BAM is also equal to the right angle GFN ; [m. 31] 

therefore the remaining angle is equal to the remaining angle, [i. 32] 
Therefore the triangle ABM is equiangular with the triangle FGN. 
Therefore, proportionally, as BM is to ON, so is BA to OF. [vi. 4] 
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But the ratio <rf the stiusie on BM to the bquv^ ON is dm^cste of 
ratio of BM to ON, . . 

and tile ratio of the polygon ABODE to the pdygon FOHKL is duidicate <rf 
tiie ratio of BA to GF\ [yj, go] 

th^)ef<we also, as the square on BM is to the square on ON, so is tiie potygoii 
ABODE to the polygon FOHKL. 

Therefore etc. q. ». D. 

Proposition 2 

Circles are to one another as the squares on the diameters. 

Let ABCD, EFGH be circles, and BD, FH their diameters; 

I say that, as the circle ABCD is to the circle EFGH, so is the square on BD 
to the square on FH.. 



For, if the square on BD is not to the square on FH as the circle ABCD is to 
the circle EFGH, 

then, as the square on BD is to the square on FH, so will the circle AMID be 
either to some less area than the circle EFGH, or to a greater. 

First, let it be in that ratio to a less area S. 

Let the square EFGH be inscribed in the circle EFGH; then the insmbed 
square is gieater than the half of the circle EFGH, inasmuch as, if thrcMi^ the 
points E, F, G, H we draw tangents to the circle, the square EFGH is half the 
square circumscribed about the circle, and the circle is less than the drcuna* 
scribed square; 

hence the inscribed square EFGH is greater than the half of the eivole EFOH^ 

Let the circumferences EF; FG, GH, HE be bisected at the points K, L, M, 
N, ... V, 

and let EK, KF, FL, LG, GM, MH, HN, NE be joined; 
therefore eadi of the triangles EKF, FLG, OMH, HNE is also greater tiian 
the half of the segment of. the circle about it, inasmuch as, if tiirough the 
pdnts K, L,M,N we draw tangents to the circle and complete the part^o- 
grams on the straight lines EF, FG, GH, HE, each of the triangles EKF, FLOi 
OMH, HNE will be half of the pmallelogram about it, 

while the segment about it is less than the parallelogram; 
hence each of the triangles EKF, FIX}, OMH, HNE is greats, tiian the iudf of 
the segm^t cd the circle about it. 

Thus, by bisecting tiie remaining circumferences and jdning straii^t lines, 




m EC€£S> ' 

atidby doiiig'tlmc()ntinuaUyi vte diall aome B^Booitsiif tiie didewMch 

will be less than the excess by which the circle EFOH exceeds the drea Si. 

.> £W it was proved in the first theorem the tenth book that, iftwo unequid 
magnitudes be set out, and if from the greater there be subtracted amagnitude 
fteater.tihan the half, and from that which is left a greater than the hall, and if 
this be done continually, there will be left some magnitude which will be'less 
than the lesser magnitude set out. 

Let segments be left such as described, and let the segments of the circle 
EFGH on EK, KF, FL, LO, 4M, MH, HN, NE be less than the excess by 
which the circle EFGH exceeds the area S. . ' 

Therefore the remaitMler, the polygon EKFI/jlMHN', is greater than the 
vms&S. 

let there be inscribed, also, in tlAe circle ABCD the pdyram AOBPCQDR 
amilar to the polygon EKFLGMHN; V 

therefore, as the square on BD is to the square on FH, so is the polygon 
AOBPCQDR to the polygon EKFLGMHN. \ [xn. 1] 

But, as the square on BD is to. the square on FH, so also is me circle ABCD 
to the area 8) \ 

therefore also, as the circle ABCD is to the area /£|, sois the polygon AOBPCQDR 
to the polygon EKFLGMHN; tv. 11] 

therefore, alternately, as the circle ABCD is to the polygon inscribed in it, so 
is the area 8 to the polygon EKFLGMHN . [v. 16] 

But the circle ABCD is greater than the polygon inscribed in it; 

therefore the area 8 is also greats than the polygon EKFLGMHN. 

But it is also less: 

which is imposidble. 

. Therefore, as the square on BD is to the square (m FH, so is not the drcle 
ABCD to any area less than the circle EFGH. 

Similarly we can ju’ove that neilher is the circle EFGH to a»iy area less than 
the circle ABCD as the square on FH is to the square on BD. 

I say next that neither is the mde ABCD to any area greater than the circle 
EFGH as the square on BD is to the square cm FH. 

For, if posable, let it be in that ratio to a greater area 8. 
iThoxfore, inversely, as the square on FH is to the square on DB, so is the 
area iS to the circle A.^Di 

But, as the area S is to the circle ABCD, so is the circle EFGH to some area 
leSB-timaIhe circle ABCD; < ' 

tfaerdfore ahiK 'as.the square iia>FE is to the square on BD, so is the circle 
EFGH to some area less than the circle ABCD'. [v. 11] 

“ : which was provedimpoBsible. 

Theselcae^> as ihe square on BB is to the square on FH, so is not the arele 
ABCD to any am. grMter than the drcle BiPCB. 

^ And it was proved thatndther is it in tlmt ratio to any area ledi than the 
tAtdeEf^H; 

therefore, as the square m BD is to the square on FH, so is the oirde' ABCD to 
the circle Bf’CB. ■> 

oTberdbraefe. • • ' ■ r'. ■ ‘'i ■ 
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I say that, the area 8 bmg greater than the circle EFOH, as the 
the circle ABCDi so is the circle EFOH to some area leps than tiie circle ABCD. 

For let it be contrived that, as the area jS is to 4^e parole AfiCD, so is the 
(drcle^BFG'H to the area T* ! ,, > 

I say that the area T is less than the circle AfiCD. . 

For ance, as the area S is to the circle ABCD, so is the rirdia EFOH to the 
aria T, 

ther^ore, alternately, as tiie area is to the dide EFOH, eo is the ABCD 

to the area T. [y. 

But the area S is greater than the circle FFCrfl ; 

therefore the circle ABCD is also greater than the area T\ • < 

Hence, as the area /S is to the circle ABCD, so is the circle EFOH to some 
area less than the ourde ABCD. q. b. d. 

PropositTon 3 

Any pyramid which has a triangular base it divided into two pyraifudt equal and 
similar to one another, similar to the whole and having triangidar< bases,, and 
two equal prisms; and the two prisms are greater than the half of the, whole pyramid. 

there be a pyramid of which the triangle ABC is ^ base and ,tbe pdnt 
D the vertex; 

I say that the pyramid ABCD is divided into 
two pyramids equal to one another, having tri- 
angular bases and dmilar to the whole pyramid, 
and into two equal prisms; and the two prisms 
are greater' than the half of the whole pyramid. 

For let AB, BC, CA, AD, DB, DC be bisected, 
at the pdnts E, F, O, H, K, L, and let HE, EO, 

OH, HK, KL, LH, KF, FO be joined. 

Since AE is equal to EB, and AH to DH, 

, . therefore EH is parallel to DB. [vi. ^ 

For the same reason 

Hif is also parallel to AB. 

Therefore HEBK is a paralielogram; 

therefore £f£ is equal to BB. 

But BB is equal to BA; 

, therefore AB is also equal to BB. 

But AH is also equal Ibo BB; 

thcfdeue the two ddea BA, AB ^ equal to the two ddes BB, 
tiv^, , , . , ■ . ‘ i 

I ,. ' sadtbeanc^BABisequaltotheai^eBBBr'u' 

' « I therefore the basqBB is equal to the.baseBBi,' ; 

Thsref<xe the triangle ABB is equal wad dmilar to thn t^sm^, , , 

' Fw the same reason'. ■>', 

the triangle AHO is also equal and drnilar^to thn^trjai^lf,!^^ , 
Uowidnoe two8trai|d»* 1 »W BB, HQ meeting one 

<m!aaaqthar,aoda»iM^th^ ^ 

l^<fn]l>«ootam .-m ."> < r<: ■ ^ 
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Therefore the an^e EHO is equal .to the au^e KDL. 

And, nnee toe two straight linra EH, HG are equal to the two KD, DL re- 
B^tively, ' 

and tW oit^e EHO is equal to toe an^e KDL, 
therefore the base EG is equal to the base KL; [i. 4] 

therefore toe triangle EHG is equal and tonilar to the triangle KDL. 

For the same reason 

toe trian^e AEG is also equal and silhilar to the triangle HKL. 

Therefore the pyramid of which the triangle AEG is toe base and the pomt 
H the vertex is equal and rimilar to toe pyramid of which toe triangle HKL is 
the base and the point D toe vertex. [xi. Def. 10] 

And, since HK has been drawn parallel to AB, one of the rides of toe tri- 
angle ADB, [ 

the triangle ADB is equiangular to toe triangle DHK, [i. !29] 
and they have their sides proportional; \ 
therefore the triangle ADB is similar to the triangle DHK. \ [vi. Def. 1] 

For toe same reason \ 

the triangle DBC is also similar to the triangle DKL, and the triangle ADC to 
the triangle DLH. 

Now, since the two straight lines BA, AC meeting one another are parallel 
to toe two straight lines KH, HL meeting one another, not in the same plane, 
they will contain equal angles. [xi. 10] 

Therefore the angle BAC is equal to the angle KHL. 

And, as BA is to AC, so is KH to HL] 

therefore toe triangle ABC is similar to the triangle HKL. 

Therefore also toe pyramid of which toe triangle ABC is the base and the 
point D the vertex is similar to the pyramid of which toe triangle HKL is the 
base and toe point D the vertex. 

But toe pyramid of which the triangle HKL is toe base and toe point D the 
vertex was proved similar to the pyramid of which the triangle AEG is the 
base and the point H toe vertex. 

Therefore each of the pyramids AEOH, HKLD is similar to the whole pyra- 
mid ABCD. 

Next, since BF is equal to FC, 

the parallelogram EBFO is double the triangle OFC. 

And since, if there be two prisms of equal height, and one have a parallelo- 
gram as base, and the other a triangle, and if the parallelogram be double of 
the triangle, the prisms ato equal, [xi. 39] 

therefore the pririn contained by the two triai^les BKF, EHO, and the three 
pairallridgrams EBFO, EBKH, HKFO is equal to toe prism contained by the 
two triangles OFC, HKL and the three parallelograms KFCL, LCOH, HKFO. 

And it is manifest toat each of the prisms, namely that .In which toe paral- 
blogram EBFO is toe base and the stimjght line HK is its opporite, and that in 
which ^ triani^ GFCis toe base and the triangle HKL its opposite, is ^eat- 
er toan each of the pyramids of which the trian^es AEG, HKL ate toe bates 
and ^ p^ts H, i> toe vettiees, 

imiiittuch as, if we join the struct hnes EP, EK, toe prism in which the patal- 
h)l 60 *^ EBFO is'^baise and the strai^ She HK its opporite is greater than 
too pyramid of which the triangle EBF is the basd'mid the print K the tsmtex* 
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But the pyramid of which the triangle EBF is the base and the pmnt K the 
vertex is equal to the pyramid of which the triangle AEQ is the base and the 
point H the vertex; 

for they are contained by equal and similar planes. 

Hence also the prism in which the parallelogram EBFG is the base and the 
straight line HK its opposite is greater than the pyramid of which the tiian^ 
AEG is the base and tte point H the vertex. 

But the prism in which the parallelogram EBFG m the base and the strai^t 
line HK its opposite is equal to the prism in which the triangle GFC is the base 
and the triangle HKL its opposite, 

and the pyramid of which the triangle AEG is the base and the point H the 
vertex is equal to the pyramid of which the triangle HKh is the base and the 
point D the vertex. 

Therefore the said two prisms are greater than the said two pyramids of 
wluch the triangles AEG, HKL are the bases and the points H, D the vertices. 

Therefore the tvhdie pyramid, of which the triangle ABC is Ihe base and the 
point D the vertex, has been divided into two i^ramids equal to one another 
and into two equal prisms, and the two prisms are greater than the half of the 
whole pyramid. Q. b. d. 


Proposition 4 

If there he two pyramids of the same height which home triangvlaer bases, amd each 
of them be divided into two pyramids equal to one another and similar to the whole, 
and into two eqyed prisms, then, as the base of the one pyramid is to the base of 
the other pyramid, so will all the prisms in the one pyramid be to all the prisms, 
being equal in multitude, in the other pyramid. 

Let there be two pyranuds of the same height which have the triangular 
bases ABC, DEF, and vertices the points 0, H, 

and let each of them be divided into two pyramids equal to one anothtt- and 
similar to the whole and into two equal prisms; [xu. 3] 

I say that, as the base ABC is to the base DEF, so are all tte prisms in tte 
pyramid ABCG to all the prisms, being equal in midtitude, in the pyramid 
DEFH, 




Fw,' aaoe BO is equal to OC, and AL to LC, 

tiierefore LO is parallel to AB, 

' the triangle ABC is amil a T to the tnsQ^eJiOC* 


m mam 

" J'or tha'Banie nasoa . "-'■/v . ; ' ■ 

tbe triangle i>JSiF a also amilar to the fanaoi^ BVFm , 

And, rince BC is double of CO, and EF of FV, 

therefore, as BC is to CO, so is EF to FV. 

And cm BC, CO are dtooribed the similar and onulariy situated rectilineal 
dalles ASC, £fOC, 

and on EF, FV the rimilar and smiiarly rituated figures DEF, RVF; 
theief<»e, as the triangle ABC is to the triangle LOC, so is the trian^ DEF to 
the triangle [vi. 22] 

therefore, alternately, as the triangle ABC is to the triangle DEF, so is tlm tri- 
angle WC to the toiang^e RVF. [v. 16] 

But, as the triangle LOC is to theApangle RVF, so is the prism in which the 
triangle WC is the base and PMN its opiate, to the prism m which the tri- 
angle RVF is the base and STV its opporite; [Lemma following 

therefore also, as the triangle ABC is to the triangle DBF, so\is the prism in 
which the triai^;le LOC is the base and PMN its opposite, to the prism in 
which the trian^e RVF is the base and 8TU its opposite. \ 

But, as the said, prisms are to one another, so is the prism in which the par- 
allelogram KBOL is the base and the strai^t line PM its opporite, to the prism 
in which the parallelogram QEVR is the base and the strai^t line ST its op- 
posite. [XI. 39; cf. xn. 3] 

Ther^ore also the two prisms, that in which the parallelogram KBOL is the 
base and PM its c^posite, and that in which the triangle WC is the base and 
PMN its opposite, are to the prisms in which QEVR is the base and the straight 
line ST its opporite and in wUch the triangle RVF is tbe base and STU its op- 
posite in the same ratio. [v. 12] 

Therefore also, as the base ABC is to the base DEF, so are the said two 
prisms to the said two prisms. 

And sunilarly, if the pyramids PMNQ, STUB be divided into two prisms 
and two pyramids, 

as the base Pilf AT is to the base STU, so will the two prisms in the i^rramid 
PMNO be to the two prisms in the pyramid STUB. 

But, as the base PMN is to the base STU, so is the base ABC to the base 
DEF; 

for the triangles PMN, STU axe equal to the triangles LQC, RVF respectively. 

Therefore also, as the base ABC is to the base DEF, so are the four prisms to 
the four prisms. 

And omilarly also, if we divide the remaining pyramids into two pyramids 
and into two prisms, then, as the base ABCjb to base the DEF, so v^l all the 
prisms in the pyramid ABCO'ha to all the prisms, bmngec)]aal in multitude, in 
the pyramid DEFB. Q. B. n. 


T.ibmua 

But that, as the triangle WC is to the trian^e RVF, so is the prism in 
which the triangle WC is the base and PMN its opporite, to the prism in 
which tbe trian^ RVF is the base and SlTlf He opponto, we as 

foUoWB. '.’i ; , 

, ForinthesainefipsmietparpeDdiealusItoiioiieMViedcItoWnlrcHBtiU^to 
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tine plaiiee JlJBKS,, DBF', these.are oourae equal because, by lQf|>eti>eti8,)tii« 
pyraaikits are ef equal hei(^t. . . > ' t< 

' . Now, mnce .the two straii^t lines OC and the perpendicular frooitG' aze e^ 
by the parallel planes ABC, PMN; 

they v^l be cut in the same ratios. DKI^ 

And CfC is bisected by the plane PAfN at N; 
tiierefbre the perpendicular from 0 to the plane ABC wiU also be.boseoteiElby 
the plane PAfN. , , 

. For sanie reason 

the perpendicular from H to the plane DBF will also 'be Inseoted -by the plane 
STU. 

And the perpendiculars from 0,H to the planes ABC, DBF are equal; -i, 
tiierefore the perpendiculars from the triangles PMN, STU to the pbmes 
ABC, DBF are aiao equal. . 

Therefore the prians in whitii the triangles LOC, RVF axe bases, and PMN^ 
STU their opposites, are of equal hmght. 

Hence also the parallelepipedal solids described from the said prisms are ot 
equal height and are to one another as their bases; Cxt. 3SG 

therefore their halves, namely the said prisms, are to one another as the base 
£00 is to the base BVF. 0 . n. n. 

Proposition 5 

Pyrcmida tokuA areof the same height and have triangvlar Ixuee are to one aiudher 
as the bases. ^ , .■ 

Let there by pyramids of the same height, of which the triangles ABC, DBF 
are the bases and the points 0, H the vertices; 

I say that, as the base ABC is to the base DBF , so is tiie pyramid ABCO to 
the pyramid DEFH. 



Fot, if tile pyramid ABCO is not to the pyramid DBFH as the \xee ABC is 
to%h& hBSB^DEFf i ’ . . ‘ 

then, as tiie base ABC is to the base DBF, so will the pynunid ABCO he 

toeonM8did letethmithe i^ri»mkl Oi£PH <HrtoA|ye^. ; > , 

Let it, first, be in that latioto a less solid W,md let he 

chfidedtinfio Wo pyianuds equal to am aa<«dier and ranilat to tiwiis^ Md 
into two equal prisnss; v' 'v 
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then the two priethgere greater than ^e half of the whole psnramid. [im. 3] 

Again, let the pyramids ariang from the diviadn be amilarly divided, 
and let this be done continually until there are left ova* from the pyramid 
DEFH some pyramids which are less than the excess by which the pyranud 
DEFH exceeds the sdid W. [x. 1] 

Let such be left, and let them be, for the sake (d argument, DQRS, STUB ; 
therefore the remainders, the prisms in the pyramid DEFH, are greater than 
the solid W. 

Let the pyramid ABCO also be divided similarly, and a amilar number of 
times, with the P 3 rramid DEFH', 

therefore, as the base ABC is to the base DEF, so are the prisms in the pyra- 
mid ABCG to the prisms in the pyramid DEFH. j [xn. 4] 

But, as the base ABC is to the base DEF, so also is the p^amid ABCG to 
the solid W ; \ 

therefore also, as the pyramid ABCG is to the Solid W, so are tne prisms in the 
pyramid ABCG to the prisms in the pyramid DEFH; \ [v. 11] 

therefore, dtemately, as the P 3 rramid ABCG is to the prismsW it, so is the 
solid W to the prisms in the pyramid DEFH. [v. 16] 

But the p}rramid ABCG is greater than the prisms in it; 
therefore the solid W is also greater than the prisms in the p 3 ^mid DEFH. 

But it is also less: 

which is impc^ble. 

Therefore the prism ABCG is not to any solid less than the p 3 nramid DEFH 
as the base ABC is to the base DEF. 

Similarly it can be proved that neither is the pyramid DEFH to any solid 
less than the pyramid ABCG as the base DEF is to the base ABC. 

I say next that neither is the pyramid ABCG to any solid greater than the 
pyramid DEFH as the base ABC is to the base DEF. 

For, if possible, let it be in that ratio to a greater solid W ; 
therefore, inversely, as the base DEF is to the base ABC, so is the solid W to 
the pyramid ABCG. 

But, as the solid W is to the solid ABCG, so is the pyramid DEFH to some 
solid less than the pyramid ABCG, as was before proved; [xn. 2, Lemma] 
therefore also, as the base DEF is to the base ABC, so is the pyramid DEFH 
to some solid less than the pyramid ABCG: [v. 11] 

which was proved absurd. 

Therefore the pyramid ABCG is not to any solid greater than the pyramid 
DEFH as the bam ABC is to the base DEF. 

But it was pri>ved that neither is it in that ratio to a less solid. 

Therefore, aS the base ABC is to the base DEF, so is the pyramid ABCG to 
the pyramid DEFH. Q. b. d. 

PBOPOsmoN 6 • 

Pyramids which areofihe same height and have polygonal hoses are to one arunOur 
m ike bases. 

Let there be pyramkis cd the same 'h^ght of which the pdygons 
POSKL are tiie baseii and Use points Af , 'N the vertioeB; 

'-'I sayiriud;, m'Hve haae'ABCBE is to tbe base FGHKL, so is the pyramid 
ABCDEM to the pyramid FGHKLN. 
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For let AC, Ai>, FH, FJC be joined. ■., {> 

Since then ABCM, ACDM are two p 3 n»nuds which have triangular fbMes 
and equal hei^t, 

they are to one another as the bases; (xnv, ^ 

therefore, as the base ABC 
is to the ^36 ACD, teds the 
pyramid ABCM totiie'pyi^ 
amid ACDM. 

And, componendof as the 
base ABCD is to the . bam 
ACD, so is the pyramid 
ABCDM to the pyramid 
ACDM. [V. 18] 

But also, as the base ACD 
is to the base ADE, so is the 
pyramid ACDM to the pyr* 
amid ADEM. [xn. 6] 

Therefore, ex aeqiudi, as the base ABCD is to the base ADE, so is the pyTa» 
mid ABCDM to the psrramid ADEM. [v. 22] 

And again, componendo, as the base ABCDE is to the base ADE, so is <he 
pyramid ABCDEM to the pyramid ADEM. [v. 18] 

Similarly also it can be proved that, as the base FGHKL is to the base FGH, 
so is the pyramid FGHKLN to the pyramid FGHN. 

And, since ADEM, FGHN are two pyramids which have triai^ular bases 
and equal height, 

therefore, as the base ADE is to the base FGH, so is the pyramid ADEM to 
the pyramid FGHN. [xH. 6] 

But, as the base ADE is to the base ABCDE, so was the pyramid ADEM to 
the pyramid ABCDEM. 

Therefore also, ex aequali, as the base ABCDE is to the base FGH, so is the 
pyramid ABCDEM to the pyramid FGHN. [v. -22] 

But further, as the base FGH is to the base FGHKL, so also was the pyra^ 
mid FGHN to the pyramid FGHKLN. 

Therefore also, ex aeguali, as the base ABCDE is to the base FGHKL, so is 
the mrramid ABCDEM to the pyramid FGHKLN . tv..' 22] 

Q. B. n. I 
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Any priem which has a trianyvlar base is divided into three pyramids equcA ioains 
another which have triangviar bases. 

Let there be a prism in which the triangle ABC is the base and DBF its Op- 
posite; ' 

I say that the prism ABCDEF is divided into three pyramids equal to mie 
another, which have triangular bases. 

For let BB, BC, CD be joined. 

Since ABED is a parallelogram, *md BD is its diamrter, 

therefore the trian^e ABD' is equal to the t ri a n g l e EBD ; {i. 8€] 

m jS J A RIT) tfit Oft/) 


C the vwtex is equal to the pyramid of which the triai^BBB is the base and 



MK^UD 


tibe point C the vertex. ..... i |zixi(Q 

Bat pjrrnxnid.'of vtiuch the trhuigle DEB ie the base iuid the pdnt &i^e 

vertex is the same with the pyramid of which the 
triani^e EBC is the base and the point ' D the 
vertex; 

f(Hr they axe contained by the same planes. 

' Haeiefwe the pyramid of which the trian^ 

ABD is the base and the point C the vertex is also 
eqnal to the pyramid <d i^hich the triangle EBC is 
debase and the point D the vertex. 

Again, ^ce FCBE is a parallelogram, 
and CE is its diameter^ 
the triai^le CEF is equal to the triangle CBEl [i. 34] 

' Therefore also the pyramid of which the triangle BCE is the base and the 
p(mt D ihe vertex is equal to the P 3 rramid of which the trianne ECF is the 
base and the point D the vertex. \ [xn. S\ 

But the pyramid of which the triangle BCE is the base and t^ point D the 
vertex was proved equal to the pyranud of which the triangle ABD is the base 
and the point C the vertex; 

therefore also the pyramid of which the triangle CEF is the base and the point 
D the vertex is equal to the pyramid of which the trianne ABD is the base and 
tl» point C the vertex; 

therefore the prism ABCDEF has been divided into three pyramids equal to 
one anolSier which have triangular bases. 

And, since the pyramid of which the triangle ABD is the base and the point 
C the veriex is the same with the pyramid of which the triangle CAB is the 
base and the point D the vertex, 

for they are contained the same planes, 
while the pyrarrtid of which the triangle ABD is the base and the point C the 
vertex was proved to be a third of the prism in which the triangle ABC is the 
l»se and DEF its opporite, 

therrfcne idso the pyramid of which the triangle ABC is the base and the point 
D the vertex is a third of the prism which has the same base, the trianne ABC, 
and DEF-ia its oppoate. 

PoBiBM. From this it is manifest that any pyramid is a third part of' tiie 
prism which has the same base with it and equal height. q. b. d. 

Pbopositbon 8 

SimSar pyramids whieh have iriartffular bcuee-are in the irvpBoaie ratio of the^ 
eorreepondini/ eidea. ..... 

{Let there be similar and dmilarly situated pyramids of v^iich the trian^es 
ABC, DEF are the bases and the points O, H the verticesj 
I say tiiat the pyramid ABCO hae to the pyramid DEFH' 4|he ratio triidicate 
of that 'wludi BC has to BF. ' . . 

For let the parallelepipedal solids BGML, EHQP be eotnpleted. 

Now, sinoe the pyiamid ABCG is tindlar to the pyramid DBiFff, 
therefore the angle ABC is etpial to the anj^e DBF, ‘ 

. dnd^wi]^ ABCtotheiangle'DiiW^' 
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and, as is to DE, so is JSC to EF, axid BO to EH, 

And since, lUi ilB is to DE, so is BC to EF, 

and the sides are prc^jordonal about equal an|^, 



therefore the parallelogram BM is ramilar to the parallelogram EQ. 

For the same reason 

BN is also similar to Ett, and BK to EO] 
therefore the three parallelograms MB, BK, BN are aimilftr to the three EQ, 
EO, ER. 

But the three parallelograms MB, BK, BN are equal and similar to their 
three opposites, 

and the three EQ, EO, ER are equal and similar to their three opposites. 

[xi. 24] 

Therefore the solids BGML, EHQP are contained by similar planes equal in 
multitude. 

Therefore the solid BGML is similar to the solid EHQP. 

But similar parallelepipedal solids are in the triplicate ratio of their corres- 
ponding ades. [xi.'SS] 

Therefore the solid BGML has to the solid EHQP the ratio trii^eate of that 
which the ccnresponding dde BC has to the corresponding side EF. 

But, as the solid BGML is to the solid EHQP, so is the pyramid ABCG to 
the pyramid DEFB, 

inasmuch as the pyramid is a oxth part of the solid, because the prism which is 
haif of the parallelepipedal solid [xi. 28] is also triple of the pyramid, [xii. 7] 
' Th^fore the pyramid ABCG tdso has to toe pyramid DEFH the ratio trip- 
licate of that wldch BC has to EF. q. e. d. 

PoBiaic. From this it is manifest that similar p 3 nramids which have polygcmal 
bases are also to one another in the triplicate ratio of their corresponding sides. 

For, if they are diVided'into the pyramids contained in them whito have tri- 
ah^dar bases, by virtue ef 'toe fact that the dmilar polygons forming toto* 
ba^ are also divided into dmilar triangles equid in multitude aad dsrresjxmd- 
ing to the wholes, tvii 2^ 

toim, as the one pyramid whito has a triai^tdsr base in toe one omj^te py^ 
mid is to the one pyramid which has a triangular base in the otorn: compi^ 
I^vandd, so al 80 <«^ sil 'the pyramids Atoich have triangtdaar bases contah^ 
in toe one pyramid be to all the pyramids wtuto have ttfaftffitor basss edn- 
taiotsd in toe otoer p 3 nnusidfvJ l2}, that in toe pyrneM iti^ has a 
polygonal base, to toe pyrandd whito has a polygonal bae».~<! ' 
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But the pyramid ^vhich has a triangular base is to the pyramid which has a 
triangular base in the triplicate ratio of the corresponding eddes; 
therefore also the pjo'unid which has a polygonal base has to the pyramid 
which has a siinilar base the ratio triplicate of that which the ade has to the 
side. 


Proposition 9 

In equal pyramids which have triangular bases the bases are reciprocally propor- 
tional to the heights; and those pyramids in which the bases are reciprocally propor- 
tional to the heights are equal. 

For let there be equal p 3 rramids which have the triangular bases ABC, DBF 
and vertices the points G, H; , I 

1 say that in the pyramids ABCG, DEFH the bases are recmrocally propor- 
tional to the heights, that is, as the base ABC is to the hsisADEF, so is the 
height of the pyramid DEFH to the height of the pyramid A^CO. 



For let the parallelepipedal solids BGML, EHQP be completed. 

Now, since the pyramid ABCG is equal to the pyramid DEFH, 
and the solid BGML is ax times the pyramid ABCG, 
and the solid EHQP six times the pyramid DEFH, 
therefore the solid BGML is equal to the solid EHQP. 

But in equal parallelepipedal solids the bases are reciprocally proportional 
to the heights; [xi. 34] 

therefim, as the base BM is to the base EQ, so is the height of the solid EHQP 
to the height of the solid BGML. 

But, as the base BM is to EQ, so is tiie triangle ABC to the triangle DEF. 

[1.34] 

Therefore also, as the triangle ABC is to the triangle DEF, so is the height 
of'tide solid EHQP to the height of the solid BGML. [v. 11] 

But the hdjdit of the solid EHQP is the same with the height of the pyramid 
DEFH, 

and the hmih^ ^ ^ solid BGML is the same with the height of the pyramid 
ABCG, 

ther^ore, as the base ABC is to the base DEF, so is the hei^ of the pyramid 
DEFH to the h^ht of the pyramid ABCG. 

, Iherefore in ^ pyranuds ABCG, DEFH the bases are reciprocally propon' 

tional to the height - > 
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Next, in the pyramids ABCO, DEFH let ths bases be redproodyiy propoiv 
tional to tile heights; 

thc^ is, as the base ABC is to the base BEF, so let the hei^ti dt the ^nraM 
DEFH be to the hei^t of the pyramid ABCG; 

I say that the pyramid ABCG is equal to the pyramid DEFH. 

For, with the same construction, 

^ce, as the base ABC is to the base DEF, so is the height of the py wnmM 
DEFH to the height of the pyramid ABCG, ■ ► 

while, as the base ABC is to the base DEF, so is the parallelogram BM to ti*e 
parallelogram EQ, 

therefore also, as the parallelogram BM is to the parallelogram EQ, so is the 
height of the pyramid DEFH to the height of the pyramid ABCG. [v- H] 
But the height of the pyramid DEFH is the same with the height of the pai^ 
alleleiaped EHQP, 

and the height of the pyramid ABCG is the same with the height of the paral- 
lelepiped BGML\ 

therefore, as the base BM is to the base EQ, so is the height of the parallele- 
piped EHQP to the height of the parallelepiped BGML. 

But those parallelepipedal solids in which the bases are reciprocally propoi^ 
tional to the heights are equal; > [xi. 34] 

therefore the parallelepipedal solid BGML is equal to the parallelepiped^ solid 
EHQP. 

And the pyramid ABCG is a sixth part of BGML, and the pyramid DEFH a 
sixth part of the parallelepiped EHQP] 

therefore the pyramid ABCG is equal to the pyrmnid DEFH. 
Therefore etc. q. is. n. 

Proposition 10 

Any cone is a third part of the cylinder which has the same base toith it and equal 
height. 

For let a cone have the same base, namely the circle ABCD, with a cylinder 
and equal height; 

I say that the cone is a third part of the 
cylinder, that is, that the cylinder is triple of 
the cone. 

For if the cylinder is not triple of the cosoe, 
the cylinder will be either greater than triple 
or less than triple of the cone. 

First let it be greater than tri|de, ' 
and let the square ABCD be inscribed in 
the circle ABCD] |iv. 3] 
then the square ABCD is greatdr than tim 
half of the circle ABCD. ' - 
From the square ABCB let thmn be set up 
a prism of equal height with the cylind^. 
Then tiie prism so set up u greater than the half of the eylindw, 
inasmuch as, if ure ako mrcumscribe a square about the tkttiii ABCD Civ. 7], 
the square insmbed in the <m«le ABCD is half (A that dreumlorihed aboutdt, 
aod set up from thmn are parahdepipedal prisms^f equal h^t, ‘ - 
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irMte paritUekiJipedd sdidi wUtih; art of the eai^ hef^an taobe aDotlitt as 
thdrbases; .: [xi.'SilS 

thenefoile dtso the prism set up ou 'square ABCD is Half of tiw t>ri8in-set up 
from the square circumscribed about circle ABCDi 

[cf. XI. 28, or xn. ftaad 7, Por.] 
and the cylinder is less than the prism set up from the square circumscribed 
about the drde ABCD; 

therefore the prism set up from the square ABCD and of equal hdg^t vAih the 
(finder is greater than the half of the cylinder. 

Let the circumferences AB, BC, CD, DA be bisected at the pdnts E, 
F,Q,H, 

and let AE, EB, BF, FC, QG, 6D, DH, HA be joined; 
tiien eadi of the trian^es AEB, BFC, CGD, DHA is greater than the half of 
that segment of the circle ABCD which is about it, as we proved before. 

\ [xn. 2] 

On each of the triangles AEB, BFC, CGD, DHA let prisms be Set up of 
equal hei^t with the cylinder; \ 

then each of the prisms so set up is greater than the half part of that segment 
of the cylinder which is about it, 

inasmuch as, if we draw throu^ the points E, F, G, H parallels to AB, BC, 
CD, DA, complete the parallelograms on AB, BC, CD, DA, and set up from 
them parallelepipedal solids of equal height with the cylinder, the prisms on the 
triangles AEB, BFC, COD, DHA are halves of the several solids set up; 
and the segments of the cylinder are less than the parallelepipedal solids set up; 
hence also the prisms on the triangles AEB, BFC, COD, DHA are greater than 
the half of the segments of the cylinder about them. 

Thus, bisecting the circumferences that are left, joining straight lines, set- 
ting up on each of the triangles prism's of equal height with the cylinder, 

and doing this continually, 

we shall leave some segments of the cylinder which will be less than the ejeoess 
by whidi the cylinder exceeds the triple of the cone. [x. 1] 

Let such segments be left, and let them be AE, EB, BF, FC, CG, OD, DH, 
HA; 

ther^ore the remainder, the prism of which the polygon AEBFCQDH is the 
base and the heiid^Lt is the same as that of tl^ cylinder, is greater than trq>le of 
the cone. 

But the prian of whidi the polygon AEBFCGDH is the base and the' height 
the same as that of the cylinder is triple of the pyramid of which the polygon 
AEBFCGDH ia the base and the vertex is the same as that of the cone; 

[xii. 7, Per.] 

therefore also the pyramid of 'tvhich the polygon AEBFCGDH is the base and 
the vertex is Ibe same aS that of the cone is greater than the cone which haS the 
drde ABCD as base. . 

i'r But it is also less, for it is enclosed by it: 

' whidi is nnpossible. 

Therefore the eylindw is not greater than triple^of the eone; - 
1 say next that neither is the cylinder teas ^an triple^ the; eone, ' 

BWi if poesibie) lettfaec;^ddr be'ldBS'4han tii|iledf the o<s>ey • > i 
tbeisfare, iavenitiy, the cone is grttCer lhaii aitiUril part of the 
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Let the square AB(7£> be ioscr^jed m the circle ABCD; < 

therefore the square ABCD ia greater than the half of the drcle ABCD. 

Now let there be set up from tlie square ABCD a pyramid having the same 
vertex’ with the cone; . ..j ; 

therefore the pyramid so set up is greater thw the half part of the eoae, 
seeing that, as we proved before, if We circumscribe a square about the circle^ 
the square ABCD will be half of the square circumscribed about the dreK 
and if we set up from the squares parallelepipedal solids of equal hdidtt 
the cone, which are also called prisms, the solid set up from the square 
will be half of that set up from the square drcumscribed about the drde; 

> ' for they are to one another as their bases. ^ 82] 

Hence also the thirds of them are in that ratio; 
therefore also the pyramid of which the square ABCD is the base is half of the 
pyramid set up from the square circumscribed about the circle. 

And the pyramid set up from the square about the circle is greater than the 
cone, 

for it encloses it. 

Therefore the pyramid of which the square A BCD is the base and the vertex 
is the same with that of the cone is greater than the half of the cone. 

Let the circumferences AB, BC, CD, DA be bisected at the pdnte E, 
F G H 

and let AE, EB, BF, FC, C6, 6D, DH, HA be joined; 
therefore alsoeadi of the triangles AEB, BFC, CGD, DHA is greatar than the 
half part of that segment of the circle ABCD which is about it. 

Now, on each of the triangles AEB, BFC, CGD, DHA let pyramids be set up 
which ^ve the same vertex as the cone; 

therefore also each of the pyramids so set up is, in the same manner, greateE 
than the half part of that segment of the cone whidi is about it. 

Thus, by bisecting the circumferences that are left, joining straight Unepi^ 
setting up on each of the triangles a pyranad which has the same vertex as the 
cone, 

and doing this continually, 

we shall lea’ve some segments of the cone whixii will be less than the msesat^ 
which the cone exceeds the third part of the cylinder. 1} 

Let sudr be left, Wld let them be the segments (xaAE, EB, BF , FC, CG, OD, 
DH,HA‘, 

thmefdre the remainder, the pyramid of whidi the po^n AEBFCQDM is 
the base and the vertex the same with that of the cone, is greatm? thmi ' a thinl 
part of the cylinder. ■ . , . , . 

But the pyramid of which the polygm AEBFCGDH is thebaseand the ver- 
tex die^sante with that of the cone is a third part of the pnam of 'Whk^tiie 
polygon AEBFCODH is the base and the hei^t is the same with that <rf the 
q3)^ider; 

therefore the prism of wlmh the AEBFCODH is the hase and the 

B the same with that (rf the cylinder is greater ^laa the esdiadm: of 
which the circle ABCD is the base. _ ■ ■ ' 

Birt it’ fe'also less, fM* it ffl enclosed by it: ■ a ,-! • , , ..... 

which is impOssHde. ■ ' - » . ^ 

SlHMferethe cQdindmris hot less than trifde of tlm 0 ^ 
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But it was proved that neither is it greater than trifle; 

therefore the cyiinder is triple of the cone; 
hence the cone is a third part ai Ihe (^linder. 

Therefore etc. q. b. d. 

PnoposmoN 11 

Cones and cylinders uihich are of (he same height cere to one another as their bases. 

Let there be cones and cylinders of the same hei^t, 
let the circles ABCD, EFGH be their bases, KL, MN their axes and AC, EO 
the diameters of their bases; 

I say that, as the drcle ABCD is to the circle EFQH, so is the cone AL to 
the cone EN. ... / 



For, if not, then, as the circle ABCD is to the circle EFGH, so will the cone 
AL be either to some solid less than the cone EN or to a greater. 

First, let it be in that ratio to a less solid 0, and let the solid X be equal to 
that by which the solid 0 is less than the cone EN ; 

therefore the cone EN is equal to the solids 0, X. 

Let the square EFGH be inscribed in the circle EFGH) 

therefore the square is greater than the half of the circle. 

Let there be set up from the square EFGH a pyramid of equal hei^t with 
the cone; 

therefore tiie pjrramid so set up is greater than the half of the cone, 
inasmuch as, if we circumscribe a square about the circle, and set up from it a 
pjrramid of equal hei^t with the cone, the inscribed pyramid is half of the cir- 
eumsoibed pyramid, 

.for they are to one another as their bases, [xn. 6] 

while the cone is less than the dicumsctibed pyramid. 

Let the drcumferences EF, FG, GH, HE be bisected at ^ pdnts P, Q, B, &, 
and let HP, PE, EQ, QF, FR, RG, GS, SH be joined. 

Tlierefore each of the tiiangles HPE, EQF, FRG, GSH 'is greater than the 
half of that segment of the drcle whidi is about it. 

On each of &e triangles HPE, EQF, FRO, GSH let there be set up a pyta- 
mid of equal hdght with the cone; 

therefore, also, each of the pyramids so set up is greater than the half of that 
segment of the cone which is about it. 

Thus, bisecting the dreumferences.which are Idft, jdning steaight lin^, set- 
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ting up on each of the triaai^ pyramids of equal heif^t with tlw.4BO0%.:! ; 

< and doing this eontinufdly, x 

we shall leave some segments of the cone which will be less the aotid JTi 

■ , iCK* 1] 

Let such be left, and let them be the segments on HP, PE, EQ, QF, FR, RO, 
OS, 8Hi 

therefore the remainder, the pyramid of which the polygon HPEQFRGS is the 
base and the height the same with that of the cone, is greater than tiie solid O. 

Let there also be inscribed in the circle ABCD the polygon DTAUBVCW 
amilar and similarly situated to the polygon HPEQFRGS, 

and on it let a pyramid be set up of equal height with the cone AE. 
Since then, as the square on AC is to the square on EG, so is the pdsrgon 
DTAUBVCW to the polygon HPEQFRGS, [xHj 1] 

whUe, as the square on AC is to the square on EG, so is the drcie ABCD to the 
circle EFGH, (joi. ^ 

therefore also, as the circle ABCD is to the circle EFGH, so is the polygon 
DTAUBVCW iothsT^ygon HPEQFRGS. 

But, as the circle ABCD is to the circle EFGH, so is the cone Ah to tiih 
solid 0 , 

and, as the polygon DTA UBVCW is to the polygon HPEQFRGS, so is the 
pyramid of which the polygon DTA UBVCW is the base and the point L the 
vertex to the pyramid of which the polygon HPEQFRGS is the base and the 
point N the vertex. [Xii. 6] 

Therefore also, as the cone AL is to the solid 0, so is the pyramid of which 
the polygon DTA UBVCW is the base and the point L the vertex to the Kna- 
mid of which the polygon HPEQFRGS is the base and the point N the vertOx; 

[V. ni 

therefore, alternately, as the cone AL is to the pyramid in it, so is tiie solid 0 
to the pyramid in the cone EN. [Y. 16] 

But the cone AL is greater than the p}rramid in it; 
therefore the solid 0 is also greater than the p3rramid in the cone EN. 

But it is also less: 

which is absurd. 

Therefore the cone ALvi not to any solid less tiian the c<me EN asihe ciHsle 
ilBCD is to the circle JSFCfif. ‘ 

Similarly we can prove that neither is the cone EN to any solid fess tiia&'thti 
cone AL as the circle EFGH is to the circle ABCD. ‘ ic vfSi 

I say next that neither is the cone AL to any solid greater, ^aatbe ibansif^ 
as tire circle iiJBCi) is to' the circle BFGB. -i. 

For, if postiMe, let it be'in that ratio to a greater solid O; v ■■ 
therefore, invemeiy, as the ciitde EFGH is to the tircle ABCD, so is tiie SQhd 0 
to the cone AL. ‘ ■ 'w 

But, as the solid 0 is to the cone AL, so is the cone EN to aomie aidid^lesti 
than tiie cone AL; , . ' ' ■ ■ ' ^ 

therefore also, as tiie vxb^,EFGH is to the tirde ABCD, so istbeiccme EN to 
some sdid less tiian ^e cone AL: - * ci;.' . k .jH 

wbidi was proved imposaii^ ‘i'' '■ 'r- . .'I; 

Theteforo the cone AL isnot to any solid gemtwibmihoooaeJSN m ^ 
drcle ABCD is to the circle EFGH. • ^<4 f y;.* •• wt 
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tlwrefote, as tiie drde ABCH is tortile ^dtde ’^QHf so is tibe cone AL to the 

eaa»>BN. •■ . • ■>>' ■ '•■ i.> ^ 

. But, as the cone is to the cone, so is the (^linder to the cylinder, 

' for eadt istriide of each; ^ i ' [xit.lO] 

Therefore also, as the circle ABCD is to the circle EFGH, so are the (^lm> 
dess 'On them whidi are of equal hKHi^t. * ' 

' Hmrefone'etc. ■ ». 

• PabeosxTioN 12 

Similar cones and qfiinders are toone another in th^tnpUcateratioof the diametera 
in Iheir baaea, .,%• ' 

Let there be similar cones and cylinders; 
let the circles ABCD, EFOH be their bases, BD, FH the diameters of the bases, 
and KL, MN the axes of the cones and cylinders; 

:' l say that tlie cone of the Circle ABCDie the base and ^e-point L the 

vertex has to the cone of which the circle EFGH is the base aiqd the point N 
the vertex the ratio triplicate of that which BD has to FB. 
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For, if the cone ABGDL has n<A to tire cone EFOHN the ratio triplicate of 
that which BD has to Fff, 

tile cone ABODE will have that tdplioate ratio mther to some sdid: less than 
the cone BFDDJST or to a geehtoc. ' • : 

V First, 'M H have that ti^pheateratio to a-less Solid < 

Let the square EFGH be inscribed iu th^r^leBF&B;^ ' ^ , [av. 6] 

therefore the squaire EFGH a greater than tixe-'half- Of the^ ciiele EFGH, 

' Now let there he set son tire square BF6£f:ai pyramid haviag tito:sanw 
vwtex with the cone; '• J . . ■> , 

tihetefoie tin P 3 rianiidsoset>iip ls 9 eatiar thantiiehalf pairt'><rftiie eon& ‘ 
Let the drcuWerenoes EF, FG, GH, HE be bisected at the poiBtsjP,’^iQ; B, St 
i\i f: . 

. .. Tharefrue eatdi of the trian^ EPF, FQG;,GBili HSE udlsu#eata' tiian 
.4iie half part of that segaieict'ofitiidicirelaBFG'B-inhi^ is about it. 

: >j:SlIev Meaehcfifhetziaiq^leKfiPF^FQO^ dlZIf^sffiSBSetapyiaixud'.beseitup 
havhig the same, vertex wi^ tile (xme; r-ih •>(!.; n ‘'’.i.,:}*’! s' 
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^e^OTe eaA rf ^ pyiauMds so see up is also greater than the half part of 
tnat segment off ths cone which is about it. 

Thus, bisecting the circumferences so left, joining stra4^t lines, eetdngiire 
on each of the tnangles pyramick having the same vertex with the cxme^ 

and doing this oonlinuslljr, 

we shall leave some segments of the cone which will be less the excess by 
which the cone EFQHN exceeds the solid O. [x. IJ 

^ ** segments on EP, PF, FQ, Q&, Qtt>, JEff, 

therefore the remainder, the pyramid of which the polygon EPFQ0BH8 is the 
base and iJie point N the vertex, is greater tiian tiie solid O. 

Let there be also inscribed in the circle ABCD the polygon ATBUCVDW 
shnilar and similarly situated to the polygon EPFQQRH8, 
mid let there be set up on the polygon ATBUCVDW a pyramid having the 
same vertex with the cone; 

of the triangles containing the pyramid of which the polygon ATBUCVDW 
is the base and the pmnt L the vertex let LBT be one, 
and of the triangles containingthe pyramid of which the polygon EPFQGBHS 
is the base and the point N the vertex let NFP be one; 

and let KT, MP be joined. 

Now, fflnce the cone ABCDL is amilar to the cone EFQHN, 
therefore, as BD is to FH, so is the axis KL to the axis MN. [xi. Def. 94] 
But, OB BD IB to FH, BO hBK to FM; 

therefore also, as BK is to FM, so is KL to MN. 

And, alte^tely, as BiC is to KL, so is FM to MN. [v. 16] 

^ And the mdes are proportional about equal angles, namely tiie angles BKL, 

therefore the triangle BKL is similar to the triangle FMN. [vi. 8] 
Again, since, as BK is to KT, so is FM to MP, 

and they are about equal angles, namely the angles BKT, FMP, 
inasmuch as, whatever part the angle BKT is of the four rightiangles at the 
centre K, the same part also is the angle FMP of the four rig^t angleft at the 
centre M; 

since then the sides are proportional about equal angles, 
therefore the trianj^ BKT is umilar to the triao^e FMP. [yx. 8} 
Again, dnc8 it was proved that, as BK is to KL, so is FM to MNf 
while BK is equal to KT, and FM to PM, 
therefore, as TK is to KL, so is PM to MN; 
and the ades are proportional about equ^ angles, namely the angjea TSh^ 
PMN, foBT they are * 

tiimefore the triangle LKT is similar to the trian^ NMPt [vi. ^ 
And rinoe, owing to the similarity of the triangles LKB, NMF, 

as LB is to BK, so is NF to FM, , , 

and, owing to the rimilarity of the tiriangles BKT, FMP, 
bsKBU to BT, BO vaMFtbFP, 
therefore, ex aeqiaii, as LB is to BT, so is ATF ht'BP. « 

Again, since, owing to the similarity of the triangles LTK, NPM, i 
bbLT IB to TK, so is NP to PM, 

* iiiltiid, ovring to tile shnilaiity of tiie tiiai^^lea TKB, < i' 
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as KT is to TB, so is MP to PF; 
therefore, ex aequali, as LT is to TB, so is NP to PF. ' [▼. 2^ 
But it was also ^nroved that, as PP is to BL, so is PF to FN. 

Therefore, ex aequali, aa TL is to LB, so is PN to NF. [v. 22] 

Therefore in the triangles LTB, NPF the sides are proportional; 

therefore the triangles LTB, NPF are equiangular; [Vi. S] 
hence the^ are also similar^ [vi.. Def. 1] 

. Therefore the pyramid of which the triangle BKT is the base and the p(wt 
L the vertex is also similar to the pyramid of which the triangle FMP is the 
base and thS^point N the vertex, 

for they are contained by similar planes equal in multitude. [3a. Deft 0] 
<-But similar pyramids which have. triangular bases are to ovk another m the 
triplicate ratio of their corresponding sides. I [xn. g] 

Therefore the pyramid BKTL has to the pyramid FMPN^he ratio tripli- 
cate of that which BK has to FM. \ 

Similarly, by joining straight lines from A, W, D, V, C, V io.K, and from 
E, S, H, R, G, Q to M, and setting up on each of the triangles imamids which 
have the same vertex with the cones, ' 

we can prove that each of the similarly arranged p 3 rramids will also have to 
each similarly arranged pyramid the ratio triplicate of that which the corres- 
ponding side BK has to the corresponding side FM, that is, vdiich BD has to 
FH. ‘ 

And, as one of the antecedents is to one of the consequents, so me all the 
antecedents to all the consequents; , [v. 12] 

therefore also, as the pyramid BKTL is to the pyramid FMPN, s6 is the whole 
pyrtoiid of which the polygon ATBUCVDW is the base and the point L the 
vertex to the whole pyramid of which the polygon PPFQGPPiS is the base and 
tile point N the vertex; 

hence also the pyramid of which A TBUCVDW is the base and the point L the 
vertex has to.the pyramid of which the polygon EPFQORHS is the base and 
thb point’ N the vertex the ratio triplicate of that which BD has to FH. 

But, by':h3qx>thesi8^ the C(Hie of which the circle ABCD is the base and the 
point L the vertex has also to the solid 0 the ratio triplicate of that which BD 
has to FH‘, ' 

therefore, as the com of which the circle ABCD is the base and the point L the 
vertex is to the solid 0, so is the pyramid of which the polygon ATBUCVDW 
is the base and L the vertex to the pyramid of which the polygon EPFQGBHS 
is the base and tiie pdnt N the vertex; 

tbenefore, altematefy, as the cone of which the drele ABCD is the base and L 
the vertex is to the pyramid contained in it of which the polygon A TBUCVDW 
litthe base hnd'L the vertex, sois tiie solid 0 to the pyramid of which the poly- 
gon EPFQGRHS is the baM and N the vertex. {v. 16] 

But the said cone is greater than the pyramid in it; 

. * ' ■ . for it encloses it. 

Therefore the solid O is also greater than the pyranud of which the polygon 
HFFOGfiJETiS is- the base and AT the vertex. 

But it is'alsd kiss': 

widtii is impdsrible. ■ 

Thetefora tfai cdOiii of whiidi the oitde ABCD is-the base and LBub vertex 
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hSBB not to^ny solid less than the cone of whidi the ciwsfofi/rQH is the 
the point AT the vertex the ratio triplicate of that which BD has ^ FS. i 

Simitoly we can prove that neither has the cone EFGHN to any eoM less 
than the cone ABCDL the ratio triplicate of that which FH has to JtR . 

I say next that neither has the cone ABCDL to any solid greater than the 
cone EFGHN the ratio triplicate of that which BD has to FH, ^ 

For, if possible, let it have that ratio to a greater solid 0. 

Therefore, inversely, the solid 0 has to the cone ABCDL the ratio triplicate 
of that which FH has to BD, 

But, as the solid 0 is to the cone ABCDLy so is the cone EFGHN to some 
solid less than the cone ABCDL, 

Therefore the cone EFGHN also has to some solid less than the cone ABCDL 
the ratio triplicate of that which FH has to BD: 

which was proved impossible. 

Therefore the cone ABCDL has not to any solid greater than the cone 
EFGHN the ratio triplicate of that which BD has to FH, 

But it was proved that neither has it this ratio to a less solid than the cone 
EFGHN. 

Therefore the cone ABCDL has to the cone EFGHN the ratio triplicate, of 
that which BD has to FH. 

But, as the cone is to the cone, so is the cylinder to the cylinder, 
for the cylinder which is on the same base as the cone and of equal height with 
it is triple of the cone; [xn, 10] 

therefore the cylinder also has to the cylinder the ratio triplicate of that which 
BD has to FH. 

Therefore etc. Q. b. n. 

Proposition 13 

If a cylinder be cut by a •plane which is parallel to its opposite planes, then, as (he 
cylinder is to the cylinder, so will the axis he to (he axis. 

For let the cylinder AD be cut by the plane GH which is parallel to the op- 
posite planes AB, CD, ^ s 

and let the plane GH meet the axis at the point K; 

I say that, as the cylinder BG is to the cylinder OD, so is the axb EK to the 
axis KF, 

For let the axis EF be produced 
in both directions to the points 
L,M, 

and let there be .set out any 
number whatever of axes EN, 
NL equal to the axis EK, 
and any number whatem FO, 
OM equal to FK; - i 
and let the cylinder PW on the axis DM be conceived of which the dreleB PQ, 
yw are the bases. 

Let planes be cariied through the points N, 0 parallel to AB, CD and to the 
bases of the cylinder PW, ' 

and let them produce the circles RS, TV about the centres N, <k ^ 

TheUi since the axes LN, NE, EK are equal to one anotheTy » 




m mmm. 

ikmeiiui th« to oD»ataothAr m {xoi. 

Butthe-basMto^'O^pui; ! ■ i ' ■ -v; ■ .;.- / 'i ; ,v > ' / -i , (.■■ 

' ' therefore QR^ BB, BO tam-aiao equal :tD one enof^ieb 

Since thm tiiea:des'2^i\r> A^£,'£!it'are equal to onei another, 

> • and thevc^Undem QA, 1Z£, B6 are also equal to one another; 
and the multitude of the firmer is eqqal to the multitude of the latter, - • 
therefore, whatever multiple the axis KL is offtiie aods EK^ the sanre multiple 
also will the eylinderQG be of> the Cylinder . . 

Fot the same reason, whatever multiple the axis MA isof the axis AF, the 
same mlilti^ also is the cinder WO ^ the cylinder OD. i . 

And, if the axis KL is equal to the axis KM, the cylinder QS odll also be 
^i|Ual to the cylinder OW, 

if the axis is greater than the aids, the cylinder will also be greater than the 
cylinder, . 

and if less, less. 

Thus, there being four miqputudes, the axes EK^ KF and th^ cylinders BOi 
OI>, 

there have been taken equimultiples of the axis EK and of the^ cylinder £<?, 
namely the axis LK and the cylinder QO , . . 

and equimultiples of the axis KF and of the cylinder GB, namely the axis KM 
and the eylihd^ GW', > 

and it has been proved that, 

if the axis KL is in excess of the axis KM, the cylinder Q(? is also in excess of 
the cylinder OW, i 

if equal, equal, 
and if less, less. 

Therefore, as the axis EK is to the axis KF, so is the cylinder BO to the cyl- 
inder OD. [V. Def. 6] 

Q. B. D. 
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Cones and GyUndert which are on equal bases are to one another as their heights. 
For let EB, FD be cylinders on equal bases, the cirdes AB, CD; 

1 say that, as the cylinder EtB is to tiie cyl- 
inder FD, so is the axis OH to the axis KL. 

‘Fw'let the aads KL be produced to the 
pehitiV’; - • ; ^ 

let LN be made equal to tiie'axis OS, 
and let the <^lmder -C3f be omioeived 
:• LN.tia‘am. 

^ce tiien-tfae a0adenEB,^M ate' cOhe 
Siune aie to one another as ihdr 

bases > ' [xn. 11] 

A^ttiw'basesaieeqoaltooneanotl^:. ■ i' > 

tiieiidore the cyliiulme EB, CM are also equaL : > - 

'««ih]id,u9aioe the^lindef'Fdf .has been cut the phtne OD which is paara^ to 

^ (q^xieite planes, < ‘ - i - 

therefdm, hs^he cylinder CM is to the ny&adeeED, se is theaSdS'lLiA^ito the 

aadhKL. .jin.iUKtaot.M -i ,!■' ■ i, h.‘ l]xsb-d3] 
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But the <QrlkKler CAf is oqual to tile C 3 riiaid 6 r Efi, 

md the am LN to the 0308 Off; » • ,i 

tiierafore, as tbe eyliader EBiato the cylinder FD, so is the sips Off to the axil 
KJU 

But, as the cylinder EB is to the cylinder FD, so is the cone to the OOM 

CDK, [xn. 10] 

Therefore also, as the axis OH is to the axis KL, so is the cone ABO to the 
cone CDK and the c}dinder BB to the cylinder FD. 4 . B. o. 
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In equal eome and cylinders the bases are reciprocally proporBenci, to the hsioMt; 
and those cones and cylinders in whuh the bases are rectprocdUy proportumf to 
the heights are equal. 

Let there be equal cones and cylinders of which the circles ABCD, SFOS 
are the bases; 

let AC, EG be the diameters of the bases, 
and KL, MN the axes, which are also the heights of the cones or eylinders; 
let the cylinders AO, EP be completed. 

I say that in the cylinders AO, EP the bases are rec^irocally proportional to 
the heights, 

that is, as the base ABCD is to the base EFOff, so is the hoigd^t MN tq the 
height KL. 



For the height LK is either equal to the height MN or not equal* 

Rrst, let it be equal. 

Now the cylinder .40 is also equal to the cylinder BBi ■ = ■> 

But cones and cylinders which are of the same hei^t are to one another as 
their bases; " [xn. Ill 

theBefm* the base ilBCB is also equal to the base BFGff. ' 

. Hence also, reciprocally, as the base ABCD is to tiie base EFOff !, so ia thl 
height MN to the hei^t XL. ‘ ' ’ •* : 

Next, let the height LB not be equal to MN, > , i, 

but let MN be greater; ; ; . • ' .1; 

fromthehe^tMNletQNbecutrtlequaitoBL,, i ‘ hin 

throng the point Q let the cyBnder BP be cut by the phaie WS panriM to 

the planes of thedrcles' BPOB, BP, ,, , . , t . j 

and lettiweylinder ES be concmved erected from the meioSFOB asbaseind 
^thheightNQ. • ' ^ ^ 

- Noy, since the cyfinder AO is equal to ^-^hfidetf EP,i u ,, ; v 
th^fton. as the cylinder 40 is to the cjdmdiiBS, so si IbeigrhBdto BP toittos 
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But, as the cylinder AO is to tiie cylinder ES, so is the base ABCD to the 
base EF6H, 

for the cylinders AO, ES are of the same hei^t; [xii. 11] 
and, as the cylinder EP is to the cylinder ES, so is the heifd^t MN to the haght 

m,' 

fbr the cylinder EP has been cut by a plane which is parallel to its oppoate 
planeia. ' [xii. 13] 

Therefore also, as the base ABCD is to the base EFOH, so is the height MN 
to the hei^t QN. [v. 11] 

But the height QN is equal to the hei^t KL; 
thmfore, as the base ABCD is to the base EFGH, so is the height MN to the 
hei^tiiLL. , I 

Therefore in the cylinders AO, EP the bases are reciprocally proportional to 
ike habits. A 

Next, in the cylinders AO, EP let the bases be reciprocallyiproportional to 
the heights, \ 

that is, as the base ABCD is to the base EFGH, so let the height MN be to the 
height KL] ^ 

I say that the cylinder AO is equal to the cylinder EP. 

For, with the same construction, 

since, as the base ABCD is to the base EFOH, so is the height MN to the 
height KL, 

while the height KL is equal to the height QN, 
therefore, as the base ABCD is to the base EFOH, so is the height MN to the 
height QN. ‘ 

But, as the base ABCD is to the base EFGH, so is the cylinder AO to the 
cylinder ES, 

. for they are of the same height; [xn. 11] 

and, as the ha^t MN is to QN, so is the cylinder EP to the cylinder ES; 

[xn. 13] 

therefore, as the cylinder AO is to the cylinder ES, so is the cylinder EP to the 
cylinder ES. [v. 11] 

Therefore the cylinder AO is equal to the cylinder EP. [v. 9] 

And the same is true for the cones also. q. b. d. 
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Owen two dirclee cbovi the same centre, to inscribe in the greater drde an equi- 
iateral<polygon with an even nuniber of sides which does not Unidi the lesser drde. 
Let ABCD, EFGH be the two given circles 


about the same centre K] 
thus it is required to inscribe in the greater 
circle ABCD an equilateral polygem witii an 
evai£ number ades which does not tou(^ the 
circle EFOH. 

Far let the straight line BKD be drawn 
throuid^ the centre K, 

mid from the point Q let CM be drawn at riid^t 
aihS^ to the straight line BD and carried 
iKir^ig^toC; 
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, , ' , touches the ciwl^ 

^ Then, bisecting the circumference BAD, bisecting the half ofit/aad 4iiillg 
this contmually, we shall leave a circumference less than AD. fx* U 

Let such be left, and let it be LD- > 

from L let LM be drawn perpendicular to BD and carrfed through to AT, ‘ 
and let LD, DN be joined; 

. therefore LD is equal to DAT. 

Now, since LN is parallel to AC, 

and AC touches the circle EFGH, 
theref<Ke LN does not touch the circle EFGH; 

therefore LD, are far from touching the circle iFFGD. 

If thhn we fit into the circle A BCD straight lines equal to the straight , line 
LD and placed contmuou#, there will be inscribed in the circle ABCD an 
equilateral polygon with an even number of sides which does not touch the 
lesser circle EFGH. e. p. 


Proposition 17 

Given two spheres about the same, centre, to inscribe in the greater sphere a poly* 
hedral solid which does not touch the lesser sphere (d, its surface. 

Let two spheres be conceived about the same centre A ; 
thus it is required to inscribe in the gieater sphere a polyhedral solid which 
does not touch the lesser sphere at its surface. 
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iaUiaMhM iha q>h^>iASlhyiwAi«ieii iyithorft^ateit^WBBaiining fixed and the 
aMtddi)eieb<^iiig eaafied ronsdit;' m!: * -'{xi. Etol.U] 

teBoe, in whateW poaitbii we ecmeeivB <Uie semidscleito be,^ th^-platie earned 
through it will jHxduoe a circle on the circuxnlerenGe (tf tiie t^fiietei. 

And it’ia'JBMi^eetihat this dMle is greatest peeaihte,^'’ < 
inasmuch as the diameter of the si^rej which is of eourse the diameter both of 
ihe seoalUrircle and of the eirele, isigreatw'than eJl the straight lines dravm 
across in the circle or the sphere. . ' 

Let then BCDE be the circle in the @«ater sphere^. 

' add FOj? the drcle-in thelesB^hphme; 
let two dialiaete^ in them, BD,CE, be drawn at rq^t angles to one another; 
tbep, givra the two circles BCDE, FflH' about the same centre, let’ there be 
kfficiil^'in the greater cirele SCDJ^ an equilateral polygon wpth an even mma- 
ber (d ddes which does not touch the lesror circle ^60, \ . > > 

’ ‘ let £iC, liCL, Lilf, ilf£7 be its ddes in the quadrant ££?, > 
let KA be joined and carried through to N, \ 
let AO be set up from the point) A at right ahgles to the pltme of the circle 
and let it meet the siirfaoe of the' sphere at 0, \ 

and through AO and each of the strai^t lines BD, KN let pdabes be carried; 
they will then make greatest circles on the surface of the sphere, for the reason 
sta^. 

Let them make such, 

and in them let BOD, KON be the semicircles on BD, KN. 

Now, since OA is at right angles to-the plane of the circle BCDE, 
therefore all the planes are also at rig^ angles to the plane of the 

circle BCDE; , [xi. 18] 

hence the semicircles' BOD, KON are also at right angles -to the plane of the 
circle BCDE. 

And, since the semicircles BED, BOD, KON are equal, 

for they are bn the equal diameters BD, KN, 
therefotb the quadrants BE, BO, iCO are also equal to one another. 

Therefore there are as many straight lines in the quadranih BO, KO equal to 
'the straight lines BK, KL, LM,-ME ais toere are rides of the polygon in the 
quadrant BE . ' ; 

Let them ho -inscribed, imd let toemhe BP, PQ,.QB, BO and EiS, BT, TV, 
VO, 

; ; let SP, TQ, OBhejdned, 

and from P, 8 lot jfimp^ibulars be dia^ to the plane of the ciicle BCDE', 
' “ ' ' •/ [XI. 11] 

these fafi on BD, Cdmmra secrioiis of’ the phines, 

inasmuch as the planes of BOD,. KON are alp-at ri^t qngles the plane of 
the drcle BCDB^^ \ ‘ " / / [cf. xi. Def. 4] 

Let them so fah; ana' let than be PV, SW, / ' / 

\ '^•^and let WV be joined / 

Now rinee, in the eqtusdeftnhnroles BOD, KOl^'^/gga^ straight lines BP, KS 

have been cut off, 

and the perpmtdiculais PF, SW have bem drawn, 
thenfidi»>d^Fl8ieq«Md(to>]S^^ god BFto 86] 

Bat the whde BA is,aitoieqmU<^'tfaa>iriiirie>£Ai; ' : 
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Aenfare tiwrttmaiadw VA it also equal to tibe lunudadBr ' 

therefore, as BV is to FA, IbowK’W to ITA; * ‘ H * 

■ ' therefore IFF is pasralld to JCB. xfW.sg 

Aod, since each the straight lines PF, SIF is at right angles to thU pfamt 
of the circle ECUS, 

therefore PF is parellel to &W. {xi 

But it was also proved equal to it; 

therefore IFF, 8P are also equal and parallel. [i. 8^ 

And, since TFF is parallel to SP, 

'' while TFF is parallel to KB, 

thmfore SP is also parallel to KB. fxi. 

And BP, KS join their extremities; 

therefore the quadrilateral KBPS is in one plane, 
inasknueh as, if two straig^ lines be parallel, and points be taken at randbm 
on each of them, the straight line joining tiie points is in the same plane with 
the parallels. [ii. 7] 

For the sasne reason ' 

each of the quadrilaterals SPQT, TQRU is also in (Hie plane. 

Bui the trian^e URO is also in one plane. [xi. 2] 

If then we conceive strai^t lines joined from the pednts P, B, Q, T,B,V to 
A, there will be ccmstructed a certam polyhedral soUd figure* between the cir> 
cumferenoes BO, KO, consisting of psnraniids of which 'the quaidrilaterels 
KBPS, SPQT, TQRU and the triangle URO are the bases and the pc^t 'A the 
vertex. 

And, if we make Ihe same construction in the case of each of the rides KL, 
LM, ME as in the case of BK, and further, in the case of ike remmning three 
quadrants, ‘ 

there will constructed a certain p(dyhednd figure inscribed in the sikeMi And 

cemtained by pyramids, of which the said quadrilaterals and the triangle URO, 
and the others corresponding to them, are the bases and the point A tto veHex. 

I say that the said polyhedron will not touch the lesser sphere at the surface 
on which the circle FOB is. ’ 

Let AX be drawn from the point A perpefidkuhtrto tiie {daUe ofthequAdri- 
lateral iTBPB, and lei it irieet the plane at the p(hntJE'; ’ [xi. 11] 

let XB, XK be joined. ' 

Then, rince AX is at rig^t angles to the plane of the quadrilateral KBPS, 
therefore it is also at right angles to all the straiglht lines whicktiieet'it'Mid are 
in the plahe of the qu^rilateral. {xk. >Def . 8] 

Tlre^ore AX is at ri^t angles to each of the «trai{d^t lines BX,’ XXy < 
And, since AB is equal to AK, * 

rite s<piare on AB is also eqiial to the scpiaire (M AK. ' < < ‘ 
And the squares on AX, XB are equal to the square on AB, '> > 

for the angle at 'Xkriidit; ’ * 

nndthesquares'on AX, XXatoequaltothesquareon AX.< 
Therefore the squares on AX, XB are Cqual to the squareeton AX, XK% 
Let’ritoaqiuu« on AX be subtracted froreiehch; '*• ■ < 

therefore the remainder, the squtue on BX*, Is equal to rireritoMndMry the 

aqaarentt XX; ' ' * ^ ’ ' ’ * ' ^ ’ 

■' ' therefene BX is e(|ual to XK. 



m y micuD ^ 

«ini that the steaight fines , joioed ‘froln Z to F, S ate 
Oqual to each of the Straight lines BX, XK. 

■: Iherefore the circle described with caitse JT and distance one of the straight 
lines XiC will pass-throufdt P, S also, 

and KBPS will be a quadrilateral in a circle* 

, ' Now, ance KB is greater than IFF, ‘ . , 

while WV is equal to SP, ' 

I therefore KB. is greater than )SP. ' 

But KB is equal to each of the straight lines KS, BP', i . ' < 

therefore each of the straight lines KS, BP is greater than SP. 

And, since KBPS is a quadrilateral in a circle, 

and KB, BP, KS ase equal, and PS less,' 
and BX is the radius .(d the circle, . 

> theiefcnc the square on KB is greater than double of the muare on BX. 
Let KZ be drawn from K perpendicular to BV. ' 

Ihen, since BD is less than double of DZ, 
and, as BD is to DZ, so is the rectangle DB, BZ to the reetaiwle DZ, ZB, 
if a square be described upon BZ and the parallelogram on ZDw completed, 
then the rectangle DB, BZ is also less than double of the rectangle DZ, ZB. 
■ And, if KD be joined, 

the rectangle DB, BZ is equal to the square on BK, 
and the rectangle DZ, ZB equal to the square on KZ ; [m. 31, vi. 8 and Bor.] 
' ' therefore the square on KB is less than double of the square on KZ. 

But the square on KB is greater than double of the square on BX; 

therCfc«e the square cm KZ is greater than the square oh BX. 

And, rince BA . is equal to KA, 

the square on BA is equal to the square on AK. 

And tlm squares cm. BK, KA are equal to the square on BA, 

and the squares on KZ, ZA equal to the square 'em KA ; [i. 47] 

therefore the squares on BK, KA are equal to the squares on KZ, ZA, 
and of these’ the square on KZ is greater than the square on BK; 
therefore the remainder, the square on ZA, is less than the square on KA. 
. MThmnfoie AK is, greater than' AZ; 

therefore AK is mudi greater than AO. 

And AK is the perpendiciilar on one .blase of the polyhedron, 

‘ and AO on the mrfaice of the lesser sphere; 
h^iee polyhednm wifi not touch the lesser sphere on its surface. 
Therefore, given two spheres about the same centre, a polyhedral solid’has 
been inscribed in the greabw sfdrere, which does not touch the lesser spheare at 
its surface. Q. x. r. 

PoRisM. But if in another sphm also a pdyhedral solid be inscribed similar 
to the sdid in the sphmw BCBB, . . . 

tile polyhednd solid in the sidiwe/BCBB has to the polyhedral solid in the 
qtiier sphere the ratio triidicate bf that whhih the diameter of the BODE 

has^te the diameter (A the other sidieNr» c. 

For, the solids being divided into thehr jpyzamids rimilar in multitude and 
MSnngimitotk toe pysariuda 'vriM be ii 

But timilar pyramids are to one another in the tripficate ratio of thtoieei^ 
leqiODdiag sictes; j , : ; .f, v Ixn.A,PwrJ 
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themilne of Mdueh the qoadrilatentl KBPB ia’the baaOj Mk} 

point A the vertex, has to the {dmilarly ammged pyraoudifi the<ithw!|i|fl>i9^ 
the ndk) triplicate of that which the correspoi^inS sicb has to the oono^Pco^ 
ii^ ride, that is, of that which the radius AB of the sphere ahout 4. A 0 >OBntiiQ 
has to rile radius of the other sphere. • . * , 

Similarly also each pyramid of those in the sphere about A as oeparis hM to 
each rimilarly arrang^ pyramid of those in the other sphere the ratio tripfir 
cate of that which 4£ has to the radius of the other si^ere. j .< f 
And, as one of the antecedents is to one of the consequents, so are all .the 
antecedents to all the consequents; . [v. 12] 

hence the whole polyhedral solid in the sphere about A as centre has to 'the 
whole polyhedral solid in the other sphere the ratio triplicate of' that wliirii AB 
has to the radius of the other sphere, that is, of that which the diameter, fii? 
has to the diameter of the other sphere. : IQr'S. 

Proposition 18 , , 

Spheres are to one another in the triplicate ratio of their respedive diameters- 
let the spheres ABC, DBF be conceived, • 

and let BC, EF be thrir diameters; . 

I say that the sphere ABC has to the sphere DBF the' ratio triplicato ui that 
which BC has to EF. 

For, if the sphere ABC has not to the sphere DBF the ratio triplicate <A rinat 
vdiich BC has to EF, ■ ' ' _p 

then the sphere ABC will have either to some less sphere than the ^hpre DBF > 
or to a greater, the ratio triplicate of that which BC has to EF, . . 

Firri;, let it have that ratio to a less splmre OHK, 



H DEF be concaved about the centre mth 
let there be inscribed in the greater sphere DEF a polyhedral solid wla^ d^ 
not t<m(& the iMser sphere OHK at its surface, Rtri. iTj 
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tttiA fet' tluM hairisi^Kied' ifi' tlieiaidieFe Aflf {a:pShlyhMmViyJi^ fli^^ 

.u r-.i ,, - :r- • -I: f. nL'<i 

the pdlybedtcd !k>lid<ln fam to BcAidnwDEM the 

lutio triplicate ef that whidb AC ^Uas to ' ' ) « i [xm, nsr^ Per J 

But the sphere ABC also has to the sphere OHK the xtitio triplicate* (rf that 
MHhw*' AC'ftas'to AF; -■■ • ''m "■ '• '' ' ^ ‘ .- 

thei^fore, 4s ihe sphere ABC is' to the sphere OHK^ so i& the polyhedral solid 
in the sphere ABC tO the pcdyfaedriil solid in the fs^ere DBF; . 
fiuid, alteinately, asthe sphere itACis to the polyh^ron in it^ so is the ^ihere 
GHK to the polyhedral solid in the sphere DEF^ ' ^ . [v*163 

’ But the sphere ABC h graater than the pblyhedron in it; . v’ 
therefore the sphere GSlK is also greater^ than the polyfaiedinri in theisp^ 
DBF. , '■ / i . . ^ ■ 

But it is also less, 

for it is encloscfd by it. 

Therefore the sphere ABC has not to a less sphere than the sphere DBF the 
ratio triplicate of that whidi the diameter AC has to EF. \ 

Similarly we can prove that neither has the sphere AAF to a le^ sphere than 
the sphere ABC the ratio triplicate of that which* AF has to AC. 

I 84y next that nether has the sphere ABC to any greater sphere than the 
sphere DEF the ratio triplicate of that which AC has to EF. • 
if posrible, let it ^ve that ratio to a greatei^, LMNy^ 
therefore, inversely, the sphere LMN has to the sphere ABC^ the ratio tripli* 
cate of th4t whldr the diameter EF has to the diameter AC i 
But, inasmuch as LMN is greater than DEF^ ' < 

therefore, as the sphere LMN is to the sphere lA AC, sods the s^dierO DBF^ to 
some less sphere than the sphere d AC, as was before proved, [xii. 2, Lemma] 
Therefore the sphere DEF also has to some less sphere than the sphere ABC 
the ratio triplicate of that which EF has to AC: 

, which wes proved impossible. 

Therefore tile sphere dAC has not to any sphere greater than the sphere 
DEF the ratio triplicate of thaff tehich AC has to EF. 

But it was. proved that neither has it that ratip to a less sphere. 

Therefore t^b sphere ABC has to the sphere DEF the ratio triplicate of that 
which BC has io JSF, . , q. b. d. 



BOOK THIRTEEN 


PROPOSITIONS 
Proposition 1 

7/ a stvaight line he cut in extreme and mean ratio, the square on the qr^tiar seq ^ , 
ment added to the half of the whole is five times the square on tiie half. 

For let the straight line AB be cut in extreme and mean ratio at the point C, 
and let AC be the greater segment; 
let the straight line AD be produced in a straight line with CA, 

and let AD be m^e half of AB] 

I say that the square on CD is five times the 
square on AD. 

For let the squares AE, DF be described (A 
AB, DC, 

and let the figure in DF be drawn; 
let FC be carried through to 0. 

Now, since AB has been out in extreme and 
mean ratio at C, 

therefore the rectangle AB, BC is equal to the 
square on AC. [vi. Def. 3, vi. 17] 

And CE is the rectangle AB, BC, and FH 
the square on AC; 

therefore €E is equal to FH. 

And, since BA is double of AJD, 
while BA v equal to KA, and AD tU AH, 
therefore KA is also double of AH. 

But, as KA is to AH, so is CK to CH; [vi. 1] 

Iherefore CK is double of CH. 

But LH, HC are also double of CH. 

Therefore KC is equal to LH, HC. 

But CE was also proved equd to HF] 

tiierefore the whole square AE is equal to the gnonwol UNO* 

And, once BA is double of AD, < 

the square on J3A is quadruple of the square on Ai>> 
that is, AE is quadruple of DH. 

But AE is equal to the gnomon MHO] 

therefiwB the gnomon MNO is also quadruple of AP; 
therefore the whole DF is five times APt t* 

And DF is 'tile square en DC, and AP the square on ‘ 

ti» square on CP » five times the squaredlin Pi. 
IliwtIoreptCrt ’ w * ' /n 
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PbOposition 2 

If the square on a straight line be five times the square on a segment of it, (hen, 
when (he dotibU of (he said segment is cut in extreme and mean ratio, the greater 
segment is Oie remaining part of the original straight line. 

For let the square on the strtught.^e AB be fiVe times the square on the 
segment AC of it, 

and let CD be double of AC; 

I say that, when CD is cut in e^d^reme and mean 
ratio, the greater segment is CB. 

Let the squares AF, CO be describe on AB, 

CD respectively, ’ ■'* 

let the figure in AF be drawn, 
and let BE be drawn through. 

Now, since the square on BA is five times the 
square on AC, 

AF is five times AH. 

Therefore the gnomon MNO is quadruple of 
AH. 

And, since DC is double of CA, 
timrefore the square on DC is quadruple of the 
square on CA, that is, CG is quadruple of AH. 

But the ^omon MNO was also proved quad- 
ruple of AH; 

therefore the gnomon MNO is equal to CO. 

And, since DC w double of CA, 

while^DC is equal to CK, and AC to CH, 

therefore KB is also double of BH. [vi. 1] 

But are also double of /fB; 

therefore KB is equal to LH, HB. 

But the whole gnomon MNO was also proved equal to the whole CO; 
therefore the remamder HF is equal to BO. 

And BO is the rectangle CD, DB, 

for CD is equal to fXf; 
and HF is the square on CB; 

therefore the rectangle CD, DB is equd to the square on CB. 

Therefore, as DC is to CB, so is CB to BD. 

But DC is greater than CB; 

therefore CB is also greater than BD. 

Therefine, when the strtiight line CD is cut in extreme and mean ratio, CB 
is the greater segment. 

Therefore etc. Q. b. n. 

Lsitiia 

That the double of AC is greater thah BC is to be proved' ^tiuis. 

If not, let DC be, if posable, doable of CA. 

Ther^ore the squiare on DC is quadi^ple of the square .<m CA; 
therefore tiie ncpiares^ On DC, CA are fiVe timee the Square 'en CA. 

But,' by hypothesis, the square on DA is also five times the equaiiei Ofid^A; 
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. thoefore tiie square on BA is equfd to tiie squares <m BC, CAl . ' 
which is impossible. tn* 

Therefore CB is not double of AC. 

Similarly we can prove that neither is a stm^t line less than CB doul^ ti 
CA- 

for the absurdity is much greater. 

TherefOTe the double of AC is greater than CB. <*• *• >>• 

Propositions 

If a straight line be cut in extreme and mean ratio, the square on the lesser segmeitt 
to the half of the greater segment is five times the square on the half of the 
greater segment. . • * « 

For let any straight line AB be cut in extreme and mean ratio at the point 0, 

let AC be the greater segment, 

• " “ and let AC be bisected at D; 

I say that the square on BD is five times the 
square on DC. 

For let the square AE be described on AB, 
and let the figure be drawn douWe. 

Since AC is double of DC, 
therefore the square on AC is quadruple of 
the square on DC, 
that is, RS is quadruple <rf FO. 

And, since the rectangle AB, BC is equal 
to the square on AC, 

and CE is the rectan^e AB, BC, 
therefore CE is equal to RS. 

But RS is quadruple oiFG; , , , nr. 

therefore CE is also quadruple of FO. 

Again, since AD is equal to DC, 

HK ia also equal to KF. 

Hence the square GF is sOso equal to the aquam HL. 

Therefore GK is equal to KL, that is MAT to NE', 
hence MF is also equal U>FE. 

But MF is equal to CG; , i pb’ 

therefore CG is also equal to FE. 

Let CAT be added to each; 

therefore the gnomon OPQ is equal to CE. 

But CS was proved quadruple of GF; 

therefore the gnomon OPQ is also quadniple , , 

Therefore the gnomon OPQ and the sq^reFG^^t^PO' , 

But the gnomon OPQ and the square ^ are ‘1“ 

: And DN is the square on DB, and OF the ^uare <m 
Therefore the square on DB is five times the square 4iil DC. 

PaoposinoN 4 . < 

Let AB be a strai^t line, 







let itbe-cut in^xtiatneead mean ritio At C«/ead^^C' be thegrakfeviegment; 
If I- say tbst liie squares on .<i^i BC im taii^le of the 
equate on Cil. ■ a 

. For let the.eqtmie ADEB be deseribed otAB, 

and let the figure be drawn. ^ 

Since, then, AB has . been cot in extr^e aiod Jnean 
ra,tio at C, 

and AC is the greater segment, 
therefore the rectangle AB, BC n’ equal to the square 
<m AC. , [VI. Def. 3, vi. 17] 

And AiiTu the rectangle and the «}uare ** 

on AC; 

tharefore AK is equal to HO. 

And, smce.AF is equal to FF, 

let CK be added to e^li; 
therefcae the whole AK is equal to the whole CE; 
therefore AK, CE are double of AK. 

But AK, CE are the ^omon LMN and the square CK; 

therefore the gnomon LMN and the square CK are double of AK. \ 
But, further, AiC was also proved equal to HG; ■ 

^erefcne the gnomon LMN and the squares CK, HG are triple of tiie square 
HG. 

And the gnomcm LMN smd the squares CK, HG are the whole square AE 
and CK, wfaid^ are the squares m AB, BC, 

while HG is the square on AC. 

Therefore the squares cm AB, BC are triple of the square on AC. 

Q. n. D. 

PnopoBi'iioN 6 

If a straight line be cut in exteme and mean ratio, arid there be added to it a straight 
Une equal to the greater segment, ^ whole straight line has been cut in, extreme and 
mean ratio, and the origincd straight line is the greater segment. 

For let the straight line AB be cut in extreme and mean ratio at the point C, 
let AC be the greater segment, and let AD 
be equal to AC, < ... 

I say that the straight line DB has been cut 
in extreme and mean ration at A,<aAd ^eori« 
ginal strai^t line AB is the greater s^ment. 

For let' the sqpare A£ be deBcnbed''On AB, 
and let the figure be drawn. 

^ce AB Ima been cut in extteme and 
mean ratio at C, . > < '• 

theiefere the reetaog^ A^B, BC is equal to 
tiie square on AC. [vi. Oef. 3, vi. 17] 

And CE is the rectangle AB, BC; ahd CH the square on AC; 
iv, A jv ,i-\ I'..;-’ ^ttjtefeee'CBis.equal'teBC.'o ■’ 





and HH is equal to HC\ 
iberefoi«i>irUW^^altoH£. 
tvhbift «qu8l to 

And Z}£ is the recta^e BZ>, DA, ■% v • ^ > v >;*, '. ,u,‘ . 

’■ ■'>•••' "'■-■■ '■■'*' 'io^ AD is-e'ctdaltniPD;'''' ' '• " 

; and AD is tile sqaare on AD? ' > ‘ w 

therefore the rectanglh BD, DA is ^ual- to tl^ square cm AD. ' 
Th^fore, as DD is to DA, so is DA to AD. '* . 

, And DD is, greater than DA; ' l- ' u -f 

therefore DA is also greater titan AD. -Iv. 14} 

Therefor^ D^^has^heen cut'ihextitenteakd mean ratioi At A, and AD is tfae 
greater sejgmentl »' i; ' h» 

, . ■ . ' ' 'j. ' i . V ’ ■ 

‘ PftbpostttoN' 6 , ' 


7/ a rational UtraigU line be cut in extrer^ and mem tdMo, leoeft ofBie etj/menieie 
the irrational straight line CaUed apotome. 

Let AD be a rational etrai||ht lind,‘ 
let it be cut in «Ktr8ine and mean ratio at C, 

D ^ <p B and let AC be the greater segment; . 

•! l8aythat6ach<Atiiestrai^tline8AC,CD 
is the mStional straight line called apotome. 

' For let DA be produced, and let AD be hiade half of DA. ■ ' 

Since, then, the strai^t fine AD has been cut in extreme and mean f»&, 
and to the greater segment AC is added AD which is ludf of AD, 
•therefdre the equate on CD is five times the>square onDAt [xnttL 1} 
Therefore the square <m 'CD has to the square on DA the ratio which a num- 
ber has to a numb^; ‘ 

therefore the square on CD is commensurable with the square on DA. [x. 69 

But the square on DA is ratitmal, 

‘ for DA is rational, being half <A AD Which is rational; 'i " 
therefore the square oO'CDIs also rational; ’ [x. 

ther^ore CD is also raticNoal'. 


And, since the square on CD has not to the square (xa, DA the ^natio whidi a 
square number has to a stprfd number, ' ' ; • 

therefore CD is iucbmmei^raUe in ‘lel^h with DA ; [x. 9] 

therefore CD, DA ^ ratimrnl strait lines commensurable in square only; 

' therefore AC is air apotomei; [x. 73] 

Again, tince AD has’bemi cut til extreme Afid mean ratio/ • 

' t and AC is the gTmitejr segment, 

therefore the rectani^ AD, DCisCqualto tiia sqpiaeeehAC/ (vi. Def. 3, vi. 17] 
Therefore the square (A ;the’m>otoniiie AC, appHed to the laEthmal Stinight 

Um AD, produces DC' as biei^tii;' 

But the Squhro OB- ah ajpotome, if appHed *66 ai rationalstraij^ liiie^ ppodiioes 
asbreadOiafirBtapotoifla;' ' ' ^ (as,i97} 

■' ■ '.thmbfmB CD Ih^A^^fimt't^pbtQiatt; 

And CA also proved to be an apotom^ "• - i' > "-i' j • 
Therefme^V' ' ^ - -‘i! '?’ Jr q. a.n. 
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pBOPOSmON? 

Jf three angles of an equilateral pentagon, taken either in order or not in order, be 
equal, the pentagon will be equiangular. 

For in the equilateral pentagon ABODE let, ^t, three angles taken in or> 
der, those at A, B, C, be equal to one another; 

I say tiiat the pentagon ABODE is equiangular. 

’ For let AO, BE, FD be joined. 

Now, since the two sides OB, BA are equal to the 
two sides BA, AE respectively, 
and the angle OB A is equal to the angle BAE, 
therefore the base AO is equal to the base BE, 
the triangle ABO is equal to the triangle ABE, .. 
and the remaining angles will be equal to the remaining 
angles, namely those which the equal ades subtend, [i. 4] 
tiuitis, the angle BOA to the angle BEA, and the an^eABE to the angle OAl 
hence the side AF is also equal to the side BF. [i. Ipi] 

But the whole AO was also proved equal to the whole BE; 

therefore the remainder FO is aim equal to the remainder FE. 

But OD is also equal to DE. 

Therefore the two sides FO, OD are equal to the two sides FE, ED; 
and the base FD is common to them; 
therefore the angle FOD is equal to the ang^e FED. [i. 8] 

. But the angle .BCd was also proved equal to the angle AEB; 
therefore the whole angle BOD is also equal to the whole angle AED. 

But, by hypothesis, the angle BOD is equal to the angles at A, B; 

therefore the angle AED is also equal to the angles eA A, B. 
Similarly we can prove that the angle ODE is also equal to the angles at A, 
»,C; 

therefore the pentagon ABODE is equiangular. 

Next, let the ^ven equal angles not be angles taken in order, but let the 
angles at the points A, 0, D be equal; 

I say that in this case too the pentagon ABODE is equiangular. 

For let BD be joined. 

Then, since the two sides BA, AE are equal to the two sides BO, OD, 
and they contain equal angles, 
thetefcne the base BE is equal to the base BD, 
the triangle ABE is equal to the triangle BOD, 
and the remaining angles will be equal to the remaining angles, 

namely those which the equal mdes subtend; [i. 4] 

therefore the angle AEB is equal to the an^e ODB. ^ 

Bat tbesaiif^ BED is also equal to angle BDE, 

since the side BE is also equal to the wde BD. [i. 5] 

39im!C^<»».the;jwhole angle AED is equal to Uie whole angle ODE., 

! ’^Bit the angle ODE is, by hypothesis, equal to the angles at A, jC; . 
therefore the ae^ AED is also equal to the an^es at A, 0. 

F<» the same reason 

the angle dBC is also equal to the angles at d, C;, D. ; 
*Thetefare the paitagon ABODE is equiangular. q. b. d. 
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Proposition ^ . 

If in an equilateral and equianqular pentagon tsbraight lines s/vidend two ongitt 
taken in order, they cut one another in extreme and mean, ratio, and their greater 
segments are equal to the side, of the pentagon. 

Fox in the equilateral and equiuigular pentagcm ABODE let the Btraig^ 
lines AC, BE, cutting one another at the 
subtehd two ahgles taken in order, thO anj^es at 
A,B; 

I say that eadi of has been cut in extreme 
and mean ratio at the pdnt H, and their greater seg- 
ments are equal to the side of the pentagon. 

For let the circle ABODE be circumscribed about 
the pentagon ABODE. [iv. 14] 

Then, since tiie two strai^t lines EA, AB are 
equal to the two AB, BO, > 

and they contain equal angles, 
therefore the base BE is equal to the base AC, 
the triangle ABE is equal to tiie triangle ABC, 
and the remaining angles will be equal to the remaining an^es respectively, 
namely those which the equal sides subtend. [i. 4] 

Therefore the angle BAC is equal to the an^ ABE] 

therefore the angle AHE is double of the angle BAH. [i. 32] 
But the angle EAC is also double of the angle BAC, 
inasmuch as the circumference EDC is also double of the circumference CB; 

[m. 28, VI. 33] 

therefore the angle HAE is equal to the angle AHE] 
hence the straight line HE is also equal to EA, that is, to AB. [1. 6] 
And, since the straight line BA is equal to AE, 

the angle ABE is also equal to the angle AEB. [l. 6] 

But the wgle ABE was proved equal to the angle BAH ; 

therefore the angle BEA is also equal to the angle BAH. 

And the angle ABE is cimunbn to the two trianf^ ABE and ABH] 
therefore the remaimng angle BAEis equal to the renudning angle AHB ; [i. 32] 
therefore the triangle ABE is equiangular vdth the triangle ABH]-. 
therefore, proportionally, as EB is, to BA, so is AB to BH. {vi. 4] 
But BA is equal to EH] 

therefore, as BE is to EH, so is EH io HB. 

And ^ is greater tium ££r; . 

therefore EH is also greater than HB. > [v. tl] 

Therefore BE has been cut in extreme and mean ratio at H, and the greater 
segment HE is equal to the side of the jpentagon. 

Similarly we can prove that AC has alk> been cut in extreme and mean ratio 
atif,BaditBgreaters^pnmitCAidequ8ltotbe9deofti>epeatagoa. Q. t 

i^PO^ON® 4 ! 

If the side of the hexagon and that of the decagon inseribed.in the samis okdebea^ 
dq^pgether, vhde.straiii^line hiasjbten'dut in extreme and: mean nUia, mndila 

aegnrnt is the,side ^ t^ hmcagon, ■ '.n ■ i 
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Let ABC be a drole; 
of the figures inscribed in the circle ABC let BC be the side of a decagon, CD 
that of a hexagon, 

and let them be in a stm^t line; 

1 say that the whole straight line BD has been out 
in extreme and mean tatio, and CD is its greater 
.Mgment. 

For let the centre of the circle, the point E, be 
taken, 

let EB, EC, ED be jdried, 
and let BE be carried throu^ to A. 

Since BC is the side of an equilateral decagon, 
therefore the circumference ACB is five times the^ 
circumference BC; 

tiierefore the circumference AC is quadruple of CB. 

But, as the droumfercnce AC is to CB, so is 
the angle AEC to the angle CEB; [vi. 33] 

therefore the angle AEC is quadruple of the angle CEB. 

And, dnce the angle EBC is eqiral to the angle ECB, [i. 5] 

therefore the an^e AEC is double of the angle ECB. [i. 82] 

And, mnce the straight line EC is equal to Ci>, 
for each of them is equal to the side of the hexagon inscribed in the circle ABC, 

[iv. 15, For.] 

the angle CED is also equal to the angle CDE; [i. 5] 

therefore the an^e ECB is double of the angle EDC. [i. 31^ 

But the angle AEC was proved double of the angle ECB; 

therefore the an^e AEC is quadruple of the angle EDC. 

But the angle AEC was also proved quadruple of the angle BEC; 
therefore the an^e EDC is equal to the angle BEC. 

But the angle EBD is common to the two triangles BEC and BED; 
therefore the remaiiung ang^e BED is also equal to the remaining angle ECB; 

[1.32] 

therefore the trian^ EBD is equiangular with the trian^e EBC. 

‘ Therefore, propotlaonaUy, as DB is to BE, so is EB to BC. [vi. 4] 

But EB is equal to CD. 

Therefore, as BD is to DC, so isBC to CB. 

And BD is greater than DC ; 

therefore DC is also greater than CB. 

Therefore the straight line BD has been cut in extreme and mean ratio, and 
DC is its greater segment. q. e. d. 

t « 
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Ifm«guiloaeralpenlagonl»m»er&edinaeirde,ihei9aaitmtke4^ 

offon U equal to the ^uam on ihe aide of the hexagon and on thaJt of the deeor 

gon ineeribed in the same eirde. ' 

Let ABCDE be a circle, 

iaul kft the eqirilatnal pentagon ABCDE be inaoittied in the dircle ABCDE. 
, I say that the square on the side of the pentagon ABf^E ik equal 


' -.0 


sqwtres on the ddeef 4Jw iMshgteead iaserSied in the 

tIMb ABODE. ‘ f ■/ • ■'■ ■ ■ 

Forletth^o^ntiK'Oftbe'dMle, thefoiht'^i Wtdten, ' ' ’ ' 

let AF be j(wed and oanied thvou^ tb the'|)oint {S', ' ‘ ‘ 

-> let FB‘ be joined, ' 

let FBf lw drawn irisn F na^ndkmlar to AB end be eartied 

let iUC.JfSb^ joined; 

let FiL be again drawn from F perpendicular to AK, and be carried throughi to 
M, .i ■ ■ " ■ ■ • ' ' r': ' ^ 

- ( % end 1^ jRTiV be 'jOliedl 

Since the circumference ABCO is equ^ 
to the circuinfo^ce dBBO, ' ' 
and in them ADC is equal to AED, 
therefore theremmdtajt^Oircumferenep 
CO, is equal to the temainder OD. ' . ' 
But CD belongs to a pentagon; 
therefore C(? belongs to a decsgoh. 
And, since FA is equal to FB, . ' 
and FH is perpendicular,- 
therefore the angle AFK is also equSl to 
the angle KFB. [i. 5 , i. .26j 

Hence the circumference AB is alsd 
equal to BB; [m. 2C^ 

therefore the circumference AB is dduble 
of the circumference BB; 

tberrfme the etrai^ line AB is a side of a 'decagon. 

For the same reason 

AB is also double of KM. 


Now, since the circumference AB is double of the circumference BB, 
while l^e circumference CD is equal to the circumference AB, 
therefore the circumference CD is also double of the circumference BK. 

But .the circui4fatunce CD is also double of CO’, 

therefore the circumference,CG is equal tp Ibe circUmferenre BB* 

But BB is doujble of BAf, sinee BA » so alsO;' ' ' I 

therefore CB is alspjdouble (rf B'M. , ’ ' ’ 

But, further, t&e cir^mference CB is;aiso doubikOf the dr^uffifc^hbo BK, 

; for the circumference iCB is eqUai to BA. , 

Therefore the i^rhole circuthference OB is idso double of BM ' 

hence ithe angle QFB is also double of the angle pFM. [yi. 83] 
But -the an^eji?FB is also' double (A the angle BAB, ’ -'S- 

fcg &e.mi^ FAB is equ^ to .the Euogle ABB. 

Therefore the BFB is also equal to the aririe Bab,’ . ' , 

But the ani^e ABF is common to the two tiian^^ Ai&F mad BFB; , ' ' ' ' 
therefore thOrimmiAiUg antde AFBis ec|uM tO'^^eDlsinldg BATF; tf/SiO 

tiierefore the triangle ABF’iS'eqramgi^ ^ith the triangle BFlf. 
Therefore, proportloni^y, as the struct line AB is tO BF ,*80ftFB‘to'BB ; 

thei^ore tile rectan^ A*B, B^^SOqiial toi^ square on BF,. 
Again,8inceALi8e^-t0'd», ‘ '.i- 


EUCU]> 

while LiV is common and at ri|^t angles, 
l^refore the base KN is equal to the base AN; . [i. 4] 
therefore the angle LKN is also equal to the ang^e LAN. 

But the angle LAN is equal to the angle KBN ; 

therefore the angle LKN is also equal to the angle KBN. 

/And the angl^ at A is common to the two triangles AKB and AKN, 
Therefore the remaining angle AKB is equal to the remaining angle KNA ; 

[1.32] 

therefore the triangle KB A is equiangular with the triangle KNA. 
Therefore, prqportionally, as the straight line BA is to AK, so is KA to AN ; 

[VI. 4] 

uierefore the rectangle BA, AN is equal to the square on AK. [vi. 171 

But the rectangle AB, BN was also proved equal to the square on BF; , 
l^refore the rectangle AB, BN together with thb rectangle BA, AN, thatjis, 
the square on BA [ii. 2], is equal to the square on BF together with the squ^ 
on AK. \ 

And BA is a side of the pentagon, BF of the hexagon [nr. 15, For.], and aW 
of the decagon. \ 

Therefore etc. q. e. d. \ 

Proposition 11 


If in a circle which has its diameter rational an equHaieral pentagon be inscribed, 
the side of (he pentagon is the irratiorud straight line called minor. 

For in the circle ABODE which has its diameter rational let the equilateral 
pentagon ABODE be inscribed; 

I say that the side of the pentagon is the irrational straight line called minor. 
For let the centre of the circle, the point F, be taken, 
let AF, FB be joined and carried 
through to the points, G, H, 
let AC be joined, 
and let FK be tnade a fourth 
part of AF. 

Now AF is rational; 
therefore FK is also rational. 

But BF is also raticnial; 
therefore the wholeBK isretional. 

And, ance the circumference 
ACC is equal to the circumfer* 
enee ABC, 

and in them ABC is equal to 
ABB, 

therefore the remainder CC is 
equal to tfaeTemainder CB, 

And, if we jam AB, wf conclude that tine angles at L are rij^t, 
and CB is double of CL. 



For the same reason 

^ the angles at Af are also rig^t, 

and AC is double of Citf. 

. ^oe then the angle'AXC^s equal to the angle AMF, 
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aad the angle LAC is common to the' two triangtes ACL and AMF^ 
theiefote the itimaining angle ACL is equal to the remaining angle MFA ; 

therefore the triangle ACL is equiangular with the triangle AMF; 
therefore, proportionally, as LC is to Cil, so is MF to FA. 

And the doubles of the antecedents may be takm; 
therefore, as the double of LC is to CA, so is the doid>le of MF to FA. . 

But, as the double of MF is to FA, so is MF to the half of FA ; 
therefore also, as the double of LC is to CA, so is MF to the half of FA. 

And the halves of the ccmsequents may be taken; 
therefore, as the double of LC is to the half of CA , so is MF to the fourth of FA. 
And DC is double of LC, CM is half of CA, and FK a fourth part of FA{ 
therefore, as DC is to CM, so is MF to FK. 

Componendo also, as the sum of DC, CM is to CM, so is MK to KF; [v. 
therefore also, as the square on the sum of DC, CM is to the square on CM, so 
is the square on MK to the square on KF. 

And since, when the straight line subtending two ades of the pentagon, as 
AC, is out in extreme and mean ratio, the greater segment is equd to the side 
of the pentagon, that is, to DC, -{xun 8] 

while the square on the greater segment added to tlie half of the whole is five 
times the square on the half of the w’hole, [xni. 1] 

and CM is half of the whole AC, 

therefore the square on DC, CM taken as one strai^t line is five times the 
square on CM. 

But it was proved that, as the square on DC, CM taken as one straight line is 
to the square on CM, so is the square on MK to the square on KF-, 
therefore the square on MK is five times the square on KF. 

But the square on KF is rational, 

for the diameter is rational; 
therefore the square on MK is also rational; 
therefore MK is rational. 

And, since BF is quadruple of FK, 

therefore BK is five times KF; 

therefore the square on BK is twenty-five times the square on KF. 

But the square on MK is five times the square on KF; 

therefore the square on BK is five times the square on KM; 
therefore the square oh BK has not to the square on KM the ratio whidh a 
square number has to a square number; ! ' 

therefore BK is incomn^nsuraMe in length witii KM. {x. 9] 
And each of them is rational. 

Therefore BK, KM are rational straight lines dommehsurable in square onl^. 
But, if from a rational straight line there be subtracted a raticn^ strait 
line which is commensurable witb the whole in square only, the remainder is 
irrational, namely an apotome; 

therefore JUB'is anapotomeand JflL theannextoit. .[x. 73] 

I say next that MB is also a fourth apotome. 

Let the ^uare on iV be^eqiud to that by whidi the square on BK is gnadter 
than the square cm iKAf; 

tiiereforetlmsqamie on Bkis greater than the wiuareiiniCitfbyi^ square oh JV. 
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oMnfxmendo aJbio, O » :|e» 1^ 
, 3ut BF is commeiisurable with BH; 

,thgt^^ BK iBalso oovameim.rahle mik Btt. .. [x. 12] 

And, sixice the square on BK is five timesjtbe square on, .. 
therefore the square on BK has to the square on KM the ratjo whieh &has to 1. 

Therefore, ’e&m>erterid«t, the square on BK has to the square bn N the ratio 
which 5 has to 4 [v. 19, PorJ, and this isixot the ratio whkh a square number 
has to a square number; 

therefore is incommensurable with AT; . . .()z. 9] 

themfore the square on BK is greater than the square on KM by the square m. 
a strai^t line mccnnmensuiable with BK. 

Since then the square on the whde BK is greater tiian the square on the an- 
nex KM by the square on a straight line incommensurable with BK,.. i 
and the whole BK is commensurable with the rational straight line, SAyset 
out, \ 

thffl^ore MB is a fourth apotome, [x. Deff. 4] 
' But the rectangle contained by a rational straiiht line and a fourth apotome 
is irrational, ^ 

and its square root is irrational, and is called minor. [x, 94] 
But the square on AB is equal to the rectangle HB, BM, 
because, when AH is jdned, tte triangle ABH is equiangular with the triangle 
ABAf, and, as is to £A, so is AJB to 
Therefore the ade AB of the pentagon is the irrational straight line called 
nuam*. q. b. n, 

Propobition 12 

7/ an equModeral triangle be inscribed in a circle, the square an the side of Ute tri- 
angle is triple of the square on the radius of (he drde. 

Let ABC be a circle, 

and let the equilateral triani^ ABC be inscribed in it; 

I say that the square on one side of the trianid^' 

ABC is triple of the square on tfae radius of >thecircle« 

For list the centre b oi the cirOle ABC be taken, . 
let AD be joined and carried through, to B, 

and let BB be joined 

Thtn, anoe Ihe triangle ABC is equilateral, 
therefore the circumference BBC is a third part of 
the ekounifereiiffie oi the drcle ABC. 

Therefore the circumference BE is a axth part ot. 
the einnunferenceof-tlM'eijiroIe; . . . / 
therefore the straiqihtlBM BB belongs toA hexagcm; u’: ^ 

it is equal to the radius I2B.I, . •• [ly. lfii,ForJ 

And, sinoe AB is double of 7)B, . 

Hie square on AB is qaadniiHe of Hkesqpaie:on BD/lhfltis, of Ahe square mr 
BB. . ■ . )■> •• ij w- . 'V (1 ■ ■' ' 

':':''^kutthe8quare'en;ABiiiet]aaltotheii9quates!on.AB',BB}:. . i,i47] 

. ilhmefore the squares on AB, BE are quad^ple of ths.MitMiet'OaiBBxi'' >>> ': 

V mqfma on AB is<4i3|>le Sl>tbe«gpsie^BJ|>.i'.'> > 
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therefore ^ square on AB is triple oi the square on <' ■ ^ - ! 
Therefore the ^qiiave ooL-the ride of the isibipie'rtf'tiie square ou'the 

tSdilSEL ' ••■. -i. 

, , , 'P^o?oi^tT^ir lj3 , “ . j , 

To conatmd o pyriamd^ lo oampreheiid it ina<gistn'aiphenyt<mi to prore fbA'>iho 
ogmre on tke didmeiero/tke tphere isone dTidoha^timeot^ tquareonOie aiitiiif 
the ‘pyramid. , . , 

Let the idiaoaet^ AB df the given sphere heiiet out, 

and letit be out’at the pwint Cso that idC is'double of CB; 

let the. sfflnicifole ADB be described: on' 

.let CDi be ikawn from the print C at right angtes to AB, 

. and let iDil be joined; < 

let the circle EFG which has its radius equal to'DC be set out/ - 
let the equilateral '.triangle EFQ be inscribed in 'rile circle EFQ, [rv. 2] 
let the centro'of tte circle, the print H, be taken, [m. 1] 
let flF, HG be. joined; : 

from the point if let HK be set up at right an^s to the plane of the (%sle 
EFQ, > [xi, 12] 

let HK equal to the straight line .dC be Out oS from HK, i i* 
and let fi*, JCG be joined. . . 



Now, iddao KH is at r^^t an|^es to rim placne df the drele EFQ, r 
tbeieforeit wiU also make right angles withaU;the 8trai(^lmeB wfaich .ioeieh it 
£U;dare in tbe'plane of thedrcte'^FG. .> '.'On. Osf. 3] 

But each of the straight lines HE, HF, HO meets it: : » . 

therefore Bfii isat rig^t ‘angles tb each ri riw straight hnes HE; HF, ;HOi 
And, since AC is equal to HK, and ODioMEi ■ 

and they contrin right angles, 

therefore the base DA^U equal to the base KE. [ 1 . 4] 

■■ibp'-the'same reasott . .u;-...' . 'ai ■ -.s'u ■: . 

each of the storight lines KF, KO is also equal to DA; ‘ ' 
riiraefore the three straight lines£ir, KF^&QoeeeoqF^'ta'Oyo another^ i 
And, since AC is double of , .-i 'V.' 

thrisian’dBae 1i^do'oi<EO% ' : : 


m mcuD 

But, as AB is to BC, so is the square on AD to tl^ slquarh^ DC, iss wQl' be 
proved afterwards, 

. > Hierefore the square on AD is triple of the square on DC, 

But the square on FE is also triple of the square on EH, [xm. 12} 

and DC is equal to EH ; 
therefore DA is also equal to EF. 

But DA was proved eqdal to each of the straight lines KE, KF, KG’, 
therefore each of the straight lines EF, FQ, GE is also equid to each of the 
strfught lines KE, KF, KG; 

therefore the four triang^ EFG, KEF, KFG, KEG are equilateral. . 

Therefore a psrramid has been constructed out of four equilateral triangles, 
the triangle EFG being its base and the point K its vertex. 

It is next required to comprehend it in the gi^n sphere and to prove that 
the square on the diameter ol tiie sidbere is one and a half times the square on 
the side of the pyramid. 

For let the straight line HL be produced in a straight line with KH, 
and let HL made equal to CB. 

Now, rince, as AC is to CD, so is CD to CB, [vl. 8, For.] 

while 4^C is equal to KH, CD to HE, and CB to HL, ^ 

therefore, as KH is to HE, so is EH to HL; 
therefore the rectangle KH, HL is equal to the square cm EH. [vi. 17] 

And each of the angles KHE, EHL is right; 
therefore the semicircle described on KL will pass through E also. 

[cf. VI. 8, HI. 31] 

If then, KL renuuning fixed, the semicircle be carried round and restored to 
the same position from which it began to be moved, it will also pass through 
the points F,G, ‘ 

since, if FL, LG be joined, the angles at F, G similarly become right angles; 
and the pyramid wall be comprehended in the given sphere. 

For KL, the diameter of the sphere, is equal to the diameter AB of the given 
sphere,: inasmuch ^ KH w^ made equal to AC, and HL to CB. 

I say next that the square on the diameter of the sphere is one and a half 
times the square on the side of the pyramid. 

For, since AC is double of CB, 

therefore AB is triple of BC; 
and, convertendo, BA is one and a half times AC. 

But, as BA is to AC, so is tlm square on BA to tiie square on AD. 

) i llierefore the square on BA is also one and a half times the square on AD. 

And BA is the diameter of the ^ven sphere, and AD is equal to the ride of 
the pyramid. 

'literefore thesquase on the diameter of liie sphere~i8 one and a half times 
the square on the side of the i^namid.' q. e. d, 

' ' Leioia. 

It is to be proved that, as AB is to BC, so is the square on AD to the square 
on DC. 

For 1^ the figure of the smnirircle be s^t .out, 

let DB be joined, ' 

let the riituae BC be deser&ed on AC, 
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. andMtiiepamlfeloigrainF^beeomideited. ' 

Smq&then, because the triangle DAB is equiangulap tbetrian^ £U|C, 

as ^SA is to AD, so is Dilito tvi. 8, VI. 4] 
theref(»8 the reetaagle DA, AC is equal to 
the square on AD, . . ; ![V 31 . 37] 

And since, as AD is to DC, so is EB to DF, 

[VI. 1] 

and EB is the rectangle DA, AC, loif EA is 
equal to AC, 

and DF is the rectangle AC, CD, < 
therefore, las AD is to DC,80 is the rectai^te 
DA, AC to the rectangle AC, CD.' 

And the rectangle DA; AC is equal to the 
square on AD,. and the rectangle AC, CD tb 
the square on DC, 

for the .perpendicular DC is a mean propor- 
tional between the segments AC, CD of the 
base, because the angle ADD is right. [vi. 8, D>r.] 

Therefore, as AD is to DC, so is the square on AD to the square on DC.^ 

Q. s. B. i- ' 

PboposiiIon 14 



To conitmct an octahedron and comprehend it in a sphere^ cuinihe preceding ease; 
and to prove that the square on the diameter of the sphere is double of the sgruere on 
the side of the octahedron. 

Let the diameter AD of the given sphere be set out, 
and let it be bisected at C; 

let the semicircle ADD be described on* AD, <,/ 

let CD be drawn from C at right angles to AD« 

let DD be joined; < ; 

let the square EFOH, having each of its sides equal to DD, be set out, 
let DF, DC be joined, 

from the point K let the strai^t line KL be set up at riid^t tmgles to the plane 
of the square EFGH [xi. 12], and let it.be carried tbroUS^ to the oth» sidq of 
the plane, as Dilf ; 

from the straight lines KL, KM let KL, KM be respectively cut off equal to 
one of the straight Unes.DX, FD, CD, DD, ' i 

and let LE, LF, LO, LH, 
MM, MF, MG, \MH / he 
jtwed: . 

. Then, since KE is ei|aal 

tt<^KM, ! 

and rise an^DDD ig ri^tj 
therefore the square on HE 
is double of tire square on 
EKt. •' {t, 41^ 

. Ag(dn,.Binee DD.is.eqpial 
toDD, 




and thfi angle, ii, 
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therrfora dm SL « d'^:i^««l iliiitjiiiium^ EK. [Al.] 

Ba^Hie Bqttaai^idk'lff was also proved doid)!»«sif4be Mpiace oa JfK;. i " 
r - . I^er^cm’tiis squaro oa lE -m muid to the square on EU; 

>>; , : ’ ' Ii^telore I/E %' equal to 

: . For the Beabk reason ' . ' 

' Lff is also equal- to HE; , .' \ 

therefore the triangle LEH is eqdijateral 
SunihuAy we-eua {dwve'that dach dT the- remaining triangles of whidx the 
sides of the square EFGH are the bases, and thep^ts L, M-th&v&etaeeB, is 
equilateral; ' , ,, ■ , 

1lierd<ae {Ui octahedron has be^ oonstnieted which is ccmtiined by eight equi- 
lateral- triangtes; - I I 

It is next reqtured td cominrehend it m'the^^ven spherej and to prove that 
the square on the diaimter of the sphere is-double of the square on theiside i»f 
the octahedrcai. ;- > ■ i \ 

F<X!, since the three istrai^t lines LKi KM; KE alTe equal to one anotner, 
therefore the seamcircle described' On- EM wUl also pass throu^ e\ 

And for the same reason, . : . . , , • . w \ 

if, EM renuuini]^ fixed, tiie semidrtde be' carried' round ind restored to the 
same podtion from which it began to be moved, 

it will also pass through the points F, G, H, 
and the octahedron will have been comprehended in a sphere. 

I say next that it is also comprehended in the given sphere. ' 

For, since LK is equal to' EM, 

while KE is common, 

•hnd they conttdn ri^t angles, • •’ 

therefore the base LE is equal to the base EM. [l. 4] 

And, dnce the angle' EEM is r^ht, lor it is in a -semicircle, [m. 31] 

therefore the squfue onXM is double of the square* on LE. [i. 47] 
A|^, once AC is equal to CB, 

AE is double EC. 

I But, as AB is to EC, so is the squAre -bn 'AB to the square on ED; 

>> ' therefore the square on AE is doublb of the square bn ED. 

' But ^ square on"£M was also proved douMe of the square on LE. 

And the square on DE is equal to the square on LE, for EH whs made equal 

toDE.'-' ■ ^ ■' '■ - i:;- ■' ' 

l^refore the square on AE is also equal to the squase on LM; - 
' , . ^efefore AE is eqqal to LM. 

■And AE is the diainetef of the pv^ s^ere; 

therefore LM^equalito the (bhmbtorbf the givensj^re. 

-- mieiefcse the Octchedron ha8\been cOmprihended In thcT ^yenlspherSKand 
it has bem demonstrd^ ait the samb/time t^tl the sqitsre on thq diamet^pf 
tliSOthetb is'double df’the>square cm the' side of the cdtahedron.; q. e. n. 

-f, . P»oi»o(fcrtiow'lLfi| j - -- y 

ffSs sSnsfr^ a cube and, ceviil^ehf^ like the pyramid; and to prone 

of 'the apheiv ts trijw of ihe square on the tide of the 
eube. _ 

^ Let ihe diameter AE(tf^|^vte'^nphkbba<Sbl>Mtt, 
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let the eemioircle ADS be deeeribed <rti AS, 
let CD be dntwn itam C mt rlg^t aa#es to AS, 
and let DB be joined; 

let the square EFOH having its si^ equal to DB be set out, 
frun E, F, i}, H let EK, FL, DM, HN be drawn at rig^t ang^ to the plane tit 
tile square EFOH, 

from EK, FL, OM, HN let EK, FL, QM, HN respectively be cut off equd to 
one of the straight lines EF, FO, OH, HE, 

and let KL, LM, MN, NK be joined; 

therefore the cube FN has been oon^brUcted whieh is etmtained by six equal 
squares. 


It is then required to com- 
prehenditin the givensphere, 
and to prove that the square 
on the diameter of the sphere 
is triple of the square on the 
side of the cube. 

For let KO, EO be joined* 
Then, dnce the angle KEO 
is right, because KE is also at 
right angles to the plane EO 
[XI. Def. 3] 

therefore the semicircle described on KO will also pass through the p(mt E. 
Again, since OF is at right angles to each of the stiaight lines FL, FE, 

Of is also at right angles to the plane FK; 
hence also, if we join FK, OF will be at right angles to FK ; 
and for this reason again the semicircle described on OK will also pass 

through F. 

Similarly it will also pass through the remaining angular pdnts of the cube. 
If then, KG remaining fixed, the semicircle be carri^ round and restored to 
the same position from which it began to be moved, 

the cube will be comprehended in a sphere. 

I say next that it is also comprehended in the given sphere. 

For, since OF is equal to FE, 

and the angle at F is right, 

therafore the square on BO is double of the square on EF. 

But EF is equal -to EK; 

therefore the square on EO is double of the square on EK; 
hence the squares <m OE, EK, tiiat is the square on OK [i. 4?}, is triple tit the 



and of course to the straight line EO also. 


square cm EK. 

And, since AB is triple of BC, ‘ 

wMe, as AB is to BC, so is the square on AB to’tire^squaoe on BD. • 
therefore the square on AB is triffie of tiie square titi BD. 

But the sqtunb caxDSC tote also proved triple at the mi^une Oh KE. 
J^l^KB‘titis^iia^titi'eq!MlitiDBt ' 

therefore KO is also eqtud' to AB. 

' Ahd AB is the diasneter of tibe i^vtii splstre; 

therefore KO is also equal to the ^iametw tit the given sfdiere. 
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Therefore the^cube has been eomprehended in theipvea iq&m; and it has 
been demonstrated at the same time that the square cm the diameter of the 
sphere is triple of the square on the tide the. cube. q. e. d. 

Proposition 16 

To eoHstruct an icosahedron and comjrrehend it in a sphere, like the ctforesadd 
figures; and to prove that the side of the icosahedron is die irrational straight line 
called minor. 

Let the diameter AB of the given sphere be set out, 

and let it be cut at C so that dCiis quadruple of CB, 
let the semicircle ADB be described on AB, 
let the straight line CD be drawn from C at right angles to AB, 



let the circle EFGHI^. be set out and let its radius be equal to DB, 
tet the equilateral and equiangular pentagon EFGHK be inscribed in the circle 
EFGHK , , 

let the circumferences EF, FG, GH, HK, KE be bisected at the pmnts L, M, 
N, 0,P, 

and let LM, MN, NO, OP, PL, EP be joined. 

Then^ore tiie pentagon L^NOP is also equilateral, 

and-^ strtis^t line EP beionga to a decagmu. 

Now from the points E, F, G, H, K let tbs stnught lines FB, GS, HT, 
KU be set up at right angles to the plane of.ti^e circle, and let them be eiqual 
to the radius of the ciide EFGHK, 

M QR, RS, ST, TU, UQ, QL, LR, BM, MS, SN, NT, TQ, QU, UP, PQ/he 


a. e 
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Now, once each ci the strai^t Unes EQ, KV. b at rif^t aogleB to the same 
plane, 

therefore EQ is parallel to KU^ [xi. 6] 

But it is also equal to it; 

and the stnught lines joining those extremities cS equal and parallel straight 
lines which are in the same direction are equal and pm'allel. [i. 33] 

Therefore QU is equal and parallel to EK. 

But EK belongs to an equilateral pentag<m; 
therefore QU also belongs to the equilati^ pentagon inscribed in the circle 
EFGHK. 

For the same reason 

each of the straight lines QB, RS, ST, TU also belonp to the equilateral pen- 
tagon inscribed in the circle 

therefore the pentagon QRSTU is equilateral. 

And, since QE belongs to a hexagon, 

and EP to a decagon, 
and the angle QEP is ri^t, 
tlwrefore QP belongs to a pentagon; 

for the square on the side of the pentagon is equal to the square on the side of 
the hexagon and the square on the side of the decagon inscribed in the same 
circle. [xui. 10] 

For the same reason 

PU is also a side of a pentagon. 

But QU also belot^ to a pentagon; 

therefore the triangle QPU is equilateral. 

For the same reason 

each of the triangles QLB, RMS, SNT, TOU is also equilateral. 

And, since each of the straight hues QL, QP was proved to belong to a pen- 
tagon, 

and LP also belongs to a pentagon, 
therefore the triangle QLP is equilateral. 

For the same reason 

. each of the triangles LBM, MSN, NTO, OUP is also equilateral. 

Let the centre of the circle EFOHK, the point V, be taken; 

from V let VZ be set up at right migles to the plane of the circle, 
let it be produced in the other directitm, as FX, 
let there be cut off VW, the side of a hexagon, and each of the struct linra 
VX, WZ, being sides of a decagon, 

and let QZ, QW, UZ, EV, LV, LX, XM be joined. 

Now, since each of the straight lines FW, QE is at right angles to the plane 
of the circle, 

. therefore VW is parallel to QE. [xi. 6] 

But they are also equal; 

therefore EV, QW are also equal and paraUeL [L 33] 

Qut EV belongs to a hexagon; 

ti^fcoe Q1F also belongs, to a hmiagmi. 

And, ano&<]TF belong to a hexagon, . 

> . and IFZ to«d<!<iago^ 

and-the angle QIF? is ri^t, . , . . . 



^¥efoi«0^b^oiigi»1k>ii''pentas^. ' •'Ixm.lO] 

For the same reason 

UZ also belongs to a t)entagon, 

inasmuch as, if we join VKy WUj they will be equal and opposite,- and 
being a radius, belongs to a hexagon; [iv. 15, Pori] 

therefore TFC/ also belongs to a hexagon. 

But WZ belongs to a decagon, 

and the asigle UWZ is right; ' . . 

therefore f/Z belongs to a pentagon. [xiii. 1(Q 

But QU also belongs to a pentagon; ‘ 

therefore the triangle Q17Z is equilateral. 

For the same reason ^ * 

each of the remaining triangles of which tl^ sticajight lines QIS, ST, T/J aire 
the bases, and the point Z the vertex, is also equiktteral. 

Again, since VL belongs to a hexagon, 

and VX to a decagon, 
and the angle LVX is right, 

therefore LX belongs to a pentagon. [xiiA 10] 

For the same reason, ^ 

if we join MV, tirhich belongs to a hexagon, 

MX is also inferred to belong to a pentagon. 

But LM also belongs to a pentagon; 

therefore the triangle LMX is equilateral. 

Similarly it can be proved that each of the remaining triangles of which MN, 
NO, OP, PL are the bases, and the point X the vertex, is also equilateral^ 
Therefore an icosahedron has been constructecl which is contained by tweiity 
equilateral triangles. 

It is next required to eoknprehend it in the given sphere, and to prove that 
the side of the icosahedron is the irrational straight line called minor. 

For, since VW belongs to a hexagon, 

and WZ to a decagon, 

therefore VZ has been cut in extreme and mean ratio at W, 

and VW is its greater i^gment; [xiii. 9] 

therefore as ZV is to VW, So is VW to WZ. 

But VW is equal to VE, and WZ to VX] 

therefore, as is to VE, so is EV to VX. 

And the an^es arS ri^t; 

therefore, if we join the straight line EZ, tbS angle XEZ will be ri^t becaosS 
of the similarity of the triangles XEZ^ VEZ. 

Fbr the same reasK^, ' ■ 

since, as ZV is to VW, so is VW to WZ, 
and ZV h equal to XW, 'and VW to WQ, 
therefore, as XW is to WQ, bo is QW to WZ'. . . v 
' And for this r^5n again, » 

if we j<rin QX, the an^e at wpl be ' ' * fvtJ 8] 

therefore the semicircle dSi^bed bh idso' ^iiss Q. [m. 31] 

And if, XZ remaining fixed, the serniiSnste^be^aaried'^ reStoii^ to 

the same position from which it beg&ii to beihoyed, it will also pass throu^ Q 
• Ihid the xemaining angular pcdnts^^ihe'ISOBali^^^ 
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and the icoeahedroD- .viU:have heileto ctth{HMhei)ded in a Bidi«re. 
i say. nNct (that.H t8.fd8n enmpiebaided in the livan aphnn.' . 

For let 7TF be bisected at A'. 

Then, since tfasatni^t line VZ has been cut ih exHeme and mean ratio at 
and ZW b its lesser se^nent, 

therefore the square on ZW added to the half of the greater segment, that is 
WA', is five times .the-equare oh the half ‘of tite greater segment; [xni. 3] 
t^refore the square on ZA' is five times Ite square on A'W. 

And XX is double of ZA', and VW double of A'TF ; - 

iherefoie'the sqqare on ZX is five times the square on WV., 

And, Gpince AC is quadrqple of CB, , . ■ 

th^fbre AB is five times BC. 

But, air AB is to BC, so is the square on AB to the square cm Bi>; 

[vi. 8, V. Def. 9] 

therefore the square on AB is five times the square on BD> 

But the square on ZX. was also proved to be five times the square oh FiF. 
And DB is equal to VW, 

for each at them is equal to the radius of the circle EFGHK; 
therefore AB is also equal to XZ. 

And AB is the diameter of ^e given sphere; 

; therefore XZ is also equal to the diameter of the given sphere; 
Therefore the icosahedron has been comprehended in the given sphere. 

I say next that tiie side of the icosahe^on is the irrational strai^t line 
called minor. ; 

For, since the diameter of the sphere is rational, 
and the square on it is five times the square on the radiusof thecircleBFCBiC, 
therefore the radius of the circle EFOHK is also rational; 

. hence its diameter is also rational. 

But, if an equilateral pentagon be inscribed in a drde which has its diameter 
rational, the side of the. pmitagon is the irrational straight line called minor. 

[km. 11] 

And the side of the pentagon EFOHK is the sicb of. the icoeahedron. 
Therefore the side of the icosahedron is the irrational straight line called 
minor. ' . ■ 'i. 

PoBiSM. From this it is manifest that the; squaae on the diameter oS the 
sphere is five times the squaiie. on.the radius of the cirde from rdiioh the icOsar 
hedron has been described, and that thetdiameter of the sihme is emnpqsedl of 
the side of the .hemgon end two of the^ddes Of the deoagOn inserfijed m'the 
same circle. , , , . . r 4 .,b. d. .. 

To construd a dodecahedron and comprehend it in a sphere, Uike<lfi0 
figures, cmd to prove, '^wt ihe side cif tfift'dadecolutbron ix^ ifniuional draight line 

Let A^D, CB^, two pdanea.of .H^e-afoieBaidiCube et fii^t angles to one 
another, be set out, .'.■i'" 't rniv. -i '\V. : -.A 

^tih^ sides 4H,\EK^flD^DAi EF, EB, if C be biseeted pt0^H^K, L, M, N, O 
r8qj)^ively, '%'■ i 
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let OK, HL, ME, NO be joined. 

let the straight Unes NP, PO, HQ be cut in extreme and mean ratio at the 
points B, 8, T respectively, 

and let BP, PS, TQ be their greater segments; 
from Ibe points B, 8, T let BU, SV, TW be set up at ri^t angles to the planes 
of the cube towai^ the outude of the cube, 

let them be made equal to BP, PS, TQ, 
and let UB, BW, WC, CV, VU be joined. 

I say that the pentagon UBWCV 
is equilateral, and in one plane, and is 
further equiangular. 

For let BB, SB, VB be joined. 

Then, since the straight line NP has 
been cut in extreme and mean ratio 
at B, 

and BP is the greater segment, 
therefore the squares on PN, NB are 
triple of the square on BP. [xin. 4] 

But PN is equal to NB, and PB to 
BU; 

therefore the squares on BN, NB are 
triple of the square oaBU. 

But the square on BB is equal to the 
squares on BN, NB; [i. 47] 

therefore the square on BB is triple of 
the square on BU; 

hence the squares on BB, BU are quad- 
ruple of the square on BU. 

But the square on BU is equal to the squares on BB, BU; 

therefore the square on BU is quadruple of the square on BU; 
therefore BU is double of BU. 

But VU is also double of UB, 

inaranuch as is also double of PB, that is, of BU; 
therefore BU is equal to UV. 

Similarly it can be proved that each of the straight lines BW, WC, CV is 
also equal to each of the straight lines BU, UV. 

Therefore the pentagon BUVCW is equilateral. 

I say next that it is also in one plane. 

For let PX be drawn from P parallel to each oi the straight lines BU, SV 
and towards the outside of the cube, and let XH, HW.he joined; 

I say that XHW is a strught line. 

For, since HQ has been cut in extreme and inean ratio at T, and QT is its 
greater segment, 

therefore, as HQ is to QT, so is QT to TH. 

But HQ u equal to HP, and QT to each of the straight lines TW, PX; 

ther^ore, as HP is to PX, so is WT to TH. 

And HP is parallel to TW, 

for each them is at rig^t angles to the plane'BD; ^ 

and TH is parallel to PX, 
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for eacli of tb^ is at ri^t ai^^ to tibe {dane BF. '[id.] 

But if two triangles, as XPH, HTW, which have two sides proportional to 
two ffldes be placed tc^ther at one angle so that their corresponding ndes are 
also parallel, 

the remaining straight lines will be in a straight line; [vi. 32] 

. therefore XH is in a straight line with HW. 

But every straight line is in one plane; [xt. 1] 

therefore the pentagon UBWCV is in one plane. 

I say next that it is also equiangular. 

For, since the strai^t line NP has been out in extreme and mean ratio at 
R, and PR is the greater segment, 

while PR is equal to PS, 

therefore NS has also been cut in extreme and mean ratio at P, 

and NP is the greater segment; [xin. 5] 

therefore the squares on NS, SP are triple of the square on NP. [xin. 4] 

But NP is equal to NB, and PS to SV ; 

therefore the squares on NS, SV are triple of the square on NB; 
hence the squares on VS, SN, NB are quadruple of the square on NB. 

But the square on SB is equal to the squares on SN, NB; 
therefore the squares on BS, SV, that is, the square on BV — ^for the angle Vi§B 
is right — is quadruple of the square on NB; 

therefore VB is double of BN. 

But BC is also double of BN ; 

therefore BV is equal to BC. 

And, tince the two sides BU, UV are equal to the two sides BW, WC, 
and the base BV is equal to the base BC, 
therefore the angle BUV is equal to the angle BWC. [i. 8] 

Similarly we can prove that the angle UVC is also equal to the angle BWC; 
therefore the tiiree angles BWC, BUV, VVC are equal to one another. 

But if in an equilateral pentagon three angles are equal to one another, the 
pentagcm will be equiangular, [xm. 7] 

therefore the pentagon BUVCW is equiangular. 

And it was also proved equilateral; 

therefore the pentagon BUVCW is equilater^ and equiangular, and it is on 
one side BC of the cube. 

Therefore, if we make the same construction in the case of each of the twelve 
tides of the cube, 

a solid figure will have been constructed which is contained by twelve equi- 
lateral and equiangular pentagcms, and which is called a dodecahedron. 

It is then required to comprehend it in the given sphere, and to prove that 
the tide of the dodecahedron is the irrational straight line called apotomei 

For let XP be produced, and let the produced straight line be XZ; 
therefore PZ meets the diameter of the cube, and they bisect one another, 
for this has been proved in the last theonoa but one of the eleventh book. 

[XI. 38] 

Let them cut at Z; 

therefore Z is the centre of the sphere which comprehends the cube, 
and ZP is half of the side of the cube. 

. Let be joined. 
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Now, since tiie stea^ht line ^M'lS fans' been eat in' extreme' and mean ratio 

a*P, ^ 

and NP is its greater segm^ti . 

therefore the squares on NS, SP are triple of the square on NP. ■ [xin. 4] 
But NS is equal to XZ, 

inasmudi ae NP is alsoequal to PZ, and XP to PS. 

But further, PS is also equal to XU^ 

since it is also eqmd to BP; 

therefore the squares on ZX, XU axe triple of tiie square on NP. 

But tlw square oa-UZ is equal to the squares on ZX, XU ; 

therefore the square on UZ is triple of the square on NP^ 

Bni the square on the radius of the sphere whidi comprehends the cube is 
also trii^e of the square on the half of the side of the cube, , 

for it has previously been titown how to constnibt a cube and comprehend it in 
a sphere, and to prove that the square on the diameter of the si^ere is triple of 
the square on the side of the cute. [xin. 15] 

But, if whole is so related to whole, so is half to half also; \ 

and NP is half of the side tire cute; ' \ 

therefore UZ is equal to the radius of the sphere which comprehends tire cuW. 
And Z is the centre of the sphere which comprehends the cube; 

therefore the point 17 is on tire surface of the sphere. 

Similarly we can prove that each of the remaining angles of the dodecahe- 
dron is also on the surface of the sphere; 

therefore the dodecahedron has been comprehended in the given sphere. 

1 say next that the ade of the dodecahedron is the irrational strai^t line 
called apotome. 

For since, when NP has been cut in extreme and mean ratio, BP is the great- 
er segment, 

and, when PO has been cut in extreme and mean ratio, PS is tire greater seg- 
ment, 

therefore, when the whole NO is cut in extreme and mean ratio, BS is tire great- 
er segment. 

[Thus, since, as NP is to PJB, so is PB to BN, 

the same is true of the doubles alsoy 
for parts have the same ratio as their equimnltiides; [Y. 15] 
therefwe as NO is to BS, bo is BS to tire sum of NB, SO. 

But NO is greater than BS; 

tiierefore BS is also greater than tire sum of NB, SO; 

. ther^ore NO has been out in extreme and mten ratio, 
and ii£l is its greater sepoent.] 

But i2£l is equal to I/F; ' 

therefore, whenNOis cut in extreme and mean ratio, {/Fwtfae greater segment. 
. And, since the diamster of the sphere is ratimial, 

and the square on it -is triple of the square on the side of tbeeubey' 
therefore NO, being a side of the cute, is ratioiral. 

(But if a ratiotrai line be cut in extreme and mean ratio, earir ef the segments 
is an kiational . t ! > - 

Therefore OF, being a ride tiie dodechbedron,’ is on irrational apotome. 

{xmid] 
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PoBiau. From this it is HMmifesfc that^ tvhfD t^o^de of the cube is cut in ex- 
treme and mean ratio, ,tho greater segment isjthe-side ijt the dodecahedron. 

Q« IS* D* 

’ PiTOPOsmpii is| ’ * , 

To set out ffie sides of (he five figures and to compare (hem wUh one anaSher, . 

Let AB, the diameter of the given sphere, be set out, ... 
and let it out at C so that AC is equal to 
CB, and at Z> so that AD is double of DB\ ■ 
let the semicircle AEB be described ou' AB, 
from C, D let CE, DF bet drawn at ri|^t 
angles to AB, 

and let AF, FB, EB be joined. 

Then, since AD is double of DB, 
therefore AB is triple BD. 

Convertendo, therefore, BA is one and a 
half times AD. 

But, as BA is to AD, so is the square on 
BA to the square on AF, |v, Def. &, vi. 8] 
for the triangle AFB is equiangular with 
the triangle AFD; 
therefore the square on BA is one and a half times the square oa AF. 

But the. square on tiie diameter of the sphere is also one and a half times the 
square on ti^ side of the pyramid. [xm. 13] 

And AB is the diameter of the sphere; 

therefore AF is equal to the tide of the pyramid. 

Again, since AD is double of DB, 

therefore AB is triple of BD. 

But, as AB is to BD, so is the square on AB to the square on BF; 

[VI. 8, V. Def. 9] 

therefore the square on AB is triple of the square on BF. 

But the square on the diameter of the sphere is also triple of the square on 
the tide of the cube. [xni. 16] 

And AB is the diameter of the sphere; 

therefore BF is the ti(te of tire cube. 

.And, tince AC is equal to CiB, . 

therefore AB. is double of BC. 

But, as AB is to BC, so is the square on AB to the sqimre on BE; . 

= therefore the square on AB is double of the square on BE. . 

Butthesquaie.on the, diameter pf .the iH>here is also double of the square on 
the tide of the octahedron. [xm. 14] 

. 1 And AB is the diameter of the given si^use; 

therefore BE is the. side of the octahedron. 

Next, let AC be drawn from the point. A at rig^t an^es to the straight line 
AB, ' ■ 

. kit AC be made equal to AB, 

. ,T , ' , Jet GC be, iicaned, . , 

.> ^andimmBletifiChe^wn.pmpendiculartoAB. 

Tl^tiniQe'C4..ki'4pub}e.ol-ACy. , . 
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for GA is equal to AB, 
and, as OA is to AC, so is HK to KC, 
therefore HK is also double of KC. 

Therefore the square on HK is quadruple of the square on KC; 
therefore the squares on HK, KC, that is, the square on HC, is five times the 
square on KC. 

But HC is equal to CB; 

therefore the square on BC is five times the square on CK. 

And, since AB is double of CB, 

and, in them, AD is double of DB, 
therefore the remainder BD is double of the remainder DC. 
Therefore BC is triple of CD; 

therefore the square on BC is nine times the square on CD. 

But the square on BC is five times the square on CK ; 

therefore the square on CK is greater than the square on CD; 
therefore CK is greater than CD. 

Let CL be made equal to CK, 

from L let LM be drawn at right angles to AB, 
and let MB be joined. 

Now, once the square on BC is five times the square on CK, 
and AB is double of BC, and KL double of CK, 
therefore the square on A B is five times the square on KL. 

But the square on the diameter of the sphere is also five times the square on 
the radius of the circle from which the icosahedron has been described. 

[xin. 16, Por.] 

And AB is the diameter of the sphere; 
therefore KL is the radius of the circle from which the icosahedron has been 
described; 

therefore KL is a side of the hexagon in the said circle. tiv. 16, Per.] 

And, since the diameter of the sphere is made up of the sid^^i the hexagon 
and two of the sides of the decagon inscribed in the same circle; 

[xin. 16, Por.] 

and AB is the diameter of the sphere, 
while KL is a side of the hexagon, 
and AK is equal to LB, 

therefore each of the straight lines AK, LB is a side of the decagon inscribed 
in the circle from which the icosahedron has been described. 

And, since LB belongs to a decagon, and ML to a hexagon, 
for ML is equal to KL, since it is also equal to HK, being the same distance 
from the centre, and each of the straight lines HK, KL is double of KC, 

therefore MB belongs to a pentagon. [xin. 10] 

But the side of the pentagon is the side of the icosahedron; [xm. 16] 

ther^cno MB belongs to the icosahedron. 

Now, since FB is a «de of the cube, 

let it be cut in extreme and mean ratio at N, 
and let NB be the greater segment; 
therefore NB is a side of the dodecahedron. [xm. 17, Por.] 
And, since the square on the diameter of the sphere was proved to be one and 
• a half times the square on the side AF of the pyramid, double of the square on 
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tte mde^E'ol tlie oetMieditmaiid ti^e.cifl^eade F£ ctf the'oub^t' ■ 
therefore, of parts of which the square on the diatteter oS the sphere oi^taina 
sut, the square on the side of the. pyramid, contains four, the square (Hi tii6it»te 
of the octahedron three, and the square on the ade of the cube twa 

Therefore tiie square oh tliM side of the pyramid is four-thirds of the squiue 
(m the side of the octahedron, and double of the square on the ade of the cube; 
and the square on the ade of the octahedron is (me and a half times tlm square 
on the side of the cube. 

The said ades, therefore, of the three figures, I mean the pyramid, the octa- 
hedron and the cube, are to one another in rational ‘ration. 

But the remaining two, I mean the Side of the icosahedron and the side of 
the dodecahedron, are aot in rational ratios either to one another or to the 
aforesaid sides; 

for they are irrational, the one bang minor [xin. 16] fmd the other an apotome' 
[xin, 17]. . 

That the side MB of the icosahedrmi is greater than the side NB of the do- 
decahedron we can prove thus, 

For, since the triangle FDB is equiangular with the triangle FAB, [vi. 8] 
proportionally, as DB is to BF, so is BF to BA. [vi.<41 

And, since the three straight lines are proportional, 
as the first is to the third, so is the square on the first to the square on the 
second; [v. Def. 9, vi. 20, For.] 

therefore, as DB is to BA, so is the square on DB to the square on BF', 
therefore, inversely, as AB is to BD, so is the square on FB to the square, on 
BD. 

But AB is triple of BD; 

therefore the square on FB is triple of the s(iuare on BD. 

But the square on AD is also quadruple of the square on DB, 
for AD is double of DB; 

therefore the square on AD is greater than the square on FB; 
therefore AD is greater than FB; 
therefore AL is by far greater than FB- . 

And, when AL is cut in extreme and mean ratio, 

KL is the greater segment, 

inasmuch as LK belongs to a hexagon, and. KA to*a decagon; [xni. 9] 

and, when FB is cut in extifme and .mean ratio, NB is the greater segment; 
ther^oie KL is i^eater than NB. 

But KL ia equal to LM; 

therefore LM is greater than NB. 

' Therefore MD, whichis a ol the icosahedroo, urby.far greater tham NB 

which is. a fflde oHhe dodecahedron. Q. n. d. 


I say next that no other figure, besides (he said fire figures, can be constructed 
which is contained by equilateral and equiangular figures equal to one another. 
For a solid angle cannot be c(mstructed with two triangles, or indeed planes. 
With three triangles the angle d the pyramid is constructed, witli four tire 
angle of the octahedron, and with five the angle of the icosahedron; 
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but a solid aixgle canned be foim^by^tdc(uUateid:«fiid^ 

placed together at one {x>mi> ’ ; - > ^ 

fbr, the an^e of the equilateral ttianlsle beuig two^thirds of a rij^t ang^, the 

six will be equal to four right attglea: 

whiob is imposfaibte, for any solid ang^ ia c^ntai^d by angles less than four 
rightianjsleB. fxi. 21} 

For the same teks6u^ -neither ean a eolid ang^ be constructed by more than 
six plane angles. 

By three sqtmres the angle of the dube is eentiUned, but by ibur it is impos- 
sible for a solid angles to be^eontained; ’> 

for they will ^ain be four right anglce* 

By three equilateral and equiangular pentagons the angle of the dodecar 
hedron is contained; ^ / 

but by four such it is impossible for any solid angle to be contained) ( 
for, the angle of the equilateral pentagon being a right angle and a fifthAthe 
four angles will be greater than four angles: \ 

which is impossible. \ 

Neither again will a solid angle be contained by other polygonal figures W 
reason of the same absiirdity. ^ 

Therefore etc. q. b. d. 

Lemma 


But that the angile of the e^ilatenU and equiangular pentagon ^ a right angle 
and a fifth we must prove thus. 

Let ABODE be an equilateral and equiangular pentagon, 
let the circle ABODE be circumscribed 
about it, 

let its centre F be taken, 
and let FA, FB, FO, FD^ FE be joined. 

Therefore they bisect the angles of the 
pentagon at A, B, 0, D, E: < 

And, since the angles at F are equal to 
four right angles and are equal, 
therefore one of them, as the migle AFB', is 
one right angle le& a Mih; 
therefore the remaiifin^ Angles FAB, AAF 
consist of one right iuoigle and a^fifthv 
But the angle FAB is equal to the angle 
FBO\ 



a fifth: 



THE WORKS OF ARCHIMEDES 
INCLUDING THE METHOD 




BIOGEAPHICAL NOTE 
A-RCHiMZiDBS, a. 287-212 b.c. 


AnicamsDBS was a citisest a(f Syracuse, in Sicily, where he was bom around the 
year 287 b.c. He was intimate with Hiero, King of Syracuse, and with bis son, 
Gelo, and Plutar^di says that he was related to than. In his Sand-Reclconer, 
which was dedicated to Qelo, Archimedes speaks of his father, Pheuhas, as an 
astronomer who investigated the sizes uid distances of the sun and moon. 

As a young man Archimedes seems to have spent some time in Egypt, where 
he invented the water-screw as a means of drawing water out of the Nile for 
irrigating the fielcb, though it is also said that he invented this machine to drain 
bilge water from a huge ship built for King Hiero. He may have studied with 
the pupils of Euclid in Alexandria. It was probably there that he made the 
friend^ip of Conon of Samos and Eratosthenes. To Conon he was in the haUt 
of communicating his discovmies before their publication, and it was for Era- 
tosthenes that he wrote the Method and throu^ him that he addressed the 
famous CatUe-Problem to the mathematicians of Alexandria— if the tradition is 
to be credited that associates Archimedes with this problem. After the death of 
Conon, Archimedes sent his discoveries to Coaon’s friend and pupil, Dositheus 
of Pelusium, to whom four of the extant treatises are dedicated. 

His mechanical inventions won great fame for Archimedes and figure largely 
in the traditions about him. After discovering the solution of the problem To 
move a given weight by a given force, he boasted to King Hiero: “Give me a place 
to stand on and I can move the earth.” Asked for a practical demonstration, he 
contrived a machine by which with the use of only one arm he drew out of the 
dock a large ship, laden with passengers and goods, which the combined strength 
of the Syracusans could scarcely move. From that day Hiero ordered that 
“Archimedes was to be believed in everything he might say.” At the long’s re- 
quest Archimedes then made for him catapults, battering rams, cranes, and 
many other en^es of war, which were later used with such success in the 
defense of Syracuse against the Romans that they were unable to take the city 
except by treachery. There is also a story in Lucian that Archimedes set fire 
to the Roman ships by an arrangement burning glasses. 

Although Archimedes acquired by his mechanical inventions “the renown of 
more than human sagacity,” according to Plutarch, he “woidd not deign to 
leave behind him any commentary or writing on such subjects,” rince he con- 
sidered them “sordid and ignoble.” He did, howevrr, write a description, now 
lost, of an apparatus, composed of concentric glass iq^etes moved by water 
power, representing the Eudoxian system of the world. This astronomical ma- 
chine, which survived to be seen and described by Cicero in his Republic, was 
sufficiently accurate to show the eclipses of the sun and the moon. Except for 
this lost work On Sphere-making, Archimedes wrote only on strictly mathemat- 
ical subjects. He took all the mathematical sciences for his province: arithme- 
tic, i^metry, astronomy, mechanics, and hydrostatics. Unlike Euclid and.^xd- 
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1(HUU8 he wrote no textbooks. Of his writings, althoi^ S(Hne have been lost, 
the most important have survived. 

The absorption of Archimedes in his mathematical investigations was so 
great that he forgot his food jfmd ne^^(^ Ips perepn, and when carried by 
force to the bath, Plutarch recbrdk, *'hC Used to trabe geometrical figures in the 
ashes of the fire and diagrams inijm ml on bis. body.f Asked by Hiero to dis- 
cover whether a goldsmith had alloyed with rilver the gold of his crown, Ar- 
chimedes found the aruwer while bathing by conridering the water displaced 
by his body, whereupon he is reported to ^ve run horned fak excitement with- 
out his clothes, riiouting,^!^r^” (I have found it); 

Archunedes* preoccupation with mathematics is Cven is^ to have been the 
cause of his death. In the general massacre which lolldwed the capture of Syra- 
cuse by Marcellns in 1112 b.c:; Archimedes waaeeintent upon a mathematical 
diagram that he took no notice, and when ordered by a soldier to’attend'the 
victorious gaoeral, he refused' Tmtil he should have solved his {tfoblem, where- 
upon he was slain by the enra^ soldier.' No^blame attaches to the Rcnoan 
geneittl,>Maimllu8, since he had' ^ven orden^ to spare tire house and person of 
ihe mathemlatioian, and in the midst of his trimnph he lamented the death d 
Archimedes, provided him wilh an' honorable burial, and befriended his snr- 
vivmg rdarives. In accordance with the expressed derire of Archimedes, his 
family and friends inscribed on his tdmb the figure of his favorite theorem, on 
the sphere and the circumscribed cylinder;' and the ratio of the containing solid 
to the contained. When 'CicerO was in Sicily as quaestor in 75 b.c., he dis- 
covered the neglected and forgotten tomb of Archimedes near the Agrigentine 
Gate and piously resttired it. 
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ON THE SPHERE AND CYLINDER 
BOOK ONE 


Abchihedes to Dositheus greeting 

“On a former occasion I sent you the investigations which I had to that 
time completed, including the proofs, showing that any segment bounded by a 
straight line and a section of a right-angled cone [a parabola] is four-thirds of 
the triangle which has the same base with the segment and equal height. Since 
then certain theorems not hitherto demonstrated have occurred to me, and I 
have worked out the proofs of them. They are these: first, that tixe surface of 
any sphere is four times its greatest circle; next, that the surface of any ail- 
ment of a sphere is equal to a circle whose radius is equal to the straight line 
drawn from the vertex of the segment to the circumference of the circle which 
is the base of the segment; and, further, that any cylinder having its base equal 
to the greatest circle of those in the sphere, and height equal to the diameter of 
the sphere, is itself [i.e. in content] half as large again as the sphere, and its 
surface also [including its bases] is half as large again as the surface of the 
sphere. Now these properties were dl along naturally inherent in the figures 
referred to, but remained unknown to those who were before my time engaged 
in the study of geometry. Having, however, now discovered that the proper- 
ties are true of these figures, I cannot feel any hesitation in setting them dde 
by ade both with my former investigations and with those of the theorems of 
Eudoxus on solids which are hdd to be most irrefragably established, namely, 
that any pyramid is one third.part of the prism which has the same basC' with 
the pyramid and equal height, and that any cone is one third part of the cylin- 
der which has the same base with the cone and equal height. For, though these 
properties also were naturally inherent in the figures all along, y$t they were in 
W unknown to all the many able geometers who lived before Eudoxus, and 
had not been observed by any one. Now, however, it will be open to those who 
possess the requisite ability to examine these discoveries of mine. They ought 
to have been published while Conon was still alive, for I should ccmceive that 
he would best have been able to grasp them and to pronounce iq)on them the 
appropriate verdict; but, as I judge it well to communicate them to those who 
are conversant with mathematics, I send them to you with the proofs written 
out, which it will be opmi to maithematimane to examine. Farew^. 

“I first set out the anoms and the assumptions which I have used for the 
proems of my proportions.” 
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DEFINITIONS 

1. “There are in a plane certain terminated bent lines, which either lie wholly 
on the same ade of the straight lines joining thar extremities, or have no part 
of them on the other ade.” 

2. “I apply the term c$nfiat>e in the same dovetion tQ line SDoh that, if any 
two pointe on it are taken, either all the straight lines connecting the points 
fall on the same side of the lin^ o>' some Lallan one and the same side while 
others fall on the line itself, but none on the other ade.” 

3. “Similarly also there are certain terminated surfaces, not themselves be- 

ing in a plane but having their extremities in a plane, and such that they will 
either be wholly on the same side of the plane containing their extremities, or 
haye no part of them on the other side.'* ’•*' | 

4. “I apply the term concern in the same direction to surfaces such that, if any 

two points on them are takai, the straight lines connecting the points eithw all 
fall on the same ade cS. the surface, or some fall on one and the same ade bf it 
brhile 8<nne fall upon it, but none on the other side.” \ 

5. ‘T use Uie term solid sedm^ when a cone cuts a splwre, and has its ape:i^at 
the centre c& the q>here, to denote the figure eomprehaided by the surface of 
the emte and the surface of the sphere included within the cone.” 

'6. *‘I apply the term solid rhombus, whai two cemes with the same base have 
their Ibices on opposite sides the plane of the base in such a position that 
their axes lie in a straight line, to denote the solid figure made up of both the 
cones.” 

ASSUMPTIONS ' 

1. aU tines mhiek home the same exirmiUes the straight tine is the leaol" 

2. “Of other lines in a plane and having the same extremities, [any two] such 
are unequal whenev^ both are concave in the same direction and one of them 
is either wholly' included between the other and'the strai^t line which has the 
same extrnmties with it, or is partly included by, and is partly common with, 
the other; and that [lihe] which is included is the lesser [<rf the two].” 

■ 3. “Similarly, irf Bdirfaoes which have the same extremities, if those extremi- 
ties are ih a phme, the plane is the least [in area].” 

' ' 4. “Of othw surfaces with the smue extreiMtie% the extremities being in a 
friane, [any two] such are unequal whenever both are concave in the same 
Toction and one surface is either wholly included between the other and the 
plane which has the saaxm extremities with it, or is partly included by, and 
partly common with, the other; and that [surface] which is mcluded is the lesser 
[pf the two in' area].” .* 

' ‘6. “Furtho^, of uneepml linesy unequal surfaeesy and unequal S(^ds, the 
jfpeaier exceeds the less such a magnitude as, whmi added toits^; can be 
nutde to exceed any aasipfed magnitude amoi% thosov^ch are comparable 
w4thfNi-aad with] one emother. • ' > - - . ' 

“These things bmg premised, if a polygon be inscr&ied in « cirde, it is plain 
Hud the perimeter of the inscribed polygon is less than the circumference of the 
cMs; for each of the sides of the polygon is less than that part of the circum- 
ference of the circle which is cut off by it.” 
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iS^osmoN I ! 

If a polygon ho mteumaeribei (Ao/uJl a eu«fe, Iko 
perimeter of the mrcumeeribed polygon i» gregter 
than the perimeter of the eirde, 

.■ Let t&y two a^acent odes, meeting 
touch the drole at P, Q lespeetively. 

Then [Aaeumptionef 2] 

PA+A0>(arc PQ). 

A dnulat: inequality holds for each angde of the 
polygon; and, by addition, the required result fd* 
lows, ■ 

PfeOPOsmoN 2 


Given two uneqtud magnitudee, it is possible to find two unequal straight lines such 
that the greater straight line has to ^ less a ratio less than the greater magnitude 
has to the less. 

Let AB,D represent the two unequal magnitudes, AB 
being the greater. 

^ Suppose BC measured along BA equal to D, and let GH be 

** ■ , any straight line. 

^ Then, if CA be added to itself a sufficient number of 

’ times, the sum will exceed O. Let AP be this sum, and take 

on GH produced such that GH is the same multiple of HB 
0 that AF is of AC. 

Thus EH:HG-^AC:AF. 

But, since AF>D (ot CB), 

B AC:AF<AC:CB. 

- _ Therefore, compohendo, 

® BG:GH<AB:D. 

Hence EG, GH are two lines satisfying the given condition. 


PbopOsition 3 

Given two unequal magnitudes and a circle, it is possible to inscribe a polygon in 
the circle and to describe another about 'it so that the side of the cirmmscribed poly- 
gon may have to the side cf the insaribed polygon a ratio less than Owl oj the greater 
magnitude to the less. 



' list'A, P<iepre8mit the|^y«n magmliiideB, A bdng ths gTMter/' 

' 2] two'Steai^it-lines P, KL, <jt wiich P is thsf^mttt; sueh'thM 
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Draw LM perpendicular to LK and of such length that KM^F. 

In the given circle let CE, DG be two difflneters at right angles. Then, bisect- 
ing the ang^e DOC, bisecting the half again, and so on, we shall arrive ulti- 
mately at an angle (as NOC) less than twice the angle LKM. 

Join JVC, which (by the construction) will be the side of a regular polygon 
inscribed in the circle. Let OP be the radius of the circle bisecting the angle 
NOC (and therefore bisecting JVC at right angles, in H, say), and let the tan- 
gent at P meet OC, ON produced in S, T respectively. 

Now, since Z. CON <2 Z LKM, 

ZHOC</.LKM, 
and the an^es at H, L are right; 

therefore MK : LK>OC : OH 
>OB -.OH. 

Hence ST:CN<MK:LK 

<F:LK; 

therefore, a fortiori, by (1), 

ST\CN<A .B. 

Thus two polygons are found satisfying the given condition. 

\ 

Proposition 4 

Again, given two unequal magnitvdes and a sector, it is possible to describe a p6ly~ 
jpn abovU the sector and to inscribe another in it so that the side of the drcimscrtbed 
polygon may have to the side of the inscribed polygon a ratio less than the greater 
magnitude has to the less. 

[The “inscribed polygon” found in this proposition is one which has for two 
rides the two radii bounding the sector, w^e the remaining rides (the number 
of which is, by construction, some power of 2) subtend equal parts of the arc of 
the sector; the “circumscribed polygon” is formed by the tangents parallel to 
the rides of the inscribed polygon and by the two bounding radii produced.] 


T 



In this case we make the same construction as in the last proposition except 
that we bisect the angle COD of the sector, instead of the right angle between 
two diameters, then bisect the half again, and so (m. The proof is exactly 
rimilar to the preceding one. 


Proposition 5 

Owen a circle and two unequal magnitudes, to describe a polygon dmd the drde 
(t^ insertbe andher in it, so that the drcumsadbed polygon may have to thein- 
,S^ttbed a ratio less than the greater-magnitude has to the less. 
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Let A be the pvoi drde and B, 
C the gtvea magnitudes, B beii% the 
greater. 

•Take two unequal straight hues 
D,' E, of which D is the greatw, 
such that D : E<B : C [Prop. 2], 
and let F be a mean proportional 
between D, E so that D is also 
greater than F. 

Describe <in the manner of Prop. 
3) one polygcm about tlie drde, 
and inscribe another in it, so that 
the side (tf the former has to the side 
d the latter a ratio less than the ratio D : F. 

Thus the duplicate ratio of the rade of the former polygon to the side d the 
latter is less than the ratio D* : F*. 

But the said duplicate ratio of the sides is equal to the ratio of the areas of 
the polygons, since they are similar; 

therefore the area of the circumscribed polygon has to the area of the in- 
scribed polygon a ratio less than the ratio D* : F^ or D : E, and a fortiori less 
than the ratio B : C. 



PnoposmoN 6 

“Similarly we can show that, given two unequal magnitudes and a s&stor, U ts 
possible to circumscribe a polygon about the sector and inscribe in it another similar 
one so that the circurnscribed may have to (he inscribed a ratio less than the greater 
magnitude has to the less. 

“And it is likewise clear that, if a circle or a sailor, as weU as a certain area, be 
given, it is possMe, by inscribing regular polygons in Ibe circle or sector, and by 
continually inscribing such in the remaining segments, to leave segments of the 
circle or sector which are [together^ less than the given area. For this is proved in 
the Elements [Eucl. xii. 2]. 

“But it is yet to be proved that^ given a circle or sector and an area, it 
is possible to describe a polygon about ^ circle or sector, such that the area re- 
maining between the circumference and the circumscribed figure is less than Uie 

given area." 

The proof for the circle (wluch^M 
Archimedes says, can be equaUy ai>- 
plied to a sector) is as follows. 

Let A be the given circle and£ the 
pven area. 

Now, there bring two unequal mag* 
Etudes A+B and A, let a pdygon 
(C) be cireumsoibed about rircle 
and a polygon (/) iraeiUjed in it [as in 
Prop. 6], 




so that 

C;I<A+B:A. 

The circumsctibed polj^jQB (C) jsbail be that required. 


(l>. 
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' For tiio drde (A) id greater than the inscribed polygon (I). 
l^refote, £r<Hn .( 1 ), a foiHeri, 

C ‘.A.K.A'^B i.A, 

whence • . C<A4-B, 

or C-—A<B. 


PnoposmoN? 

If in an isosceles cone (i.e. a right circular coTie] a pyramid be inscribed having an 
egu/UaUral base, tho surface of the pyramid excluding the base is equal to a triangle 
having its base equal to the perimeter of the base of the pyramid and its height eqwA 
to the perpendicular draton from theapex on one side of the base. 

Since tiie sides of the base of the pyramid ate'^ual, it follows that the per- 
pendiculars from the apex to all the sides of the b^ mre equal; and the pro(rf 
of the proposition is obvious. 


PnoposmoN 8 

If a pyramid be circumscribed about an isosceles cone, the surface of the pyrdpiid 
excluding its base is equal to a triangle having its base equal to the perimeter of the 
base of the pyramid and its height equal to the side [i.e. a generator] of Ote cone. 

The base of the pyramid is a polygon circumscribed about the circular base 
of the cone, and the line joining the apex of the cone or pyramid to the point 
of contact of any side of the polygon is perpendicular to that side. Also all 
these perpendiculars, being generators of the cone, are equal; whence the prop- 
osition follows immediately. I > 

PnoposmoN 9 

If in die circular base of an isosceles cone a chord be placed, and from its extremi- 
ties straight lines be draum to the apex of the cone, the triangle so formed wiU be less 
than the portion of the surface of the cone intercepted between the lines draum to die 
apex. 

Let ABC be the circular base of the cone, and 0 its apex. 

Draw a chord AB in the drde, and join OA, OB. Bisect the arc ACB in C, 
and join AC, BC, OC. 

Thai AOAC+AOBOAOAB. 

Let the excess of the sute of the first two triangles over the third be equal 
to the area D. 

Thai D is dthar less than ' 
the sum d the s^iments AEC, 

CFB, or not less. 

1. Let D be not less than the 
Binn of:'tlie segmaits referred 
to.'/''' , ' > ■ . ' 

'We have' now two smfoees 

(1) that ebtontin^; of ..tire- 

portion OAEC of the surface 
of the cone together with the 
felnent AEC, and i 

(2) the triage OiiG;; ; 
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and, since the two surfaces have the same extrenadtsss' (the 'paim^nr>af<1fhe 
tiiah^t}d.C), the £^er suifoce is greater thstn the.latter, wMdi ia mduded 
by it [Assumptions, 3 or 4]. 

‘ I^ce (su*faoeOA®C')4-(B^*itAi&(7)> AOAO. 

Similarly ^ (surf^ OCFH)+ (segment CFH)>AOH(7. • 

Therefore, ' since ’D is not less than tiie 'Sum ai tiie s^sodsts, we have, ‘by 
addition, 

(surface 0AECFB)+2»A0AC4-A05C 

> AOAb4-jO, 1^ hypotheos. 

Taking away the comihon part Z>, we have the required resuU. 

II. Let D be less than the sum of the segmmits ABC., CFB. 

If now we bisect the arcs AC, CB, then bisect the halves, and so on, we ah«tn 
ultimately leave segments which are together less than D. [Prep.' 6} 

Let AGE, EHC, CKF , FLB be those segments, and join OB, OF. 

Then, as before, 

(surface OAGE ) + (segment AGE) > AOAE 
and (surface OBffC)+ (segment JSffC)> AOBC. 

Therefore (surface OAGHC)+ (segments AGE, EHC) 

>AOAB+AOBC 
> AOAC, a fortiori. 

Similarly for the part of . the surface (A the cone bounded by OC, OB and 
the arc CFB. 

Hence, by addition, 

(surface OAOEHCKFLB)-\-{so&asDAA AGE, EHC, CKF, FLB) 

>AOA<7+AOBC 
> AOAB+2>, by h 3 rpothesis. 

But the sura of the segments is less than D, and the required result Mows. 

Pboposition 10 

If in the plane of the circvlar base of an iooteeleo cone ttoo tangents be drawn io tha 
circle meeting in a point, and the points of contact and the point of concourse of the 
tangents be respectively joined to the apex of the cone, the sum of die two trumgles 
farmed by the joining lines and the two iangeh^ are together grecder than the in- 
cluded portion of the surface of the cone. , . 

Let ABC be the circidar base of the cone, O its apesc, AD, BD the two tan- 
gents to the circle meeting in O. Join OA,' OB, Oi>. > 

Let ECF be drawn touching the circle at C, the mid(Ue pomt of the arc ACB, 
and ther^re parallel to AB. Join OE, OF. 

Then ED+DF>EF, 

and, adding AB+FB to each side, 

AD+DB>AE+EF+FB., i . ; 

Now OA, OC, OB, being geherators tif the cone, are equal, and Ihey ate 
respectively perpendieHlaF^.to the tangentaat A, Oj’JB. < i 
It follows that 

* A0Al)+A0i>B>ApAB+4^0BF+A0FS. 

Let the area G be equal to the exiieea'M^llbh first sum over the second. 
’^Is then either' ksis, or nut less, titan tittrsom of the eptuseA\BAHC, FCiO$ 
rtiiahling between the drde and the ta 4 BBnhl,^' 1 lldiidi eua£ lV^ wffl 
I. Let 0 be not less than L. 
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: We have now two sui&ceB 
' <1) that of the pyramid with ap^ O and' base AEFB, excluding the face 
OAB, 

(2) that confflsting of the part OACB of the surface of the cone together with 
the segment ACB. 

These two surfaces have the same extremities^ vis. the perimeter of the tri- 
angle OAB, and, since the former includea the latter, the former is the greater 
[Assumptions, 4]. 

That is, the surface of ibe pyramid exclusive of the face OAB is greater than 
the sum of the surface OACB and the segment ACB. 

Taking away the segment from each sum, we have 

AOAE+AOEF+AOFB+L>ihs surface OAHCKB. 

And G is not less than L. 

It follows that 

AOAE-]r A0EF-\- A0FB-\-G, 
which is by h}rpothesis equal to 
AOAD-\- AODB, is greater than the 
same surface. 

II. Let G be less than L. 

If we bisect the arcs AC, CB and 
draw tangents at their middle points, 
then bisect the halves and draw tan- 
gents, and so on, we shall lastly arrive 
at a polygon such that the sum of the 
parts remaining between the sides of 
the polygon and the circumference of 
the segment is less than G. 

Let the remainders be those be- 
tween the segment and the polygon 
APQRSB, and let their sum be M. 

Jdn OP, OQ, etc. 

Then, as before, 

AOAE-\- AOEF-\- AOFB > AOAP+ AOPQ-\ + AOSB. 

Also, as before, 

(surface of pyramid OAPQRSB excluding the face OAB) > the part OACB of 
the surface of the cone together with the segment ACB. 

Taldhg away the segment from each sum, 

AOAP+AOPQ-\ \-M >the part OACB of the surface of tire cone. 

Hence, a fortiori, 

A0AE-{~ AOEF AOFB "^Gpi 
which is by hypothecs equal to 

AOAD+AODB, 

Is greater than the port OACB of Uie surface id the caon. 



. > PBOPOSmON 11 

J[f A piano ptavUd to ihs axis of a right cgUnder etU Ae ciflinder, the pmrt of As 
mafaee of M cylinder eutoffhy Ae pUme is greater Aon, the area of ptaraJM- 
cgmm in which t^ plane cuts it. 
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PBOPOSmON 

If at ^ extremities of two generators of any right cylinder tangents he drawn to the 
drcidar bases in the planes of those hoses respectively, and if the pairs 4 ^ tangents 
meet, the parallelograms formed by each generator and the two corresponding tan- 
gents respectively are together greater than the included portion of the surface of the 
cylinder between the two generators. 

[The proofs of these two propositions follow exactly the methods of Props. 9, 
10 respectively, and it is therefore unnecessary to reproduce them.] 

“From the properties thus proved it is clear (1) that, if a pyramid be in- 
scribed in an isosceles cone, the surface of the pyramid excluding the base is less 
than the surface of the cone [excluding the &ase], and (2) that, if a pyramid he 
circumscribed about an isosceles cone, the surface of the pyramid excluding the base 
is greater than the surface of the cone excluding the base. 

“It is also clear from what has been proved both (1) that, if a prism be irv- 
scribed in a right cylinder, the surface of the prism ma^ up of its parallelograms 
[i.e. excluding its bases] is less than the surface of the cylinder excluding its bases, 
and (2) that, if a prism be circumscrdred about a right cylinder, the surface of the 
prism made up of its parallelograms is greater than the surface of the cylinder 
excluding its bases.” 

Pboposition 13 

The surface of any right cylinder excluding the bases is equal to a circle whose 
radius is a mean proportional between the side [i.e. a generator] of the cylinder and 
the diameter of its base. 

Let the base of the cylinder be the circle A, and make CD equal to the diam- 
eter of this circle, and EF equal to the height of the cylinder. 

^ Let H be amean proportional 
between CD, EF, and B a citcle 
with radius equal to H. 

Then the circle B shidl be 
equal to the surface (d the cylin- 
der (excluding the bases), which 
we will call 8 . 

For, if not, B must be eitli^ 
greater or leas than 8 . 

1. Suppose B <8. 

Then it is possible to circum- 
scribe a r^lar pdygon about 
B, and to inscribe another in it, 
such that the ratio of the f<Mrmer 
to the latter is less than' the 
ratio 8:B. 

Suppose iMs cUme, and dr- 
cumscribe nbodt A a pdygon 
similar to that described about £; then oect on the polygon about A a prism 
of the same hdght as the cylinder. Ibe prism will 1berel<»e be dreurnSnibed 
to the cylinder. 

Let KD, perpen^euiar to CD, and PL, pmpendictdar to'EPi bb Saeh e(pial 
to the peximeto' of the polygtm about A.'> Bisect CD in Af, and join MK, 




m 


Aammons , 


Then AKDM "the polygon about A. 

Also OEL’^Bodiede rfpristn' l(exoluding bases). 

]^oduoeF£> to JVso tiiat and joiniVXi. ' ' V 

Now the pdygons about A, B, bong dsailaSi are in the duplicate i^atie ci 
the radii of A, S. < 

'IhUS ' . •>; 

A ATDAf : (polygon about S) : if* 

^MD*:CD’BF 

•‘MD'.NF 

mAKDM:ALFN 


'Dierefore (polygtm about B)<»ALFN 


(sinoe DK-FL). 


But 

Ther^ore 


-OEL 


•a (surface of {snsm about A), 

V i 

(polygon about B ) : (polygon in £) <jS : B. 


from 



(surface of prism about A ) : (polygon in B) <S :B, , . 

■wid, alternately, ^ 

(surface of prism about A) :S < (polygon in B) :B; 
which is imposable, ance the surface of the prism is greater than S, while the 
pfliygcm inscribed in B is less than B. 

T^ieSore B<S. 

II. Suppose B>S. 

Let a regular pdygon be dreurascribed about B. and another inscribed ip it 
so that 


(poison about B) : (polygon in B) <B : S. 

Inscribe in A a pdygon similar to that inscribed in B, and erect a prism on 
the polygon inscribed in A of the same height as the cylinder. 

. Again, let DK,.FL, drawn as before, be each equal to the perimeter of the 
polygon inscribed in A.' 

Then, in this case, 

, AKDM > (polygon inscribed in A) 

(since the perpendicular from the centre on a ride of the polygon is less than 
the radiusrof.A); 

Also ALFN OB 0£L» surface of prism (ejtcluding bases). 

Now . , . • ' 

. ;(polygon ih A) : (pdygon in B)=AfZ>* : H*, 

"•AXCAf : ALBJV, as before. 

And . AKDM > (polygon in A). _ 

iTbowfcne 

ALFN^ IX (surface of pr&m) > (polygon in B). 

But this is impQsrible, ’b^u8e 

, i^dygOB abCutrB) : (polygon in B) <B : 8, 

. < (polygon abbutB):B« 4 

SOtthat (pdygon, iniB)>B, i; 

>(suiface djnism), a/oritdt. .1 
i is t^ti)!W gseat«s;n(inr less, than BfOuidris^^ 

. ’ . rr. ‘j'.'i ; 1. ri., iji • uii ■ 
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- ]^oposm<»rl,4. 

The mtrface cf any isotcelea cone excluding the base is equal toaemdewkoae rodtlM 
is a mean proportionM b^iween the ddeaf theeamia generai/or^ and the radit»<^ 
the circle which is the base of the cone. 

Let the circle A be the base of the cone; draw C equal to the radius of the 
circle, and ^equal to the side of the cone, and let E be a mean proportiimal 

Draw a cirde B with radius equal 
ioE. . < 

Then'dudl B be equal to the surface 
of tlie cone, (excluding tbe base), 
which we will call S. 

If not, B must be dther greater or 
less than S. 

I. Suppose B<S. 

Let a regular polygtm be described 
about B and a similar one insortbed 
in it such that the former has to the 
latter a ratio less than the ratio S i B. 
Describe about A another dmilar polygon, and on it set up a pyramid with 
apex the same as that d the cone. 

Then . (polygon about il) : (polygon about J5) 

= C : D 

(polygon about A) : (surface of pyramid excluding base). 
Therefore 



(surface of pyramid » (polygon about H). 

Now (polygon about B) : (polygon in B) <8 : B. 

Therrfore 

(surface of pyramid) ; (polygon in B) <8 :B, i 

ufiich is impossible, (because the surface of the pyramid is greater than d, 
while the polygon in H is less than :B). 

Hence B<.8. 


■ II. Suppose 'I. 

Take regular polygons dnaimscribed and inscribed to B such that the ratio 
of the former to the Utter is less than the ratio B iS. ■ 

Inscribe in A a timilar polygon to that msoribed in Hyand «ect a pyramid 
on the polygon inscribed in A with apex the same as that of the cone. 

In tlds case 

(polygon in A) : (polygmx in B) = C* : ^ 

■ - ■ — ri-D . ' . • 

> (polygon in A) : (siuface pyramid excluding base). 

This'is itiear b^use'the'Kdio of C.to D is greater than the ratio of the 
perpendicular from the centre of A on a aide of' the polygCNa' to the pOipen^ 
dicular from the apex of the cone on the same tide. 




(pdygon shout mBf<B 
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HieTefore, a fortiori, 

(polygon about B) : (surface of pyramid) <B : 8i 
winch is impossible. 

Since therefore B is ndther greater nor less than 8, 

B^S. 

Pboposttion 15 

The surface of any isosceles cone has the same ratio to its base as the side of the cone 
has to the radius of the' base. 

By Prop. 14, the surface of the cone is equal to a circle whose radius is a 
mean proportional betwe«r the tnde of the cone and the radius of the base. 

Hence, mnce circles are to one another as the squares oS their radii, the prop- 
odtion follows. i 

PnoposmoN 16 I 

If an isosceles cone be cut by a plane pardUd to the base, the portion of the swriace 
of the cone between the parallel planes is equal to a circle whose radius is a n^n 
proportional between (1) the portion of the side of the cone intercepted by the pdral- 
Id planes and (2) the line which is equal to the mm of the radii of the circles indie 
parallel planes. 

Let OAB be a triangle through the axis of a cone, DE its intersection with 
the plane cutting off the frustum, and OFC the axis of the cone. 

Then the surface of the cone OA B is equal to a circle o 

whose radius is equal to y/OA -AC. [Prop. 14.] A 

Similarly the surface of the co ne ODE is equal to a / \ 

circle whose radius is equal to y/OD-DF. / \ 

And the surface of the frustum is equal to the differ- / \ 

ence between the two circles. ^ / \ 

Now / r \ 

OA AC-OD DF=DA ACA-OD AC-OD DF. / \ 

But OD>AQ*=OA‘DF, l_j_ \ 

since OA’.ACo^OD’.DF. * c 

Hence OA AC-OD^DF^DA-AO+DA DF 

-Z)A-(AC+L>P). 

And, ^ce circles are to one another as the sqriares of their ra di i, it f(jlo \ro that 
tile difference between the circles whose ra ^i are \/OA ■ AC , respec- 

tively is equal to a circle whose radius is '^ibA • {ACA-bF). 

Therefore the surface the frustum is eqiuil to tiiis circle. 

LEMMAS 

“1. Cones haring equal height ham the same ratio as their bases; and those haring 
equal bases ham the same ratio as their heightsK 
2. If a cylinder be cut by a plane pamllel to the base, then, as the cylinder is to 
^ cylinder, so is the ams to the axis\ 

<Euclid xn. 11. “Cones and eylinders ot equal height are to one another as thdr bases.” 
Ikidid xn. 14. “Cones and cylinders on equal bases are to one another as thefr heights.” 

*Budld xn. 18. “If a cylinder be cut by a plane pusSel' to the opposite planes [the bases], 
ithno, as the cylinder is to the cylinder, so wiB tile asds be to the Mds.” 
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3. TheccmMv^w^hjmtheaamehaaetaiiheeil^nietslcmd^Mlh^hlifinin 
the tame ratio as the cylinders. 

4. Also the hoses of equal cones are redpromSy proportional to their heights; 

and Oiose cones whose bases are reciprocally proportional to their heights ore 
equal.^ • t 

5. Also the cones, the diameters of whose bases have the same ratio as Oieir axes, 
are to one another in the triplicate ratio of the diameters of the bases.* 

And all these propositionB have been proved by earlier geometers.” 

PBOPOsmoN 17 

If there be two isosceles cones, and the surface of one cone be equal to the base ofOie 
other, white the perpendicular from the centre of ttw base [of the first cone] on the 
side of that cone is equal to the height [of the second], the cones will be equal. 

Let OAB, DBF be triangles through the axes of two cones respectively, C, 0 

the centres of the respective bases, 
GH the perpendicular from G on FD; 
and suppose that the base of the cone 
OAHisequalto the surface of the cone 
DEF, and that OC'*GH. 

Then, since the base of OAB is 
equal to the surface of DEF, 

(base of cone OAB) : (base of cone 
DBF) 

«= (surface of DEF) : (base of DEF) 
^DF:FG [Prop. 16] 

: GH, by similar triang^B, 
^DG.OC. 

Therefore the bases of the cones are reciprocally i»oporti(mal to thdr 
heights; whence the cones are equal. [Lemma 4.] 

PBOPQSmON 18 

Any solid rhonibus consioUng of isoscdes cones is equal to the cone which has its 
base equal to the surface of one of the cones composing the rhombus and its height 
equal to Oie perpendicular drawn from Uie apex of tfce second cone to one side of 
the first cone. 

Let the rhombus be OABD conristing of two cones with apices 0, D and 
with a common base (the circle about AB as diameter). 

Let FHK be another cone with base equal to the surface of the eaudOAB 
and hdght FG equal to DE, the perpendiculw from D on OB. 

Then shall the ctme FHK be equm to rh(»nbua. 

Crmstruct a third cone LMH with base (tim dr^ about MN) equal to the 
of OAB and height LP equal to OD. 

'Ewdidxn. 16. (rf equal «mim and ogrUadeniutt redptooaily propwtioaal to 

their heights; and those cones and ejrlinders whose bases are reciprocally pn^rortional. to 
are ^quaL’’ , . 

Euclid XU. 12. ^*am!iar oom and pyHndm aie to one rather in the tripUcate ratio Itn ^ 
(hameters of their baees.'’ 




, Tbm, a]iee LP^OIXr 

LPxCD^OD'.CD. 

• But 1] Oi?.:CZ)>«(rh(»i4>u9iiMZ)B) :.(couei>^B)i 

and LP\Cl>’*{<mamN).{vmDAm- 

It foQoTTB that F 



N \ 

(riiombus 0v4Z>B) » (coue LAfiV). '( 1 ) 

Again, once. AB»JlfiV, and 

(surface of OAB ) » (base of FHK), 

(base <rf FHK ) : (base of LMN) = (surface of OAB ) : (ba^ of OAB) 

’^OB : BC [Prop. 16] 

=0D : DE, by similar triangles, 

*jbP : P(?, by h 3 rpo 1 ^bfi 8 is. 

Thus,’ in the cones FHK, LMN, the bases are reciprocally proportional to 
the heists.. < 

Therefore the cones FHK^ LMN, are equal, 
and hence, by (1) the cpne FHK is equal to the given s<^d 

pEOPOsmdN 1ft . I ' 

// an isosceles cone he cut by a plane paraUel to the base, and on the resulting 
dreular section a cone be described having as its apex the centre of the base [of the 
fird cone], and if the rhombus so formed be tajtcn away from the whole cone, the 
part remaining will be e^tal to the cgne ■wUhhasceqml to the surface of the portion 
of the first com between the paraUd, pUmeg qnd with height egual. to the perpen- 
dicular drawn from the centre of the base of the first com on om side of . that com. 
i let tlm cone OAB be cut by a i^e parallel to the baaein the airo]e<Hi 
as diameter. Let C be theoaotre ci the base of the cone, and with C as j 4 )ex.aod 
the circle about.BB as base describe' a cqne;, ma]^g.witb coneBBB the 
rhombus OBCB. . 

Take a ccme FGH with base equal to tiw surface ,qf the.IriWom DABE and 
Mii^ equal to the peip^ithoular (CK) from C qn AO. 

Then rfiall the c(me FGH be equal tOttiM. differenee tetwem.the cone .04B 
and the rhombus ODCE. 

■ TUra (1) a cone IMN with base equal to the surface tiie cone OAB» and 
heitdiit'eqi^ to Clf, ' 

a coqe PflE befe equal to ^ s^aoe of toe ^e pD^ ahd 'KtBg^t 
•dq u M to CK. < 
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wMaiee ocme suiifate^^lviCOM 

ODE togefther infth 'tibftt of tiue frustumi DABS, tfrohatve, &jr ^ oonatniotkHi, 



(base of LMN) = (baae of FGH ) + (base of PQR) 
fmd, since the heights of the thi^ ccmes are equal, 

(cone LMN ) = (cone FGH ) + (cone PQR). 

But the cone LMN is equal to the cone OAS [Prop. 17], and the cone PQR 
is equal to the rhombus ODCE [Prop. 18]. 

Therefore (cone OAB^ = (cone (rhombus ODCE)^ and the proposi- 
tion is proved. , 

Proposition 20 

If one o/ the two ieoseelea coma forming a rhombui he cut by d plane paraUel lo the 
baae and on the reaxdting drcudar aection a cone be aeacrtbed Having the aame apex 
08 the aecond cone, and if the reavMng rhomhua be token, from the tvhde rJmniim, 
the remainder mil be equal to die com with base equal to the^ d^ace of the portion 
of the cone betmen the parallel planea and with height egu^ td the perpendieuldr 
drawn from the apex of the aecond com to the aide of the firel cone. . 



Let the rhombuslii O'AGB, let tfae ooimOldB be ciittby a plane paraUel 
to its baiib ^ as diamstis^.v Witiitiiiseii^ ns bsi^'and ^ 
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a8«pex describe a cooe, vlueh therefore with ODE forms the rhcMubas ODCB. 

Take a coae FOB with base equal to the surface of the frustum DABE and 
hdfdit equal to the perpendicular (fiK) from C on OA. 

The cone FGH shall be equal to the differrace between the rhombi OACB, 
ODCE. 

For take (1) a cone LMN with base equal to the surface of OAB and hei^t 
equal to CK, 

(2) a cone PQR, with base equal to the surface of ODE, and height equal 
to CK. 

Then, since the surface of OAB is equal to the surface of ODE together with 
that of the frustum DABE, we have, by construction, 

(base of LMN) - (base of PQR) + (base of FGH), 
and the three cones are of equal height; . <• 
therefore (cone LMN) = (cone PQR ) + (cone FGH). 

But the cone LMN is equal to the rhombus OACB, and the cone PQR is 
equal to the rhombus ODCE [Prop. 18]. 

Hence the cone FGH is equal to the difference between the two rhombi 
OACB, ODCE. \ 

Pboposition 21 

A regular polygon of ah even number of sides being inscribed in a circle, as 
ABC • • -A' • • -C'B'A, so (hat A A' is a diamMer, if two angular paints next but 
one to each other, as B, B', be joined, and the other lines parallel to BB' and joining 
pairs of angular points be dravm, as CC', DD' • • •, then 
(BB'+CC'+ • • •) : AA'^A'B ; BA. 

Let BB', CC, DD', • • • meet AA' 
in F,G,H, - ', and let CB', DC, 

• • • be joined meeting AA' in K, L, 

• • • respectively. 

Then clearly CB', DC', • • • are 
parallel to one another and to AB. 
fience, by rimilar tiian^es, 

BFiFA^B'F.FK 
--CG : GK 
•^C'GiGL 

=E'I:IA'-, 

and, summmgAhe antecedents and 
consequents respectively, we have 
iBB'+eC+ • • •) : AA'-BF : FA 
^A'BiBA. 

• PnopoSinoN 22 

, i 

If a polygon be inscribed in a segment of a circle LAU so that all its sides exclud- 
ing the base are equal and their number even, as LK •-■A-- ’K'L', A being the 
middle paint of die segment, and if (he lines BB', CC, • • • parallel to die base LL' 
and joining pairs of angular points be draum, then 
: ! 1 lDB'-¥CC^-h--^LM)xAM^A'BtBA, 

«SDAens<iAf M the mUMle point.<(f LL’ and AA’ '^the diameter through M *. : . ' , . 
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Jdnii^ CB', DC', • • • LK*, as in the 
hist ptopodtion, and sappodng that 
thajr meet AM in P, Q,,' 

BB', CC , • ••, JiCZC' meet AM in F, 
we have, by eimihtf tri> 

ang^, 

BF iFA^B'F .FP . 
~CG;PG 
--C'GiGQ 

. -‘LM'.RM; 

and, smnining the antecedents and 
consequents, we obtain 
(BB'+CC'+---+Lilf):ilJlf 

~BF:FA 
^A'BiBA. 

Pboposition 23' 

Taka a great circle ABC ■ • • of a sphere, and inscribe in it a regular pol]rgbn 
whose sides are a multiple of four in number. Let AA', MM' be diameters at 
right angles and joining opposite angular points of t^e polygon. 

Hien, if the polygon and great 
circle revolve together about the 
diameter AA', the angular points of 
the polygon, except A, A', will de- 
Scrite circles on the surface of the 
sphere at rif^t angles to the diame* 
ter AA'. Also the sides of the poly- 
gon will describe portions of conical 
surfaces, e.g. BC will describe a 
surface forming part ctf a cone wfaose 
base is a circle about CC' as diameter 
and whose apex istbe p(mt in whidi 
CB, C'B' produced meet each other 
and 'the (^uneterAA'. 

Comparing the heihiq)here MAM' 
and that half- of the figure described 
by .'the revoluticai oS. the pc^gon 
wMch is included in the hemisphere, we see that the surface of the hemi^diere 
and the surface of the inscribe figure have the same boundaries in one plane 
(vis. the circle on MM' as diameter), the foomer surface entirely includes the 
latter, and they are both cmrcave in the smne direction. 

Therefore [AmmpUoM, 4] the surface df4he'faetniiH>heie:ia greater than that 
of the inscribed figure; and ^e same is true of the other hriVkS of the ^ures. 

Hmice tlic surface wf the aj^iere is grecUer than the anaftuk deadtS>ed by ^ rev- 
olution of the pc^goh inaarOxd in lAe greM circU about tha dianieter of the unai 
eirck. 






PBQpoemoN 24 

If <0iKgil^piiyg&n AB ‘ * ‘A' • >• ’B*Ai the numhetif^um sid^ is a'l^tuUiple of 
fiiwr, ^ inacribed inu^great eirdo cf ttephere, akd if Hfi' oubtenSing Mb aides be 
jadnedf iind^oU the olher'linea pdraUeltb BB' anijoining pmrs^fangt^po!^ 
be drawn, then the surface of Ihefi^ms inscribed in Vie sphere bj/ the reopiiUicin of 
the polygon abovi the diameter A A' ie 
egital to a the square of whose ^ 

radius is egmdd to the rectangle ^**®**SL 

BA(BB'+CC'+ - ). y X ; 

The BUilaibe (tf figure is made . 

ipoftinestufatesofiiartsof different' h 

cones. f Iw 

Now ^surface of the cone'd.^' u I \ 

is eqbal'to a circle whose radius is at — ■ 

VBZrpF. [Prop. 14] r 

The surface of the frustum BB'C'C ^ W 

is equal to a circle of radius ^ ff\ 

[Prop. Ift] A - . . X 

imd so on. ’ f ^ 

It follows, sinee • • •, _--ss^' 

tiiat the whde surface te equal to a r***^**^” 

dMle whose ra^us is equal to 

>' ’1 >s/BA(BB'A-CC'+ • • •+MM '+- . -+7^). 


>' ’1 >s/BA{BB'+CC'+ • • •+MM '+- . •+m. 

Pnoposmoisr 25 

The surface of Ote figure inscribed imaepheredsin the hist propositions, consisting 
of ' portions of conical surfaces^ is less than four times Oie greater circle in the 
sphere. ^ ■ 

Let dB • • 4il' • • -B'd be a regubur polygon insoribed m a great <^1^ tile 
Bomber cd its aides being a multiple of four. 

' Asi bef(ue; let BB' be drawn sub- 
tmi£ng two tides, and CC', - • 'YY* 
paiiiUtitO'BlB'i!’ > 

Let R be a'tircte su^ that the 
sqttire of its radins is equal to < 

AB{BB'-i-CG'^-<->A-YY%' 
so that the surface of' the figure ia- 
seribedintheqlhere'isequaltDB^ .. 

' '[Prop.'24}. 

•■Now . ' "I i.; 'i" ' ■i*'' ' 

(BB'+CC'+ • • ' 

- *Nii^B':'.tiB^''.i||PE6p. £9] ' i.-gf! 

wbuieft . j 4B(BB/>W7C^* ■ - «+y F') . 

■ ■.ij V/ ,^AA^'tA*B,.' ■ ■'■ 

AfieoM > (radius of B)Amjl4'''A'B. 

<AA*\ 

Thertiore tiie surface of tiie inscribed figure, or the circle R, is less than four 
times the tirole AMA'M'. 


iBB! 
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V^fQfOSEffm fllBt 

itifinnrttle fguallo inffribeds»n Q»^^i^wi>dv^itm ke^ 

peirpmdu»ii» 4 ^,^ tphareio mt <»de 

pi3iye0iu.[.i ‘ ■ >■ ■ •. ■/ : ,. 

Suppose, as before, tnat AB • • 'A' • • >B'A is the r^lar polygon inscribed iff 
a great circle, and let BB', CC', •“ be i(4npd.i . . 

Widt Q'Con^tnict con«» 
whose basM are, tiie circles «). 
BB\. CC', ’•-as. diameters, iff 
planes peipen^<^lsr. to, A4^. 

. Tb«i 'QBAB' ,is avsoKd 
rhombus,, and its vdume. is 
equal to s cons whose base ff 
equal to the surface of tibe eone 
ABB', and ..whose, hei^t ,» 
equal to the perpen^pulai’ 
from 0 on AB [Prqp. 18]. Ifft 
the leugth of the peii>endicff> 
larbep. , 

Again, if CB, C'B' produced 
meet in T, the portion of,^ 
sdid figure, which is describai 
by the reyolurioff the <ri- 
an^e BOC about AA' is equal to the difference between the rhombi OttCt 
and OBTB', l.e, to a cone whose base is equal to the surface of the frustum 
BB'C'C and whose height is p [Prop. ^]. 

Proceeding in this manner, and adding, we prove that, mnce cones of .^uid 
height aie to cpe another as thrir bases, the volume of the solid of revolutKoi 
is equal to a cone with bright p and base equal to the sum of .theaurfaces cd.ihe 
cone BAB', the frustum BB'C'C, etc., i.e. a cone with bright p and ham equal 
to the surface of the solid. 


m 




PTOP08rnoN27 

The figure inecribed in ihe sphere aa.hejfora ieUet fftafify^ Bme* cptfe toJum 
baee ie equal la a great circle of the epf^e and whoee heigJU ie equal to the radtiu 
of the ephere. 

By Prop. 26 the volume of the soffd figure is equal to a cone whose baee is 
equffl tp thesuri^ of the. solid tsud whoso heiieht is p, dm perpendiculfft^lffuff 

Oonanyrideof the.priygoa. Ifftl^be^suchacone. . . .. , , 

Take also a cone 8 with base equid to ^tgrpat rirele, and bright equal to 
%tJ!adms^^of..tihe;^S»hpfe*,;..l.,., 

Now, rihce the surface of the inscribed sriid is ^ four th^ thffip^ 

cuele [Prop. 25], the base of the cone B is less than four tunes the base of the 
coneB. ov <"f‘; 

.^.,Alsqfhffheiiht(l») of iSsfo»*haff thplwighM^^ . . , , „ v 

Therriore the vriume of R is less than four tjmeathii of 4idodd>o 

.tipfolgUfvsif-M.i. 'K* r? '.'j --.li ;id' 
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PBOPOEtmoK 28 

Let a regular polygcm; ivhose iddes are a multiple of four in numbar, be drctun<‘ 
scribed about ag^t^drole of a ^ven sphere, as AB •‘•“A’ •' -B^A ; and about 
the polygon describe another circle, which will tiierrfore'have the sanm ccuitre 
as the great circle of the sphere. Let A.A' b^t the polygon and cut the sphae 
in a, o'. 

If the great circle and the circiiht- 
scribed polj^h’ revolve together 
about AA', l^e great drcle will de- 
scribe the surface of a sphere, the an- 
gular points of the polygon except A, 

A* will move round the surface of a 
larger sphere, the points of contact of 
tile tides of the polygon with the great 
drcle of the inner sphere will describe 
drdes on that Sphde in planes per- 
pendicular to AA', and the tides of 
the pdygCn themselves will describe 
portions of conical surfaces. The cir~ 
tmmacribed figure wiU thus be greater 
thdn the sphere its^. ' 

Let any tide, as BM, touch the 
inner circle in K, and let K' be the point of contact of the drcle with B'M'. 

Then the circle described by the revolution of KK' about AA' is the bojun- 
daty in one plane of two surfaces 

(1) the surface formed by the revolution of the circular segment KaK’, and 

(2) the surface formed by the revolution of the part KB • “A •• -B’K' of the 
polygon. 

Now the second surface entirely indudes the first, and they are both concave 
in the same direction; 

therefore [Assumi^ions, 4] the second surface is greater than the first. 

The same is true of the portion of the surface on the oppotite tide of the 
drde on KK’ as diameter. 

Hence, adding, we see that the swrface of the figure drcumseribed to the gioen 
sphere is'grealer than that bf the sphere itedf. 

PaoposmoN 20 . 

In a figure dreumsanbed io a sphere in the memner shown in the previous prapod- 
tion die surface is equal to a drde &ie square oh whose radius is equed to 

ABiBB'+CC'+ • • •). 

For the figure circumscribed to the sphere is inscribed in a larger sphere, and 
tite ptoaS ci Prop. 24 ipplies. 

PBOPOsmoN 30 

The swfaee of a figure eirevmseribed as b^ore e^buil a sphere is greeder than four 
Umid die g^drde of the sphere. • ' 

Let AB "-A’’' 'S' A be the regular polygim of 4n tides which 1^ its revola-' 
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turnabout AA' doBcribes the %are eireumacrit^ the qdien ^htdi ama'm' 

is a great circle.. Suppose op', AA* to< 
be iu cue straight line. 

Let fi be a circle equal to the su^ 
face of the oiroumsciibedeoBd. 

Now 

(B$'+CC'+ • • •) lAA'^A'B :BA, 

. [as in Pr(^. 81] 

BO that 

A A'B. 

Hence (ra^ws of B)*^\/AA* -A’B 
. [Prop. 29] 
>A'B. 

But A'B «= 20P, where P is the point 
in which AB touches the circle 
ama'm'. 

Therefore (radius of R) > (diam- 
eter of circle ama'm') •, 
whence R, and therefore the surface of the circumscribed solid, is greater than 
four times the great circle of the given sphere.. 

Proposition 31 

The solid of revdluHon circumscribed as before abovt a sphere is equal to a cone 
whose base is equal to the surface of the solid and whose height is equal to the radius 
of the sphere. 

The solid is, as before, a solid inscribed in a larger sphere; and,, since the 
perpendicular on any side of the revolving polygon is equal to the radius of the 
inner sphere, the proposition is idmtical with Prop. 26. 

Cor. The solid circumscribed about the smaller sphere ijat greater than four times 
the cone whose base is a great circle of the sphere and whose height is equal to the 
radius of die sphere. 

For, since the surface of the solid is greater than four times the great circle 
of the inner sphere [Prop. 30], the cone whose base is equal to the surface of the 
solid and whose height is the radius of the ^hei^e is greater than four times the 
cone of the same height which has the great circle for base. [Lemma 1.] 

Hence, by the proposition,, the volume of the^d is greater then four times 
the' latter cone. 

PROPOBmok32 ' 

If a regular polygon with in tides be inscrihed in a. gveal circle of a, sphere, ,a* 
•• -b'a, and a smilar polygon AB •••A' -t -B'A be described about (he 
great circle, arid if the pdygpns revolve with (he S^aat circle about the diameters ati, 
AA' ‘respectiuely,'so that they desert^ the, surfaces of solid figures inscribed in and 
eircumstp'ffied to the sphere respefdively, then , . 

{!) the surfaces of the eirprmscribed and jryieribed figurss are tg one another in 
the duplicate ratio of their sides, and „ . , 

(2) the fitperes thermsfiees pohmes}.tire inii^ tripiicfUe ratio of their 

tides, -i, 
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ater at rij^t anglaa to-tb^. ‘ ' ; ‘ 

Join BB', CC\‘ ' '* and W, of , •-• • whidi will all be pataBel to one another 
aadJkfJif'. '■• 

Suppose it, j 8 to be drcles kidx that 

£ «■ (surface of circumscribed solid), 

S^^suriace of inscribed solid). 

‘Then '(radius of ft)*— AB(BJ8'+CiC'H ) [Prop. '29] 

(radius of S)*=<i6(li^+«}'H — •)• [Prop. 24] 

And, sinee the pdygohs are rimi- 
lar, the rectangdes in these two oqua- 
riobs are rimilar, and are ther^ore 
in the ratio of 

AB*:ai*. 

Hence . • ' 

(surface of circumscribed solid) : (sur* 
faeetd inseribed sohd) — Aft* : ob*. 

(2) Take a‘^e P whose base is 
fbe ' chrele ' ft arid wfaosh bright "is' 
equal to Oa, and a cone IF whose 
base is the circle S and whose height 
is equal to the perpendicular from 0 
on ab, which we will call p. 

Then V, W are respectively equal 
to tbe'volumes of the dreumscribed 
and inscribe figures. 

Now, since the pdygons are dmilar, 

' AiB '.ab^Oa :p . " ■ 

— (height of bone F) : (height of cone 1^ ; 
and, as showri'above, trie bases of the cones (the drctes ft, ft) are in the ratio 
ofAft*too5*. 

Therefore V : IF-Aft* :a6». 



[Props. 81,li6] 


PntxposmoMr'SS 

The sphere ii’eqiBM to ■’ 

Let C be a circle equal to four times the great circle. 

Then, if C is not equal to the surf{^» of the sphere, it must dther be less or 
greater. ... 

" I. Suppose ClesB than 'thb surface of thb sjpihere. 

It 'is then possible to firid two' lines d, y,' td which fi is trie greatei*, sudi that 
• ’ ,/S ;:'t^(8urfacbcfsiihere^ :;C. p4oi>.^2] 

Tilkesutri finciB, and fet 4 Iw a' itddm prbpoHarattl betwedi thein. - v' ' ' ^ < - 
Suppose dmilar regpilar polygotd ;^th 4ri ddeb drennrsdibed about and 
msbr^bed'in a great dreIe’w<ri'that'trib'TariO'^of '1rie!r'i^lSB% lebS tldn'the 
ratio ft ■■ '■ " '■ '[Putto.'S] 
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ifBmr -i > >1 ‘ 

«(ade<tf <mtw^f mpr)* . /QE^t^^SS 

< j^ : S*, ae i:y ., . '., 

<(8U];faee of B^ei») : a/orMrniV 
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But this is impoBBible, since the surface of jthe circumscribed solid is greater 
than that of the sphere [Prop. 28], while the surface of the inscribed solid is less 
than C [Prop. 25]. 

Therefore C is not less than the surface c| the sfdrere. 

II. Suppose C. greater than the surface of the sphere. 

Take j^es p, y, of which |5 is the greater, such that 
, , . ^ : Y<C : (surface of sphere). 

Circumscribe imd inscribe to the great ciro|e similar r^lar polygons, as be- 
fore, such that their i^des are in' a ratio less bhan that of ft to h, and suppose 
solids of revolution generated in the usual iiianow. 

Then, in this case, 

(surface of circiunscribed solid) : (surface of mscribed solid) 

- <C : (suiiaee of qkhere). ' 

But this is impos^ie^' because the surface <ef -the dreumscribed solid is 
greater than C [Prop. 30], while the surface of the inscribed solid is less than 
that of the sphere[Prop. 23]4> ■ ii 

Thus C is not greater than the surface of the sphere. ; .u > .i i 

Therefore, tdnce it is neither greatek B«!’.leaB, <7 is equal to thehuxhwnof the 
q>here. ; ' . . ■ r-,' 

. , ^ ;; ,• 'pgOPP8W?W.^ ,,.n 

Any aphere it htitaliofmtr Hmea.theieorie wbkii-JuuijkM baae.tquat4o the greatest 
circle in the aphere ood tteiAmpkf cgtiol to ihe vadiua c/ the aphere. 

; Iiiettltespheiiel)ethat<d:i)rhichafna(in^>iB'agpeatc^dlei}- -'< . :! 

If now the j^dieie is ndt equal to louP times eohe desdiibed, it is eitiifflr 

greater or less. Mr-. -.tM u, 

1. If possible, let the qhme be greater tiiaii fom: tizndi theiomwi’ * ^ 
f Suppow Srtobe aobhe whaashaimisequd tofourtiaasltii^^ 
wlmee height is equal to tlm,iwliuS'(rf'the>iy^heie,>.h.;!. i- ...;m rr 


m AB^HIMED&S 

Then, by hypbUians, tbe iq>here ifi greater thaa F; and two fines 7 ie«D be 
found (of which is greater) such tiwt 

/5 : 7 < (volume of cohere) : V. 

Between jS and 7 place two arithmetic means i, e. 

As before, let cdmilar regular polygons with sdes 4n in number be circum- 
scribed about and inscribed in the great circle, such that thmr ades are in a 
ratio less than /3 : 5. 

Imagine the diamOter aa' of the circle to be in the same straight line with a 
diameter of both polygons, and imagine tho latter to revolve with the circle 
about aa\ describing the surfaces of two solids of revolutbni. The volumes of 
these solids are therefore in the triplicate rafio of their sides. [Prop. 32] 

Thus (vol. of outer solid) : (vol. of inscribed solid) . 

, < j8* : i*, by h^othesis, .. <• 

a/ortiori (since |9 : 7 > /3* : 8 *), ' 

< (volume of sphere) : V, a fotiiori. 




But this is imposdUe, ainee the volume of the circumscribed solid is greater 
than that of the ^ere [Prep. 28], while the volume of the inscribed solid is 
less thari V [Prop. 27]. > 

Hence the sphere is not greater than V, or four times the cone described in 
the enunciation. ' . > 

II. If posable, let the iphere be lees tium F. 

In this case we take /3, 7 (fi being the greater) such that 
0 :y<V : (volume of 8 phere)._ 

The rest of the construction and proof proceieding as before, we have finally 
(volunmdf outer sofid) :(vciume of inseiibed’Bokd) ' 

1 <F :(vduntebf sphere). 

But this is imposdble^ because tire volume of the outer sdid ui ipeater than 
F'OPrap; 31,0<w.],asidtlie vobune of the inscribed solid is less than tire volume 

the sphere. 

Hooce the sphere is not less than F. v . 

' Sisbetibeniieqtheiefoneither^lessiaor'greatW'tiiiBn F,itisbqualtO'F,orto 
4our times the cone described in the ^unoatien. ' 
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Ckm. From what has beea proved it follows &at every cylinder lohoae bate ie 
the greatest circle in a sphere and whose height is equal to the diameter cf the sphere 
is i of the sphere, and its surface together with its bases is ^ of the swrfaee of the 
sphere. 

For the cylinder is three times the cone with the same base and hei^t ^ucL 
xn. 10], i.e. sx times the cone with the same base and with hei^t equal to the 
radius of the sphere. 

But the sphere is four times the latter cone [Prop. 34] . Therefore the cylinder 
is i of the sphere. 

Again, the surface of a cylinder (excluding the bases) is equal to a drclS 
whose radius is a mean proportional between the hdjd^t of the cylinder and the 
diameter of its base [Prop. 13]. 

In this case the height is equal to the diameter of the base and therefore the 
circle is that whose rai^us is the diameter of the sphere, or a circle equal to four 
times the great circle of the sphere. 

Therefore the surface of the cylinder with the bases is equal to dx times the 
great circle. 

And the surface of the sphere is four times the great circle [Prop. 33] ; whence 
(surface of cylinder with bases) - (surface of spheife). 

PsoposmoN 35 

If in a segment of a circle LAU (where A is the middle point of the are) a polygon 
LK • • -A • • -K'L' be inscribed of which LV is one side, while the other sides are 2n 
in number and all equal, and if the polygon revdee with tiie segment about the 
diameter AM, generating a solid figure inscribed in a segment of a sphere, then the 
surface of the inscribed solid is equal to a circle the square on whose radius is equal 
to the rectangle 

AB[BB'+CC'+ +KK'+^^. 

The surface of the inscribed figure is 
made up portions of surfaces of cones. 

If we take these successively, the 
surface of the cone BAB' is equal to 
a circle whos e radius is 

^/AB’iB0'. [Prop,. 14] 
The surface of the frustum of a oo^ 
BCC'B' is equal to a circle whose radiiu| 
is 

and BO on. 

Proceeding in this way ahd a^l/lingit 
we find* dnce circles cw anQ^er 
as the squares of thdr radii,, that the 
surface of the inscribed figure is equal to a circle whose radius u . 

yjAB . 
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' ' ' |*EOp 6 &tooN' 36 ‘’‘‘ '■ ’ ’ i! ' 

The eurfaee of the figure inacrSbed <u before in ihe segment of .fi sj^iere is Use 0^ 
that of ihe segment of the sphere. 

Il^iseleai!, because the civeular ba^e of ae^eatiB a ounpjNibouiuii^ 
of ea(b of two sprf aoe8> oi which one, the se^Ktoot, iadadies thp olber, the floU(i, 
while both are concave in the same direction \A8sumption*,,^, 

PnotosiTioN 37 

Z%e surface of . Ihe s<fi«i figure inseribed in Ihe segment of ihe sphere by the rmfiu- 
timi^ LK • A ' ■ -K'L' about AM iskes 
than a circle with radius equal to AL. 

Let the diameter AM meet the drcle 
of which LAL' is a eesDoait, again in A'. 

J(m A'B. 

As ra Prop. 35, the surface at the 
inscribed solid is equal to a circle the 
square on whose radius is 

AB(BB'+CC'+ • • ■+KK'+LM).. 

But this rectangle 

-A'B -AM [Prop. 22] 

<A'A -AJIf 
<AL». 

Hraee the surface the inscribed 
solid is less than tiie circle whose radius 
isAL. 


A , 
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Proposition 38 

riie solid figure described as before in a segmentof a sphere less than a hemispfwre, 
together with ihe cone whose base is Ihe base of Ihe segment and whose apex is the 
centre of the sphere, is equal to d cone whose base is equal to the surface of the 
inscribed soUd and whose height is eqaqd to ihe perpendicular from the centre of the 
sphere on any mde <4 ^ polygon. 

' Let 0 be the centre of 3ie si&ere, and p the length of the perpendicular from 
OcmAB. 

'Suppose co^ describe^ J. 

vdth 0 as'apexi cmd with the 
circles m BJT, CC", ••’•ah 
diameters as bases. 

Ihen the rhombus^OBABt' 
ieequal to a cmie whose base 
is equal to the surface of the 
cone BAB', and whose 
is p. 18] 

’15% if CB, C'iP' meet’ih 
Ti" Ifaie B<£d described by' 

% triangle BOC sd blU 
pdipgon revrdves about AO , is the difference betweep the ihombi OCTC and 
.OBT'B'y.and is thereton? equil to a cone Wlmie base is'e^pal to tire surface of 
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Similarly for the fiart 6t the s«did'Cle8(aibed by thetriaag^COZ>i(Bthepcil 3 i^ 
goQ revolves; and so on; > > 

Henee; by additiion, the sc^ figure inseiibed m the s^^ment togetler.mth 
the ccme OLU is equal to a cone whose base is the stiffly of the itisolibed eblki 
and whose hdght is p. 

Cob. The cone whose hose is a circle wtXk radius equal to AL and whose heigH 
w equal to the radius of the sphere is greater tium the sum of the inscribed soUd mi 
the cone OLU. 

For, by theproposiUoni^the inscribed solid together vdth tiie cone OLU is 
equtd to a cone with base equal to the sutf aoe of the solid and vfith hdg^t p. 

This latter cone is less than a cone with height •equd to OA and with base 
equal to the drde whose radiits is AL, because the height p is less than OA, 
while the surface of the solid is less than a drcle with radius AL. [Prop, 37] 

PBOFOsmoN 39 

Let lal’ be a segment of a great drcle oS. a ^here, bjnng less than a semicircle. 
Let 0 be the centre of the sphere, and join 01, OV. Suppose a polygon circum> 
scribed about the sector Old' such that its sides, exclud^ the two radii, ar6 2n 
in number and all equal, as LK, • • -BA, AB', • • -K'U; and let OA to thst 
radius of the great circle which bisects the segmmt kd'. 

The circle circumscribing the polygon will then have the same centre 0 as 
the given great circle. 

Now suppose the polygon and the two circles to revolve t(^ther about OA. 
The two circles will describe spheres, the angular pmnts mccept A will deseiito 

circles on the outer sphere with 
diameters BB' etc., the points 
<d contact of the ddes wi^ the 
inner segment will describe 
circlesi on. the itmer sphere, the 
ades tiiemselves wffl deseiito 
the surfaces of conte or frusta 
of ermes, and the whde figure 
drouiiiscribed to tire segment of 
die iimar sphme by die revahi> 
.'tion of the equal aides of the 
pdygon win have for its babe 
the circle on LU as diameter., > 

The swfaeeof ‘the solid figun so dreumseribed about the sector qf the sphere 
\exduding Usba^ vnUbegreaterihanffuitofihesegnientofBtespherjivdioseimt 
isthe cirds\>k.U'’mddarneter, ' . . . ■' > 

Fordlraw-theduigsnts to thb' inner s^ment at I, IvThsse wUh'tto 

sides of the polygpn will describe bythehr revoludbuiascffid whoeedulaiee ts 
greater than ‘ttot'of«ithese^finent[A«adinpti(m<; 4},.. .. ok;.. . i 

Bttt the ButftKiei deiwt^ed'by the revolndoBi bf iPis leas thba^diat'ilesDritod 
bgr'the nevoluiion <i'LT, sinoe the angle TIL is a rig^t ai^^aitd>diera£tire 
LT>IT. ■•■"■■•V '-'O ’ ‘•I’*;-.- 

l^noe, a fortiori, the surface described by LK -“A-- -K'U is greator thmi 
tinM' the segniait. 


A 
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‘ Ooit. Tkem:fcuxof the figure 80 described about the the sphere it ^pial 

io atcirde the square on whose radius is equal to the rectangle 
AB (BB'+CC'+ • • •+KK'+ILU). 

For the circumscribed figure is inscribed in the outer sphere, and the proof 
of I^op. 35 therefore apidies. 


PnoposmoN 40 

The surface of the figure circumscribed to the sector as before is greater than a circle 
whose radius is equal to al. 

Let the diameter AaO meet the great drcle and the circle circumscribing the 
revolving polygon again in a', A\ Join A*B, and let ON be drawn to N, the 
pdnt of contact of AB with the inner circle. 

Now, by Prop. 39, Cor., the surface d the solid figure circumscribed to the 
sector OlAl' is equal to a circle the square on whose radius is equd tip the 
rectangle 

AB (bB'+CC'+ • • ‘+KK'+^. 

But this rectangle is equal to 
A'B -AM [as in Prop. 22]. 

Next, since AL', aV are paral- 
lel, the triangles AML', ami' are 
similar. And AL'>al'; therefore 
AM>am. 

Also A'B<^20N’^aa'. 

Therefore A'B •AM>am'aa' 

>aL'\ 

Hence the surface of the solid 
figure circumscribed to the sector 
is greater than a circle whose 
radius is equal to al', or of. 

Con. 1. The volume of the figure 
eireumeeribed about the sector to- 
gether with the cone whose apex isO 
card base the circle on LL' as diam- 
eter, is equal to the volume of a cone 
whose base is equal to the surface 
of the circumscribed figure and whose height is ON. 

For the figure is inscribed in the outer ^>here which has the same centre as 
thoinn^r. Hence the proof-of Prop. 38 applies. - 

Cob. 2. The volume of the circumscribed figure with the cone OLL' is greater 
tkm ths'cone whose base is a circle with radius equal to d and whose height is 
squd io tke radius (Oa) d Ove inner sphere. 

For the volume of the figure with the cone OLL' is equal to a cone whose 
base is equal to the surface of the figure imd whose hei^t is eqmd to ON. 

-fAndsthe surface of the figure is greater riian a circle with radius equal to d 
[Prop. 40], while the hdghts Oa, ON are equal. 


A 
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Let lal'hea, segmeot of a great circle of a inhere which is less than a semidrde; 

Suppose a polygon inscribed in the sector OM «Ksh that the odes 
ab*, * • -k'V are 2n in number and all equal. Let a dmilar pi^ygonl be oiieum^ 
scribed about the sector so that its ades are parallel to those of'the first :po^ 
gon; and draw the circle circumscribing the outer polygm. 

Now let the polygons and circles revolve together about OoA, the radhts 
bisecting the segment lal'. 

Then (1) the aurfacei of the outer and inner sdlvde af resolution so described are 
in the ratio of AB* to ab*, and (2) their volumes togeOter with lhe corresponding 
cones with the same base and unth apex 0 in each case are ckAB* to cit^. > < 

(1) For the surfaces are equal to circles the squares on vdiose radu-are equal 
respectively to 

AB (bB'+CC>+ • • ■+KK'+^^, {Prop. 39, Cor.] 
and ab(^'+ct/-\ — [Prop.* 35] 


But these rectanf^es are in the 
ratio of AB* to ab\ Therefore 
so are the surfaces. 

(2) Let OnN be drawn per- 
pe^cular to ab and AB; Mid 
suppose the drcles which are 
equal to the surfaces of the 
outer and inner solids of revo- 
lution to be denoted by 8; s 
respectively. 

Now the volume of the cir- 
cumscribed solid together with 
the cone OLU is equal to a 
cone whose base is S and whose height is ON [Prop. 40, Cor. 1]. 

And the volume of the inscribed figure with the cone OIP is equal to a 0 («i 0 
with base a and height On [Prop. 38]. 

But S :8=*AB* :ab*, 

and ON :0»“AB:o&. ■ 

Therefore the volume of the circumscribed solid together with the cone OLL' 
is to the volume oi the inscribed sdid together with the cmie OBf as AB* iii to 
a&*[Lmmo5]. 



PBOPOsmoN 42 

If ltd* he a segment of a sphere less than a hemisphere and Oa Bie radius perpem 
diadar to the base of dte segment, the surface of the segment is equal to aeUsde 
whose radius is equal to aL 

Let iZ be a drde whose radius is equal to oL Then the surface (d the segnwbt, 
whidi we will call S, must^ if it be not equal to B, be either greater ''w less 
thu^E. '' 


M MtGHOdSEfflS 

I. Suppose, if poedble, 8>B. 

Let JoT be a ee^ent of a great is less than a semidrole. Join 01, 

QX, and let iiMlair polygdus 
wi^ 2n equal sides' l)e:droum- ' 
soribed and inseribed td tibe 
seetqr, aa in the previouB prnpr* 
oations, but such that 
(eireumscribied .ptdFgcm) : On* 
scribed polygon) <S : B. 

• [Prop. 6] 

Let the p<dyg(ms .now revcdve 
urith the segment about OaA, 
gSBinaring solids ofrevdution 
circumscribed and inscribed to the segment of the sphere. 

Thmi 

. (surface of outer solid) ^ (surface of inner solid) 

[Prop.\41] 

* (circumscribed polygon) : (inscribed polygon) \ 

<5 : B, by hypothesis. 

But the surface of the outer solid is greater than S [Prop. 39]. 

Therefore the surface of the inner solid is greater than B ; wMch is unposrible, 
by Prop. 37. 

II. Suppose, if posrible, S<B. 

. In this case \re chrcumscribe and inscribe pdygons such that their ratio is 
I than S! and we arrive at the result that 

(surface of outer solid) : (surface of inner solid) 

<B:S. 

But the surface of the outer solid is greater than B [Prop. 40]. Therefore the 
surface of the inner solid is greater than S : which is unpossible [Prop. 36]. 
Hoice, once S is ndther greater nor less than B, 

S^B. 
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JSiwn if the segment the tphare it ffmUer ihan a hemiephere, its marfaee w iiiU 
equal to a circle whose radius is equal tool. 

For let laXa' be a great cirde d the sphere, aa' being the diameter popen- 
dicular to U'; and let la'l' be a segment loss than a 
senddnde. 

Then, 42, the surface of the segment la'l' 

of the sphere is equal to a circle with radius equal to 
a'l. 

Also the surface ai the whole iq}he!re is equal to a 
ek^ with ndius^eqoal to oa' [I^i 33]. ■ 
jVBut eiknles are to aneanetiiec. 

as the squares on thrir radii . 

iSAeijefQK the suilaoe^d: tim segment htf'y behig 
thslrMeeanee between thwsurfaioeaof the qdimand. 
is equd to a circle with radius equd to ol. 
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The volume of any teclor of a sphere is equal to a cone whose base is equal to the 
surface of the segment of the sphere indvded in the sedor, and whose height is equal 
to the radius of the sfphere. 

Let be a i!|DUe whos^ l^a^e ia equal to nufacetof'lhe easoaent M da 
sphere and whose height is equal to the radius of the sphere; and let «S be the 
volume of the sector OUdf. 

Theu, if /S is not equal to R, 
it must be dther greater or 

I. Suppose, if posable, that 
8>R. 

Find two steai^t lines fi, 
y, of which j9 is the greater, 
such that 

/9 ' y'^S : £; 

and let 5, ( be two arithmetio 
means between j8, y. 

Let lal' he a segmmt of a 
great circle of the sphoe. J<^ 
01, OV, and let similar poly- 
gcois with 2n equal sidiM be 
drcumstaibed and inscribed to 
the sector of the circle as before, but such tiiat their rddee are in a ratio less 
than p : d. [Prop. 4]. 

Then let the two polygons revolve with the segment about OaA, generating 
two solids of revolutirm. 

Denoting the volumes of these solids by V, v ieEg>ectively, we have 

(F+cone OLU) : (f)+oone (W) - AB* : ob* [Prop. 41] 

<0:y,afortioTi, 

<S : R, by hypothetds. 

Now (F+cone OLU) >S. 

Therefore also (i)+cone OB') > R. 

But this is impossible, by Prop. 38, Cor. combined with Props. 42, 43. 

Hence 

II. Suppose, if possible, that S<R. 

Ls this case we take 0, y such that 

p:y<R:&, 

Bind the rest of the construction proceeds as before. 

We thus obtain the relation 

(F'+’UOUU OLU ) : (v-beoee OB')<£ :iS. 

Now (w+oone 

Tbetefore (F+cone OJ!iL0<£; 

wltich is impossible, hf Prop. 40, Cor. 3 ctHulnned with Props. 42, 43. 

Since then S is ndther peaternor les4 than R, 

BmR. r 


A 
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ON THE SPHERE AND CYLINDER 
BOOK TWO 


Abchimeoes to Dosithevis greeting. 

“On a former occadon you asked me to write* out the proofs of the problems 
the enunciations of which I had myself sent to Conon. In point of factpey 
d^nd for the most part on the theorems of which I have already sent you the 
demonstrations, namely (1) that the surface of any sphere is four times! the 
greatest circle in the sphere, (2) that the surface of any segment of a sphere is 
equal to a circle whose radius is equal to the straight line drawn from the ^r> 
tex of the segment to the circumference of its base, (3) that the cylinder whose 
base is the greatest circle in any sphere and whose height is equal to the diam- 
eter of the sphere is itself in magnitude half as large again as the sphere, while 
its surfade [including the two bases] is half as large again as the surface of the 
q)here,‘and (4) that any solid sector is equal to a cone whose base is the circle 
which is equal to the surface d the segment of the sphere mcluded in the sec- 
tor, and whose height is equal to the radius of the sphere. Such then of the 
theorems and problems as depend on these theorems I have written out in the 
book which I send herewith ; those which are discovered by means of a different 
sort of investigation, those namely which relate to spirals and the conoids, I 
will endeavour to send you soon. 

“llie first of the problems was as follows: Given a sphere, to find a plane area 
equal to the surface of the sphere. 

“The solution of this is obvious from the theorems aforesaid. For four times 
the greatest circle in the s^diere is both a plane area and equal to the surface of 
the sphere. 

“The second problem was the following.” 

Proposition 1 (Problem) 

CHwi a cone or a cylinder, to find a sphere equal to the cone or to the blinder. 

If F be the given cone or cylincter, we can make a c:^der equal to |F. Let 
this cylinder be the cylinder whose base is the circle on AB as diameter aad 
whose height is OD. 

Now, if we could make another cylinder, ecpal to the cylinder (OD) but such 
that its height is equal to the diameter of its base, the problem would be solved, 
because this latter cylinder would be equd to }F, and the sphere whose diam- 
eter is equal to Iheheii^t (or to the diameter of the base) of the same cylinder 
would then be the sphere required [1. 34, Gmr.}. 

^ StQ^pose the problem solved, and let the cylinder (CO) be equal to the cylin- 
(OD), while EF, the diameter of the bam, is equal to the hdght CO. 

434 
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111611 , siace in equal cylinders the h^ts and bases are redpiqocally pro- 
porti(m^ 

AB*:EF*’-CG:OD 

-EF’.OD. (1) 



0 



Suppose MN to be such a line that 

EF^’^ABMN. a) 

Hence AB:EF=EF:MN, 

and, combining (1) and (2), we have 

AB-.MN=EF:OD, 
or AB -.EF ’’‘MN :OD. 

Therefore AB : EF’^EF : MN^MN : OD, 

and EF, MN are tm mean proportionals between AB, OD. 

The synthesis of the problem is therefore as follows. Take two mean pro- 
portionals EF, MN between AB and OD, and describe a cylinder whose base 
b a circle on EF as ^ameter and whose height CG is equal to EF. 

Then, once 

AB : EF~EF : MN^MN : OD, 

EF*=ABMN, 

and therefore AB^ lEF^^AB -.MN 

^EF.OD 

’-CG.OD) 

whence the bases o& the two cylinders (OD), (00) are reciprocally proportional 
to their hd^d^ts. 

Therefore the cylinders are ecpial, and it follows that 
cylinder (00)-f7. 

The sphere on £F as diameter is therefcae the qdiere required, being equal 
to V. 

Pbopobi^on2 

If BAB' be a segment of a sphere, Bff a diameter of the base of the segment, and 0 
the centre of the sphere, and if AA' be tiie diameter of the sphere UseeUng in' 
M, then the voltme of the segment is equal to that of a erne whose base is the same 
as thot of the segment and whose height is h, where " '■! 

hiAM^OA'+A'M-.A'M. 

Measure MH along MA equid to h, and MB' along MA' equal to h', ediere 
h'.A'M-^OAi-AM-.AM. 



8Q{q>0Bid tbrefr omoes oiatistructed hkw O, B, .H' tot i^tax w^itB 
and the base {BB') of the segm^t for their common base. Jdn ABl'A'B.' •' i 



Let C be a cone^ whose b^ is equal to the surface of the segment BAB' of 
the sphere, i.e. to a circle with radius equal to AB [1. 42], and whose hei^t is 
equal to OA. 

( .^hen the cone C is equal to the soM sector OBAB' [I. 44]. 

Now, since HM xMA* OA'+A'M ; A'Jlf, 

dividendo, HA :AM=‘OA :A'M, 

and, alternately, HA : AO ^AM : MA', 
so that 

ifO:OA=AA':A'Af 

- ' (base' of cone (?) : (circle on BB' as diameter). . 

But OA is equal to the hmght of the cone C; therefore, since cones are equal if 
thdr bases and heights are reciprocally proportional, it follows that the cone C 
(or the solid sector OBAB') is equal to a cone whose base is the circle on BB' as 
diameter and whose hei^t is equal to OH. . . 

And this latter cone is equal to the sum of two others having the same base 
and with hdghts OM, MH, ue. to the solid rhoPbus OBHB'. 

Hence the sector OBAB' is equ^ to the rhombus OBHB'. 

Takii^ away the common part, the cone OBB', 

< . '-r. ' tlw segment BAS'** the cxmeHBB^.;' 

Similarly, by the same method, we can prove that 

the aegmeni the cone ' * 

AUemtUive proof of the latter, property. ■ < 

^ Suppose D tobe a cone whose base is equal'tothesurface df the whdb^^phere 
and whose hdght is equal to OA. 

Thus D is equal to the volumes of >the sphere. [1. 33, 34] 

. since . . OA':^A'M iA'M'~HM \MAi^ 

d^Afimdo and al(sm<mdei,\as before* . . < i , . . 

OA ’.AH^A'M xM.Am , . . jiV 

Again, rince fi'Af j,itfAV,(M+A.WiilAfj ,, ^ 

,irW:OA-A«Jf,:JtfA 

•■nT.-’. . ■!' I’! ''i •/ :,y' VV' 'V^ 

,€mpormdo, .]B!Q'.'fiA"‘OB iBA». ‘ ( 1 ) 

Alternately, H'O lOH^OA :AH, ( 2 ) 


m 
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HV iOAfJk<m 0 )> 
whfflice HWOA^WOOH. ^ 

Next, ance H'O 0H‘ OA : AH, by (2), 

A'M : MA 

{H'O+Om* • H'O OH>‘{A'M+MA)* : A'M • MA, 
whence, by means of (3), 

HH'* : HH' < OA^AA '* : A'M • MA, 
or HH' OA^AAf^iBMK 

Now the cone D, whiqh is equal to the sphere, has for its base a circle whose 
radius is equal to AA', and for its height a line equal to OA. 

Hence tl^ cone D is equal to a cone whose base is the circle on BB' as diam* 
eter and whose haght is equal to HH'; 

therefore the cone the rhombus HfiH'fi', 

or tile rhombus Hj3H'£!'>^.tbesph«(e.' 

But the segment cone HBB'; 

therefore the remaining sequent BA'S'^^ikifi cone H'BB'. 

Cob. The eegmerU BAB' ie to a cone vnth the same base and equM height in 
ratio tff OA'-^- A'M to A'M, 


PnoposmoN 3 (Pboblbm) ' . 

To cut a given sphere by a plane so that the mrfaces of the segments may haxe to 
om another a gioen ratio. 

Suppose tiie problem sc^veiL Let AA' be a diameter of, a great circle of the 

sphere, and suppose that, a plane, p^ 
pendicvdar to AA' cuts the plane of tfc^ 
great «:ircle in the straight . line BB', 
and A A' in Jlfi-and tWt it, diodes tiw 
i^ere so that the surfaoe of the eeg* 
m^t BAB' has to the surface of 
A segment BA'B' Ihe given ■ 

Now these surfaces are respectively 
equal to .^rcles with radii equ4 to AB, 
A'B p. 43J.; 

Hence, the ratio AB ' : A'B*' ia equal to 
the pven ratio, i.e. AM. is ,tp il^^' in the 
; pren natio* ' 

Accordin^y the syutheos proceeds\BS folh^. 

If H :£ be the ipven ratio,i£Yide^A'in Af sothat i> ■. 

i AM:MA'>-‘H'.K. 

'Tbea AM :MA'--AB': A'B* * .r 

».(oircle with radius AB ) : (circle wliiJac&iB A*B) 

(surface of segm^t BAB'^. I'fsuifaee.ctf jMgnaiBnt BA'B'). , 

Thus the ratio Of the surfaces of segments is equal to^ti^ ntio.M iK. 



PBOPOsmofr 4 . <>' - , , 

To cut a given sphere by a plane so thah ^VphtmesM ih$\Ssgntent$i,<tfOi!tpho 
an^herinagwentpatio. .:.i. ,i, . . s . .'‘i L- 
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ABA' at rig^t allies in the line BB'. Let AA' be that liiametar <rf< tbe great 
dnsle which bisects BB' at right anig^es (in if), and let 0 be Ihe centre of the 
•tdiere. 



' Take H on OA produced, and H' on OA' produced, such that 

OA'+A'M : A'M^HM ; MA, (1) 

and ‘ OA+AM : AM^H'M : MA'. (2) 

Join BH, B'H, BH', B'H'. \ 

Then the cones HBB', H'BB' are respectively equal to the segments BAB', 
BA'B' of the sphere [Prop. 2]. 

Hence the ratio of the cones, and therefore of thrir altitudes, is ^ven, i.e. 

HM : H'M =the pven ratio. (3) 

We have now three equations (1), (2), (3), in which there appear three as yet 
undetermined points M, H, H'; and it is ^t necessary to find, by means of 
them, another equation in which only one of these points (M) appears, i.ei we 
have, so to speak, to diminate H, H'. 

Nbw, from (3), it is clear that HH' : H'M is also a giv^ ratio; and Archi- 
medes’ method elimination is, first, to find values for each of the ratios 
A'H' : H'M and HH' ; H'A' which are alike independent of H, H', and then, 
secondly; to equate the ratio ccmapcninded of these two ratios to the known 
value of the ratio HH' : H'M. 

(o) To find wch a value for A'H' : H'M. 

' It at once clear from equation (2) above that 

A'H' : H’M-‘OA : OA+AM. (4) 

' ■ (6) To find such a value for HH' : A'H'. 

From (1) we derive 

A'M : MA^-OA'+A'M : HM 

-OA':AH’, (6) 

and, from (2), A'M : MA > -H'M : OA+AM 

-A'H'.OA. - (6) 

Thus HA:AO--OA' :A'H', 

whence OH : OA' - -OH' : A'H', 

or OH.OH'-OA'.A^H'. 

■ It foHows that 

HH' : OH' ~0H' ; A'H', 
or HH' H'A'- OH'K 

Therefore HH' :H'A'- OH'*\H'A'* 

•“AA'* : A'M*, by means of (6) 

^ Tb express the ratios A'H' : H'M lAd HH * : H'M aneke amply we issike 
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the following construction. Produce 0.4 to D so that OA •‘AJD. (Dt wiU lie be- 
yond H, for A*M>MA, and therefore, by (&), OA>AH.) 

Then A’H' : WM~OA : OA+AM 

-AD: DM. (7) 

Now divide AD tA Em that 

HH':H'M-AD:DE. (8) 

Thus, usdng equaticms (8), (7) and the value of HW : H'A' above found, vre 
have 

AD:DE-HH':H'M 

- {HH ’ : H'A') (A'H ' : H'M) 
-{AA'^:A'M^)-iAD:DM). 

But AD : DE-iDM : DE) (AD : DM). 

Therefore MD : DE—AA'^ : A'M^. (9) 

And D is given, ranee AD = OA . Also AD : DE (brang equal to HW : H'M) is 
a given ratio. Therefore DE is given. 

Hence the problem reduces. itself to the problem of dividing A’D into two parts at 
M so that 

MD : (a ^ven length) * (a given area) : A'MK 

Archimedes adds: “If the problem is propounded in this general form,* it 
requires a Sutpioit&i [i.e. it is necessary to investigate the limits possibility], 
but, if there be added the conditions subsisting in the present case, it does not 
require a Btopurubs." 

In the present case the problem is: 

Given a straight line A' A produced toDso that A' A = 2AD, and given a point E 
on AD, to cut AA' in a point M so that 

AA'^:A'M'-MD:DE. 

“And the analyras and syntheras of both problems \vill be ^ven at the end.”* 

The synthesis of the main problem will ^ as follows. Let A : iS be the given 
ratio, R being less than S. AA' being a diameter of a great circle, and 0 the 
centre, produce OA to Dm that OA—AD, and divide AD in £ so that 

AE:ED-B:8. 

Then cut AA' in Af so that 

MD:DE-AA'*:A'M\ 

Through M erect a plane perpendicular to AA'; this plane will then divide 
the sphere into segments which will be to one another as 12 to 5. 

Talce H on A' A produced, and H' on AA' produced, so that 

OA'+A'M : A'M-HM : MA, (1) 

OA +AM : AM -H'M : MA'. (2) 

We have then to show that 

HM :MH'-R :S, or AE .ED. 

(a) We first find the value of HH' : H'A' as follows. 

As was sho\vn in the analyras (b), 

HH'H'A'-OH'*, 

or HH' : H'A' -OH '* : WA'* 

-AA'*:A'M* 

aMD :D£f, by oonstruciaon, . . ' 

•As Ardtimedes* oommraitator, Eutocaus, notM: .. we do not find the preadse in 
any of the oopies.” Sir Thomas HeaUi’s toimslation of Eutocius’ note on the matta:,'aldns 
with the solutions d Di<MiyBod<»us and Diodes, is ondttedfn»iithisedltiCA---En. 
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(fi) Neict we have 

H'A' :H'lit~OA ;04+AJfcf 
^AD:DM, 

Therefore HH' : : H'A') -{H'A ' : H'M) 

^{MD:DE)iAD:DM) 

^AD:DE, 

whence HM :MH'>^AE :ED < 

=R:S. Q. B. e. 


Proposition 5 (Problem) 


To conalruct a segment of a sphere similar to one segment and equal in volume to 
another. 

Let ABB' be one segment whose vertex is A hhd whose base is the ci^ 

BB' as diameter; and let DEF be another seglnent whose vertex is 
whose base is the circle on EF as diameter. Let AA', DD' be ^ameters i 
(peat ctrcles passing throng BB', EF respeetivdy, and let 0, C be the i 
live centres of the spheres. 

Suppose it requir^ to draw a segment amilar to DEF and equal in volWne 
to ABB'. 



Analysis. Suppose the problem solved, and let def be the required segment, 
d being the vertmi and ef the diameter of the base. Let dd' be the diameter of 
the sphere which bisects ef at right angles, c the centre of the sphere. 



Let M,0,ghe the pi&its where BB', EF, ef ere bisected at right an^es by 
AA', DD', dd' respectively^ and prodiice CW, CD, od reepetiiveiy to If, K,‘ k, 
so that 

OA'+A'M : A'M^^HM :MA 
CD'+2)'(? ? IFG^m : OD , 
cd'+d'^ : d'gi^kg :§d 

and suppose cones fonned With vertieds '^ Jt; k and with the same bases as the 
ij(i|M^yeRe(pnaita. The cones will then be eqqal ^e^ginento.;)^peetiy^ 
£pi«p. ai,- , •) '• * >■ . 

'* Therefoii^ byhypetheri^ ' ' ■ .>i' ■’ ■ 
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I'S. i :K ; • L . i , , 

Hence , t ■ ■ >' T _ • 

. (dralexm diaaieterv^£0> (circle on (^iieeter^ ; If Af,. , . 

! \<|L) 

But, since the e^igineatS sDEFt ^ nre sjisUar, eo are ihe cones KE^ j^. 
Therefore KG'.EF^kg:^.. , 

- Aad„lhe ratio KG : EJP is pvei^. .Therefpie'i^e ratio given.; . . 

S^pose a lengtii £ taken Butin l^t 

kg:^<BiHM:B. ..(2) 

Thus R is given. 

A^n, since kg : HM^BB '* : : B, by (1) and (2), suppose a length^S 

taken such that 


e/*=BB' -8, 

at BB'^ :eP=‘BB':S., , 

Thus BB':e/=e/:S-S:£, 

and 8. are two mean proportionals in continued proportion hetwem BB% R. 

Synthesis. Let ABB', DEFlae great circles, AA'-, Diy the diameters bisecting 
BB', EF at right angles in M, G respectively, and 0, C the centres. 

Take H, K in the same way as before, and construct the cones HBB', KKF-, 
which are therefore equal to the respective segmei|t8 ABB', DEF. 

Let £ be a straight Une such that 

KG:EF=HM-.Bi 

and between BB', B take two mean proportionals of, S. 

On e/ as base describe a segment of a circle with vertex d and timilar to the 
segment of a circle DEF. Complete the circle, and let dd' be the ^ameter 
through d, and e the centre. Conceive a sphere constructed of which dp/ is a 
great circle, and through ef draw a plane at right angles to dd'. 

• Then shall def be the required segment of a sphere. 

For the segments DEF, dof td the spheres are timilar, like the circular seg- 
ments DEF, def. 

Produce cd to A; so that 


cd'+d'g : d'gmkg : gd. 

The cones KEF, kef are then timilar. 

Therefore; kg :ef ^KG lEf ^SM :B, ; 

whence kg:HM’=ef:R. 

But, tince BB', of, S, R are’ in. continued proportion, 

BB'*:on=BB':8 

‘‘■kgiHif. 

Thus the bases of the cones HBB', kef are reciprocaily proportion^ to tlntir 
fatightiu ThecQuesaxe ti^erefore equal;, gnd^jptheisesgUient ^»quiie4„l>ting 

equal in vtiume to tile 0 ^ lb/* v !' . 


.V. . ■ . 'I ’ 

. I, . , l^posmoi? 6 (Pbobl^) 

Gwm tuMifiogmente of »fd^erett\ioMd.a V a, one of 

the gtfion.oegmenisai^ Jumng ,its svrfa/a.eg^tp-^^.^thepf^. 

, Let aegiq^t.^ip w^oae sutig^ iti toE* 

ment is to be equal, ABA'.$'i4^grf«t cin^whi^ ti^Cij^Iaae ci 
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base dt the aliment ABB’ at right angles in BB’. Let AA’ be the diameter 
which bisects BB’ at ri^t angles. 

Let DBF\)e the segment to which the reqtnred s^ment is to be similar, 
BEiyP the great circle cutting the base of ihe segment at right angles in EF. 
Let Diy be the diameter bisecting\&F at ri^t angles in 6. 

Suppose the problem solved, de/bdng a s^ment similar to DEF and having 
its surface ^uhl to that of ABB’; and complete the figure for def as for DEF, 
corresponding points being denoted by small and capital letters rei^>ectively. 
' Join AB, DF, df. 

Now, since the surfaces of 
fhie segments de/, ABB’ «re 
equal, so are the circles on 
df, AB as diameters; 

[I. 42, 43] 

that is, df=AB. 

From the similarity of the 
segments DEF, def we obtain 
d’didg^D’D'.DG, 
and dg : df^DQ : DF; 
whence d'd ; df^D'D : DF, 
or d’d.AB^^D'D.DF. 

But AB, D’D, DF are all 
given; 

therefore d’d is given. 

Accordingly the ssmthesis 
is as fellows. 

Take d’d such that 

d’dxAB^D’D.DF. (1) 

Describe a circle on d’d as diameter, and concrive a sphere constructed of 
which this circle is a great circle. 

Divide d’d at g so that 

d’g igd^D’Q xQD, 

and draw through g a plane perpendicular to d’d cutting off the segment def 
of the sphere and intersecting the plane of the great circle in ef. The segments 
def, DEF are thus rimilar, and 

dg-.df^DQ\DF. 

But from above, componendo, 

d’d:dg^D’D:DG. 

Therefore, ex aeguaii, d’d : df —D'D ; DF, 

Thence, by (1), df^AB. _ 

' Theiirfore the segpnent def baa its surface equal to the surface of the segment 
ABB’ [1. 42, 43], while it is also rimilar to the s^ment DEF. 

PsoposmoN 7 (Pbobleh) 

. From a given sphore tocittofia eegtnerU by a plane so that the segment may have a 
grtben to the code whidiTias the same base as die segment and equal height. 

Let AA' be the diarndtet^ ^k a great circle of the sphere. It is required to draw 
fkj^lahe at rig^it ang^n AA' cutting off a segm^, as ABB', such that the 
' ABB' haib to tim cbnie ABB' a given ralib. 
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Analyaia. 

Suppose the probIein<e<dved, aud let plane of. section cut the plane of the. 

great circle in BB', and the diameter AA' in M. Let 0 be the centre of the 


sphere. 

Produce OA to iff so that 

OA'+A'M : 



'M=HM:MA. (1) 

Thus the cone HBB' is equal 
to the segment ABB'. 

[Prop. 2] 

Therefore the given ratio 
fp must be equal to the ratio of 
the cone HBB' to the cone 
ABB', i.e. to the ratio HM : 
MA. 

Hence the ratio 0A'+ 
A'MiA'M is given; and 
therefore A'M is given. 


Btopiaftbs. 

Now OA ' : A'M>OA' : A'A, 

so that OA'+A'M : A'M>OA'+A'A : A'A 

>3:2. 


Thus, in order that a solution may be possible, it is a necessary condition that 
the given ratio must be greater than 3 : 2. 

The synthesis proceeds thus. 

Let A A' be a diameter of a great circle of the sphere, 0 the centre. 

Take a line DE, and a point F on it, such that DE : EF is equal to the g^ven 
ratio, being greater than 3 : 2. 

Now, since OA'+A'A : A'A =3:2, 

DE\EF>OA'-\-A'A -.A'A, 
so that DF : FE>OA ' : A'A. 

Hence a point M can be found on AA' such that 

DF :FE=OA' :A'M. (2) 

Through M draw a plane at ri^t angles to A A' intersecting the plane of the 
great circle in BB', and cutting oif from the sphere the segment ABB'. 

As before, take H on OA produced such that 

OA'+A'M : A'M^HM : MA. 

Therefore HM : MA =bDE : EF, by means of (2). 

It follows that the cone HBB', or the segment ABB', is to the cone ABB' in 
the given ratio DE : EF. 


PnoposiTiONS 

If a sphere be cut by a plane not passing through Ove centre into two segments 
A'BB', ABB', of which A'BB' is the greater, then the ratio 
(segmt. A'BB ') : (segmt. ABB') 

< {surface of A'BB')* : Hsufface of ABB')* 
but> (surface of A'BB')* : .(aw/oce q/" ABB')*. 

Let the plane of section cut agreat circle "Sht angles in BB', and 

let AA' be the diameter bisecting BB' at rig^t angles in ilf. , . , . 

LAt 0 be the centre of the f^era 
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Join A% AB. 

Af uitml; tikb'Itm OA im)daeed, and jrnn<X4^ {Hjoduecid, lotiuit’ 



OA*+A'M : A'M~HM :MA, \ (1) 

OA+AM lAM^H'M :MA', \ (2) 

and conodve cones drawn each with the same base as the two segments and 
with apices H, H' respectively. The cones are then respectively equal teethe 
s^ments [Prop. 2], and they are in the ratio of their hdghts HM, H'M. ' 
Also 

(surface <rf A'BB') : (surface of ABB') •= A'B* : AB^ [I. 42, 43] 

=A'M:AM. 

We have therefore to prove 
(o) that H'M : MH<A'M* : MA\ 

(b) that H'M : MH>A'M* : MAK 

(a) From (2) above, 

A'ilf ; AM^^H'M : OA+AM 

^H'A' : OA', since OA *04'. 

Since A'M>AM, H'A'>0A'; therefore, if we take K on H'A' so that 
OA'^A'K, K will fall between H' and A'. 

And, by (1), A'M : AM » KM: MH. 

Thus KM : MH^H'A ' : A'K, since A'X-OA', 

>H'M:MK. 

Therefore H'M MH<KMK 

It follows that 

H'M MH : MH*<KM» : MH*, 
or H'M : MH<KM* : MH* 

<A'M* : AM*, hy(l). 

Q>) Since 0A'~0A, 

A'MMA<A'0 0A, 
or A'M:0A'<0A:AM 

<H'A' : A'M, by means of (2). 

Therefore A'M*<H'A' OA' 

<H'A'‘A*K. 

Take a point N on A' A such that 

A*N*»H'A*A'K. 

Thus H'A':A'K->A'k*:A'K*. (3) 

H'A'tA'kmA'NiJ^K, 

ntad, oomponendo, 

H'N lA'N’-NK vAfK, 
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whence A'N* :A'K*’’‘WN* :NK*. 

ThmSoK, by (3), 

H'A' \A'KmH'N*:NKK 
Now H'M:MK>H'N-.NK. 

Therefore H'Af* : MK*>H'A ' : A'K 

>H'A ' : OA' 

>A'M : JlfA, by (2), as above, 

>dA'+A'Jlf :Af^,by (1), 

Hence H'Jf* : JHH*- (H'M* : MiC*) • {KM * : JfH*) 

> (KM : MH) {KM* : MH*). 

It follows that 

H'M:MH>KM*:MH* 

>A'M* :AM», by (1). 

PnoposiTioN 9 

Of all segments of spheres which have equal surfaces the hemisphere is the greatest 
in volume. 

Let ABA'B' be a great circle of a sphere, AA' being a diameter, and 0 the 
centre. Let the sphere be cut by a plane, not pasmng through 0, perpendicular 
to AA* (at M), and intersecting the plane of the great circle in BB*. The seg- 
ment ABB' may then be either less ^an a hemisphere as in Fig. 1, or greater 
than a hemisplmre as in Hg. 2. 

Let DED'E' be a great circle of another sphere, DD* being a diameter and C 
the centre. Let the sphere be cut by a plane through C perpendicular to DD* 
and intersecting the plane of the great circle in the diameter EE'. 

Suppose the surfaces of the segment ABB' and of the hemisphere DEE' to 
be equal. 



ng.3. 


Since the surfaces are equal, AB«> OK. [1.42,43] 

Now, in Fig. 1, AB*>2AM* and <2A0*, 
and, in Fig. 2, AB'<UM* and >2A0*. 

Hoice, if K be taken on AA' such that 

Afi*-*AB», 
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R will fall between 0 and M . 

Also, since CD. 

Produce OA' to £ so that OA' = A'K, and produce A'A to D so that 

A'K : A'M^^HA : AM 

or, eomponendo, A'K+A'M :A'M^HM :MA, (1) 

Thus the cone HBB' is equal to the segment ABB'. [Prop. 2] 

Again, produce CD to F so that CD=DF, and the cone FEE' will be equal 
to the hemisphere DEE'. [Prop. 2] 

Now AR ■RA'>AM -MA', 

and AR''^\AB*=\AMAA'^AMA'K. 

Hence 

AR ■RA'+RA-^>AM -MA'+AM A'K, 
or AA' AR>AM MK ' 

>HM A'M, by (1). 

Therefore AA' : A'M>HM : AR, 

or AB^:BM^>HM:AR, 

i.e. Aft* : BM^>HM : 2AR, since Aft*=2Aft*, 

>HM : CF. \ 

Thus, since AR=CD, or CE, 

(circle on diam. EE') : (circle on diam. BB')>HM : CF. 

It follows that 

(the cone FEE') > (the cone HBB'), 

and therefore the hemisphere DEE' is greater in volume than the segment 
AES'. 



MEASUREMENT OF A CIRCLE 


Peoposition 1 

Th area of any circle is equal to a right-angled triangle in which one of the aides 
about the right angle is equal to the radius, and the other to the circumference, of 
the circle. 



Let ABCD be the given cirole, K the triangle described. 

Then, if the circle is not equal to K, it must be rather greater or less. 

I. If possible, let the circle be greater than K. 

Inscribe a square ABCD, bisect the arcs AB, BC, CD, DA, then bisect (if 
necessary) the halves, and so on, until the sides of the inscribed polygon whose 
angular points are the points of division subtend segments whose sum is less 
than the excess of the area of the circle over K. '■ 

Thus the area of the polygon is greater than K. 

Let AE he any side of it, and ON the perpendicular on AE from the centre 0. 

Thrai ON is less than the radius of the circle and ther^ore less than one of 
the sides about the right angle in K. Also the perimetra* of the polygon is less 
than the circumference oi the circle, i.e. less than the other ^de about the rij^t 
angle iaK. 

Therefore the area of the polygon is less than K ; which is inconsdstent with 
the hypothesis. 

Thus the area of the circle is not greater than K. 

II. If posable, let the circle be less tlutn K. 

prcuinsclibe; ai square, and let two adjaccut sides, touching the (hrcle in E, 
B, tntot in T. Bisect the arcs ibetwerai adjac^t points cA cont^.and draw the 

447 
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tangents at the points of bisection. Let be the middle point of the arc BHs 
and FAG the tangent at A. 

Then the angle TAG is a right angle. 

Therefore TG>GA 

>GH. 

It follows that the triangle FTG is greater than half the area TEAH. 

Similarly, if the arc AH be bisected and the tangent at the point of bisection 
be drawn, it will cut o£P from the area GAH more than one-half. 

Thus, by continuing the process, we shall ultimately arrive at a circum- 
scribed polygon such that the spaces intercepted between it and the circle are 
together less than the excess of K over the area of the circle. 

Thus the area of the polygon will be less tba^a K» | 

Now, since the perpendicular from 0 on any side of the polygon is etmal to 
the radius of the circle, while the perimeter of the polygon is greater tl^ the 
circumference of the circle, it follows that the area of the polygon is gmater 
than the triangle K; which is impossible. \ 

Therefore the area of the circle is not less than K. \ 

Since then the area of the circle is neither greater nor less than K, it is equal 
to it. 


Proposition 2 

The area of a circle is to the square on its diameter as 11 to 14K 


Proposition 3 

The ratio of the circumference of any circle to its diameter is less than 3| hut 
greater than *. 

I. Let AB be the diameter of any circle, 0 its centre, AC the tangent at A ; 
and let the angle AOC be one-third of a right angle. 

Then OA : riC[»\/3 : 1]>265 : 163, (1) 

and OC:Cri[«2:l]«306:153. (2) 

First, draw OD bisecting the angle AOC and meeting AC in D, 

Now CO iOA^CDiDA, [Eucl. VI. 3] 

80 ^t [CO+OA:OA>^CA:DA,ot] 

CO+OAiCA^^OAiAD, 

Therefore [by (1) and (2)] 

OA :AD>671:163. (3) 

*TliS text of this proposition Is not satisfactory, and Ardhimedes cannot have placed it 
before Proposition 9^ a* the appraxunation depends upon the result of that proposition. 

<In view of ^ intsreBting queiaiqns arising out of the axithnwtical eointent of ihisproposi* 
tion of Archimedes, it is necessary, in reproducing it, to distinguish carefully the iK^ual steps 
set out in the text as we have it from the intermediate steps (mostly suppitod by Eutoeius) 
tihich it is eohvehSent td put in for the purpose of nUddng the proof eieisfar to follow. Accord- 
ingly all the steps not actually appearing in the text have been enclosed in square brackets, 
in order that it may be dearly seen how far Arehimedes omitf aefcaal oalcuh^ona and only 
^ves residts. It will be observed that he gives two fractional appreadmat^ns to {One 
beiiqt. lees and the other jmter than, tlie value) wHhput any eaqdimation as to how he 
them; and in li&ia miumer approximations tO tbO square rqote o( . several l^ge 
tttnnlM which am not complete equEresm merely stated. ' m ... 
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'’Hence 

OO* : 4i)*[-(a4*+4Z)*) lAJD* 



>(671»+163») : 158*1 



>349450:23409, 


so that 

OD : 2)4 >591} :m 

m 



Secondly, let OE bisect the angle AOD, meeling AD in E. 

[Then DO : OA ^DE : EA, 

so that DO+OA : DA =04 : AE.] 

Therefore OA : AE [> (691|+S71) : 163, by (3) and (4)] 

>1162i:163. (5) 

[It follows that 

OE * : £?4*> {(1162i)*+153*) : 153* 

> (1360534H +23409) : 23409 
>13739431}: 23409.] 


Thus 

OS: £4 >1172}: 163. 

(«) 

Thirdly, let OF bisect the ai^e 40£^ and meet AE in F. 

We thus obtmn the result [corresponding to (3) and (5) above] that 



04 :4S [>(1162}+ 1172}) : 153] 



>2334} : 153. 

(7) 

[Therefore 

OF * : FA*> {,(2334})*+153*| : 153* 

' 


>5472132^:23409.] 


Thus 

OF : S4> 2339} : 153. 

(8) 


Fourthly, let 00 bisect the en^ AOF, meeting AF in 0. 

We have then 

OA : 4O[><2334}+2330}) : 163, by means of (7) and (8)] 

>4673} : 153. 

Now the angle AOC, which is oae4lurd a ili^t an^e, has been bisected 
four times, and it follows tiiat 

‘ anigle)w 

Make the angle 40£f onthsotha'siis af OA equal to the anj^e AOO, and 
tet' 04 produced meet OH i&H. -n ^ 

IlieDi ii|^ SBgie), 
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Thus 6H is one edde of a r^lar polygon of 96 ades circumscribed to the 
pven circle. 

And, since OA : AG> : 153, 

Trhile AB^20A,GH=^2A0, 

it follows that 

AB : (perimeter of polygon of 96 side8)[>4673J ; 153 X96] ' 

>4673J : 14688. 


But 


14688 


=3 


667 ^ 


4673J ” ' 4673J 

[<»+S] 


<31. . j 

Therefore the circumference of the circle (being less than the perimeter of 
the polygon) is a fortiori less than 3+ times the diameter AB. \ 

II. Next let AB be the diameter of a circle, and let AC, meeting the circle in 
C, make the angle CAB equal to one-third of a right angle. Join BC, \ 
Then AC : CB [ = \/3 : 1] < 1351 : 780. \ 

First, let AD bisect the angle BAC and meet BC in d and the circle in D. 
Join BD. 

Then ZBAD^:^ ZdAC 


= ZdBD, 

and the angles at D, C aa% both right angles. 

It follows that the triangles ADB, \ACd], BDd are rimilar. 


Therefore 

AD:DB==BD:Dd 



[^AC-.Cd] 



=AB:Bd 

=AB+AC :Bd+Cd 
^AB+AC:BC 

[Eud. VI. 3] 

or 

BA+AC.BC^AD:DB. 


[But 

AC : CB< 1351 : 780, from above, 


while 

BA :BC=2:1 

= 1560 : 780.] 


Therefore 

AD:DB<2911 :780. 

(1) 

[Hence 

AB* : BZ)*<(2911*-f 780*) : 780* 
<9082321 : 608400.] 


Thus 

AB:BD<3013f :780. 

(2) 


Secondly, let AE bisect the angle BAD, meeting the circle in E; and let BE 
be joined. 

Then we prove, in the same way as before, that - 
AE:EBl^BA+AD:BD 

<(3013H2911) : 780, by (1) and (2)] 

<5924f : 780 
<6924J XA : 780XA 

<1823:240. (3) 

[Hence AB » : BB* < (1823*+240*) : 240* 

<3380929:57600.] 

Therefore AB :BB< 1838^1 240. (4) 

^Hrdty, let AF Insect the angle BAE, meeting the circle in F. 
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Thus AF : FB [>«BA+AE : BE 

<3661 A : 240, by (3) and (4)] 
<366lAxtt:240X« 

<1007:66. (6) 



p!t follows that 

AB*:BF*<(1007*+66*):66* 

<1018405:4356.] 

Therefore Afi :jBF<1009i:66. (6) 

Fourthly, let the angle BAF be bisected by AG meeting the circle in G. 

Then AG iGBl^^BA-^AF iBF] 

<2016i : 66, by (5) and (6). 

[And AB* : BG*< {(2016i)*+66*} : 66* 

<4069284«^:4356.] 

Therefore AB : BG <2017i : 66, 

whence BG : AB>66 : 2017i. (7) 

[Now the angle BAG which is the result of the fourth bisection of the an^ 
BAG, or of one-third oS a right angle, is equal to one-fortydghth of a ri^t 
angle. 

Thus the angle subtended, by BG at the centre is 

(a right angle).] 

Therefore BG is a tide of a regular inscribed pdyg<m of 96 tides. 

It follows ttom (7) that 

(perimeter of polygon) : AB [>96X66 : 2017i] 

>6336 : 20171. 

And 

Mudi pcne th^ is the circumference of the circle greater than 31f times the 
diameterk 

Thus the ratio of the drcumfeosnce to the diameter 

<34’ but >341'. 



ON CONOIBS AND SPHEROIDS 


INTRODUCTION! 

*‘ABCHiUEDES.to Dodtheus greeting. 

“In this hook I have set forth and send you the pro(& ol the remaining 
theorems npt included in wjhat I sent you bef(^ and also of some otheih dis- 
covered later which, though I had often-tried to investigate tiiem previously, 
I had failed to arrival at because I found their discovery attended with some 
difficulty. And tfaisis-why even tire propodtions themselves were not pubimed 
with the rest.. But alterwarib, I had studied them mth greater c^e, I 
discovered what I had failed in before. \ 

“Now the remainder of the earlier theorems were propodtions concerning 
the right-angled conoid [paraboloid of revolution] ; but the discoveries wldch I 
have now added relate to an obtuso^gled conoid ^[hyperboloid of revolution] 
and to spheroidal figures, some of wffich I call oblong and others flat.” 

' ‘ I. “Concerning the nght-angM oom/H it was laid down that, if a section of a 
right-angldi ocbe{a parabola] ’be made to revolve about the diameter [axis] 
which renuiins fixed and return to fhe podtion from which it started, the figure 
comprehended by the section of the ri^t-angled cone is called a righirangUd 
conoid, and the diameter which has remained fixed is called its axis, while its 
vertex is the point in which the axis meets the surface of the conoid. And if a 
plane touch the li^t-angled conoid, and another p^ime drawn pmnllel to4he 
tangent plane cut off a segment of tbs ccmcdd, the base of the segment out (df 
asriefioed as the portion intercepted by the section of the conoid w tW cutting 
plane, the vaisxloi the segment] asthe point in which the first pldae touches 
the conoid, and the axis [of the segment] as the portion cut off within the seg- 
ment from the line drawn tfaroui^ ^e vertex of the segment parallel to the 
axis of the concnd. 

“The queSdoBB pn^pouruled for eonddttrati^ were” 

(1) “why, if a segment cd the right-angled conoid be cut off % a plane at 
li^t an^es to the ads, wifi die segment SO«ut off be hailf as lairge again as the 
cone which has the same base as the segment and the same axis, and” 

(2) “why, if two segments be cut off fr^m^the ri^t-apgled conoid by planes 
drawn in any manner, will the sOghmnts sp cut off have to one anotl^Ahe 
duplicate ratio of thrir axes.” 

' 'n:’^*lteSpecti!^ the cMuSNtnpfel donoti w^lay down’timfolkwing prem- 
isses. If there be in a plane a swtion of an obtiue-an^ed cone [a hyperimla];its 

>T!ie whole of this introduetcay misttlw, iariiidtag the definitions, is translated literally 
from dm Greek text in order diat the terminology d Arohimedes may be faithfully repre- 
srated. When this has onoe been set out, nothing will be lost by returning to modem phrase* 
ohngy sod imtation. These will aooordhidy be enqdajyed, as usual, whm we fiome tp the 
SetnaliMxqxwitions of dw treadae. 


4S2 
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diua^twfkxhO^ attd iSie neareet line» to the oeoidOa ctf .1to'«l>tiao4ai#ed^ooitB 
the a8!]nBA|»tiat«s hyperbolaj/a&dl ify the diamflt«».[a,irii«] i nMwainiiig 
Bxed, thO ptane aforesaid' iioes be made to^revohre about itiaod 

returh'to the poidtioK from wMeh it started, '^e'cames^^ee to thesectimt of 
the obtuse-angled eOne (the atfjrmptoteel] will oleariy ooinprehend an tsoseeidi 
cone 'Whose tertex will be tiw pdnt of concothae of ^ nearest lines and whose 
ajds will be diameter [axis] which has remained fixed. The figure ccanpre- 

hended by the Section of the obtuse-ani^ed cone is called an abtust-at^/kd 
conotd [hyperbdold of revolution], its axi* is the diameter which has remaiiied 
fixed, and its ocrtez the pdnt in which theaxis meets the witfaee of the ccmradi 
The' cone comprehend^ by the nearest lines to the section of tire obtuse* 
an^ed cone'is called [the cone] shMioptn^ the eonoidi and the strai^t line 
betwem the vertex of the teondd and the vertex of the oone enveloping the 
conoid is called [the line] at^faeent to -the axit. And if a plane touch the (btuse*- 
angled condd, and another plmie drawn paralldi to the tangent plane cutoff a 
segment of the conoid, the base of the se^ent so cut off is defined as the port- 
tion hSteroepted by the section of the dohoid on the cutting plane, tbevcrten [of 
the sesmeat] as the point of contact of the plane winch touches the condd^the 
axis [of the segment] as the portacm ci^ off within ibe segmoit from the lihe 
drawn'through the vertex of the segment and the Vwtex of the cone envelopii^ 
the condd; wd the strai^t line between tbe said vertices is cdled ae^faeent 
to the axie. ' 

“Bi^t-angled condds are all sunilair; but of obtiisoongled conoids let tbose 
be called dmilar in which the cones enveloping the condds are dmilar. 

"The following questions are propound^ for oondderatkm": 

(1) "Why, if a segment be cut off from die obtuse-angled, condd by. a plane 

at ri^t angles to theanm, die segmentso oxt'off hais to the cone which bU'die 
same base as the segment and the same axis the <rado which the line equalfto 
the sum of the ads of the segment and (hres times the line adjacent. to the mds 
bears to the line equal to die sum of the ax^ of the segment and twice the line 
adjacent to the ads, and" i.' i >'i , 

(2) "why, if a segment of the obtuse-angled conoid be cut by a plaiie:not 
at right angles ^ the axis, the s^ment so cut off wdl bear to the %ure which 
has the same base as the segment ahd thesame ads, beiag>aBegment e£ a cone, 
the ratio which dm fine equal to the smn’of the ads of' the segment sad ihtee 
times the fine ddjaceht to die axk besrsto dm<fiiin eqoai to.the sum of the axis 

the segment add twice the line adjaeeat to the axil " ^ 

in. *HI/onoeming spheroidal figures We lay down tfae IdlowiBg pewniSseh; .If 
aseddon of'hn aeute^dng^ed oahe{elHpBe]'bsanddtojwdve about the greater 
tfiahieter [major adi] which remains fixed and’t^xun to the podfiontfram 
which it star^, dm figure oomprdiended by thesectkta of the aeutmangtod 
cone is called an cbhng spheroid. But if the section of the acute-asi^ eone 
revolve abddt the lesser^fiametetlabKir axi4 which remams>fixsd‘andi idtura 
to the position from which it started, the fig^eoinpiehaadedby tbeseotito 
of the acute-ai^ed cone is calied n fl$iitphgrdtdidn either of tbs s^mhadsthe 
tMtU ddhmd W)the dlam«t«t»[adB] wlAdthasiamiunedfixed,^ the ie>^ as the 
pdmt in the ads meats tbe wu^me of ^tbe ^heroid, ‘dm ombre as the 

middle pdhtof dieads, and ^dmi*stwumdmiumdi|ridudmxi(^ centre 
«tt And, if 
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of, the ^>heroidaI figures, and if another plane be drawn parallel to the taagoat 
planes and cutting the spheroid, tire base of the resulting segments is defined 
as the portion intercq^cd by the section oi the ^heroid on the cutting phme, 
tiieir vertices as the pCints in which the paralld {danes touch the ^eroid, and 
their axes as the porticms cut off within the segments from the sitraight line 
jtnning thdr vertices. And that the planes touching the sphermd meet its sur- 
face at one pmnt only, and that the straight line joining the: points of contact 
passes through the centre oi the sfdiermd, we shall prove. Those spheroidal 
figures are called similar in which the axes have the same ratio to the ‘diam- 
eters.’ And let segments of spheroidal figures and conoids be called similar if 
they are cut rdf from mmilar figures and have their bases similar, while their 
axes, being either at right angles to the plan^^rff the bases or making equal 
an^es with ti:^ corresponding diameters [axes] of the bases, have thelsame 
ratio to one anotiier as the corresponding diameters [axes] of the bases.! 

“The following questions about spheroids are propounded for conrioera- 

tirm,’’ I 

(1) “why, if one oi the spheroidal figures be cut by a plane throughUhe 
coatre at right angles to the axis, each of the resulting segments Avill be double 
of the cone having the same base as the segment and the same axis; while, if 
the plane of section be at right angles to the axis without passing through the 
centre, (a) the greater of the resulting segments will bear to the cone which has 
the same base as the segment and the same axis the ratio which the line equal 
to the enim'of half the straight line which is the axis of the spheroid and the 
axis of the lesser segment bears to the axis of the lesser segment, and (b) the 
lesser segment bears to the cone which has the same base as the segment and 
the’same axis the ratio which the line equal to the sum of half the straight line 
which is the axis of the spheroid and the axis of the greater segment bears to 
the axis of the greater segment”; 

(2) “why, if one of the spheroids be cut by a plane passing through the 
centre but not at right angles to the axis, each of the resulting segments will be 
double of the figure having the same base as the segment and the same axis and 
consisting of a segment of a cone. 

(3) “But, if the plane cutting the spheroid be neither throu^ the centre nor 
at ri^t an^es to the axis, (a) the greater of the resulting segments will have to 
the figure which has the same base as the segment and the same axis the ratio 
which the line equal to the sum of half the line joining the vertices of , the seg- 
ments and the axis of the less^ se^^t bears to the axis of tiie lesser segment, 
'and <b) tiae lesser segment will have to the figure with the same base as the 
s^nent and the same axisthe ratio which the line equal to the sum of half the 
line joining the v^ces of the aliments and the axis of the greater segment 
ifoears to the axis of the greater segment. And the figure referred to is in these 
eases also a s^;ment of a cone. 

“When the aforesaid theorems ue proved, there are cUscovered by means of 
thcsn many theorems and problems. 

:“Ekioh, Ux example, aite the theorems”: ■ ) , . 

' ' <1) “that ^mihu: spheroids and ehnilar segmmits both eifiier^dal figures 
lihd oonbidB have to one fmotber the triplicate ratio of their axes, and”> 

'42) “that in equcd spbeitadal Spires the squares on the fdian^ts’ are ra* 
‘«2fHx>oaUy:|mq)OTtional to the anes, and, if in ephercMal figures the squares cm 
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the ‘diameters’ are reciprocally proportional to the axes, the q>her<ud8 a#e 
equal. 

“Such also is the problem, From a given sphenndal figure or conoid to cut 
off a sequent by a plwe drawn parallel to a pven plane so that the s^ment 
cut off is equal to a given ccme or cylinder or tO'a givoi sjAiere. 

“After prefixing therefore the theorems and direciions which are necessary 
for the proof of them, I will then proceed to expound the propositions them* 
selves to you. Farewell.” 


DEFINITIONS 


“If a cone be out by a plane meeting all the sides [generators] of the cone, thb 
section will be either a circle or a section of an acute-angled cone [an elUpse]. If 
then the section be a circle, it is clear that the segment cut off from the ^one 
towards the same parts as the vertex of the cone will be a cone. But, if the 
section be a section of an acute-angled cone [an ellipse], let the figure cut off 
from the cone towards the same parts as the vertex of the cone be called a 
segment of a cone. Let the base of the segment be defined as the plane compre- 
hended by the section of the acute-angled cone, its vertex as the point which is 
also the vertex of the cone, and its axis as the strai^t line joining the vertex 
of the cone to the centre of the section of the acute-angled cone. 

“And if a cylinder be cut by two parallel planes meeting all the mdes [g^- 
erators] of the cylinder, the sections wUl be either circles or sections of acute- 
angled cones [ellipses] equal and similar to one another. If then the sections be 
circles, it is clear that the figure cut off fr(»u the cylinder between the paralM 
planes will be a cylinder. But, if the sections be sections of acuterangled cmea 
[ellipses], let the figure cut off from the cylinder between the parallel planes be 
called a frustum of a cylinder. And let the bases of the frustum be defined as tiie 
planes comprehended by the sections of the acute-angled cones [ellipses], and 
the axis as the straij^t line joining the centres of the sectiems of the acute- 
an^ed cones, so that the axis will be in the same straight line with the sixis of 
the cylinder.” 

Lemma 

If in an ascending arithmetical progression consisting of the magnitudes Ai, 
At, • ■ -An the common difference be equal to the least term A\, then 

n •An<2(Ai-|-A*-l- • • — t-An), 

and >2(Ai-|-A*-l- • • '-bA,-!). 

[The proof of this is given incidentally in tire treatise On Spirals, Prop. 11. 
By placing lines side by side to represent the terms of the progression and then 
producing each so as to make it equal to the greatest term, Archimedes gives 
the equivalent of the following proof. 

K 5,-Ai-|-A,-|- • • -|-A,^i-1-A„ 

we have also (g»«A,+An_i+A»_*-b • • -bAi. 

And Ai+AiU-i^Ai-f-A*-!* • • ••»A». 

Thiei^ore 2S,-*(n+l)Ai„ ' 

whence n-A»<2iS,„ 

and n*A,>2S,H-i. 

Hius, if the progresaon is a, 2a, • * -no. 


\ 




n(n-H) 

2 ^ 



m 


iatCmM^3»8 


wd - I i ■■ nUKTSif, ■■ 

Imt >25,^.] 


- ' .■PsoppsrnbN'l ' , '.'i . 

IfAuBuCi, '••KifmdAhBttCt, •‘'Kiheiwoimie»oSmiffMl!i/i4ta»^ 

1 /„•) 
Bi.:C%wBi:C», and,a0 pn.,) ; ^ 

and if At, Bt, Ct, -Ki and At, Bt, Ct, -Kthe iwa athpr tefiep mik that 
At • ,At^ Ait • At, 

Bi ! Bt^Bt • Bt, and m on, j 

Hhtn. Cdi+Si+Cirt' •• *+Kt)'i,(A»+5»+C»,+ »• •+&)•! 

“(■4a+-Pa+Ci+ ' • *+Ka) : {Af\'Bt,'{‘ • • *+X«). 

..Ilie ptool is as follows. 


(« 


3iiice 
and 
wbile 

ws bave, ex aequali. 
Similarly 


Aa:di>‘d.4 iiai 
AiiBi“At Bt, 

Bi : Bt-^Bt Bt, 

At iBt*‘At ' Bt. 1 

Bt : Ct ^Bt Ct, and so on. J 
Again, it follows from equations (a) that 

Ai:A,=5a:Ba-C'a ;C,= 


\(-v) 


I'Pim^Ore , : 

At ; Aa*»(Ai+Bi+Ci+ t • —\-Ki) : (Aa+Ba+ • • •+ffa), 
or ■ • (Ai+J5i+(?i-!|- • • •+iiCi) : Ai*=(Aa+Ba-i'Ca+ ' • •+jKa) ’ At', 

and Ai:At*Aa:A4, 

wbile frmn equatioos (Y}.it follows in like manner that I 

Ak^ (A4+B»+Ca+ • ‘ '•hKt)'^At ‘ (A4+B4+C44' • • ”i*-fC4).. 

By. the last three equations, ex oegttolf, ... - > . 

(Ai+Bi+Ci+ ; • •+Ki) : (Aa+Bi+Ca+ • • •+Xi) 

■ ) »F(Ai+Ba+Ca+ • • "+1^4) I (4i+B4+C4+ *,• •+X4). 

.C<». If rany terms in the third and fourdr series correEponding to terms in 
the first and second be left out, the result is the same. For example, if the last 
terms Kt, Kt are absent, 

' (Ai-l-Bi+(?i+ * • ‘d-Xi) : (Aa+Ba+C'a+ • * •+'/a) 

■■{Ai+Ba+Carf" • • •.+Xd i [Af\-Bf\~Cf\r • > .•+74), 
where 7 immediately precedes K in each series. 


' i’" *' .. Lsuma TO FnoposmoN 2 

■ ' ' ’ [OA Prop. 10.] ‘ ’ 

7/ Ai, Aa, Ai, •'•Anhen lines forming an amusing arf^mtthal progreenm sti 
whteb the common difference is equal to the least term At, then , ^ 

(n+l)A»*+Ai(Ai+A,a'4’4a+ • • •.+A,)*»9(At*+Aa*+Aa*+ •.•>«+A«*)i 
Let the lines An, An.^^ A«.^a> • • .At be placed in s;row from left to right. 
Produce An-i, An-a, . . . Ai until they are enolv equal to An, so that-f^m phtcts 
produced ^ respectively ^ual to Ai, . v . An-i. •; »{< 

Tiding each line successively, we have. . ; : 

2A *»»2A * 

(Ai+An..l)*' •Al*+A*n-l+2Ai *An-t, 

(Aa+A»_a)*# » Aa*d-A*n.j|(+2Aa 'A».a 
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-ill. 

AM', byaiiMitktti, V 

^ (n+J)4*-2(Ai*+A,*+ . . .+A.*) 

•^2A\ •’A',^i+2A* •A»-i+ • • ' +2A,^-i -Ai. 
Ai A» a,,.,a,.»a«., in order to obttun the re- 

I qoiied' result, we have to prove that 

• 2(A\ ’A^i+Ai •A»_»+ • • •+An-i ‘AOH- 
Ai(Ai7b4»+A»+ • • •+An) 

> ’ ■ ' -4i*-+A’,*'+ • . •+A,*. (i) 

Now 

-•*••• ■ ‘ ' 2Av-A»_s»*A'i-4Awii, because Ai“2A'i, 

24» -biiii-t,. because 

-AisaAi •2(n— l)Ai. 
tt follows that 

2(AfAiw.i-fA» •4.*-*+ • • '-f-A,,-! •4j)+ 

*nA«.|A«.S At As A| Ai(Al+A*+ •• •+A») =Ai{An+3A«_l+ 

64»-,+ • • •+(2n-l)Ai}. 

And this last expression can be proved to be equal to ' 

Ai®+A**+, — |-A^. 

For A»®=Ai(n-4„) • 

^AijAn+fn—lMn} 

*Ai{An+2(A»_i+Ai,i-i+ • • *+40}, 
because (n — 1) A„ = A^+Ai 
+4,^-^+A-| 

+ 

+Ai+A»_i. 

Similarly A*»,^i*=Ai{A«_i+2(A»_j+An-*+ • • '+41)), 
At®*Ai(A2+2Ai), 
whaice, by addition, 

Ai*+A,®+A,»+ • • :+4 »*«Ai{A»+3A*.i+54,w^+ • • •+.(2n-l)Ai).. . 

Thus the eqiialion 'marked (a) above is true; and it follows that 

(n+l)A«*+Ai(Ai+Aj+4'»'+‘ ' ■ •+4i»)'^3('^i*+'^**H HA*®). 

Cor. 1. From this it is evident Oiat 

.'V ■ ■n-..A,»<3(A\®+4i*^'--'+^^^^ • 'aV 

Also A'»*«»AilAB-H2(A;»_i4‘’ii>Us+*‘* ^Ai)l, as abbvb; 

BO that A,®>A,(A,-H4v-i^ • • ' 

and therefore ' ' ' 

n-A**>3(Ai®+A,®+’-^V'<iAW.’'' - ' m 

■ ' CdB.' 2;’':An Ihbse ireBtdts i^^hcda fbr,^qtdi^ 

01^‘idl sidtoJ ’ 
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pBOPOsmoN 2 

7/ Ai, At - • ‘A, be any number of areas nub that 

Ai>^ax+x*, 

At^^a •^+(2®)*, 

Ai?»o -Si+^Sa:)*, 

An^a -nx+inx)*, 

Oten n -il* : (Ai+il*+ • • •+.4n) <(o+w®) 5 

and n A» : iAi+Ar\ r|--4»_i) > (a.‘+;na:) : (|+y)- 

For, by the Lemma immediately preceding Prop. 1, 

n -anx < (oas+a •2xH l-o - nx), 

and >2 (<ke-1-o •23;"1- • • "“l-ffl ‘rt”!®). 

Also, by the Lemma prececUng this proposition, 

n •(n®)*<3{**+(2®)*+(3®)*4-jj_^(n®)*} 

aad >3{**+(2®)*H +(n-l®)*}. 

Hence 

<[(aa;+x*)+{a •2®+(2®)*} H h {a -nx+inx)*]], 

and 

>[(035+®*)+ {a '2®+ (2®)*} + * • *+ {a •n~l®H“(n— 1®)*}], 

an*® , n(n®)* ^ , , . 

or ~2~^ 3 — 'H-An, 

and >Ai+A*+ •+A»_i. 

It follows that 

or n *An : (ili+^8+ • • •+A») <(a+na5) : t 

also n •An : iAi+A 2 + • • •+An-^i)>{a+nz) : 

Proposition 3 

(1) If TP, TP' be two tangents to any conic meeting in T, and if Qq, Q'j' be any 
two chords parallel respectively to TP, TP' and meeting in 0, ben 
QO Oq : Q'p Oq' •‘TP * : TP'*. ^ 

“And this is proved in the elemmts of conics.’’* 

(2) If QQ' be a chord of a para^la bisected in V by the diameter PV, and if PV 
be ef constant length, then the areas of the triangle PQQ' and of the segment PQQ' 
are both constant whatever be the direction of QQ'. 

%^ ABft' be pie particular s^;ment of the parabcda, whose vertex is A, so 
tl^j^B'islispseeted perpeodiei|lfr^^ by the axis at the pqiiitif»wheie AHmpy ,. . 
£tBRw Q2> petpendicular to 7*7. 

*&i the traatiMB on oonios liy Aiistaeus and EttoBd. 
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Let Pa be the pumneter of the prindpal ordinates, and let p be another line 
of such length that 

QF» : QD»-p : p.; 

it will then follow that p is equal to the par- 
ameter of the ordinates to the diameter PV, 
i.e. those which are paraUel to QV. 

“For tlus is proved in the conics.”* 

Thus QF*-pPF. 

And while Aff-PF. 

Therefore QF* : : p*. 

But OF* ; QD^’Bp ; p,; 

hence BH=QD. 

Thus BHAH^QDPV, 

and therefore A ABB' = APQQ ' ; 

that is, the area of the triangle PQQ' is con- 
stant so l(Hig as PV is of constant length. 
Hence also the area of the segment PQQ' is constant under the same condi- 
tions; for the segment is equal to iAPQQ'. [Quadrature of the Porofcoio, Prop. 
17 or 24.] 



Pboposition 4 

The area of any eUipae ia to that of the auxiliary circle as the minor axis to the 
major. 

Let AA' be the major and BB' the minor axis of the ellipse, and let BB' 
meet the auxiliary circle in b, b'. 

Suppose 0 to be such a circle that 

(circle A6A'6') : 0=CA : CB. 

Then shall 0 be equal to the area of the ellipse. 
b 




For, not, 0 must be dther greater or less than the ei%se. 

I. If posfflble, let 0 be greater Iban the dlipse. 

We can then inscribe in the drcle 0 an equilateral polygtm of 4n rides such 
that its area is greater than that of the ellipse, [cf . On the Sphere and Cylinder, 
I. 6.] 

>The theorem which fa hew Maoined by Arc himwi ee as known... to easily deduoeidiwm 
ApoR^us 1. 49. . . . 


m AfXMomm 

ILetithubeiloii^ tad iiis{nibemtfae«&ad£iai^<avel«<rf t^^PiNQ^pidb^gaQ 
A^fbghA'. . . mmilar to that inscribed in 0. Let the perpendjenla^-eAf^ • >.. 

on AA' meet the ellipse iaE, F,. .. respectively. Join AE, EF, FB, 

Suppose ritat 'P' denotes the area cd the pblygon inscribe in the auxiliary 
drde, and P thact of the pdygon inseribed in the ellipse. ; 

Then, since all the lines eM, JN, - • ^ are cut in the same ' proportions at E, 
F 

' eM:EM^fN:FN^-- =^1)0:80, 
the pairs ei trian^bs, ae eAM, EAM, and the pairs of tiapeziiuns, as eMNf, 
EMNF, are all in the same ratio to one another as hC to BC, or as CA to CB. 
Therefore, by addition, 

P':P=CA:CB. 

Now P' : (polygon inscribed in 0) * a* 

= (circle AbA*b') : 0 
^CA : CB, by hypothecs. 

Iherefore P is equal to the polygon inscribe in 0. 

But this is imposable, because tlm latter polygon is by hypothesis ^i^ter 
than the ellipse, and a fortiori greater than P. \ 

Hence 0 is not greater than the ellipse. 

II. If possible, let 0 be less than the ellipse. 

In this case we inscribe in the ellipse a polygon P with 4n equal rides such 
that P>0. 

Let the perpendiculars from the angular points on the axis AA' be produced 
td meet the auxiliary circle, and let the corresponding polygon (P') in the 
circle be formed. 

Inscribe in 0 a polygon similar to P'. 

Then P'.P^CA.CB 

— (drcle AbA'V) : <?, by hypothesis, 

=P' : (polygon inscribed in 0). 

Therefore the polygon inscribed in 0 is equal to the polygon P; which is 
imposrible, because P>0. 

Hence O, being neither greater nor less than the ellipse, is equal to it; and 
the required result follows. 

PnoposmoN 5 

If AA', BB' be the major and minor axis of an ellipse reopecihely, and ijdbeOie 
diameUir of any circle, then 

(area of eBipse ) : {area of circle) • BB ' ; d*. 

Fw 

(area oi ellipse) : '^uea of auxiliary circle) : AA' [Prop. 4] 

•^AA'-BB' lAA'K 
And 

(area d aiuc. <»sel^ :'(arei( of drcle with'tham; dQroAA'* ' 
Therdore the required result follows aegutdfc. 

"... ’ , Paoi^moN 1^ . I- 

fhe areas of ellipses are as Ihe rectangles under Ouir axes. 

., ^!3!|aB |6Bowsat.oiiQe,^wa Props. 4» 6, . : 

Con. The areas of similar ellipses are as the squares of eorre^ftmc^n^iP/s^ 
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„ ' , , .I^OPQSmOIT? 

Given an dlipae eenire C, and a line CO drawn perpendicular to iU )^ame, ii 
ie poeeSble to find a dreutar ecm wUh vertex 0 and eiioh &uU the given eUipee,iie a 
eection of it [or, in other words, to find the circular eeetione of the cone with VtriatO 
phasing throu^ the droumferenee of the elUps^. 

Concdve an ellipse BB' as its minor axis and lying in a plane perpca^ 
dicular tothat ofthepeiper. Let 00 be draim perpendicular to the plane of l^e 
ellipse, and let 0 be the Vertex of the required cone/ Produce OiS, OC, OB', and 
in the same plane with them draw BED meeting OC, OB' produced in E,D 
respectively and in such a direction that 

BE‘ED:EO^^CA*:CO*, 
where CA is half the major axis of the ellipse. 

“And this is posdble, since 

BE ED : EO^>BC • CB ' : COV 

[Both the construction and this proposition are assumed as known.] 

Now conceive a circle with BD as diamt* 
eter Isdng in a plane at right angles* to 
that of the paper, and describe a ctme with 
this oimle for its base and with vertex O. 

We have therefore to prove that tl^ 
given ellipse is a secticm of the cmret or, if 
P be any point on the ellipse, that P hes 
on the surface of the cone. 

Draw PN perpendicular to BB'. Join 
ON and produce it tb meet BD in M, and 
let MQ be drawn in the plane of the drcle 
on BD as diameter perpendicuhur to BD 
and meeting the ciicle in Q. Also let FO, 
o HK be drawn through E, M respective 
parcel to BB'. 

We have then 

Qlf* : HM ■ MK^BM - MDxHM- MK 
^BE‘ED:FEEG 
-(BE - ED : BO*) • (BO* : FE - EG) 

- (CA* : CO*) -(CO* : BC • CB') 

=CA*:CB» 

-PN* :BN - NB'. 

Therefore QWf:FN*-HM -MK.BN -NB' 

whence, aned.BiV, QM'are parallel, "0B@ is h straight Ihip. . . 

But 3 is on theeircumferenee of ihe drde tmBDoB chamcter; -dieii^ore OQ 
is a gieneratar>of the. BQtm» 'and' hence P lies on the cone. . 

Thus the cone passes tl^ou^ all points on tbeelliiise. ... 

PBCwosnmesfi 

Given OndHpee, a plamthmtgh oneofite, asate AA' amdperpenMovdar ioiho 
fdoae qf the eUipae, and d line CO drawn faom C,v the emMf,}in th gfiim piaht 
dde/a^'AM bdtnd perpendiedLar to AA% dispombk to find aoom saiAf 




4tt ARCHIMEDES 

0 mch OuU the given tUipee ie a section of it [or, in other words, to find the circular 
sections of the cone with vertex 0 whose surface passes through the circumference 
of the ellipse^. 

By hypotheria, OA, OA' are unequal. Produce OA' to D so that OA^OD. 
Jt^ AD, and draw FO through C parallel to it. 

The ^ven ellipse is to be supposed to lie in a plane perpendicular to the 
plane of the paper. Let BB' be the other axis of the ellipse. 

Conceive a plane through AD perpendicular to the plane of the paper, and 
in it describe either (o), if CB^^FC • CO, a circle with diameter AD, or (6), if 
not, an dlipse on AD as axis such that, if d be the other axis, 

d*:AD»=CB*:FCCO. 

Take a cone with vertex 0 whose sur- 
face passes through the circle or ellipse 
just drawn. This is possible even when 
the curve is an ellipse, because the line 
from 0 to the middle point of AD is per- 
pendicular to the plane of the ellipse, 
and the construction is effected by 
means of Prop. 7. 

Let P be any point on the given el- 
lipse, and we have <Mily to prove that P 
1ms on the surface of the cone so de- 
scribed. 

Draw PN perpendicular to AA\ Join 
ON, and produce it to meet AD in Af. 

Through M draw HK parallel to A' A. 

Lastly, draw MQ perpendicular to 
the plane of the paper (and therefore 
peipendicular to both HK and AD) 
meeting the ellipse or circle about AD 
(and therefore the surface of the cone) in Q. 

Then 

QM* : HM • : DM • MA) • iJDM • MA : HM • MK) 

- (d* : AD*) • (PC • CO : A'C • CA) 
^{CB*:FC-CO)-iFC-CO:A'C-CA) 

^CB*xCA* 

’^PN*:A’NNA. 

Therefore, alternately, 

QM! : PN*’^HM • MK : A’N • NA 
^OM*:ON*. 

Thus, since PN, QM are parallel, OPQ is a strai^t line; and, Q bong on the 
Mkrface of the ccme, it follows that P is also on the surface of the cone. 

^milarly all pdnts on the ellipse are also on the cone, and the' ellipse is 
therrfore a section of the cone. 


* 'h* 

o 



PBOPOSimUTd 

0km on efitpse, o plane through one of its axes and perpendicular to that of lAs 
^t!eFse, and a straight line CO drawn from the centre C of the ellipse in the ffiven 
plane through fAe axis but not perpendicular to that axis, it is possible to find a 
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cylinder with cueia OC suc^ ^uU the dlipee it a eection of inoAer wordif to 
find the drcuJar eeetions of Qte cylinde/r loith oada OC whoae mafaee poem fktontgk 
the circumference of die given dlipae]. 

Let AA' be aa axis of the ellipse, and suppose the plane of the ellipse to be 
perpendicular to l^t of the paper, so that OC lies in the plane of the paper. 

Draw AD, A'E parallel to CO, wd let 
DE be the line through 0 perpendicular 
to both AD and A'E. 

We have now three different cases 
according as the other axis BB' of the 
ellipse is (1) equal to, (2) greater than, 
or (3) less than, DE. 

(1) Suppose BB'^DE. 

Draw a plane through DE at right 
angles to OC, and in this plane describe 
a circle on DE as diameter. Through 
this circle describe a cylinder with axis OC. 

This cylinder shall be the cylinder required, or its surface drall pass thsou^ 
every point P of the ellipse. 

For, if P be any point on the ellipse, draw PN perp^dicular to AA'; 
through N draw NM parallel to CO meeting DE in M, and through M, in the 
plane of the circle on DE as diameter, draw MQ perpendicular to DE, meeting 
the circle in Q. 

Thai, since DE=^BB', 

PN* : AN • NA'^DO* : AC • CA'. 

And DM -ME: AN- NA’ ^DO* : AC*, 

ance AD, NM, CO, A'E axe parallel. 

Therefore PN*’^DM’ME 

<^QM*, 

by the property of the circle. 

Hence, since PN, QM are equal as well as parallel, PQ is parallel to MN and 
therefore to CO. It follows that PQ is a generator of the cylinder, whose surface 
accordingly passes through P. 

(2) If BB'>DE, we take E' on A’E such that DE'^BB' and describe a 
circle on DE' as chameter in a plane perpendicular to that of the paper; and the 
rest of the construction and prodf is exactly omilar to those given for case (1). 

(3) Suppose BB' <DE. 

Take a point AT on CO produced sudi 
that 

DO*-CB*^OK*. 

From R draw KB p^pendicular to 
the plane of the paper and equal to CB. 
Thus OB*^OK*+CB*»OD*. 

In the plane ccmtuning DE, OB de- 
scribe a drele bn DE as' diameter. 
Throu^ this circle (which mu^t pass 
thrbu^ B) draw a cylinder vdth sns,pC. 
We have tb^ to ptave tiiat, if P be 
pdnt cm the pvmt dlipse, P lies on the cylinder so delKuUMd. 



a* 



• . Vtam PN papepdicidar to AA-, and l^oi^ Jf (ksaw. NM .pataSd to CO 
joeieAvig .DE m M. ta tbe plane tlie (4rcle (» II>E as diameter draw IfQ 
peipen^cular to DE and meeting the circle.in Q. 

l^ly, draw QH perpendicular to JV'Jif produeed, Off will then be perpen- 
dicular to the plane containing^ AC.^ DE, i.e. tire^plane of the.paper. 

Now Off* QJlf* ICiB* ^Oi2^ by ramilar trian^es. 

^d <)M*:AN’NA'^DM‘ME:AN-NA' 

>^OD*:CA\ 

Hence, ex oesuoh', nnce ORp-OD, 

QH * : AN • ffA'-ffB* i CA* 

P‘CB*:CA* 

>pPN*:AN-NA'. 

Thus QH^^PN, And QH, PN are also parall^. Apcordingly PQ is paraAel to 
MNi and therefore to. CO, so that PQ is a generator, and the cylinder passes 
through P. 

PEOPOSIxicUf 10.^ 

It was proved by the earlier geometers that any tv3o cones httee to om an^fier 
the ratio compounded of the ratios of their bases and of their heights.* The same 
method of proof will show that any segme/nJts of cones have to one another the 
ratio compounded of the ratios of their bases and of (heir heights. 

Hre propositicm that any ‘frustum’ of a cylinder is triple of the conical segment 
which has the same base as the frustum and equal height is also proved in the same 
manner as the propodtion that the cylinder is triple of the cone which has the 
same base as the cylinder and equal height.* . 


Proposition 11 

’ ‘ ■ ' I 

(1) If a paraboloid of revdtution be cut by a plane through, or parallel to, the axis, 
the sedion wiU be a parabola equal to the original parabola which by its revolution 
generates the paraboloid. And the axis of the section uriU be the intersection between 
die cutting plana and the plane ^trough the axis of the paraboloid at right angles 
to tite cutting plane. > ' ; 

If the paraboloid be cut by a plana at righi angles to its axis, the settim will be a 
cfreie whose centie is on the axis. 

.. (2) If a hyperboloid qf revolvtion be cUtby a plane through the axts, paraUei to 
the axis, or through the centre, the section wiU be a hyperbola, (a) if ti^ section be 
through the axis, equal, (b) if parallel to the axis, similar, (e) if trough the centre, 
not sifnUar, to the original kyperida which by its revolution genercUes the hyper- 
bitind. And the axia of the eection will be the irUersection of the cutting plana and 
the plana through ths.axie 6/ the hyperboloid at right cpiyies to the cutting plane. 

Any aedion. of the hyperboloid by a plane al right angles to he axis mil be a 
eiitti whose centre te en the mie. 

(3) If any of he sphenridalfigsiree be.eutbya plcme through the axis or pqralld 
to fhe <me,.thSt0ciBtioin ‘mll be an ell^m, (a) if the section be through the axis, 
equal, (b) if parti^ to ha axis, similar, to t^ dtipse yhvhby its rmAution qen- 

*Tliis.fdiowB from End. xii. 11 and 14 ti^eh together. CS. On the Sphere and Cylinder i, 

XiBgoikuii 'i. ■-.t.ii,: *' ' ■ > 

^l!hiej|»ri 4 iodtion Onm trcfred hy IMoxiU, as stated in the preface to On the Sphere and 
{llldimisri. GfoEuiAxit 10. i ■■ i. ‘ v.* 
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crates ikir. /gum A«ui Avaseutof Ae uotion totU 4c tettercscAion (sfihe shutting 
fUcMe and On plant Oawtgh tke axit ef On spheroid cA right angles itr ii^ euUing 
plane. 

If Onseetim be by a plane at right angles to Oieaxissf the spheroid, itw&lie a 
dreUiekoaeeentreisonOnaxis. 

(4) If any of On said figures be cut by a plane through On one, and if a per- 
pendicular be drawn to the plane of section from any point on the surface of On 
figure but not on the section, Oiat perpendicular will fall within On section. 

“And the proofs of aQ these propositions are evident.” 


Proposition 12 


If a parabohid of revolution be ^ by a plane neiOnr parallel nor pendieular to 
On axis, and if the plane through On axis perpendicular to the cutting plane inter- 
sect it in a straight line of which On portion intercepted within On paraboloid is 
RR', On section of On paraboloid will be an ellipse whose major axis is RR' and 
whose minor axis is equal to the perpendicular distance between On lines Oiroqgh 
R, R' parallel to the axis of On paraboloid. 

Suppose the cutting plane to be perpendicular to the plane of the paper, and 
let the latter be the plane through the axis ANF at the paraboloid which inter- 
sects the cutting plane at ri^t angles in RR'. Let RH be parallel to the aids of 
the paraboloid, and R'H perpendicular to Rff. 

Let Q be any point on the section made by the cutting pluie, and from Q 
draw QM perpendicular to RR'. QM will therefore be perpendicular to the 
plwe of the paper. 

Through M draw DMFE perpendicular to the axis ANF meeting the para- 
bolic section made by the plane of the paper in D, E. Then QM is peipendiculai; 

to DE, and, if a plane be drawn throu^ 
DE, QM, it will be perpendicular to toe 
axis and will cut tlm parabdoid in a ciceaf- 
lar section. 

Since Q is on this circle, 

• ME. 

Again, if PT'be that taagoit to the panr- 
bolio section in toe plane d toe pi^ier dach 
is paraiel to'i2K','and if the tangent at A 
meet PT in O, then, from the property oi 
the parabola. 



DM ME : RM^ MR'o-AO* : OP* [Prop. 3 (1)] 


‘ - »AO'iOT*,$aaBeANmAT. 

Therefore QM* :RM MR'^^AO* :OT* 

^&'il*r.m'\ 

sindlar tritingles.> . 

Henoe^ Ike <m an ellqMe whose taoaior axis is and vtooee imnoc axis k 

OgnaltoiZ'fi. ■ i ' • 


IPBOPOntflONB 1^, 14 . ^ ,,, 

^.ahypsfiiolgid^Qf rewduUom ^ cutMd fil/im meiMfiit g^^^ ^snyrtitgrs qf O^ 
emdl^pmg cone, mifan. ‘tblmgieg^oid bscidiyiia ^hm nof ptepe^siioular te 
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the taie,^ and if a plane through the axis inkreect the cutting plane at right anglee 
in a tiraigJU tine on which the hyperboloid or spheroid intercepts a length Bff, 
then the section by the cutting plane wiU be an ellipse whose major axis is RRf. 
> Suppose the cutting i^ane to be at ri^t angles to the plane of the paper, and 
suppose the latter plane to be that throu^ the ans ANF which intersects the 



cutting plane at right angles in RR'. The section of the hyperboloid or spherend 
by the plane of the paper is thus a hyperbola or ellipse having ANF for its 
transverse or major axis. 

Take any point on the section made by the cutting plane, as Q, and draw 
QM perpendicular to RR'. QM will then be perpendicular to the plane of the 
paper. 

Through M draw DFE at right angles to the axis ANF meeting the hyper- 
bola or ellipse in D, E; and through QM, DE let a plane be described. This 
plane will accordingly be perpendicular to the axis and will cut the hyperboloid 
or spheroid in a circular section. 

Thus QM^^DM • ME. 

Let FT be that tangent to the hyperbola or ellipse which is parallel to RR', 
and let the tangent at A meet FT in 0. 

Then, by the property of the hyperbola or ellipse, 

DM ■ ME :RM- MR' = OA* : OP*, 
or QM^.RMMR'=OA^:OFK 

Now (1) in the hyperbola OA <0F, because AT<AN, and accordingly 

or <OP, while OA<Or, _ 

(2) in the ellipse, if KK' be the diameter parallel to RR', and BB' the 
minor axis, 

BC ■ CB' : KC • CX'-OA* : OP*; 
and BC ■ CB'<KC CK', so that OA <0P. 

Hoiee in both cases the locus of Q is an ellipse whose major axis is RR'. 

Cor. 1. If the spheroid be a ‘flat’ spheroid, the section will be ah ellipse, and 
everything will proceed as before except tlmt RR' will in this case be the 
minor axis. 

« lArdiimbctes be^ns Prop. 14 tm the spheroid with the remark that, when the euttiug plane 
paaaes threnq^ or is parallel to axis, the cam is deaTf OF. Prop. 11 <3). 
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2. In all conoids or spherdds piudUel sections will be dmflar, since the 
ratio OA* : OP* is the same for all the parallel sections. 

PBOPOsmoN 15 

(1) If from any point on the surface of a conoid a Une be drawn, in the case cf the 
paraboloid, paraUd to the axis, and, in the case of the hyperboloid, parallel to any 
line passing through the vertex of the enveloping cone, the part of the straight line 
whidi is in the same direction as the convexity of the surface will fall without it, 
and the part which is in the other direction within it. 

For, if a plane be drawn, in the case of the paraboloid, through the axis and 
the point, and, in the case of the hyperboloid, through the ^ven point and 
through the given strai^t line drawn through the vertex of the enveloi^g 
cone, the section by the plane will be (a) in the paraboloid a parabola whose 
axis is the axis of the paraboloid, (b) in the hyperboloid a hyperbda in which 
the given line throu^ the vertex of the envel(q>ing cone is a diameter. ‘ 

[Prop. 11] 

Hence the property follows from the plane properties of the cmrics. 

(2) If a plane touch a conoid ivithout cutting it, it wiU touch it at one point only, 
and the plane drawn through the point of contact and the axis of the conoid will be 
at right angles to the plane which touches it. 

For, if possible, let the plane touch at two points. Draw through each point 
a parallel to the axis. The plane passing through both parallels will therefore 
either pass through, or be parallel to, the axis. Hence the section of the conoid 
made by this plane will be a conic [Prop. 11 (1), (2)], the two points will lie on 
this conic, and the line joining them will lie within the conic and therefore 
within the conoid. But this line will be in the tangent plane, since the two 
points are in it. Therefore some portion of the tangent plane will be within 
conoid; which is impossible, since the plane does not cut it. 

Therefore the tangent plane touches in one point only. 

That the plane through the point of contact and the axis is perpendicular 
to the tangent plane is evident in the particular ease where the pdnt of ccmtact 
is the vertex of the conoid. For, if two planes throu^ the axis cut it in two 
conics, the tangents at the vertex in both conics will be perpendicular to the 
axis of the conoid. And all such tangents will be in the tangent plane, which 
must therefore be perpendicular to the axis and to any plane 
through the axis. 

If the point of contact P is not tiie vertex, draw the plane 
pasting through the axis AN and the pmnt P. It will out the 
conoid in a conic whose axis is AN and the tangoit plane in a Hne 
DPE touching the cotric at P. Draw PATP' perpen^cular to the 
axis, and draw a plane through it also perpnidicular to the axis. 
This plane will make a circular section and meet the tangent 
plane in a tangent to the circle, which will therefore be at 
an^es to PN. H^ce the to the circle wdll be at right 

angles to the plane containing PN, AN; urd it foUows that tins 
last plane is perpmdi<»ihff to the tangent pbme. 

>lliere seems to be some error in tiie text here, which says that “the liipmaier” (i.e. ams) 
of ihe hypwbola is “the straight line drawn in the conoid from tl^ vertex-iif the ei^." Biit 
tldSiriaai^t thbeis not, in gmmal, the oafr of the saCttoiL 
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Peoposi^n 16 

(1) If a plane towh any of Oie spheroidal figures imffund cutting it, it totQ touch 
at one point only, and the plane mough the T^nt of contact and the cads will he at 
right angles to the tangent plane. 
lUs is proved by the same method As kst propoeitioa: 

(2) If any conoid or spheroid be , cut by a plane through the axis, and if through 
anti tangentto the resultmg conic a plane Ik erected at rigM angles to the plane cf 
section, the plane so erected will touch the conoid or spheroid in ihe same point as 
Aat in which Sie line touches the conic. . 

■ For it eannot meet tfa^sioface at any oilier point. If it did, the perpendiouku* 
from tiM second point on the cutting plane veukl be perp^diculur ateojto live 
taagmt to the ccnue and would therefore fell outride the surface. But » must 
fall Within it. ■ l^op. M (4)] 

(3) If two parallel planes touch anyofthe spheroidal figures, theUmjoin^ the 

pbinte of contact wiU pass through the centre of the spheroid. \ 

If the planes are at right angles to the axis, the proposition is obvious. I^mt, 
the plane through the axis and one point of contact is at right angles to the 
tangent plane at that print. It is therefore at ri^t‘ angles to the parallel tmi- 
gent plane, and therefore passes through the second print of contact. Hence 
borii prints of contact lie cm one plane through the axis, and the prcqiorition 
is reduced to a {dane one. 

, Pboposition 17 , 

If im parallel planes touch any of the spheroidal figures, and another plane be 
drawn panllel to Ae tangent planes and passing Arougk the centre, the Une drawn 
through any pomt of the circumference of the resulting section parallel to the chord 
of contact of the tangent pUmes will fall outside the spheroid. 

This is proved at cause by reduction to a plane proposition. 

I Ardumedes adds that it is evident that, if the plane pamllel to the tangent 
planes does not.pass through the.coitre, a strai^t line drawn in the manner 
described wiU faU without the spherrid in the diction of the smaller segment 
but within it in tlie ptfaer direction. 

^OPOBITION 18 

Any spheroviai figure which is cut by a plane through Ae centre, is divided, boA 
ae regards its surface and its volume, into two equal parts by that plane. 

• iToparovethis, Ardumedes takes^anotber equal and similar siiieroid, divides 
it.riiniilarfy by a .plane llurou^ the centre, and then useSi Uie method of 
ai^licatiolB. ' 

Peq^psiwons 10, 2Q 

Qiaon aeegfneni.oui<^,by a planeftothaporiiKloid or hyperboloid of revohttion, 
os'p.eegment of a sphmii fsM than half ^ spheroid also cut e^.iy a plane, it is 
peisibh AiiialBrAdin.Ae.segmeittcm sciidfiyurea^ A cvrcmoKirAe about it 
anoAsr solid figime,.each made up eylmdtre or * frusta” of cylinders of equal 
he»0t, gad such that the. pirmnmrAed figure exce^ Ae inscribed figure by a 

^ 

le 
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aad let tiie plane of the pap^r be. the plane th^gb the axia of the eondd or 
^heroid which cuts the base Of the segment at right angles in BC. The section 
iftthe^ldaneof Ihe paperisthenaocaaic fiAC.'’ . . [Prop.' 11] 

Let EAF be that tangent to the conic which it paraUd to BC, and let A be 
the point of contact.- nmrngh BAF draw a plane parallel to the plane throng^ 
BC botm<&% the segment. The plane en dmim will thw- touch the condd.-or 
qiiheroid at Aw , . [Prop. 16] 

(1) If the base of the segmrat is at ri^t angles to tiie axis of the oondd or 
i^herdid, A will be the veartex of the conoid or spherdd, and its axis AD. will 
bisect BC at right angles. 

(2) If the base d tlm segment is not at right an^es to the axis of the conoid 
or sph^ddi we draw AD 

' (a) in the parabddd, paralld to the axis, 

(b) in the hypeibdoid, throng the eentie (or the vertex of the enveloping 
cone), 

(e) in the spherdd, thrdu^ the centre, .! 

and in all the cases it will follow that AD bisects BC in D. 

Then A will be the veitex of the segmentt and AD will be its axis. 
Further, the base of the segment will be a circle or an ellipse with BC as 
diameter or as an axis respectively, and with centre D. We can therefore 
describe 'through this dide or ellipse a cylinder or a 'frustum' of a cylinder 

[P«^.. 9] 

Dividing this: cylinder or fmstum 
continually into, equd parts by planes 
parallel to the base, we shall , at lenglh 
arrive at a cylinder or frustum lees in 
volume than any given solid. ' - ' 

Let this cylinder or frustum be that 
whose axis is OD, and let AD be divided 
into parts .equal. to OD) at L), Jf,.-. .. 
Throu^ draw lines parallel to 

BO meeting the conic and throu^ these lines draw planes parallel 

to the base of the segment. These wiU cut the cmidd or i^herdd in circles or 
dmilar ellipsea Chi each ot these, cirdes or etlipses describe two cyliteders or 
brusta' of cylinders each frith axis equd to OD, one d them lying in: the dUreor 
tion of A .and the ether in the direction of-D, as shown in the figure. ■'< 
Then the cylinders or frusta of cylinders drawn in the diredion d A 'mato 
up a circumscribe figure, and those in the dicectiim d.D an imwribed figiue, 
in rdation to the segments 

Also the' eylmdw or frustum PO in the droumserUxd figure is eipial 40. the 
cylinder qr frustum PJT in the inscribed figure, QI in' the ctroomscribed figute 
is etptal 'to OJC in the inscribed figure, and BO. On.. • 

Thier^piie, by additicm, i . iM i f. > 

(cimuaB(arib^fig.).w(raser. fig.)+(eylinde!tdrfraSfeiimfi^e6eaxi8iBDD). 
But cylinder or fnistum whose axis iSiDDiiS kss'than the gpven.solid 
figure; whence the proporition follows. - . i .'v-a! 

“]|[aving set out these preliminary propodtiems, let us prooeed’to demon* 
stxa^ the<the0i«n(rps(g>0i^ded^th rdoei^ tirirfigu^/' 


whose axis is AD. 
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pROPosmoNs 21, 22 

Any aegment of a paraboloid of ravolvMon is haJf as large again as the cone or 
segment of a cone whidi has the same hose and same axis. 

Let the base of the segment be perpendicular to the plane of the paper, and 
let the plane oi the paper be the p^e through the axis of the paraboloid which 
cuts the base of the segment at right angles in BC and makes the parabolic 
section BAC. 

Let EF be that tangent to the parabda which is parallel to BC, and let A 
be the point of contact. 

Then (1), if the plane of the base of the segment is perpendicular to the axis 
of the paraboloid, that axis is the line AD bisecting BC at right anglesjin D. 

(2) If the plane of the base is not perpendicular to the axis of the paramloid, 
draw AD parallel to the axis of the paraboloid. AD will then bisect J3CL but 
not at right angles. \ 

Draw through EF a plane parallel to the base of the segment. This will t^uch 
the paraboloid at A, and A will be the vertex of the segment, AD its axiis. 

The base of the segment Andll be a circle with diameter BC or an ellipse mh 
BC as major axis. 

Accordingly a cylinder or a frustum of a cylinder can be found passing 
through the circle or ellipse and having AD for its axis [Prop. 9] ; and Ukemse 
a cone or a segment of a cone can be drawn passing through the circle or 
ellipse and having A for vertex and AD for axis. [Prop. 8] 

Suppose X to be a cone equal to 1 (cone or segment of cone ABC). The cone 
X is therefore equal to half the cylinder or frustum of a cylinder EC. 

[Cf. Prop. 10] 

We shall prove that the volume of the segment of the paraboloid is equal 

toX. 

If not, the segment must be either greater or less than X. 

I. If possible, let the segment be greater than X. 

We can tiien inscribe and circumscribe, as in the last proposition, figures 
made up of cylinders or frusta of cylinders with equal hei^t and such that 
(circumscribed fig.) — (inscribed fig.) < (segmrajt) —X. 

Let the greatest of the cylinders or frusta forming the circumscribed figure 
be that whose base is the circle or ellipse about BC and whose axis is OD, and 
let the smallest oS them be that whose base is the circle or ellipse about PF 
and whose axis is AL. 

Let the greatest of the cylin- 
ders forming the inscribed figure 
be that rrimse base is the circle or 
ellipse idxmt ,BR* and whose aris 
is OD, and let the ranallest be that 
whose base is the circle or ellipse 
about PP' and whose axis is LM. 

Produce all the plane basos of 
tibe cylinders or frusta to meet the 
mirface of Ibe complete cylinder or frustum EC. 

' Now, smce 

(droumsc^bedfig.)-(in8er. fig.) < (segment) -X, 
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follows that (inseribed figure) >X. i[a) 

comparing succesrively the cylinders or frusta with hdid^ equal to 
OD and respectively forming parts of the complete cyUnder m* frustum EC 
and of the inscribed figure, we have 

(first cylinder or frustum in EC) : (first in inscr. fig.) 

»5Z)* : RO^ 

’■‘AD: AO 

^BD ; TO, where AB meets OR in T. 

And (second cylinder or frustum in EC) : (second in inscr. fig.) 

=H0 : SN, in like manner, 

and so on. 

Hence [Prop. 1] (cylinder or frustum EC) : (inscribed figure) 

- iBD+HO+ • • •) : (rO+SN+ • • •), 

where BD, HO, ... are all equal, and BD, TO, SN, . . . diminish in arithmetical 
progression. 

But [Lemma preceding Prop. 1] 

BD+HO+ • • ^>2(T0+SN+ ■ • •)• 

Therefore (cylinder or frustum SC) >2 (inscribed fig.), 
or X> (inscribed fig.) ; 

which is imposrible, by (a) above. 

II. If possible, let the segment be less than X. 

In this case we inscribe and circumscribe figures as before, but such that 
(circumscr. fig.) — (inscr. fig.) <X— (segment), 
whence it follows that 

(circumscribed figure) <X. (fi) 

And, comparing the cylinders or frusta making up the complete cylinder or 
frustum CE and the ctrcumicribed figure respectively, we have 

(first cylinder or frustum in CE) : (first in circumscr. fig.) 

: BD‘ 

■^BD.BD. 

(second in CE) : (second in drcumscr. fig.) 

-HO* : RO* 

^AD:AO 
^HO : TO, 

and so on. 

Hence [Prop. 1] 

(cylinder or frustum CE) : (circumscribed fig.) 

= (BD+HO+ • • •) : {BD+TO+ • • •), 

<2 : 1, [Lemma preceding Prop. 1] 

and it fcdlows that 

X < (drcumscribed fig.) ; 
whidi is imposaible, by (fi). 

Ulus the segment, being neither greatra- nor less than X, is equal to it, and 
1h»efore to I (cone or s^ment of cime ABC). 

PBOFOsinoN 23 

If from a par<Aoloidof revolution iwote^nente be aU off, one by a plane perpm- 
dieidar to the axie, (heoihetby a piaene not perpendieular to (he axis, arid if the 
oaxa ef the eegtnmto are equal, the eegmente witt be equal in volume. 



m 




.liCt the two plaaee be sui)t><»odpei1)fiDdknlar to the plane of ^papWritod 
kit the latttf i^ADie he the ptoe though the b»» oC the parahoJkiKleuttiiBf the 
other two planes at tii^tangjks in 35*, reepeetivdy and the paifahokid 
itedf in the parabda QPQ'f'. 

Ifit AN, PF be the equal axes of the seg- 
ments, and A, P thdr respective vertices. 

Draw QL pan^el to AN or PF and Q^L 
perpendicular to QL. 

Now, once the segments of the parabolie 
section out off by have equal axes, 

the triangles ABB', P^' are equal [Prop. 3}. 
Also, if QD be perpendicular to PF, QD’^BN 
P <as in the sanle'Prop. 3). 

Conceive two cones drawn with the\ same 
bases as the segments and with A, P alk ver- 
tices respectively. The hdght of theoonePQQ' 
is then PK, where PK is perpendicular to^^'. 

Now the cones we in the ratio compounded 
ct the ratios of their bases and of their 
heights, i.e. the ratio compounded oi (1) the 
ratio oi the circle about BB' to the ellipse 
about QQ', 'and (2) the ratio of AN to PK. 
That is to say, we have, by means of Prc^s. 6, 12, 

(cone ABB') : (cone PQQ') » (BP'* : QQ' • Q'L) {AN ; PK). 

And BB'*=2BN*2QD-Q'L, while QQ'=2QF. 

Therefore 

(cone ABB') : (cone PQQ') - (QD : QF) -{AN : PK) 

. -(PX:PF) (AN:PA:) 
mAN-.PV. 

Since AN ’=‘PV, the ratio of the cones is a ratio of equality; and it follows 
that the segments, hong each half as huge again as ths ieqiective cones [Prop. 
22], are equal. 




Pndi^OsjTiqiN 24 

If from a paraboloid of revolution two eegmenta be ad 
off by planes drawn in any manner, the eeyMenht wBl be 
to. me anOlher at the oquaroe on their a^. 

Fw.letvthe parabcdoid be cut by a plane through 
the axis in the parabolic section P'PApp', and let the 
axisOf the parabola and paraboloid be ANN'. t. 
Measure tdoag ANN' the Imigths AN, AN' equal to 
the respective axes of the given s^meutsyand tiutMgh 
N^rN' draw plaaeti peilpendieuler .to the axie^ auddhg 
circular sesdiane cm Bp^ Pfp'tm dianutmw respective^* 
With these circles as beses and with the common ver- 
tex A let*ttro’<6ofi^bfe ‘described. 

: . Ifow the segments cf the pomboknd whose bneBS 
.-Arei^mndeaaboati^, P'y ameciualtd'the gjle^ 

thehseapeB^^ SAKraM 
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eqtial pProp. eego^^itfi A^PtAJ^p'(tm as Isige agam 

a^.tiie cox>es APp, AP'p' respecUy^i iwpjliav^' only to diow that 
aiputhexatioi^^jSir^ito^^'V -,■ •,•'•■•. ■ 

But . I ' '-J > . ....... ... 

(cone APp ) : (cone AP'p') - (PAT* : P'N'*) -{AN : AN') 

^{AN: AN') -(AN: AN') 
y =AN*:AN'*; 

thus Uie proportion is proved. 

Propositions 25, 26 

In any hyperboloid of revolution, if A be the vertex and AD the ostia of any aegment 
cut off by a plane, and if CA be the aemidiameter of the hyperboloid through A 
{CA being of course in the same straight line with AD), then 
(segment) : (cone with same base and axis) 

- (AD+3CAy : (AD+2CA).. 

Let the plane cutting off .the segm^t be perpendicular to the plane of the 
paper, and let the latter plane be the plane tiirough tiie axis of the hyperboloid 
which intersects the cutting plane at right Mglra in BB',-and, makes the hypw- 
bolic segment BAB'. Let C be the centre of the hyperboloid <or the vertex of 
the enveloping cone). 

Let EF be that tangent to the hyperbolic section which is parallel to BB'. 
Let EF touch at A, and join CA. Then CA produced will bisect BB' at D, CA 
will be a semi-diameter of the hyperboloid, A will be the vertex of the segment, 
and AD its axis. Produce AC to A' Imd H, so that AC^CA' = A*Hi 

Through EF draw a plane parallel to the base of the segment. This plane 
will tou(^ the hyperboloid at 4. 

Then (l), if. the base of thei segment is at right angles to the axis of the 
hyperboloid, A will be the vertex, and AD the axis, of the hyperboloid as well 
as of the segment, and the base of> the seginent will be a circle bn BB' as 
diameter. 

(2) If the base of the segment is not perpendicular to the axis of the hyper- 
boloid, the base will be an ellipee on BB' as tnajor axis. .[Prop. 13] 

Then we can draw a cylinder or a frustpm of a cylinder EBBIF pasring 
through the circle or ellipse about BB* imd having A27 for its axis; also we can 
describe a cope .or a.segment ofa cone t^qugh tl;^e ellipso and having 

4 ior* i^ vertex, ., ■ . 

We have to prove that 

. (segment ABB') : (cone cor segpo^t td cone ABft') ’^HD : A'D- 
. Let, F a cone such that ■ j 

! ,[ i, . F. : (cope or. segment of.cbneA^B0»>H^.^4'A> ; i , («) 

ai^;wre have tp prove that, F >9 Visual, to. itiie aegment. 

Now ... ; , , .,r ! • . ,,, , .. 

, < < (cylinder ; (cope.o^.eet^ tit pom A^B'^^Z : 1. . , ; 

If the segment is not equid to F, it must mther be greater or less. 

ln«h^ «wM9<niB>aalbaitathftrBegmeDt ^figures, ni^ of cyliedsn 

fisMa^-of^Underi,' withi axeaialeog iU)'Azlid:n&e^pinl.to oPe aaetlnwry and! that 



MicmMssm' 

(dreumMsribed fig.)— Rinser, fig.) <(8egmt.)—T^> 

Felice (iiucribed figure) >F. (y) 

Produce all the phmes forming the bases of the cylinden or frusta of ey^- 
ders to meet the surface of the complete cylinder or frustum EB'. 



(AO) 

P 

P 

■ * 

9 


D 

(AA'J * 

a 


a 



Then, if ND be the axis of the greatest cylinder or frustum in the circum- 
scribed figure, the complete cylinder will be divided into cylinders or frusta 
each equal to this greatest cylinder or frustum. 

Let there be a number of straight fines a equal to AA’ and as many in num- 
ber as the parts into which AD is divided by the bases of the cylinders or frus- 
ta. To each fine a apidy a rectangle which shall overlap it by a square, and let 
the greatest of the rectangles be equal to the rectangle AD A'D and the 1^ 
equal to the rectangle AL A'L\ also let the sidra of the overlapping squares 
b, p, 9 , ... 2 be in descending arithmetical prc^resaon. Thus b, p, 9 , ... 2 will be 
respectivdy equal to AD, AN, AM , . , , AL, and the rectangles (ab-f-b*)* 
i[dp+p*),. . . (a2-|-2*) will be respectively equal to AD A'D, AN A'N,. ..AL- 
A'L. 


Suppose, further, that wehave a series of spaces 8 each e(pal to the laiijest 
AD A'D and as many in nundrer iu tlm diminishing rectaa^les. 
^^**wapari&g now the wioeeasive cylindefs or frusta ( 1 ) m the conqrlste eyfin- 
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der or frustum EB’ and (2) in the inscribed figure, beginning from the btd» of 
the segment, we have 

(first cylinder or frustum in EB ') : (first in inscr. figure) 
^BD'.PN* 

^AD -A'D : AN -A'N, from the hyperbola, 

“S': (ap+p*). 

Again 

(second cylinder or frustum in EB') : (second in inscr. fig.) 

=RD* : QM* 

^ADA’D-.AMA'M 
=5 : (og+g*), 

and so on. 

The last cylinder or frustum in the complete cylinder or frustum EB' has no 
cylinder or frustum corresponding to it in the inscribed figure. 

Combining the proportions, we have [Prop. 1] 

(cylinder or frustum EB') : (inscribed figure) 

= (sum of all the spaces S ) : (op+p*)+(ag+g*)+. • • • 

> (a+b) : (l+l) [Prop. 2] 


>A'D : since a—AA', 

>(EB') : V, by (/S) above. 

Hence (inscribed figure) < V. 

But this is impossible, because, by ( 7 ) above, the inscribed figure is greato 
than V. 

II. Next suppose, if possible, that the segment is less than F. 

In this case we circumscribe and inscribe figures such that 

(circumscribed fig.) — (inscribed fig.) < F— (segment), 
whence we derive 

F > (circumscribed figure). (S) 

We now compare succ^ve cylinders or frusta in the complete cylinder or 
frustum and in the circumscribed figure; and we have 

(fiirst cylinder or frustum in EB') : (first in circumscribed fig.) 

■=S-.S 

: (a6+6*), 

(second in EB') : (second in circumscribed fig.) 

=5 : (ap+p*), 

and so on. 

Hence [Prop. 1] 

(cylinder or frustum EB') : (drcumsmbed fig.) 
aci (sum of all spaces 8) : (o 6 + 6 *)+(op+p*)+ • • • 


<(0+6) : (5+I) 

<A'D:^ 

<{EB'):V, by (^) above. 


[Prqp.2i 
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Bmce the drewoeotUied figure ia greeiter than F; wJudi.it impoadble, by 
(5) above. 

Thua the aegmeut ia neither greater nor leaajthan F, .and ia therefore equal 
to it. 

Therefore, by (a), 

(aegment ABB ') : (cone or segment ixior ABB’) 

= (AD+SCA) : iAD+2CA). 

PnoposmON^ 27, 28; 29, 30 


(1) In any spheroid whose centre is C, if a pkme meeting the axis cut off a segment 
not greater than half the spheroid and haoing A for its vertex and AD for its axis, 
and if A'D be the axis of the remaining segment xSf the spheroid, then j 
iffrst segnU .) : (cone or segnU. of cane with same base and axis) I 
~CA+A'DxA'D \ 

[^ZCA-ADx2CA-ADl \ 

(2) As a particular case, if the plane passes through the centre, so that tiiAseg- 
ment is half the spheroid, half the spheroid is double of the cone or segment \f a 
cone which has the same vertex and axis. 


Let the plane cutting off the segment be at right angles to the plane 
of the paper, and let the latter plane be the plane through the axis of the 


spheroid which intersects the cut- 
ting plane in ££' and makes the 
elliptic section ABA'B'. 

Let EF, E'F' be the two tan- 
goots to .the ellipse which are par- 
allel to BB', let them touch it in 
A, A', and through the tangents 
draw planes parallel to the base of 
the segment. These planes will 
touch the spheroid sA A, A', which 
will be the vertices of the two seg- 
ments into which it is divided. Also 
AA' will pass through the centre C 
and bisect BB' in 4^. 

Then (1) if the base of the seg- 
ments be perpendicular to the axis 
of the spheroid. A, A' will be the 
vertices of the spheroid as well as 
the segments, AA' will be the 



axis of the spheroid, and the base 
of the segments will be a ciixle on 
BB' as diameter; 

(2) if the base of the segmmts 
be not perpendicular to the axis 
id'ihe sphercnd, the base of the 
s^gmaits will be an ellipse of which 
BB' is one axis, and AD, A'D will 
.be the axes the s^;ment8 respec- 
dvdy. 
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'We-oan nov dvaw &fiylindNr or a frustum of a.cyli&clw tibrough tha 

circle or ellipse about BB' and having AD for its axis; and we can also draw a 
cone or asegment of a boisepasang through the drde or ellipse about DD' and 
having A for its vertex. 

We have them to show that, if CA* be produced to D so that 
(segment ABB'} : (cone or segment of cone ABB') *^HD : A' D. 

Let V be such a come that 

V : (cone or segment of cone ABB') ’‘‘HD : A'D; (a) 

and we have to show that ttm segment ABB' is equal to V. 

But, since 

(cylinder or frustum BB') : (cone or segment of cone ABB') »3 : 1, 
we have, by the aid of (a), 

(cylinder or frustum BB') : 7“ A'D (|8) 

Now, if the segment ABB' is not equal to V, it must be either peater or less. 

I. Suppose, if possible, that the segment is greater than V. 

Let figures be inscribed and circumscribed to the s^ment eohmsting- of 
cylinders or frusta of cylinders, with axes along AD and all equal to one 
another, such that 

(circumscribed fig.) — (inscribed fig.) < (segment) — V, 
whence it follows that 

(inscribed fig:) > V. (y) 

Produce all the planes forming the bases of the cylinders or frusta to 
meet the surface of the complete cylinder or frustum BB'. Thus, if 7VD be the 
axis of the greatest cylinder or frustum of a cylinder in the circumscribed 
figure, the complete cylinder or frustum BB' mil be divided into cylinders 
or frusta of cylinders each equal to the greatest of those in the circumscribed 
figure. 

Take straight lines da' each equal to A'D and as many in noniber as tlie 
parts into which AD is divided by the bases of the cylinders or frustS., and 
measure da along da' equal to AD. It follows that aa'=’2CD. 

Apply to each of the lines a'd rectan^eS with height equal to ad, and draw 
the squares on each of the lines od as in the figure. Let B denote the area of each 
complete rectangle. 

From the first rectangle take away, a gnomon with breadth equal to AN, (i.e. 
with each end of a len^h equal to AN); take away from the second rectkn^e 
a gnomon with breadth equal to Aikf, and ^ On, the last rectangle having no 
gnom(Hi taken from it. 

Then 

the first gnomon » A'D -AD— jVD ’(A'D— AiV) ' 

- A'D AJV+BD-AiV 
-AJV-A'iV. 

Similarly, . \ ' 

thdBeC<»id giKkn^^AM 'A'ilf; 
and so on. ’ -.o' 

And the last-gnoifinoiii (that in^e lahfi te6tiipgl6 but one) ih OCjtnl to AL -A'L. 

Also, after t^ gnomons. an»’tapbe)iA!#ay fivm the sucoessiye rectan^ei^ ^ 
i#iaindfe«i*(iiWch cdB <rfi*eo- 

tangles and accordingly B»>bB) are retkangles applied to Oadh<^ 
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li^gth oa' and “exceeding by squares’’ whose sides are reepeclively equal to 
DAT, DM,. . .DA. 

For brevity, let DN be denoted by x, and m' or 2CD by c, so that 
Ri=cx-\-x^, Ri’^c • 2 ar+( 2 a:)*, • • • 

Then, comparing successively the cylinders or frusta of cylinders ( 1 ) in the 
complete cylinder or frustum EB' and (2) in the inscribed figure, we have 
(first cylinder or frustum in EB') : (first in inscribed fig.) 

: PAT* 

A'DiAN A'N 
*=)S ; (first gnomon); 

(second cylinder or frustum in EB') : (second in inscribed fig.) 

=S : (second gnomoti), 

and so on. 

The last of the cylinders or frusta in the cylinder or frustum EB' hasWone 
correqjonding to it in the inscribed figure, and there is no corresponding 
gnomon. 

Combining the proportions, we have [by Prop. 1] \ 

(cylii^er or frustum EB') : (inscribed fig.) 

— (sum of all spaces S) : (sum of gnomons). 

Now the differences between S and the suceessive gnomons are Ri, Rt, . . .Rn, 
while 

Bi=»ca:4-a:*, 

J 8 *=c -23:+ (2x)*, 


where h^nx^AD. 

Hence [Prop. 2] 

(sum of all spaces S ) : (iZi+i?*+ • • •+/?») <(c+ 6 ) : 
It follows that 

fsum of all spaces S ) ; (sum of gnomons) > (c+b) : 


>.4'i) -.Sf. 


Thus (cylinder or frustum EB ') : (inscribed fig.) 

>A'D:^ 


> (cylinder or frustum EB') : V~, 

from (/3) above. 

Ther^ore (inscribed fig.) < V ; 

which is impossible, by ( 7 ) above. 

Hence the segment ABB' is not greater than V. 

II. If possible, let the segment ABB' be less than V. 

We then inscribe and circumscribe figures such that > 

(dnHimsciUjed fig.) — (inscribed fig.) < P— (s^pment), 
wboiee P;>(droumscribed fig.).' . 

* . Ip this case we compare.the eyfinders. or frueta in (EB') with, those in the 
i^m^umsa^ed Sgare. . 
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Thus 

(first cylinder or frustum in EB') : (first in circumscribed fig.) 

(second in EB') : (second in circumscribed fig.) 

=iS : (first gnomon), 

and so on. 

Lastly (last in EB') : (last in circumscribed fig.) 

=S : (last gnomon). 

Now 

{/S+(all the gnomons)) »=niS— (fii+i2»-| f-f2n-i). 


And nS : i2i+fZ»+ • • •+IEn_i>(c+6) : [Prop. 2] 

so that 


nS : {5+(all the gnomons)} <(c+b) : 

It follows that, if we combine the above proportions as in Prop. 1, we obtain 
(cylinder or frustum EB') : (circumscribed fig.) 


<(c+«:(|+f) 


<A'D: 


HD 


<(EB ') : V, by (j3) above. 

Hence the circumscribed figure is greater than V ; which is imposrible, by (S) 
above. 

Thus, since the segment ABB' is neither greater nor less than V, it is equal 
to it; and the proposition is proved. 

(2) The particular case [Props. 27, 28] where the segment is half the spheroid 
differs from the above in that the distance CD or c/2 vanishes, and the rec- 
tangles cb+b^ are rimply squares (6^), so that the gnomons are simply the 
differences between 6* and 6* and {2x)*, and «) on. 

Instead therefore of Prop. 2 we use the Lemma to Prop. 2, Cor. 1, ^ven above 

we obtain the 

ratio 3 : 2, whence (segment ABB') : (cone or segment of cone ABB')<=2 : 1. 




PnoPOsmoNS 31, 32 

If a plane divide a spheroid into two unequal segments, and if AN, A'N be the 
axes of the lesser arid greater segments resp&dively, while C is the centre of the 
spheroid, then 

{greater segmt .) : {cone or segmt. of cone with same base and axis) 
^CA+AN^.AN. 

Let the plane dividing the spheroid be that throu^ PP' perpendicular to 
the plane of the paper, and let the latter plane be that through the ans of the 
spheroid which intersects the cutting plane in PP' and makes the elliptic 
section PAP' A'. 

Draw the tangents to the ellipse whidh are parallel to let them tou<& 
the ellipse at A, A', and through the tangents draw planes pa^el to the base 
of the segnents. These planes will touch the spheroid at A, A', the line AA' 



will pass through the centre C and bisect PF' in N, while AN, AN Tnll,l)eitbe 
axes of the segooents. 



Then (1) if the cutting plane be perpendicular to the axis of the spheroid, 
^A'will be that axis, aadA,A' will be the vertices of the spheroid as well as of 
the segments. Also the sections of the spheroid by the cutting plane and all 
planes parallel to it will be circles. 

(2) If the cutting plane be not perpendicular to the axis, the base of the 
segm^ts will be ap ellipse of which PP' is an axis, and the sectioiffi of the 
spheroid by all planes parallel to the cutting plane will be similar ellipses. . 

Draw a plane t}rrpugh C parallel to the base of the segments and meeting the 
plane of the paper in BB'. 

Coi^truat tiiree ocmes or. segments of cones, two having A for th^r common 
vertex and the plane sections through PP', BB' for their re^ective bases, and 
a third having the plane section through PP' for its base and A' for its vertex. 

Produce CA to H and CA' to H' so that 

AH-^A'H'-^CA. 

We have then to prove that 

(segment A'PP ') : (cone or segment of cone A'PP') 
^CA+AN:AN 
^NHiAN. 


Now half the spherdd is double of the cone or segment of a cone ABB' 
props. 27, 28]. Therefore 

(the sph^^d) ==4(cone of segment of cone ABB'). 

But 

(cone or segnit. of cone ABB ') : (cone or segmt. of cone APP') 

»(CA : AAr)- (BjC*: J^Ar») 

.^iCA-.AN)-{CA-CA'\AN-A'N). (a) 

' B we meaning along A so that . , ' . 

^ . AkiA^.-^AC,^, , : 

we^ve AK •’ A'N : AX! • A'N = CA : AN, 




ON CONOIDS AND SPHBBOIDS 


481 


Thus 

(cone or s^mt. of cone ABB') : (c<Mie or segmt. of ccme APP*) 
•-AK-CA':AN^A'N. 

But (cone or segment of cone APP') : (s^ent APP') 

-‘A'N:NH' [Props. 29, 30] 

^AN-A'I^\AN’.NH'. 

Ther^ore, ex aequali, 

(cone or segment of cone ABB') : (segment APP') 
^AK‘CA':AN-NH', 
so that (spheroid) : (segment APP') 

^HH'AK:AN-NH', 
since UH'^ACA'. 

Hence (segment A'PF) : (segment APF) 

- (HH' • AK-AN • NH ') : AN • NH' 

« {AK • NH+NH' • NK ) : AN - NH': 

Further, 

(segment APP') : (cone or segment of cone APF) 

•^NH'tA'N 

^AN-NH':AN-A'N, 

and 

(cone or segmt. of cone APP') :<cone at segmt. of cone A'PP') 
^AN'.A'N 
'‘AN-A'N'.A'NK 

From the last three prop(M<tions we obtain, ex aequdi, 

(segment A'PF) : (cone or segment of cone A'PF) 

^{AK - NH-^-NH' - NK ) : A'm 
•‘{AK- iVH+JVH' • NK ) : {CA^+NH' - CN) 

■ ^‘{AK- NH+NH' - NK ) : {AK • AN+NH' > CN), (0) 
But 

AKNH-.AK-AN>^NH'AN < 

•CA+AN:AN 

•-AK-hCA : CA (since AK : AC •AC : AN) 
•HK.CA. 

•HK-NH:CA-AN . ' 

•NK:CN'' 

•NH'-NKiNH'^CN, 

Hence the ratio in (jS) is ee[ual to the ratio' 

AK-NH:AK-ANiarNH‘.AN, - 
-■'ThBrefOTe ■' > 

(s^^t A'PF ) : (cone or segment erf ceme A'PP') 

>■' •NH:AN ■ ■ ■■ 

•CA-hANiAN. 



ON SPIRALS 


^'Abchimedjbs to Dositheus greeting. 

“Of most of the theorems which I sent to Conon, and of which you me 
from time to time to send you the proofs, the demonstrations are alreadiyr be- 
fore you in the books brought to you by Heracleides; and some more ain also 
contained in that which I now send you. Do not be surprised at my takmg a 
considerable time before publishing these proofs. This has been owing tamy 
desire to communicate them first to persons engaged in mathematical stupes 
and anxious to investigate them. In fact, how many theorems in geome'^ry 
which have seemed at first impracticable are in time successfully worked out! 
Now Conon died before he had sufficient time to investigate the theorems 
referred to; otherwise he would have discovered and made manifest all these 
things, and would have enriched geometry by many other discoveries besides. 
For I know well that it was no common ability that he brought to bear on 
mathematics, and that his industry was extraordinary. But, though many 
years have elapsed since Conon’s death, I do not find that any one of the pro^ 
lems has been stirred by a single person. I wish now to put t^m in review one 
by one, particularly as it happens that there are two included among them 
which are impossible of realisation [and which may serve as a warning] how 
those who claim to discover everything but produce no proofs of the same may 
be confuted as having actually pretended to discover the impossible. 

“What are the problems 1 mean, and what are those of which you have 
already reedved the proofs, and those of which the proofs are contained in this 
book respectively, I think it proper to specify. The first of the problems was. 
Given a sphere, to find a plane area equal to the surface of the sphere; and this 
was .first made manifest on the publication of the book concerning the sphere, 
for, when it is once proved that the surface of any sphere is four times the 
greatest circle in the sphere, it is clear that it is posable to find a plane area 
equal to the surface of the sphere. The second was. Given a cone or a cylinder, 
to find a sphere equal to the cone or cylinder; the third. To cut a given ^here 
by a plane so that the segments of it have to one anothw^n assigned ratio ; the 
fourth. To cut a given sphere by a plane so that the segments of the surface 
have to one another an assigned ratio; the fifth, To make a given segment of a 
^here dmilar to a given segment of a sphere;^ the sixth. Given two segments 
of dther the same or different spheres, to find a se^ent of a sphere which 
shall be similar to one of the segments and have its surface equal to the surface 
d the other segment. Ihie seventh was. From a given sphere to cut off a seg- 
ment by a plane so that the segment be^ to the cone wMch has the smne base 

*K!f. On the Sj^ere and Cylinder, n. & 
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as the segmeot and equal ha^t an assigned ratio ;greater than that of lJuee to 
two. Of all the prq>o«tions just enumerated Heraclades brought you the 
proofs. The proposition stated next after these was wrong, vis. that, if a 
be cut by a plane into unequal parts, the greater segment will have to the less 
the duplicate ratio oi that which the greater surface has to the less. That this 
is wrong is obvious by what I sent you before; for it included this propodthm: 
If a sphere be cut into unequal parts by a plane at li^t angles to any ^ameter 
in the sphere, the greater segment of the surface will have to the less the same 
ratio as the greater segment of the diameter has to the less, while the greater 
segment of the sphere has to the less a ratio less than the duplicate ratio of that 
which the greater surface has to the less, but greater than the sesqui-alterate* 
of that ratio. The last of the problems was also wrong, vis. that, if the diameter 
of any sphere be cut so that the square on the greater segment is triple the 
square on the lesser segment, and if through the pdnt thus arrived at, a plane 
be drawn at right angles to the diameter and cutting the sphere, the figure in 
sudi a form as is the greater s^ment of the sphere is tiie greatest of all the 
segments which have an equal surface. That this is wrong is also clear from the 
theorems which I before sent you. For it was there proved that the hemisphere 
is the greatest of all the segments of a sphere bounded by an equal surface. 

“After these theorems the following were propounded concerning the cone.* 
If a section of a ri^t-angled cone [a parabola], in which the diameter [axis] 
remains fixed, be made to revolve so that the diameter [axis] is the axis [d 
revoluticHi], let the figure described by the section of the right>ang^ed cone be 
called a conoid. And if a plane touch the conoidal figure and another plane 
drawn parallel to the tangent plane cut off a segment of the conoid, let the base 
of the segment cut off be defined as the cutting plane, and the tfetiex as the 
point in which the other plane touches the conoid. Now, if the smd figure be 
cut by a plane at right angles to the axis, it is dear that the section will be a 
circle; but it needs to be proved that the segment cut off will be half as large 
again as the cone which W the same base as the segment and equal hd^t. 
And if two segments be cut off from the conoid by planes drawn in any man- 
ner, it is clear that the sections will be sections of acute-angled cones [ellipses] 
if the cutting planes be not at right angles to the axis ; but it needs to be proved 
that the segments will bear to one another the ratio of the squares on the lines 
drawn from their vertices paralld to the axis to meet the cutting planes. The 
proofs of these propositions are not yet sent to you. 

“After these came the following propotitions about the spired, which are as 
it were another sort of problem having nothing in common with the for^dng; 
and I have written out the proofs of them for you in this book. They ate as. 
follows. If a straight line of which one extremity remains fi|ced be made to 
revolve at a uniform rate in a plane until it returns to the position from which 
it started, and if, at the same time as the straight line revolves, a point move 
at a uniform rate along the straight line, starting from the fixed extremity, the 
pdnt will describe a spiral in the plane. I say that the mea bounded by 
the spiral and the straight line which has returned to the podtion from which 
it started is a third part of the circle described with the fixed picmrt as centre 
and with radius the length traversed by the point dong the strait line ditihig 

*Bdo On ^ Sphere and Cjfiiader, 11. 8. 

*Tb^ should be presumably “tie eonoid,” not “tite eonm” ' ■ t - ■ ■ 
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-tiie tnte Mvohitiraii 'And, if a straight liae toadi tlM epital ^ the extrema 
of the siAMi Boid another etraight line be drawn at rig|it'Bn^ee%> the linb 
tvbseh has revolved and resumed its portion frcna tiie fixed extremity oC it, eo 
as to meet the tangent, I sajr that the strai^t line so dravm to meet itie e<}aal 
to the cimunferenee of the cirde. Again, if the 'revdving line and the'pdnt 
moving eiong it make several revblutlcnffi and return to the position from 
leMch tite 8trai|^t line started, 1 say that the area added by the spiral in the 
third revolotiod will be double d that added in the 8ec<md, that in the foiirth 
three times, that in the fifth four times, and generally the aroSS added in the 
later revduticms will multiples of that t^ed in the ^ond revolution 
according to the saccermve numbers, while the area boxmded by the spiral in 
the first revolution is a dxth part d that added in the second revoluticm. Also*, 
M on the spiral described in one ievdntian two'points be taken and straight 
fines be drawn jcnning them to the fixed extremity of the revolving line,Wnd if 
two droles be ^vin with the fixed point as centre and radii the lines ^wn 
to the fixed extrmnity of the straight line, and the shorter of the two lii^ be 
producedi I say that (1) the area bounded by the circumference ci the grater 
circle in the direction d (the part d) the spiral included between the straight 
Ihms, the i^iral (itsdf ) and the produced strait line will bear to (2) the area 
bounded by the circumference of the lesser circle, thfe same (part of the) spiral 
and the strai^t line jdning thdr extremities the ratio which (3) the r^us of 
the lesser circle together with two thirds of the excess d the radius d the 
{peater drcie over the radius of the lesser bears to (4) the radius of the iesser 
drcle together with one third of the said excess. 

“The proofs then d these theorems and others relating to the spiral ire 
given in the present bode. Prefixed to thmn, after the manner usual in other 
geometrical wcarks, are the propositiems necessary to the proofs of them. And 
here toO) as in- the books previously publidied, I assume the fdlowing lemma, 
that, if there be (two) unequal' lines or '(two) tmequal areas, the excess by 
whh^ the greater e»see^ the less can, by t^ingtcontinually] added to itself, be 
made to exceed any given magnitude among those which are comparable with 
Ot and with] one another." 

PaoposmoN 1 ' 

If a poini move ai a uniform rate along a^y line, and two lengths bejaken on it, 
they wiU be. proportional to the times of describing them., 

IVo undlual lengths are taken on a rtraight line, an^ two lengths on another 
strai(^t line'repre^ti^ the times; and, they are proved to be proportiQafii.by 
taking equimultipiles of ea(^ length and tHe oorre^onding tiihe after the numr 
hw d !Eiid. y, pd. 6. 

■ .PaoPOsmpN.5i . 

JfiMik of Mo pemUm’diffemd'lims respectiveiymoM along tkim w^Mawni^ 
fdsMrato, and if ieagfhs be taken, one on each line, firming pairs! ^t eaek 

paie,aredeseriM<iaequalMnes,thelongthswtllMporportioW!dii ^ 

ifUnak is laoxed at meaJby equating.the<talaod''t^ leng^ liksftt on die line 
to that d the times d description, whidi murt aMo-beaqualto thpratiod die 
tengths tftken on the otlieriifie«^ ■ "■ j"! ■ 





m 


Qiven any number of cirelee, it ia jmtaiMe ia.find a ^rcughl Kne greater thm the 
sum of aU their drcumfereneea. 

For we have ooly to describe polygons about eadi and then take a straii^ 
line equal to the sum <4 the perimeters of the polygons. 

PnoposmoN 4 

Criren two unequal lines, vie. a straight line and, (he eireumferenee of a eireie, it is 
possible to find a straight line less than the greater of (he two lines and greater than 
the less. 

For, by the Lemma, the excess can, by bdng added a sufficient number, of 
times to itself, be made to exceed the lesser line. 

Thus e.g., if c> 2 (where c is the circumference of the circle And I tile length 
of the straight line), we can find a number n such that 

«(c— 2)>2. 

Therefore c—l>-, 

n 

and •e>l-\‘->l- 

n 


Hence we have only to divide I into n equal parts and add one of them to 1. 
The resulting line will satisfy the ocmdition. 

Fboposition 5 ' 

Given a circle with centre 0, and the tangent to it at a point A, it is possible to dram 
from 0 a straight line OFF, meeting the circle in P and the tangent in F,< such Oiat, 
if c be the dreumfererUie of any given circle whatever, 

FP iOP<iaxe AP) :e. 

Take a straifht Mne, as D, greater than 
the circumfer^oe e, [Prop. 3] 

Through 0 draw OH puallel tO' the 
giv^ tangent, and draw tlux>ugh A a hnfi 
APHi meeting the circle in P and OM. in 
H, such that the portion PH intercepted 
betwe^i the circle and the line OH may 
be equal to D. Jdn OP and produce it to 
meet tile tar^ent in 
Then FP : OPmAP '. PH, by pandlds, 
mAP:D 
<(arc ilP) :c. 



pKOPOsmoN 6 

0ivenadrcUvnthasnbrel0iadu)edABilessthxuidm4iame^4and0M 0wper- 
pendieular on AB from 0, it possible 4a deawaOtrayflit line OFP , meeting the 
chord AB in F and the drdeiA.PitudtUiat*,' 

FP iPBmDnH^. . , 

where D :E is any given redio has Ham BM-t-MO. 

Dx^w OH paitilti to AB, and M'^ilelI 1 penfficular to BO meeting OH m T~. 


m ABCmMBDES 

Then the trian^es BMO, OBT are mmilar, and therefore 

BM : MO’^OB : BT, 

whence D:E<OB:BT. 

Suppose that a line PH (greater 
than BT) is taken such that 
D.E^-^OB.PH, 

and let PH be so placed that it 
passes through B and P lies on the 
circumference of the circle, while 
is on the line OH. {PH will fall 
outside BT, because PH>BT.) 

OP meeting AB in F. 

We now have 

FP xPB^OP \PH 
^OB.PH 
=D:E. 

PnoposmoN 7 

Given a circle with centre 0, a chord AB less than the diameter, and OM the per- 
pendicular on it from 0, it is possible to draw from 0 a straight line OPF, meeting 
the circle in P and AB produced in F, such that 

FP:PB=D:E, 

where D :E is any given ratio greater than BM : MO. 

Draw OT parallel to AB, and BT perpendic- 
ular to BO meeting OT in T. 

In this case, 

D:E>BM:MO 

>0B : BT, by rimilar trian^es. 

Take a line PH (less than BT) such that 
D.E^OB.PH, 

and place PH so that P, H are on the circle and 
on OT respectively, while HP produced passes 
through B. 

ThOT FPiPB^OP: PH 

•‘D.E. 

Pboposition 8 

Given a circle with centre 0, a chord AB less than the diameter, the tangent at B, 
and the perpendicular OM from 0 on AB, it is possible to draw from 0 a straight 
Une OFP, meeting the chord AB in F, the circle in P and the tangent in G, such 
that 

FP.BG^D.E, 

where D:E is any given ratio less than BM ; MO. 

If OT be drawn pandld to AB meeting the tangent at JB in T, 

BM'.MO^OB'.BT, 

BO that D : E<OB : BT. 

Take a pdnt C oaTB {uroduced such that 

D:E~OB:BC, 

BC>BT. 



D 
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Throu^-the pdnts 0, Cdeseribe 
a circle, - aad let OB be produced to 
meet this circle in K. 

Then, ednce BC>BT, and OB is 
perpendkiular to CT, it is possible to 
^aw from 0 a straight line OGQ, 
meeting CT in 6 and the circle about 
OTC in Q, such that GQ=^BK. 

Let OOQ meet AB in F and the 
original circle in P. 

Now CGGT--OGGQ; 

and OF:OG^BT:GT, 

so that OF GT^OG BT. 

It follows that 


or 


Hence 

and therefore 
or 


CG‘GT xOF’GT^OG GQ .OG BT, 
CGxOF^GQ :BT 

’^BK : BT, by construction, 

~BC:OB 

^BC.OP. 

OP xOF^BC xCG, 
PFxOP^BGxBC, 

PF xBG=OP xBC 


==OB:BC 


’^DxE. 


Proposition 9 

Given a drde wiOi centre 0, a chord AB less than the diameter, the tangeni at B, 
and the perpendicular OM from 0 on AB, it is possMe to draw from 0 a straight 
line OPGF, meeting the drde in P, the tangent in G, and AB produced in F, 
such that 

FPxBG’-DxE, 

where DxE is any given roMo greater than BM x MO. 

Let OT be drawn parallel to AB 
meeting the timgent at £ in T. 
Then 

DxE>BMxMO 

>0B X fiT, by similar triangles. 
Produce TB to C so.that 

DxE^OBxBC, 
whence BC<BT. 

Describe a circle tim>u|^ the 
points 0, T, C, wd procbioe OB to 
meet this circle in K. 

Thai, rince TB>BC, and OB is 
p ■ porpend^lar to CT, itis.poesble to 

E draw from 0 a line OGQ, meeting 

CT in Ct.and the.dix^ about OTC 
in Q, such that GQ'^BK. Let OQ meet the tniginal ouele iPiP aod AB pro* 
duc^iniPi ' . 



IS ASCHIMSSBB 

We eio# prove, eoGMstly as i& the last propositioii, that' - 


Tbits, as bef(^, 

and- 

e^teane 


CO.OF^BK-.BT 

mBC.OP. 

OP:OF«BC;C(?, 
&P:PF^BC:BO, 
PF xBQ^^OP iBC 
>^OB.BC 


; , Proposition 10 

If Ai, At, At, ’ • -An he n lines forming an ascending arithmetical progrest 
which (he conmm difference is equal to Ai, the hast term, then 

(n+l)A,*+A,(Ai+A,+ • • •+A„)=3(A,»+A,*+ • • -+4,*). 
[Archimedes’ proof of this propoidtioh is ^ven above, pp. 456-7, ani 
there pointed out that the result is equivalent to 

l*+2»+3*+ • • .+«*=; 



Cor. 1. It follows from this proposition (hat 

n •A„*<3(Aj*-f-A,»+ . . .+A**), 

and also that 

n •A»*>3(Ai»+A,*+ • • •+A_i*). 

[For the proof of the latter inequality see p. 457 above.] 

Cor. 2. AH the results will equally hold if similar figures are substitiUed for 
squares. 

, PaoposrmoN 11 

If At, At, * ' ’An he n lines forming an amending arithmetical progression [tn 
which the common difference is equal to the least term A{\, then 

(n-DAn * : (A,*+A,-4>+ • • •+A,»)<A»* : {An Ai+KAn-A,)*) ; 
hut 

(«^l)A»*:'(A_i«+A_,»+ •+Ai*)>A, {AnAi+i(A,-Ai)*). 

[Andiimedes sets out the terms side by ade in the 
manner shovm in the figure, where BC=*A«, DE— chi t u 

An- 1 ,. . .RS=^Ai, and pr<^does -DB, FO, . . until 
HiRy am ’respectively equid to BC or A», so that EH, 

Gl, . . .SV in the figure are respectively equal to Ai, 

At. . • A«-i. He fu^er measures lengths Bit, DI^ 

FM, . . .PV eloi£g BC, DE, FO, . . .PQ reflectively 
each equal to jBS. ' 

iHe -figure' nudtes the relatimiB between the tbnns' 
easier to see vnth the eye, but ' the use of so large a ^ 

isufib^of letters mahes the proof somewhat difficult 
to follow, ^and' it duef bd toere clearly leprescsited aa. a d r . . p d 

. „ 

' It' ie evident that <A'«'*<^Ai) * Aw-i. 

* -Thdfi^lewhigprQpiMdicmiidtoeretotoidndet^ ’ 

(n-l)A.» : (n-l)(A. Ai+iA*^*)-A,* : {A, Ai+i(An-At)«).; 



<mspiRAi«i/ m 

order therefore to prove the dedred result, we have only to show that 

Iwt ■ 1 i, . i! 

I. To provstho first inequality, we have . 

, , i . (n— l)il* 

<l). 

And 

■ r r •+Aj*«e(A«_i+Ax)*+(A»-*+Ai)*+ • * *+(^ 1 +^ 1 )* ' 

, +(n-l)Ax* 

+^l(A»_l+An-j+ • • ’+^ 1 ) 

+(n— l)Ai* 

+Ai{A«_i+A«-.»+A»^+ • ' •+Ai 

+Ai+ii»+ ■ • •+A»_*+A»_i} 
*(A»_i*+A*_»*+ • • •+Ai*) , . 

H-(n— l)Ai* 

+nAi ’Aa-t. (2t^ 

C<»nparii^ the tight4uuul sides of (1) and (2), we see that (rf l)Ai* is com- 
mon to both ddes, and 

(n- l)Ax •A*-x<n4i 'A ihj, 
while, by Prop. 10, Cor. 1, 

t(»—l)A»_i*<A«-a®+A»i.»*+ • ' *+Ax*. 

It follows therefore that 

(n— 1)A« ■Ai+4(ra— l)A,^,.i*<(A»*+An-x*+ ' • '-bAi*); 
and hence the first part of the proponfion is proved. 

II. We have now, in order to prove the second result, to show that 

(n— l)An'Ai+i(w— pA»_i*>(A,^.i*-|-A,w»*+ • • •+Ai*). 

The right-hand side is equal to 

(A«_j-|-Ax)®-i-{A*_i+Ai)*4' ' • •+(Ai-|-Ax)*+Aj* 

=® A*..»*-i-A«-4(*+ • • "bAx* 

-b(n-l)Ai* 

-b^x(A»_»-bA»_j-b • • ■■bAx) 

-(A_,»-bA_*-b-*-bAi*) 

. -i , -bCn-^lMi* 

• , +Ax/ A,_»-bA»-»-b • • ’d-Ax I • > ,. 

l+Ai -bAi -b “‘+A«_*/ 

»=(A»^»*-4-A»>**-b • ‘'•d'Ax*) 

-b(n-l)Ai*,. . ’ 

-b(w~2)Ax 'A*-!. ,• !)' }'.(j8J 

Con^xaring this expr^on with the rightduuad side of (1) nhovei: sra see ^iat 
(n—l)Ai® is commcm to both sides, and , 

(n- l)Ax •A«_x> (n-2)Ax '■A»4^ > • v > 

xjfhile, tjy Prop. 10, Cor, 1, ^ . • , 'i - / 

i(n— l)A»_i*>(AB_j*-bA»^*-b • v-bAi!)* 1 , ■ 1 
Hence (n— 1)A„ Ax-bKn— l)A,_x*>(A«_i*-b-A*:-t**b* • -ibAi*); 

andtlw^wiWidreqxdredBesultft^om^: . , , , i 

' Cop. 

atiMM^for ^puare$ on Ou aevii^ :• >' 
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ABCHIMEDES 


DEFINITIONS 

1. If a strai^t line drawn in a plane revolve at a uniform rate about one 
extremity which remains fixed and return to the position from which it started, 
and if, at the same time as the line revolves, a point move at a uniform rate 
along the strai^t line beginning from the extremity which remains fixed, the 
p<nnt will describe a spiral (fX(() in the plane. 

2. Let the extremity of the straight line whidi remains fixed wUle the 
straight line revolves be called the origin of the spiral. 

3. And let the position of the line from which the straight line began to 

revolve be called the initial line in the revolution. , 

4. Let the length which the point that along the straight line de- 

scribes in one revolution be called the^irsi distance, that which the samemoint 
describes in the second revolution the second distance, and similarly 1^ the 
distances described in further revolutions be called after the number of the 
particular revolution. \ 

5. Let the area bounded by the spiral described in the first revolution and 
the first distance be called the first area, that bounded by the spiral described 
in the second revolution and the second distance the second area, and similarly 
for the rest in order. 

6. If from the origin of the spiral any straight line be drawn, let that side of 
it which is in the same direction as that of the revolution be called forward 
(7rpoayo(>ntva), and that which is in the other direction backward (Mnera). 

7. Let the circle drawn with the origin as centre and the first distance •as 
radius be called the first circle, that drawn with the same centre and twice the 
radius the second circle, and similarly for the succeeding circles. 

PsoposmoN 12 

If any number of straight lines drawn from the origin to meet the spiral make equal 
angles with one another, the lines will be in arithmetical progression. 

^he proof is obvious.] 


PBOFOSmON 13 


If a straight line touch the spiral, it will touch it in one point only. 
Let 0 be the origin of the spiral, and BC a tangent to it. 

If possible, let BC touch the spiral in two 
points P, Q. Join OP, OQ, and bisect the angle 
POQ by the straight line OR meeting the 
^iral in R. 

Then [Prop. 12] OR is an arithmetic mean 
between OP and OQ, or 

OP+OQ~iOR. 

But in any triangle POQ, if the bisector of the 
angle POQ meets PQ in K, 

OP+OQ>20K. 



TbenSore OK <OR, and it follows that some point on BC between P and Q 
«^bin the spiral. Hmce BC cuts the spirsd; whi(^ is cmitrary to l^e 
hypotbeds. 
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PBOPOSmON 14 

If 0 he ^ origin, and P, Q two points on the first turn of the spirat, and ifQP, 
OQ produced meet the "first cirde" AKP'^ in P', Q' respectively, OA be^ the 
initial line, then , . . 

OP : OQ- {arc AKF) : {arc AKtr). 

For, while the revolving line OA moves 
about 0, the point A on it moves uniformly 
along the circumference of the circle AiCP'Q', 
and at the same time the point describing 
the spiral moves uniformly along OA. 

Hius, while A describes the arc AKP', 
the moving point on OA describes the 
length OP, and, while A describes the arc 
AKQ', the moving point on OA describes the 
distance OQ. 

Hence 

OP : OQ- (arc AKP’) ; (arc AKQ’). ■ 

[Prop. 2] 

Proposition 15 

If P,Q be points on the second turn of the spiral, cmd OP, OQ meet the "first circle" 
AKP’Qf in P’, Q'i as in the last proposition, and if c be the circumference of the 
"first circle," then 

OP : OQ=c+(arc AKP ’) : c+ (arc AKQ’). 

For, while the moving point on OA describes the distance OP, the point A 
describes the whole of the circumference of the “first circle” together with the 
arc AKP’] and, while the moving point on OA describes the distance OQ, the 
point d. describes the whole circumference of the “first circle” together with the 
are AK(^. 

Cob. Similarly, ii P,Q are on the nth tom of the spiral, 

OP : OQ- (n-l)c+(arc AKP’) : (n-l)c+(aic AKQ’). 

Propositions 16, 17 

If BC be the tangent at P, any point on the spiral, PC being the "forvmd" part 
BC, and if OP be joined, Oie angle OPC is obtuse while the angle OPB is acute. 

I. Suppose P to be on the first turn of 
the spiral. 

Let OA be the. initial line, AKP’ the 
“first circle.” Draw the dicle DLP with 
centre 0 and radius OPi, meeting OA in 
D. Tb» circle must then, in tiite “forward” 
direction from P, fall within the spiral, 
and in the “backward” direction outside 
it, snee the radii vectores of the spiral are 
on the “forward ride” greater, and .on the 
“baekwttrd”.side lesS/thanOP. Heneethe 
angle OPC cannot be .acate, rinee it Oan- 
notbeless ^an theant^hetweasOBaad 




im iOKsmiiffiBsis 

the tangent to cbe drcle at P, '(diich is a nghl; an^. 

It only remains therefore to prove th^t 0^ is not a ri^t angle. 

- If posable, let it be a ri^ ai^. BC wiH then toilch the'ciicie at P. ' \ 
Therefore [Prop.' 5} it is possible to draw a line QQC meeting the drde 
tiirough P in Q and BC in C, such that 

CQ : OQ<(aro PQ) : (arc DLP). (1) 

Suppose that OC meets the spiral'in B and the “first dr^e“ in fi* ;aad produce 
OP to meet the “first circle^' in P'.- 
< From (1) it follotra, «mvpmenAo, that 
CO : OQKifovi DLQ) : (am DLP) 

<{iac AKB') : (ate AKP') 

<OR:OP. [Prop. 14] 

But this is impossible, because OQ^OP, 
aadOP<OC. 

I Henee the angle OPC iS' not a tight 
angle. It was also proved not to be acute. 

Therefore the angle OPC is obtuse, and 
the angle OPB consequently acute. 

II. If P is on the second, or the nth 
turn, the proof is the same, except that 
in the proportion (1) above we have to 
substitute for the arc DLP an arc equal 
to (p+arc DLP) or (n—l -p+arc DLP), where p isthe perimeter of the 'circle 
DLP through P. Similarly, in the later steps, p or (n— l)p 'will be added to 
each of the arcs BLQ and DLP, and c or (n— l)ctoeach of the arcs AKB', 
AKP', where c is the circumference of the “first circle” AKP'. 

PnoposmoNs 18, 19, 

L // OA be the initial line^ A the end qf the firet turn of the spiral, and if the 
tangent to the spiral at Abe drawn, the straight line OB drawn from 0 perpendier 
vlar to OA will meet the said tangerd in some point B, and OB will be aqucd tethe 
circumference of the “first drde." 

II. if A' be the end of the second turn, the perpendicular OB will meet the tan- 
gent at A' in some point B', add OB' wiU be equal to 2 (circumference of “second 
eihtle”). 

III. G^furaMy, if An be the- end of the nth tum, and OB meet the tangent at 

yin tn Bn, then OBn^ncn, 

where Cn is the circumference of the “nth circle.” 

• '■ I. Let AKChe the “first circle.” Then, since the ‘‘backward” angle between 
OA and the tangent at A is acute [Prop. 16], the tai^ent ^ meet the ‘ ‘first 
drde” in a second^pont C. And the angles CAO, BOA are together less than 
ttro lifht angleB; therefore OB 'will meet AC produced in.some p(^t B. i 
' Then, if e be the ciicumferenoe of the first circle, we hs^e to p^ovo tha^ 

OB"‘e. 

*.< . If not, OB must be either grdster dr than c. 

(1> If posstUe, suppose OB >«. ' ' ■ ^ ' 

Measure aloBg OB a latigth OB less than OB ^ut greaterjthan e. / ^ 

-iuWe’hwvatheb a cirele AKC, a dimd AC in it lass than ihe diamjsthr, and a 
: 02) drhidi kgreatea^ than the ratio AO : OB^m (#haHS, by similaf^ 


« 



m wmm m 

triaxgles, Espial to 4 t>;tbe[ n^o of 1(> Um petpen^culaar: &otBi>0 oni4C. 
TheijeCotie'D^p. 7] ctua^raw a steai^t Hne CfPF, meetiog P 

and CA produced in F, such that 



FPiPA^AO.OD. 

Thus, alternately, since AO—PO, 

FP .PO^PA :0D 

<(arcP^):c, 

Ednce (arc PA)>PA, and OD>c. 

Component, 

PO : PO < (c+arc PA) c 
<OQ:OA, 

where OF meets the spiral in Q. [Prop. 16] 

Therefore, ance OA =OP, FO <OQ; which is imppssiUe. 

Hence OB>c. . , , 

(2) If posable, suppose OB<c. 

Measure OE along OB so that OE is greater than OB but less than c. 

In this case, since the ratio AO : OE is less tlian the ratio AO ; OB .{fa the 
ratio of ^AC to the perpendicular from 0 on AC), we pan [Prop. 8] draif^.ft line 
OF'P'Q, meeting AC in F', the circle in P^, and the tangent at A to the circle 
in C, such that 

F'P' :AQ-AO .OE. 

Let OPC cut the spiral in Q'. 

Then we have, alternately, 

PP': PC- AC: OP 

,/ ’ >(are,A^) ;p,-. 

because A(?> (arc AP), and OP<c. 


Iherefore . 

PO : P0< (arc APP) :c 

<0^ iOA. [Prop. 14] 

Butthi8isim{H)esblp>fi>h<»CA^OPVju>^.OQ'<OP. . ^ 

..xHeoce. ■■ i. .. 

ffinfjptbetefore OP is neither gi«ater 'i^^l|Wt^ . 


fii-,.-;., ■■■ • (-.1 . -OPffCiii V,. ■ 

11:^. Let A'K'C''be the ‘%eoond «Hrcle,” A'C' bang the 


tangwt tp.the q^ 
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$A'A* (whieh will cut the second circle, ance the *‘badkward” aQ|^ OA'C is 
acute). Thus, as bsfrae, the perpendicuW OB' to OA'- will meet A^O' produced 
in some point B'. 

If then d is the circumference of the “second circle,” we have to prove that 

OB'=2c'. 




For, if not, OB' must be either greater or less than 2c'. 

(1) If possible, suppose OB'>2c'. 

Measure OD' along OB' so that OD' is less than OB' but greater than 2c'. 
Then, as in the case of the “first circle” above, we can draw a straight line 
OFF meeting the “second circle” in P and C'A' produced in F, such that 

FP : PA' ^‘A'O .OD'. 


Let OF meet the spiral in Q. 

We now have, since A'O^PO, 

FP .PO^PA' '.OB' 

<(arc4'P) :2c', 

because (arc A'P)>A'P and 0D'>^'. 

Therefore FO : PO < (2c'+arc A'P) : 2c' 

<OQ: OA'. [Prop. 15, Cdr.] 

Hence FO<OQ; w'hich is imposable. 

Thus OB'>2c'. 

Similarly, as in the case of the “first circle,” we can prove that 

OP'<2c'. 


Therefore OB'’^2b'. 

III. Proceeding, in like manlier, to the “third” and* succeeding circles, we 
shall prove that 

OBn’^nCn. 


Pbopostion 20 


1. If P be any point on Bie first turn of 'the opircS. and OT he dremin perpendic- 
tdar to OP, OT will meet the tangent at P to the spiral in some point T; and, if the 
drde drawn with centre O and radius OP meet the initial line in K, then OT is 
equal to the arc ef this circle between K and P metmered in the “forward” direction 
ipind. > ■ 


ON SPIRALS 


m 


n. OeneraUy, P he d peirU en the ntii turn, and ^ mdatim he'eu hefan,-< 
while p repreaarUe the eireumference of the circle vnA radius OP, 

Or=(n— l)p+arc KP (measured “forward"). 

I. Let P be a point on the first turn of the spiral, OA the initial fine, PR the 
tangmt at P taken in the “backward” direction. 

Then [Prop, 16] the angle^Pfi 


is acute. Therefore PR meets the 
circle throu^ P in son» pdnt 
R; and also OT will meet PR 
produced in some point T. 

If now OT is not equal to the 
arc KRP, it must be either great- 
er or less. 

(1) If possible, letOPbe greater 
than the arc KRP. 

Measure OU alcmg OT less than 
OT but greater than the nrc 
KRP. 

Then, since the ratio PO '. OU 
is greater than the ratio PO : OT, 
or (what is, by similar triani^es, 
equal to it) the ratio of ^PR to the perpendicular from 0 on PR, we can draw 
a line OQF, meeting the circle in Q and RP produced in F, such that 

FQ :PQ=^PO :OU. [Prop. 7] 

Let OF meet the spiral in O'. 

We have then 



FQ:QO’=PQ:OU 

<(arc PO) : (arc KRP), by h 3 rpotheeis. 

Componendo, 

PO : 0O< (arc KRQ) : (arc KRP) 

<O0':OP. [Prop. 14] 

But 0O=“OP. 

Therefore F0<0^; which is impossible. 

Hence OTXare PKP). 

(2) The proof that 07’<(arc KRP) follows the method of Prop. 18, 1. (2), 
exactly as the above follows that (rf Prop. 18, 1. (1). 

Since then OT is neither greater nor less than the arc KRP, it is equal to it. 
II. If P be on the second turn, the same method ^ows that 

Or«p+(arc XBP); 

and, amilairly, we have, fw a pdnt P on the nth turn, 

OT=(n—l)p+l^ KRP). 


Pbofositions 21, 22, 23 

Gwert an area bounded by any arc of a spiral and the Unes joining the extremities 
of die arc to the origin, it is po&ible to circumscribe about Ae area one figure, and 
to inscribe in it another fiyure, each consisting of similar sectors of circles, and 
such (hat the circumscribed figure exceeds the inscribed by less than any assigned 

OWO^ ■ . ■ '-I 

Fm let SC be any ucttf the Bpmili 0 the m^gin. Draw the circle trith odbtve 
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O sad radiaii OC^ 'wfaere C is tiie 'forward” end of thesid. > . > . ! < 

Then, by bisecting tibe aag^ BOC; bisecting Ifie tesultiag an|^,'«id so on 
ccmtini^ly, we sha41 ultiauitely Spnive at 
am angle COt cutting off a sector of the 
circle lees than any assigned area. Let COr 
be tins sector: 

Let the other lines dividing the ang^e 
BOC into equal parts meet the spiral in 
P, Q, and let Or meet it in R. '^th 0 as 
centre and radii OB, OP, OQ, OR respec- 
tively describe arcs of circles Bp', bBq', 
pQr', qRb', each meeting the adjacent 
radii as shown in the figure. In each case 
the arc in the “forward” direction from 
each point will fall within, and the arc 
in the “backward” direction outside, the 
spral. 

We have now a circumscribed figure and an inscribed figure each contisting 
of similar sectors of circles. To compare their areas, we take the successive 
sectors of each, be^nning from OC, and compare them. 

The sector OCr in the circumscribed figure stands alone. 

And (sector ORq) •* (sector ORc'), 

(sector OQp) =» (sector OQr'), 

(sector OPb) *= (sector OPq'), 

while the sector OBp' in the insciibed figure stands alone. ! 

Hence, if the equal sectors be taken away, the difference between the Cir- 
cumscribed and inscribed figures is equal to the difference between the sectors 
OCr and OBp'; and this diffoenee is lees than the sector OCr, which is itself 
less than any assigned area. 

The proof is exactly the same whatever be the number of angles into which 
the angle BOC is divided, the only difference being 
that, when the arc begins from the origin, the 
smallest sectors OPb, OP^ in each figure are equal, 
and there is therefore no inscribed sector standing 
1^! itself, BO that the difference between the cir- 
cumscribed and inscribed 'figures is equal to the 
seetm* OCr itself . - , 

Thus the proportion is universally tine; ' 

Cob. Since the area bounded by Ihe mnral is 
intermediate in magnitude between the )d)!Oum«' 
scribed and inscribed figures, it foHows that 

(1) a figure can be circumgpribed to (he arm such (hat it exeeede Vie area by lees 
(han any assigned apace, ■ 

9 figure edn'he inaerVmdsuch Vwt the areaexoeads ithy less than any 
huigned space. ■ . 

^ ‘ I . , ► ’ ^ ' V f, ' i’'; ' ''v I , I > •, 

Xlm ana bounded by the first turn of the spiral and the initial line is equal is 
sriMfcmf of iMe ‘^fintdnM^ [i«rl*'(2irh)f^ wham the spiral / -I 
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tThe same proof shows equally that, ^ OP be my raditu vector in the Jlrei 
turn of the spiral, the area of the portion cf ffa Spi^ hounded thereby is equal to 
one^irdif timt eedor of the drde dra%Bn with radiUeOP which ie bounded by 
initial line and OP, measured in the '‘forward” 4*reaionfrom, .die mitifd i^.] 
Let O be the orig^, OA the initial line, A tho&ctrenutyof the first -turzM 
Draw the “first circle,” i.e. the circle with 0 as centre and OA as radius. 
Then, if Ci be the area of the first circle, Bi that of the first turn of the spiral 
bounded by OA, we have to prove that 

For, if not, Ri must be either greater or less than Ci. 

I. If posable, suppose Ri<iCi. 

We oan then .eireumscril^ a figure about Ri made up of omilar sectors of 
circles such that, if F be the area fd this figure, 

F—Ri<iCi—Ri, 

whence F<iCj. • . 

Let OP, OQ, • • • be the radii of 
the circular sectors, b^inning &em 
the smallest. The ra^us of the largest 
is of course OA. 

The radii then form an ascending 
arithmetical prog^esmon in vhich the 
common difference is equal to the 
least term OP. If n be the number of 
* title sectors, we have [by Prop. 10, 
Cor. 1] 

n • 0A»<3(0P*+PQ*+ • • •+OA*); 
and, since the similar sectors are pro- 
portional to the squares on thdr 
radii, it follows that 

Ci<3F, 

or F>iCi. 

But this is Impossible, since F Was less than iCi. 

Therefore 

II. If posable, suppose i2i>|Ci. 

We can then inscribe a figure made up of anfilw sector of circles such that, 
if / be its area, 

Ri"~f ^Rf^iCi, 

whence />iCi. 

If IheM ai»'^(n— I) sectors, thar. radu, as OP, OQ, • ■ •, form an ascmding 
arithmetical progression in wMch thnleasiterm is equal to tiie oommon 
aice, and the greatest term, as OF, is equal to . 

Thus [Prop. 10, Cor. 1] 

; .ft‘OA?>8(OP*+Oe*+-*-+OF*), 
whence Ci>^, 

or 

wlueh is inqMassUalB* SUMS. ^ ■ f>i/Sur..;. 

Therefore * 

^ce then Ri is nather greater nts' less^thaii iCi, 




AftOmMEDES 


Fbopositionb 25, 26, 27 

[Prt^. 25.] If Aibe the end of Oiemmd turn of the spiral, iheareaboundedhyihe 
second turn UndOA tie to the area of the “second circk” in tte ratio of 7 to 12, being 
ratio of (rsn+Kri— ri)*} to r»*, where n, rj are the radii of the “first" and 
“second" circles respeeUvdy. 

[Prop. 26.] If BC be any arc measure in the “forward" direction on any turn of 
a spiral, not being greater than the complete turn, and ifadrck be drawn wUh 0 
as centre and OC as radius meeting OB in B', then 

{area of spiral between OB, QC ) : {sector OB'C) 

= {OC OJ5+KOC-OB)M :OC*. 

[Prop. 27.] If Elbe the area of the first turn of the spiral bounded by the initial 
line, Rt the area of the ring added by the second complete trim, thoU of tn^ ring 
added by the third turn, and so on, Own 

Ri—2Bi, Ri=‘ZRi, Ri=iRt, • • •, Rn—{n~l)Ri, 

Also Rt—QRi, 

[Archimedes’ proof of Prop. 25 is, mutatis mutandis, the same as his proAf of 
the more general Prop. 26. The latter will accordingly be given here, and 
applied to Prop. 25 as a particular case.] 

Let BC be an arc measured in the “forward” direction on any turn of the 
^al, CKB' the circle drawn with 0 as centre and OC as radius. 




Take a circle such that the square of its radius is equal to 
OCOB+J(OC-OB)*, 

and let IT be a sector in it whose central angle is equalio the an{^ BOO. 
Thus ff : (sector OB'C) « |OC • OB+i(OC-OB)M : 0C>, 
and we have therefore to prove that 

(area of spiral OBC) * ff. 

For, if not, the area of the spiral OBC (which we' will call S) must be dther 
greater ca* less than a. 

1. Suppose, if possible, S<o. 

Circumscribe to the area 8 a figure made up of amilareectocs of mrclesi sudh 
that, if F be the area of the figure, 

whence F<o. 
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Let the radii of the succesave aeetors, startiBg {M>m OB, be OP, OQ, ■ -00. 
Produce OP, OQ, • • • to meet the circle CKB', ■ 

If then the lines OB, OP, OQ, . . .00 be n in number, the number of sectors 
in the circumscribed figure will be (n— 1), and the sector OB'C will also be 
divided into (n— 1) equal sectors. Also OB, OP, OQ, • • -00 will form an ascend- 
ing arithmetical progresaon of n terms. 

Theref<H« [see Prop; 11 and Cor.] 

(»-l)OC* : (OP*-fOQ*+ • • H-OC*)<OC* : (OC OB+WC-OB)*} 

< (sector OB'C) ; a, by h}rpothed8. 
Hence, ance amilar sectors are as the squares of their radii, 

(sector OB'C) : F< (sector OB'C) : «r, 

so that F>tr. 

But this is impossible, because F<<r. 

Therefore S<tr. 

II. Suppose, if posable, S>a. 

Inscribe in the area S a figure made up of similar sectors of circles such that, 
if / be its area, 

S-f<S-<r, 

whence />«r. 

Suppose OB, OP, . . .OF to be the radii of the successive sectors making up 
the figure/, being (n— 1) in number. 

We shall have in this case [see Prop. 11 and Cor.] 

(n-l)OC* : (OB*+OP*+ • • -|-OF*)>OC* : {OC • OB-f KOC-OB)*}, 
whence (sector OB'C) :/> (sector OB'C) : tr, 

so that /<ff. 

But this is imposable, because /><r. 

Therefore B><r. 

Since then S is ndther greater nor less than a, it follows that 

S-<r. 

In the particular case where B coincides with Ai, the end of the first turn of 
the ^iral, and C with A j, the end the second turn, the sector OB'C becomes 
the complete “seccmd circle,” that, namely, with OAt (or rj) as radius. 

Thus (area of spiral bounded by OA 2 ) : (“second circle”) 

= {rari+i(r»-r,)*) :r** 

“ (2+i) : 4 (ance r* = 2ri) 

=7 : 12. 

Again, the area of the spiral bounded by OAt is equal to Bi+B* (i.e; tihe area 
bounded by the fiirst turn and OAi, together with the ring added by the second 
turn). Also the “second circle” is four times the “first circle,” and therefore 
equsdtol2Bi. 

Hence (Bi+B*) : 12Bi=7 : 12, 

or 

Thus (1) 

Next, for the third turn, we have 

(l?i+B*+B*) : (“third drcte”) - (r» r*+i(r»-^fj)*} u* 

»(3 -2+J) :3» 

^19:27, 

apd (“third circle”) • 9(“first drole'O 

27fii; 



m 
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thffljrfore 

aod, by (1) above, it follows that r-fi . 

■•2ft*, (2) 

and so on. 

Generally, we have 

(ftl+ft^^ hft. ) : (nth circle) - {r, : r*», 

(fti+ftt4- ' • "f ft»u) : (n-^ lt h circle) » {r,_i r»_i4-i(rn_i~r«_0*} : fn^*, 
and (nth circle) ; (n— 1th circle) “r,* : 

Therefore 

(fti+ft*+ • ' •+!?«) : (fti4-ft*+ • • •+ft»_i) 

-{n(n-l)+i} :{(n-l)(n-2)+il 
= {3n(n-l)+l} : |3(n-l)(n-2)+l}. 

Dirimendo, 

ft» • (fti+ft*+ * • •+fti,_i)“6(n— 1) : {3(n— l)(n— 2)+l}- \ (a) 

Similarly 

R»-i : (ft»+ft*+ • • •+«_,) -6(n-2) : {3(n-2)(n-3)+l}, \ 
from which we derive ' 


ft»_i : (fti+ftt+ • • •+ft»_i) 

-6(n-2) : {6(n-2)+3(n-2)(n-3)+l} 

-6(n-2) : {3(n-l)(n-2)+l}. (d). 

CTombining (a) and (j3), we d>tain 

ft, :ft„_i>-(n-l) : (n-2). 

Thus ( 

ft*, ft*, ft 4 , ■ ■ ‘ft, are in the ratio <£ the succesave numbers 1, 2, 3 * * -(n-^ 1). 


PnoPOsmoN 28 , 

If O be ike origin and BCany arc measured in the ‘forward'' direction on any turn 
eif the spiral, let two rirdea be drawn (1) with eerUre O, and radius OB, meeting 
OC in C', and (2) wilh -centre 0 and radius OC, meeting OB produced in S'. 
Then, if E denote the area bounded by the larger circular arc B'C, the line B'B, 
and the spiral BC, while F denotes the area bounded by the smaller arc BC', the 
line CC and the spiral BC, 

E : ft- {OB+UOC-OB ) } : {Oft+i(OC-Oft) }. 

Let o denote the area of the lesser sector OBC ; 
then the larg^ sector OB'C is equal to v+ft+^. 

I^os [Pit^. 26i I 
(c+ft) : (v+ft — 

{OC OB+i(OC-OB)*} :0C*, (1) 

whence 

E : (v+ft)- {OC(OC-OB)-KOe'-OB)*} 

: {OC OB+W>C-^OB)*\ 

- {OBiOC-OB)+i(OC-OB)>\ 

: {OC Oft+KOC-Om* <B) 

Again 

(v+ft+ft):v-OC*:OB*. 

Ther^me, ^ the first {hepmtioixiabove, i» 

(v+ft) ; V- {OC m+i(OC^OB )*] ; OB*, 
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whsuoB 

(<r+F) ;F-{OC - OB+J(OC-OB)*| 

: {OB{OC-OB)+iiOC-OB)*\. 

2!ombimng this with (2) above, we obtain 

B:F-{0B(0C-0B)+|(0C-0B)*} : {OB(OC-OB)+l{OC-OB)*j 
f{OB+i(OP-QB)i : {OB+KOC-OB)}. 

ji. , i > 


im 



ON THE equilibrium PLANES OR 
THE CENTRES OF GRAVITY OF PLANES 

BOOK ONE 


“I POSTULATE the following”: I 

1. “Equal weights at equal distances are in equilibrium, and equalWi^ts 

at unequal distances are not in equilibrium but incline towards the weight 
which is at the greater distance.” \ 

2. “If, when weights at certain distances are in equilibrium, somet^ng be 
added to one of the weights, they are not in equilibrium but incline towards 
that weight to which the addition was made.” 

3. “Similarly, if anything be taken away from one of the weights, they are not 
in equilibrium but incline towards the weight from which nothing was taken.” 

4. “When equal and similar plane figures coincide if applied to one another, 
their centres of gravity similarly coincide.” 

6. “In figures which are unequal but similar, the centres of gravity will be 
similarly situated. By points similarly situated in relation to similar figures I 
mean points such that, if straight lines be drawn from them to the equal angles, 
they make equal angles with the corresponding sides.” 

6. “If magnitudes at certain distances be in equilibrium, (other) magnitudes 
equal to them will also be in equilibrium at the same distances.” 

7. “In any figure whose perimeter is concave in (one and) the same direction 
the centre of gravity must be within the figure.” 

Pboposition 1 

WeigUa which balance at eqval distances are equal. 

For, if they are unequal, take away from the greater the difference between 
the two. The remainders will then not balance [Post. 3]; which is absurd. 

Therefore the weights cannot be unequal. 

Proposition 2 

Unequal weights at equal distances will not balance liut voill incline towards Ow 
greater weight. 

For take away frwn the greater the difference between the two. The equal 
remainders will therefore balance [Post. 1]. Hence, if we add the difference 
again, the weights will not balance but incline towards the greater [PoU. 2]i 

Proposition 3 

Unequal weights will balance at unequal distances, the greater weight being at the 
Umr dittance. 

Let A, B be two unequal wdg^ts (of which A is the greater) balancing about 
C at distances AC, BC respectively. 
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Th^ shall AC be less than BC. 
For, if not, take away from A the 
weight {A—B). The remainders 
will then incline towards B [Poet. 
3]. But this is impossible, for (1) 
if AC =^CB, the equal remainders 
will balance, or (2) if AC>€B, 
they will incline towards A at the 
greater distance [Po8<. 1]. 

Hence AC<CiB. 

Conversdy, if the wdghts balance, and AC<CB, then A >B. 

PnoposmoN 4 

If two equal weiyhte have not the same centre of gravity, the centre of gravity ofhoOi 
taken together is at the middle point of the line joining their centres of gravity, 
[Proved from Prop. 3 by reductio ad obsurdim.] 

PnopoemoN 5 

If three equal magnitudes have their centres of gravity on a straight line at equal 
distances, the centre of gravity of the system will coincide with that of the middle 
magnitude. 

[This follows immediately from Prop. 4.] 

Cob. 1. The same is true of any odd number of magnitudes if those which are at 
equal distances from the middle one are equal, while the distances between their 
centres of gravity are equal. 

Cob. 2. If there be an even number of magnitudes with their centres of gravity 
situated at equal distances on one straight line, and if the two middle ones be equal, 
while those which are equidistant from them (on each side) are equal respectively, 
the centre of gravity of the system is the middle point of the line joining the centres 
of gravity of the two middle ones, 

Pbopositions 6, 7 

Two magnitudes, whether commensurable [Prop. 6] or incommensurable [Prop. 7], 
balance ai distances reciprocally proportional to the magnitudes. 

I. Suppose the magnitudes A, B to be commensurable, altad the points A, B 
to be their centres of' gravity. Let DE be a straight line so divided at C 

A .B^DC .CE. 

We have then to prove that, if A 
be placed at E and B atZ), C is the 
centre of gravity of the two taken 
together. 

Since A, B are commensurable, 
are DC, CE. Let iV be a c<»nmon 
measure of DC, CE. Make DH,DK 
each equal to CE, and EL (on CE 
produced) equal toCB. Then Bff — 
CD, since DH^CE. Ihaefore LH 

is^bis^ted st E, as HK is inaected at 
Thus LU, HK must each (xmtain N mx even numbw of linne. 






40* ABOHIMEDBSr! 

Take a oiagnitude 0 mieh that 0 is contaioed as many times in ^ as is 
contained in LH, whence -- 

A'.O^^LHiN. 

But B'.A^CE.DC 

^HK.LH. - ■ ■ . 

Home, tx aegmli, B : 0'=HK :N.,otOis contained in B as many times as N 
is contained in HK. 

Thus 0 is a common measure of A, B. 

Divide LH, HK into parts each equal to N, and A, B into parts each equal 
to 0, The parts of A will therefore be equal in number to those of LH, and the 
parts of B equal ux number to those of HK. Place one oi the parts of at the 
middle point of each of the parts N of LH, and one of the parts of B ^ the 
middle point of each of the parts N of HK. 

Then the centre itf gravity of the parts of A placed at equal distances dn LH 
mil be at E, the middle point of LH [Prop. 5, Cor. 2], and the eratre of gravity 
of the parts of B placed at equal distances along HK will be at D, the mWle 
point of Blf. \ 

Thus we may suppose A itself applied at E, and B itself applied at D. 

But the system formed by the parts O of A and B together is a system of 
equal magnitudes even in number and placed at equal distances along LK. 
And, since LE’^CD, and EC^DK, LC=‘CK, so that C is the middle point of 
LK. Therefore C is the centre of gravity of the system ranged along LK. 

Ther^ore A acting at E and B acting at D balance about the point C. 

II. Suppose the magnitudes to be inconunensurable, and let them be (A-ita) 
and B respectively. Let DE be a line divided at C so that 

(A+a):B-DC:CB. 

Then, if (A+a) placed at E and 

B plac^ at D do not balance J 

about C, (A+o) is dther too great 
to balance B, or not great enough. 

Suppose, if posable, that (A+o) 
is too great to balanceB. Take from 
(A+o) u magnitude a smaller than 
the d^uction which would make 
the remainder bahftice B, but such 
that the remainder A and the magnitude B are comnusnauraUe. 

Ihen, since A, B are coirun^urable, and 

A:B<DC:CE, 

A 'and B will not balance 9Pn>P* 6], but D will be depressed. 

But this is hnpoesible, since the deduction a was an insufficioat deduction 
from (A+a) to produce equilibtium, so that E was still depressed. 

Thoefore (A+a) ia not too great to balance B; and similatly it may be 
laroved that B is not too great to balance (A+a). 

Hence (A+a), B taken together have their centre of gravity at C. 

, Proposition 8 

^AB ks a magtdtiude srIms centre of gravity ie C, and AD a part of it whoee 
pentre^gravityieFtthentiueentreof gravity Of thetmudrdngparMUliaapioM 
QanFCproditeedoiiidtUud’ ■ 
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GC:CF-(AD):(OE). 

Fcnr, If the centre of gravity of the re- 
minder (DS) be not 0, let it be a pc^ 
H. Then cm aheuidity follows at oooe 
from Props. 6, 7. 


PnoPOsmoN 9 


The centre of gravity of any paraUelogram liee on the Oraighi Kne joining the 
middle pointe of opposite sides. 

Let ABCD be a parallelogram, and let EF join the middle pints of the 
oppoate ides AD, BC. 

If the centre of gravity does not lie on EF, suppose it to be AT, and draw HK 
parallel to AD oc BC meeting EF in K. 

_ Then it is possiUe, by bisecting ED, then 
.bisecting the halves, and so on ccmtmually, 
to arrive at a length EL leas than KH. Divi^ 
both AE and ED into parts each equal* to 
EL, and through the points of divimon draw 
parallels to AB or CD. 

We have then a number of equal and imi- 
lar parallelograms, and, if any one be applied 
to any other, thir centres of gravity coincide [Po8<. 4]. Thus we have an 
even number of equal magnitude whose centres of gravity lie at equal distances 
along a straight line. Hence the centre of gravity of the whole parallelogram 
will lie on the line jdning the centres of gravity of the two middle pai^lel- 
ograms [Prop. 5, Cor. 2]. 

But this is impossible, for H is outdde the middle parallelograms. 

Therefore the centre of gravity cannot but lie on EF. 



Pboposition 10 

The centre of gravity of a paraUelogram is the point of intersection of its diagoneds. 

For, by the last proposition, the centre of gravity lies on each of the lines 
which bisect opposite sides. Therefore it is at the pdnt of thdr intersection; 
and this is also the point of intersection of the diagonals. 

Alternative proof. 

Let ABCD be the given parallelogram, and BD a diagonal. Then the ti> 
angles ABD, CDB are equal and similar, so that [Post. 4], if one be applied to 
the other, their centres of gravity will.faU one upon the other. 

Suppose F to be the centre of lE^vity d the 

r triangle ABD. Let 0 be the middle pdht of JBB. 

/ p , Join and produce it to H, so that FG'-G'H. 

/ / If we then apply the triangle ABD to the tri- 

/ / angle CDB so that AD falls m CB and AB on 

1— / CD, the point F will fdl on B. 

® * But (by Po^. 4} F will fall on the centred grav- 

ity of CDB. Therefore H is the centre d ^avity of CDB. 

Hence, dnce F, B are tlw centres d gptndty of the two equal triangles, tlm 
d gravity d wbole paralielbgiam is at duf iniddle' point d 
at tlw midoyte poidi d BD, vddch Is the intenectidn d twb diagonaie. 
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PROPOsmoif 11 

If <Ae, ABC be two similar trianglesi and g, G two points in them simUariy sitw- 
ated with respect to them respectively, then, if g lx the centre of gravity of the 
triangle abc, G must be the centre of gravity of the triangle ABC. 

Suppose 

ab:bc: ca—AB : BC : CA. 

The proposition is proved by 
an obvious reductio ad absurdum. 

For, if G be not the centre of 
gravity of the triangle ABC, sup- 
pose H to be its centre of gravity. 

Post. 5 requires that g, H 
shall be similarly situated with 
respect to the triangles respec- 
tively; and this leads at once to 
the al»urdity that the angles HAB, GAB are equal. 


Pboposition 12 

Given two similar triangles abc, ABC, and d, D the middle points of be, BC 
respectively, then, if the centre of gravity of abc lie on ad, that of ABC will lie 
on AD. 

Let g be the point on ad which 
is the centre of gravity of abc. 

Take G on AD such that 
ad ; ag^AD : AG, 
and join gb, gc, GB, GC. 

Then, since the triangles are 
similar, and bd, BD are the 
halves of be, BC respectively, 

,ab :bd—AB :BD, 
and the angles abd, ABD are equal. 

Therefore the trian^es abd, ABD are similar, and 

Zbad^ ZBAD. 

Also ba’.ad’^BA :AD, 

while, from above, ad :ag^ AD : AG. 

Therefore ba : ag=BA ijAG, while the angles bag, BAG are equal. 

Hence the triangles bag, BAG are similar, and “ 

Zabg— ZABG. 

And, since the angles abd, ABD are equal, it follows that 

Zgbd== ZGBD. 

In exactly the same manner we prove that 

Zgac^ ZGAC, 

Zaeg^ ZACG, 

Zgcd^ZGCD. ,, 

HiCT^ore g, G are timilarly situated with respect to xte triangles leEfpeo- 
tivdy; wWce CProp. 11] G is the centre of gra^dty of ABC. 
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Proposition 13 

In any triangk the centre of gravity lies on the etrdight line joining any angle to 
the middle point of the opposite side. 

Let ABC be a triangle and D the middle point of BC, Join AD. Then shall 
the centre of gravity lie on AD. 

For, if possible, let this not be the case, and let H be the centre of gravity. 

Then, if we bisect DC, then 
bisect the halves, and so on, we 
shall at length arrive at a length, 
as DE, less than HI. Divide 
both BD and DC into lengths 
each equal to DE, and through 
the points of division draw lines 
each parallel to DA meeting BA 
and AC in points as K, L, M jptnd 
N, P, Q respectively. 

Join MN, LP, KQ, which 
lines will then be each parallel 
to BC. 

We have now a series of parallelograms as FQ, TP, SN, and AD bisects 
opposite sides in each. Thus the centre of gravity of each parallelogram lies 
on AD [Prop. 9], and therefore the centre of gravity of the figure made up of 
them all lies on AD. 

Let the centre of gravity of all the parallelograms taken together be 0. Join 
OH and produce it; also draw CV parallel to DA meeting OH produced in V. 
Now, if n be the number of parts into vrhich AC is divided, 

AADC : (sum of triangles on AN, NP, • • 0 == AC* : (AJV*+iVP*H ) 

: n 
: 1 

^ACiAN. 

Similarly 

AABD : (sum of triangles on AM, ML, • • *)^AB : AM. 

And AC\AN^AB.AM. 

It follows that 

A ABC : (sum of all the small As) «CA : AN 

> VO : OH, by parallels. 

Suppose OV produced to X so that 

A ABC : (sum of small As) =X0 : OH, 

whence, dividendo, 

(sum of parallelograms) : (sum of small As)«XB : HO. 

Since then the centre of gravity of the triangle ABC is at H, and the centre of 
gravity of the part of it made up of the parallelograms is ait 0, it follows from 
Prop. 8 that the centre of gravity of the remaining portion conasting of all the 
small triangles taken together is at X. 

But this is impossible, since all the triangles are on one side of the fine 
through X parallel to AD. ^ . 

Therefore the centre of gravity of the triangle cannot but lie on AD. 


Draw HI parallel to CB meeting AD in I. 



m ' ABCHMEDES. ■' ^ ^ 

AUematm proof. 

Suppose, if posable, that H, bot l^g on AD, is the centre of gravity of the 
Wangle ABC, J(^ AH, BH, CH. Let E, F\» the middle points of CA, AB 
respectively, and join DE, EF, FD. Let EF meet AD in Af . 

Draw FK, EL parallel to AH meeting BH, 

CH inK, L respectively. Join KD, HD, LD, 

KL. Let KL meet DH in N, and join MN. 

Since DE is parallel to AB, the triangles 

ABC, EDC are omilar. 

And, ance CE^EA, and EL is parallel to 

A^, it foUows that CL^LH. And CD=^DB. 

Therefore BH is parallel to DL. 

Thus in the mmilar and anularly atuated 
triangles ABC, EDC the strfught lines AH, 

BH are rrapectively parallel to EL, DL; and it 
follows that H, L are amilarly situat^ with 
respect to the triangles respectively. 

But H is, by h}rpothesis, the centre of gravity of ABC. Therefore L is ^jhe 
centre of gravity of EDC. [Prop. 11] 

Similarly the point X is the centre of gravity of the triangle FBD. 

And the triangles FBD, EDC are equal, so that the centre of gravity of both 
together is at the middle point of KL, i.e. at the point N. 

The remainder of the trian^e ABC, after the triangles FBD, EDC are de- 
ducted, is the parallelogram AFDE, and the craitre of gravity <rf this paral* 
lelogram is at M, the intersection of its diagonals. i 

It follows that the centre of gravity of the whole triangle ABC must lie on 
MN ; that is, MH must pass through H, which is imposrible (rince MH is 
parallel to AH). 

Therefore the centre of gravity of the triangle ABC cannot but lie on AD. 



Proposition 14 

It follows at once from the last proposition that the cervtre of gravity of any 
triangle ie at the intereeetion of the lines dravm from any two angles to the middle 
points of the opposite sides respectively. 

Proposition 16 

If AD, BC be the two parallel sides of a trapezium ABCD, AD being the smaller, 
and if AD, BC be bisected at E, F respectively, then the centre of gravity of the 
trapezivm is <d a point G on EF such that 

QE ; GF»{2BC+AD ) : {2AD+BG). 

Produce BA, CD to meet at 0. Then FE produced will also pass through 0, 
AB— BD, and BF—FC. 

' Now the centre of gravity of the trian^ OAD will lie on OB, and ci ihe 

triiaa^ OBC will Me on OF. ' [Pn^. IS] 

. It fellows that the centreiof: gravity of the remainder, Ihe teaperium ABCDl 
will also lie on OF. ' , ^f®p. 8] 

itomBD, and divide its/iiL,M into three equal, parts. Throu^ L, M draw 
JPQ, AS paralld to BC meeting BA in P, B, FE in- and CD in Q, B 
napee&vdly* -I:.; 
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Join OF, BE meelang PQ in H and RSinK respectively. 

Now, once 

FH’^\FD. 

TherefcH« H is tlie centre of grav- 
ity of the triangle DBC. 

\ Simi^aa^ly, mace EK»\BE, it fol- 
lows that K is the centre of gra^ty. 
of the triangle ADB. 

Therefore the centre of gravity of 
the triai^les DBC, ADB together, 
i.e. of the trapezium, lies on the line 

hk: 

But it also lies oa OF. 

Therefore, if OF, HK nwet in 0, 0 
is the centre of gravity of the trspe- 
zium. 

Hence [Props. 6, 7] 

ADBC : AABD ^KO .GH 
•^VG-.GW. 

But ADBC : AABD^BC : AD. 

Therefore BC : AD = VG : GW. 

It follows that 

(2BC+.10) (2AO+OC) «= {2VG+GW ) : (2GW+VG) 

=BG:GF. 



Q.B.D. 


ON THE EQUILIBRIUM OF PLANES 
BOOK TWO 


Proposition 1 

If P,P' he two parabcilie segments and D, E thm cenires of gramly respecnvdy, 
the centre of grcwity of the two segments taken together will be at a point C 09 DE 
determined by the relation 

P:F=CE:CD. 

In the same straight line with DE measure EH, EL each equal tO' DC, Wd 
DK equal to DH; whence it follows at once that DK^CE, and also that 

KC=CL 



kpyiy a rectangle MN equal in area to the parabolic segment P to a base 
equal to KH, and place the rectangle so that KH bisects it, and is parallel 
to its base. 

Then D is the centre of gravity of MN, smce KD=DH. 

Produce the sides of the rectangle which are parallel to KH, and complete 
the rectangle NO whose base is equal to HL. Then E is the centre of gravity 
of the rectangle NO. 

Now {MN):m)^KH:HL " 

^DH'.EH 
’^CE'.CD 
«=P : P'. 

But (MJV)-P.’ 

Therefore (NO) « P'. 

Also, ance € is the middle point of KL, C is the centre of gravity of the 
whole parallelogrwn made up of the two parallelograms {MN), (NO), which 
. are equal to, and have the same centres of gravity as, P, P' respectively. 

l&esaco C is tiie centre of gravity of P, P* taken together. 
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©iMNlilON AND LEMMAS PEli^LIMlNAItY TO ? 

"If in a segment bounded by a straight line and a section of a right-angled 
cone [a parabola] a triangle be inscribed having the same base as the segment 
and equal hdg^t, if again triangles be inscribed in the remaining segments 
having the saipe bases as the segments mid equal height, and if in the remain- 
ing segments tnangles be inscribed in the same mijmer, let the resulting figure 
be said to be inscribed in the recognised manner id the segment. 

“And it is plain” 

(1) “that the linee joinirig the two angles of the figure so inscribed which are near- 
to the vertex of the segment, and the, next pairs of arigles in order, will be paraUd 

to the base of the segment,” 

(2) “that the said lines wiU be Useeted by the diameter of the segment, and” 

(3) “that they will cut the diameter in the proportions of the successive odd num- 
bers, the number one having reference to [the length adjacent fo] the vertex of the 
segment. 

“And these properties will have to be proved in their proper places.” 

PsoposmoN 2 

If a figure be “inscribed in the recognised manner” in a parabolic segment, the 
centre of gravity of the figure so inscribed mU lie on the diameter of the segment. 

For, in the figure (d the foregoing lemmas, the- centre of gravity , of the 
trapezium BRrb must lie on XO, that of the trapezium RQgr on WX, and so 
on, while the centre of gravity of the triangle PAp lies on AV. 

Hence the centre of gravity of the whole figure lies on AO. 

Pbopobition 3 

If BAB', bob' be two similar parabolic segments whose diameters are AO, do 
respectively, and if a figure be inscribed in each segment “in the recognised numr 
ner,” the number of sides in each figure being equal, the centres of gravity of. the 
inscribed figures will divide AO, ao in the same ratio.^ 

Suppose BRQPAP'Q'R'B' , brqpap'q'r'b' to be the two figures inscribed “in 
the recognised manner.” Join PP', QQ', RR' meeting AO in L, M, N,- and pp', 
qq', rp meeting aoval,m,n. 

Then [Lemma (3)] 

AL'.LMiMNiNO^l.Z.h'.I 

^vl : Im : mn : no, 

so that AO, ao are divided in the same prc^xirticm. 

Also, by reverong the proof of Lemma (3), we see that t , 

PF :pp'-=<QQ' :qq’>^RR' irr'^BB' :W.. . 

Since then RR' : BB'»rr ' : bb', and these ratios respectively detewsmeUie 
pn^ortion in which NO, no are divided by the centres of ^vity of the t«a- 
peria BRR'B', brr'b*[f. 15], it follows that the centios d ^vity of the tsapesa 
divide JVO, no in the same ratio. ■ . >. 

ffimilar ly the centres gravity of the trapezia RQQ'R', rqqfr' divide MN, 
mn iB' the same ratio raq)eBtively>>and so Ob. 


..‘Arobbw^ emimdates thiapn^ipsition as tine of timftor segmetSrbiit itki eiqpiaOy iras 
(d'seporata whiohareiiotiimtlir, « the eoune of the will show. ■ a 



. Lastly, tbs swtrw of giisvity sf tbs .^ias^ .P4P|'» si 

Yeqpectively in tbs same ratio. 


« 



a* 


' Mcnsover the corresponding trapezia and triangles are, each to each, in the 
same proportion (mnce their sides and heists are respectively proportional), 
adiile AO, ao are divided in the same proportion. 

Therefore the o^otres ci gravity of the complete mscribed figures divide 
AO, 00 in the same propcntion. 

pROPOsmoN 4 

The emire of grmity cf any pardbeilie eegment (fid off by a ttraighi Utie Kea on the 
diameter of the eegment. 

Let BAB' be a parabolic eegment, A its 
vertex and AO its diameter. 

Then, if the centre of gravity the seg* 
nmt 4^ not lie cm AO, suppose it to be, 
if posable, tire point F. Draw FE pardlel 
to AO meeting BB' in E. 

Inscribe in the segmrat the triah^e ' 

ABB' having the same vertex and lia^t 
aa the segment, and take an area 8 dmSH' 
tiiat ■ ' * ' 

AABB' :8^BB :B0. ' 

' 17e ean ithkiinseribeifi the segm^t 
^'reodgMsed manner” a figure suoli that 
tlwicipmaits of tlie paTabdd litft over ^ ' 
tether less than S.^ 

*WwVnp.30idtbB<bMidnawre(dtheP(miMapeaemiiud,dMaafmgdmdii^ 
with tile same base and hei^t be iaeeribed, the triaoi^ is greater than half the eminent; 
vtwnee it appeare that, eaw time tiiat we inereaae the mimber of tiie sidee <d the figine 
MieoipaeBdaaa^^ #e tianiwayfaslre tifsa'haff of 

i t 'n‘. ■’ V . ij .'..•'j;,.- f 
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Let^tihtt'iaiKiiibeddSgpise be drawn aoooiding^y ; its centre of grar^ty'.thee lieB 
on AO [Prop. 2]. Let it be the pdnt H. 

Jdn HF and produce it meet in £ the line through B par^llfJ to ^10. 

Then we have 

. (inscribed figure) : (renifunder of Begmt.)>AABB' : 5 

>BE ; BO . 

>KF:FH. 

Suppose L taken on HK produced so that the former ratio is equal to the ratio 
LF.FH. 

Then, rince H is the centre ai gravity of the inscribed figure, and F that of 
the segment, L must be the c^tre of gravity of all the s^ments taken together 
which form the remainder of the origmal segment. [I. 8] 

But this is impossible, since all these segments lie on one ride ci the line 
drawn through L paralld to AO (Cf. Post. 7]. 

Hoice the centre of (gravity of the segment cannot but lie on AO. 

Peoposition 5 

If in a parabolic aegmeni a figure he inscribed ‘Hn the recognised manner (he 
centre of gravity of the segment is nearer to the vertex of the segment than the eenifie 
of gravity of the inscribed figure is. 

Let BAB' be the ^ven segment, and AO its diame- 
ter. First, let ABB' be the triangle inscribed “in the 
recognised manner.’’ 

Divide AO in F so that AF=‘2F0; F is then the 
centre of gravity of the triangle ABB'. 

Bisect AB, AB' in D,D' respectively, and join DIF 
meeting AO in E. Draw DQ, D'Q' parallel to OA to 
meet the curve. QD, Q'ly will then be the diameters of 
the segments whose bases are AB, AB', and the ona- 
tres of gravity of those segments will lie respectively 
on QD, Q'D' [Prop. 4]. Let them be H, H', and jdn 
HH' meeting AO in K. 

Now QD, Q'D' are equal,* and therefore the seg- 
ments of wMch they are the diameters are equal [On 
Conoida and Spheroids, Prop. 3]. 

Also, rince QD, Q'D' are parallel, and DE’^ED', £ is the middle pdnt of 
HH'. 

Hence the centre of gravity of the equal s^pneats AQB, A^B' taken to- 
gether is K, where K lies between E and A. And the centre of gravity of the 
trim^e ABB' is F. 

It follows that the centre of gravity of the whole segment BAB' lies betimen 
K and F, and is therefore nearer to the vertex A ^>an F is. 

Secondly, take the five-sided figure BQAQ'B' macribed. 'tm the rsecogoised 
manner,” QD, Q'D' being, as before, the diameters of the jegmosts AQB, 
AQ'B'. 

Then, by the first paartof this proporitkm, the centre of. grarity of the seg- 
ment AQB (lying of course on QD) is nearer to Q than the.centre oS gravity oi 

tlUs may eithor be inferred from Lemma (1) rimve (sinee'QQ' , BP' are both parallel to 
£B')l, (tt from of tiriQtmketttte qf the FiiriiM(Hrdiiri»appdies equally to Q otQ'. 
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the trian^ AQBvi. Let the ooitre of gravity of iiie segment be and that of 
tile triangle I. 

Similarly let H' be the centre of gravity of the seg- 
ment AQ'B', and /' that of the triangle AQ'B'. 

It follows that the centre of gravity of the two seg- 
ments AQB, AQ'B' taken together is K, the middle 
point of HH', and that of the two triangles AQB, 

AQ'B' is L, the middle point II'. 

If now the centre of gravity of the triangle ABB' be 
F, the centre of gravity of the whole segment BAB' 

(i.e. that of the triangle ABB' and the two segments 
AQB, AQ'B' taken together) is a pcmt G on KF de- 
termined by the proportion 
(sum of segments AQB, AQ'B') : AABB'^^FG : GK. 

[ 1 . 6 , 7 ] 

And the centre of gravity of the inscribed figure 
BQAQ'B' is a point F' on LF determined by the proportion 
(AAQB+ AAQ'B ') : AABB' == FF ' : F'L. 

[Hence FG : GK>FF ' : F'L, 

or GK:FG<F'L:FF', 

and, componendo, FK ; FG<FL : FF', while FK>FL.] 

Therefore FG>FF', or G lies nearer than F' to the vertex A. 

Using this last result, and proceeding in the same way, we can prove the 
proposition for any figure inscribed “in the recognised manner." 

Proposition 6 



[ 1 .^ 7 ] 


Given a segment of a parabola cut off by a straight line, it is possible to inscribe in 
it “in the recognised manner" a figure such that the distance between the centres of 
gravity of the segment and of the inscribed figure is less than any assigned length. 

Let BAB' be the segment, AO its diam- 
eter, G its centre of gravity, and ABB' 
the triangle inscribed “in the recognised 
' manner." 

Let’D be the asripied length and S an 
area such that 

AG-.D^AABB' :S. 

In the segment inscribe “in the recog- 
nised manner" a figure such that the sum 
of the s^iments left over, is less than S. 

Let F be the centre of gravity of the in- 
scribed figure. 

We shall prove that FO<D. 

> For, if' not, FG must be either equal to, 

ffneatmr'than, D. 

And clearly 

(inscribed fig.) : (sum remaining segmts.) 

>AABB':S 

>AQiD 

>AG : FG, by hypothecs (since FG<D). 


a 
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Let the first ratio be equal to the ratio KG : FG (where K lies on GA pro- 
duced) ; and it follows that K is the centre of gravity of the small segments 
taken together. [I. ^ 

But this is impossible, ^ce the segments are all (m the same ade of a line 
drawn through K parallel to BB'. 

Hence FG cannot but be less than D. 

Proposition 7 

If there be two similar parabolic segments, their centres of gravity divide their 
diameters in the same ratio. 

Let BAB', bob' be the two similar 
segments, AO, ao their diameters, 
and G, g their centres of gravity re- 
spectively. 

Then, if G, g do not divide ^10, ao 
respectively in the same ratio, suppose 
H to be such a point on AO that 
AH : II0=ag :go', 

and inscribe in the segment BAB' “in 
the recognised manner” a figure such 
that, if F be its centre of gravity,, 

GF<GH. [Prop. 6] 
Inscribe in the segment , bob' “in 
the recognised manner” a similar 
figure; then, if / be the centre of gravity of this figure, 

ag<af. [Prop. 6] 

And, by Prop. 3, of :fo=‘AF : FO. 

But AF:F0<AH:H0 

<ag : go, by hypothesis. 

Therefore af :fo<ag :go\ which is impossible. 

It follows that G, g cannot but divide AO, ao in the same ratio. 

Proposition 8 

If AO be the diameter of a parabolic segment, and G its centre of gravity, Sien 

AG=§G0. 

Let the segment be BAB'. Inscribe the triangle ABB' “in the recognised 
manner,” and let F be its centre of gravity. 

Bisect AB, AB' in D, D', and draw DQ, D'Q' parallel to OA to meet the 
curve, BO that QD, Q'D' are the diameters of the segments AQB, AQ'B' 
respectively. 

Let H, H' be the centres of gravity of the segments AQB, AQ'B' respective- 
ly. Join QQ', HH' meeting AO in V, K respectively. 

K is then the centre of gravity of the two segments AQB, AQ'B' takmi 
together. 

Now AG : GO^QH : HD, [Prop. 7] 

whence AO : 0G<=QD : HD. 

But A0—4QD [as is eaaly proved by means of Lemma (3), p. 511]. 

Therefore 0G<=AHD; 

mid, 'by subtraction, AG=»4QH. 





11$ ARCmiEDBS , 

Ako, by Lffluma <2), QQ' is parallel to Eff and tberrfore to Diy. It {dkrws 
ham. Prop. 7 that HH' is ako paraUel to QQ' m 
Diy, 

aadhmce QH^VK. 

Therefore AQ^^VK, 

and AV-\-KG=ZVK. 

Measuring FL along YK so that YL=\AV, we have 
KG^ZLK. (1) 

Again A0»4iiF [Lemma (3)] 

’=ZAL, since AF=3FL, 

whence AL^\AO=OF. (2) 

Now, by I. 6, 7, , ,• 

AAJ5B' : (sum of segmts. AQB, AQ'B')=‘KG : GF, 
and AAjBB'=3(sum of segments AQB, AQ'B') 

[ance the segment ABB' is equal to iAABB' 

(Qnadraiure of the Parabola, Props. 17, 24)]. \ 





Hence KG= 

But KG^ 

Therefore LF= 

a 

And, from (2), 

LF=(A0-AL-0/i’) = M0=0F. 

' Therefore 0F-5GF, 

and OG=0(?F. 

But A0-30F=160F. 

Tlter^ore, by subtraction, 

AG=9GF 

=|G0. 

PnoposmoN 9 (Lemma) 

If a, b, c, d he four lines in continued proportion and in descending order of magni- 
tude, arid if 

d:(a— d)=«:f(o— c), 

and (2«+46+6c+8<i) : (5a+ 106+ 10c+5d) » y : (o-c), 

it is require to prove that 

*+y=|o. 

[The following is the proof ^ven by Archimedes, with the * 

only diffemnee that it k set out m algebraical inst^ of geo- 
metrical notation. This k done in the particular sirpply 
in order to make the proof easier to follow. Archimedes exhi- . . ^ 

hits ius lines in the figure reproduced in the mar^, but, now 9 
that it is posdble to use algebraical notation, there k no advm- ; ^ 

in using.the figure and the more cumbrous notation whkh , ^ 
only obscures the course of the proof. The relation between if 

gfii^mnedes’ figure and the letters used below k as follows: 2 

AB-o, rB-6, AB=c, EB«d, ZH-*i He*y, AO-*.] 

> o 6 e fi\ a 


KG^ZGF. 

KG^ZLK, from (1) above. 
LF=^LK+KG+GF 
’^WF. 


We have 


817 


whence 
and therefore 
Now 


2 c 

And, in like mann», 
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a— b h—e e—d 
b 

a—b_ b—e o_ 6 _c 
6 — c c—d ~e~d 

2 (o+b) _ a+fr a+b b a—e b—e a—e 

tS — _ ■' •mm _ • • " _ 


c be c-'d c-^d 

b+c b+c c a-^c 


d c d c—d* 

It follows from the last two relations that 

OL'^’C ^ 2o"f“3b"f“C 
c — d 2 c+d 

Suppose z to be so taken that 

2a+46+4c+2d 
2 c+d z 

so that z<(c—d). 

Therefore 

And, by hsrpothems, 

(i~c 5(a"|"d)"l"10(?)-Hc) 

y 2o+46+6c+3d ' 

„ofW g-c+g 5(a+d)+10(6+c) S 

BO that ^ ^ » ■ 2(o+d)-f-4(6+c) “2 

Again, dividing (3) by (4) crosswise, we obtain 

z _ 2a-|-3b"f"C 


whence 
But, by (2), 


c~d 2(o-|'d)-t-4(6-4-c)* 
c—d—z 6+3c+2d 
c~d 2(o“l“d)-b4(5“|-c) 


BO that 


c— d o — 6 3(6— c) 2(c— d) 
d ~ b Zc ~ 2d • 
e-d _ (a- 6 )+ 3 ( 6 -c)+ 2 (c-d) 
d 6 +^+ 2 d 

Comlnning ( 6 ) and (7), we have 

c—d—z (g- 6)4-3(6— c)+2(c— d) 
d 2(o+d)+4(6+c) ’ 

, c—z 3g+66+3c 

~d 2(o+d)+4(6+cy 

And, once [by (1)] 


we have 
whoice 


c—d 6 — c 0—6 
c 4 "d 6 +e 0 + 6 ’ 
c — d c+d 

a—e~ 6 +^o+ 6 ’ 

o— d o+26+2c+d 2(o+d)-|-4(6+c) 

o— c* 0+26+C 2(o-i-c)+46 


( 2 ) 


( 3 ) 

( 4 ) 


( 6 ) 


( 6 ) 


( 7 ) 

m 


( 9 ) 
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d — d 2(flH*d)H"4(b-t"C) 
i{a-cr *{2(a+c)+46} ' 


and therefore, by hypothesis, 


But, by (8), 


a;““ f{2(a+c)+46} 
c — z 3u-t“66“f-3c 

d 2(u4'd)H-4(6+c) ’ 


and it follows, ex aequali, that 


And, by (6), 

Therefore 

or 


c—z_ 3(a+c)+6b 5 3_5 

X “|{2(a+c)+46r3’2‘“2* 
a— c+2 5 
y "2- ^ 

5_ a 

2''x+y^ 

x+y^^a. 


Proposition 10 

If PP'B'B be the portion of a parabola intercepted between two parallel chords 
PP', PP' bisected respectively in N, 0 by the diameter ANO {N being nearer than 
0 to A j the vertex of the segments) j and if NO be divided into five equal parts of 
which LM is the middle one (L being nearer than M to N)^ theUy if G be a point 
on LM such that 

LG : GM^BO^ \2PN+BO) : PN^ •(2PO+PiV), 

G will be the centre of gravity of the area PP'B'B, 

Take a line ao equal to AO, and an on it equal to AN. Let p, q be points on 
the line ao such that 

ao:aq—aq\an, (1) 

ao lan^aq :apy (2) 

[whence ao:aq^aq:an—an: ap, or ao, aq^ an, ap are lines in continued pro- 
portion and in descending order of magnitude]. 

Measure along GA a length GF such that 

op:ap—OL:GF. (3) 

Then, since PiV, BO are ordinates to ANO, 

BO^:PN^^AO:AN 
^ao : an 

-ao ^ : aq\ by (1), 


so that 

BO:PN—ao:aq, 

( 4 ) 


B(P : PAr»=ao» : ag® 

= (ao : aq) ‘(aq : on) -(on : op) 

=00 : op. 

( 5 ) 

Thus 

(segment BAB') : (segment PAP') 


wboioe 

js'A , 

^ABAB’ :APAF 
~-BO*:PN^ 

=00 : op, 

(area PP'B'B) : (segment PAP') = op : ap 
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=OL: OF, by (3), 

=K>A^:GF. (6) 

Now 

BO“(2PAr+BO):BO» 

= (2PAr+BO):BO 
s»(2ag-f oo) : ao, by (4), 
BO’ : PN« 

=00 : op, by (5), 
and 

, PN^:Pm i2B0+PN) 
=PiV : (2B0+PN) 

=og : (2«o+og), by (4), 
=op ; (2on+ap), by (2). 
Hence, ex aeqvxdi, 
B0*(2PAr+B0):PAr*. 
(2BO+PN) = (2og+ao) : 
(2on+ap), 


W : GAf =(2og+ao) t (2on4'Op). 

Componendo, and multiplying the antecedents by 5, 

ON :GAf={5(oo-|-op)+10(og+on)) : (2an+ap). 

But 

ON :0M=5 :2={5(oo+op)+10(ag+a»)} ; {2(aoH-op)+4(og+on)}. 

It follows that 

ON :OG={5(ao+ap)+10(ag+on)) : (2ao+4og+6on+3op). 
Therefore 

(2ao+4ag'+6an+3ap) : {5(ao+op)+10(ag+a«)) “OG : ON 

=OG:m. 

And op : {ao—ap)-ap ; op 

=GF : OL, by hypothesis, 

^GF :ion, 

while ao, ag, an, ap are in continued proportion. 

Therefore, by Prop. 9, 

GF+OG=OF=|ao=|OA. 

Thus F is the centre of gravity of the segment BA B'. pProp. 8] 

Let H be the centre of gravity of the segment PAP', so that AH<^%AN, 
And, since AF= MO, 

we have, by subtraction, HF^iON. 

But, by (6) above, 

(area PP’B'B) : (segment PAP') » ION : GF 

^HF:FG. 

Thus, since F, H are the centres of gravity of the segments BAB', PAP' i©» 
spectively, it follows [by I. 6, 7] that G is the centre of gravity d the area 
PP'B'B. 
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“Thebe are some, King Gelon, who think that the number of the sand is 
infinite in multitude; and I mean by the sand not only that which exists about 
Syracuse and the rest of Sicily but also that Which is found in every tepon 
whether inhabited (n: uninhabited. Again there are some who, without r%ard- 
ing it as infinite, yet think that no number has been named which is ^at 
enouj^ to exceed its multitude. And it is clear that they who hold this vi^, if 
they imaged a mass made up of sand in other respects as large as the ^ass 
of the earth, including in it all the seas and the hollows of the earth filled up 
to a height equal to that of the highest of the mountains, would be many times 
further still from recognising that any number could be expressed which ex- 
ceeded the multitude of the sand so taken. But I will try to show you by means 
of geometrical proofs, which you will be able to follow, that, of the numbers 
named by me and given in the work which I sent to Zeuxippus, some exceed 
not only the number of the mass of sand equal in magnitude to the earth filled 
up in the way described, but also that of a mass equal in magnitude to the 
imiverse. Now you are aware that 'universe' is the name given by most astron- 
omers to the sphere whose centre is the centre of the earth and whose radius is 
equal to the straight line between the centre of the sun and the centre of the 
earth. This is the common account (rd-ypai^/iera), as you have heard from 
astronomers. But Aristarchus of Samos brought out a book consisting of some 
hypotheses, in which the premisses lead to the result that the universe is many 
times greater than that now so called. His hypotheses are that the fixed stars 
and the sun remain umnoved, that the earth revolves about the sun in the 
circumference of a circle, the sun lying in the middle of the orbit, and that the 
si^m of the fixed stars, rituated.about the same centre as the sun, is so great 
that the circle in which he supposes the earth to revolve bears such a propor- 
tion to the distance of the fixed stars as the centre of the sphere bears to its 
surface. Now it is easy to see that this is impossible; for, since the centre of the 
sphere has no magnitude,..we cannot conceive it to bear any ratio whatever to 
tire surface of the sphere. We must however take Aristarchus to mean this: 
once we conceive the earth to be, as it were, the centre of the universe, the 
ratio which tire earth bears to what we describe as the ‘universe’ is the same as 
the ratio which the sphere containing the circle in which he supposes the earth 
to revolve bears to the sphere of the fixed stars. For he adapts the proofs (tf his 
results to a hypothecs this kind, and in particular he appears to suppose the 
magmtude of the sphere in which he represents the earth as moving to be equal 
to what we call the ‘universe.’ 

. “I say then that, even if a sphere were made up of the sand, as great as 
Aristarchus supposes the sphere of the fixed stars to be, I shall still prove that , 

620 
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the Dumbens nattied in the Principles,^ some OEceed in multitude t&e nmhtst 
of the sand which is equal in magnitude to &e sphere referred to, provided 
that the following assumptions be made.” 

1. 'TAe perimeter of Ike earth is about 3,000,000 stodta and not greater. 

“It is true that some have tried, as you ore of course aware, to prove that the 
said perimeter is about 300,000 stadia. But I go further and, putting the mag> 
nitude of the earth at ten times the size that my predecessors thou^t it, I 
suppose its perimeter to be about 3,000,000 stadia and not greater.” 

2. "The diameter of the earth is greater than the diameter of the mom, and Ute 
diameter of the sun is greater than the diameter of the earth. 

“In this assumption I follow most of the earlier astronomers.” 

3. "The diameter of the sun is about 30 times the diameter of the moon and not 
greater. 

“It is true that, of the earlier astronomers, Eudoxus declared it to be about 
nine times as great, and Pheidias my father twelve times, while Aristarchus 
tried to prove that the diameter of the sun is greater than 18 times but less 
than 20 times the diameter of the moon. But I go even further than Aristar- 
chus, in order that the truth of my proposition may be established beyond 
dispute, and I suppose the diameter of the sun to be about 30 times that of the 
moon and not greater.” 

4. "The diameter of the sun is greater than the side of the chiliagm inscribed in 
the greatest circle in the {sphere of the) universe. 

"I make this assumption because Aristarchus discovered that the sun ap- 
peared to be about Tivth part of the circle of the zodiac, and I myself tried, by 
a method which I will now describe, to find experimentally {bpyaviKus) the 
angle subtended by the sun and having its vertex at the eye.” 

[Up to this point the treatise has been literally translated because of the 
historical interest attaching to the ipsissima verba of Archimedes on such a 
subject. The rest of the work can now be more freely reproduced, and, before 
proceeding to the mathematical contents of it, it is only necessary to remark 
that Archimedes next describes how he arrived at a higher and a lower limit 
for the angle subtended by the sun. This he did by taking a long rod or ruler, 
fastening on the end of it a small cylinder or disc, pointing the rod in the direc- 
tion of the sun just after its rising (so that it was possible to look directly at 
it), then putting the cylinder at such a distance that it just concealed, and 
just failed to conceal, the sun, and lastly measuring the angl« subtended 
by the cylinder. He explains also the correction which he thou^t it necefr- 
sary to make because “the eye does not see from <me point but from a certain 
area.”] 

The result of the experiment was to show that the angle subtended by the 
diameter of the sun was less than rirth part, ami greater than xirth part, of a 
ri^t angle. 

To prove that (on this assumption) the diameter of the sun is greater than the 
side of a chiliagm, or figure with 1000 equod sides, inscribed in a great cirde of tile 
"universe." 

Suppose the plane of the paper to be the plane pasong through the centre 
of the sun, the centre of the earth and the eye, at the time when the sun has 


<A lost work of Archimedes. 
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just risen above the horizon. Let the plane cut the earth in the circle EHL and 
the sun in the circle FKO, the centres of the earth and sun being C, 0 respec- 
tively, and E being the position of the eye. 

Further, let the plane cut the sphere of the “universe” (i.e. the sphere whose 
centre is C and radius CO) in the great circle AOB. 

Draw from E two tangents to the circle FKG touching it at P, Q, and from 
C draw two other tangents to the same circle touching it in F, G respectively. 

Let CO meet the sections of the earth and sun in H, K respectively; and let 
CF, CG produced meet the great circle AOB in A, B. 

Join EO, OF, OG, OP, OQ, AB, and let AB meet CO in M. 

Now CO>EO, since the sun is just above the horizon. 


Therefore Z PEQ > Z FCG, 



Thus /.FCG<t^R, a fortiori, 

the chord AB subtends an arc of the great circle which is less than THth 
of the circumference of that circle, i.e. 

AB<(side of 656-sided polygon inscribed in the circle). 

Now the perimeter of any polygon inscribed in the great circle is less than 

[Cf. Measurement of a circle. Prop. 3.] 
Therefore AB : CO <11 : 1148, 

md, a fortiori, ABKrhsCO. (a) 

Again ^ sinoe CA=CO, and AM is perpendicular to CO, while OF is perpen- 
dicular to CA, AM = OF . 

Therefore AB—2AM= (diameter of sun) . 

Thus (diameter of 8un)<rJTCO, by (a), 

and, a fortiori, (diameter of earth) KiisCO. [Assumption 2] 

Hence CH+OK<rhsCO, 

So that HK> ^nfC'O, 


THE SAND-RECKONER 628 

or CO:HK<m:99. 

And CO>CF, 

while HK<EQ. 

Therefore CF : EQ<1W: 99. (fi) 

Now in the right-angled triangles CFO, EQO, of the sides about the ri^t 
angles, OF^OQ, but EQ<CF (since EO<CO). 

Therefore ZOEQ : ZOCF>CO : EO, 

but <CF:EQ} 

Doubling the angles, 

APEQ\ ZACB<CF:EQ 

<100 : 99, by (/3) above. 

But Z PEQ > 'shsRf by hypothesis. 

Therefore Z ACB > 

It follows that the arc AB is greater than ^ryth of the circumference of the 
great circle AOB. 

Hence, a fortiori, 

AB> (side of chiliagon inscribed in great circle), 
and AjB is equal to the diameter of the sun, as proved above. 

The following remits can now he proved: 

(diameter of ^^universe*^) <10,000 (diameter of earth), 
and (diameter of **universe^*) < 10,000,000,000 stadia, 

(1) Suppose, for brevity, that d^ represents the diameter of the “universe,'' 
d, that of the sun, d« that of the earth, and dm that of the moon. 

By hypothesis, d,>30dw, [Assumption 3] 

and d* > dm ; [Assumption 2] 

therefore d, < 30de. 

Now, by the last proposition, 

da > (side of chiliagon inscribed in great circle), 
so that (perimeter of chiliagon) < lOOOd, 

<30,000de. 

But the perimeter of any regular polygon with more sides than 6 inscribed 
in a circle is greater than that of the inscribed regular hexagon, and therefore 
greater than three times the diameter. Hence 

(perimeter of chiliagon) >3dw. 

It follows that d« < 10,000da. 

(2) (Perimeter of earth) >3,000,000 stadia. [Assumption 1] 

and (perimeter of earth) >3dc. 

Therefore de < 1,000,000 stadia, 

whence du< 10,000,000,000 stadia. 


AssvMption 5 

Suppose a quantity of sand taken not greater than a poppy-seed, and sup- 
pose that it contains not more than 10,000 grains. 

‘The proposition here assumed is of course equivalent to the trigonometrical formula 
which states that, if a, are the circular measures of two angles, each less than a right anglo, 
of wbdch a is the greater, then 


tana a sing 
sinjS’ 
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Nejct suppose the diameter of the poppy-seed to be not less than ;Arth of ^ 
finger-breath. 

ObdEBS and PEBIODS of NtniBEBS 

I. We have traditional names for numbers up to a myriad (10,000) ; we can 
therefore express numbers up to a mjrriad myriads (100,000,000). Let these 
numbers be called numbers of the first order. 

Suppose the 100,000,000 to be the unit of the second order, and let the seco^ 
order consist of the numbers from that unit up to (100,000,000)*. 

Let this again be the unit of the third order of numbers ending with (100,- 
000,000)*; and so on, until we reach the 100,000,000<A order of numbers ending 
with (100,000,000)*“>®®®-®®®, which we will call.^: 

II. Suppose the numbers from 1 to P just described to form the ^rs^ hmod. 

Let P be the unit of the first order of the second -period, and let this con^t of 

the numbers from P up to 100,000,000P. 

Let the last number be the unit of the second order of the second period^ and 
let this end with (100,000,000)*P. 

We can go on in this way till we reach the 100,000,000<A order of the ■ 
period ending with (100,000,000)““’““>““ P, or P*. 

III. Taking P* as the unit of the first order of the third period, we proceed in 
the same way till we reach the 100,000,000t/i order of the third period ending 
with P®. 

IV. Taking P* as the unit <rf the first order of the fourth period, we continue 

the same process until we arrive at the 100,000,000^^ order of the 100,000,0Q0tji 
perifd en^g with Thig iggt number is expressed by Archimedes as 

“a myriad-msniad units of the myriad-myriad-th order of the myriad-myriad-th 
period (at ftvpiiuuanvpiooras irepiMov fivpicuaefuipioirTur hptSp&v pvplai pvpMes)," 
which is easily seen to be 100,000,000 times the product of (100,000,000) 
n.DM.m piao,ooo,o(io 

OCTADS 

Conrider the series of terms in continued proporUon of which the first is 1 
and the second 10 [i.e. the geometrical progresmon 1, 10®, 10*, 10*, * ■ •]. The 
firU octad of these terms \i.e. 1, 10*, 10*, • • -10*] fall accordingly under the first 
order of the first period above described, the second octad [i.e. 10®, 10*, • • -10“] 
under the second order of the first period, the first term of the octad beipg the 
unit of corresponding order in each case. Similarly fw the third octad, and 
BO on. We can, in the same way, place any number of octads. 

Theobem " 

If there be any number of terms of a series in continued proportion, say At, At, 
Ai, • • • Am, • • • An, • • • A»+»-i, “ • of which Ai-1, Ai-10 [so that series 
forms the geometrical progression 1, 10*, 10*, • • -lO*"*, • • ‘lO^r*, • • •10"'*^*, 
• • •], and if any two terms as Am, A* he taken and multiplied, the -product Am -A* 
ictU be a term in the same series and will be as many terms distant from An as Am 
is ditdant from'A\; sdso it will be distant from Ai by a number of toms less by one 
Am Ae etm cf the numbers e/ terms by which Am and A» respeetivdy are distant 
fremA\. 

Take the team ndiich is distant frmn An by the same number terms as Am 
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is distant from Ai. TMs number of terms k m (the first and laist bang both 
counted). Thus the term to be taken is m terms distant from and is there- 
fore the term ilm+n-i. 

We have therefore to prove that 

Now terms equally distant from other terms in the continued proportion ate 
proportional. 

Thiia ^ = -^=±2 


But Am’^Am -Ai, since Ai •* 1. 

Therefore Am+»-i’=Am-Am. (1) 

The second result is now obvious, since is m terms distant from At, At 
is n terms distant from At, and is (m+n— 1) terms distant from Ai. 


APPUCMuTtON TO THE NXTMBEB 07 THE SAND 

By Assumption 5 [p. 523], 

(diam. of poppy-seed)<i^(finger-breadth); 
and, since spheres are to one another in the triplicate ratio of their diameters, 
it follows that 

(sphere of diam. 1 finger-breadth) >64,000 poppy-seeds 

>64,000X10,000 

>640,000,000 

>6 units of second grains 
ord6r-i-40,000,000 of 
units of first order sand. 

(o fortiori) < 10 units of second | 
order of numbers. 

We now gradually increase the diameter of the supposed sphere, multiplying 
it by 100 each time. Thus, remembering that the sphere is thereby multiplied 
by 100* or 1,000,000, the number of grains of sand which would be contained 
in a sphere with each successive diameter may be arrived at as follows. 
Diameter of sphere. Corresponding number of grains of sand. 

(1) 100 finger-breadths <1,000,000X10 units of second order 

<(7th term of serieslXflOth term of soies) 
<16th term of series [i.e. 10"] 

<[10' or] 10,000,000 units of the second order, 

(2) 10,000 finger-breadths < 1,000,000 X (last number) 

< (7th term of series) X (lOtih term) 

<22nd term of series [i.e. 10**] 

<[10* or] 100,000 units of third order. 

(3) 1 stadium <100,000 units of iAfrd order. 

(<10,000 finger-breadths) 

(4) 100 stadia < 1,000,000 X (last number) 

<(7tii term of series) X (22nd term) 

<^th term of series [1(F] 

<[10* or] 1,000 units of fourth order. 

(6) 10,000 stadia < 1,000,000 X (last number) 

< (7th term of series) Xf28th term) 

<34th term of series {10**} 

<10 units oi fifth order. 
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(6) 1,000,000 stadia <(7th term of series) X(34tir term) 

<40th term [10»»1 

<[10’ or] 10,000,000 units o! fifth order. 

(7) 100,000,000 stadia <(7th term of series) X (40th term) 

<46th term [10*®] 

<[10® or] 100,000 units of sixOt order. 

(8) 10,000,000,000 stadia < (7th term of series) X (46th term) 

<52nd term of series [10®*] 

<[10® or] 1,000 units of seventh, order. 


But, by the proposition above [p. 523], 

(diameter of “universe”) < 10,000,000,000 stadia. 

Hence the number of grains of sand which could be contained in a sphere of the 
size of our ^'universe" is less than 1,(X)0 units tp'the seventh order of numbers 
[or 10*1]. \ 

From this we can prove further that a sphere of the size attributed by AnWr- 
chus to the sphere of the fixed stars would contain a number of grains of sarmless 
than 10,000,000 units of the eighth order of numbers [or \ 

For, by hypothesis, \ 

(earth) : (“universe”) = (“universe”) : (sphere of fixed stars). 

And [p. 523] 

(diameter of “universe”) <10,000 (diam. of earth); 

whence 


(diam. of sphere of fixed stars) < 10,000 (diam. of “universe”). 
Therefore 

(sphere of fixed stars) <(10,000)* -(“universe”). 

It follows that the number of grains of sand which would be contained in a 
sphere equal to the sphere of the fixed stars 

<( 10,000)* X 1,000 units of seventh order 
<(13th term of series) X (52nd tenn of series) 

<64th term of series [i.e. 10**] 

<[10^ or] 10,000,000 units of eighOi order of numbers. 


Conclusion. 

“I conceive that these things. King Gelon, will appear incredible to the 
great majority of people who have not studied mathematics, but that to those 
who are conversant therewith and have given thought to the question of the 
distances and sizes of the earth, the sun and moon and the whole universe, the 
proof will carry conviction. And it was for this reason that I thought the sub- 
ject would be not inappropriate for your consideration.” 



QUADRATURE OF THE PARABOLA 


‘^Archimedes to Dositheus greeting. 

“When I heard that Conon, who was my friend in his lifetime, was dead, but 
that you were acquainted with Conon and withal versed in geometry, while I 
grieved for the loss not only of a friend but of an admirable mathematician, I 
set myself the task of communicating to you, as I had intended to send to 
Conon, a certain geometrical theorem which had not been investigated before 
but has now been investigated by me, and w^hich I first discovered by means of 
mechanics and then exhibited by means of geometry. Now some of the earlier 
geometers tried to prove it possible to find a rectilineal area equal to a given 
circle and a given segment of a circle; and after that they endeavoured to 
square the area bounded by the section of the whole cone and a straight line, 
assuming lemmas not easily conceded, so that it was recognised by most people 
that the problem was not solved. But I am not aware that any one of my 
predecessors has attempted to square the segment bounded by a straight line 
and a section of a right-angled cone [a parabola], of which problem I have now 
discovered the solution. For it is here shown that every segment bounded by a 
straight line and a section of a right-angled cone [a parabola] is four-thirds of 
the triangle which has the same base and equal height wdth the segment, and 
for the demonstration of this property the following lemma is assumed: that 
the excess by which the greater of (two) unequal areas exceeds the less can, by 
being added to itself, be made to exceed any given finite area. The earlier 
geometers have also used this lemma; for it is by the use of this same lemma 
that they have shown that circles are to one another in the duplicate ratio of 
their diameters, and that spheres are to one another in the triplicate ratio of 
their diameters, and further that every pyramid is one third part of the prism 
which has the same base with the pyramid and equal height; also, that every 
cone is one third part of the cylinder having the same base as the cone and 
equal height they proved by assuming a certain lemma similar to that afore- 
smd. And, in the result, each of the aforesaid theorems has been accepted no 
less than those proved without the lemma. therefore my work now pub- 
lished has satisfied the same test as the propositions referred to, I have written 
out the proof and send it to you, first as investigated by means of mechanics, 
and afterwards too as demonstrated by geometry. Prefixed are, also, the el^ 
mentary propositions in conics which are of service in the proof. Farewell. 
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Pbopobition 1 

If from a point on a parabola a straight line be drawn whub is either itself Ow axis 
or parallel to the axis, as PV, and if QQ' be a chord paratM to the tangent to the 
parabola at P and meeting PV in V, then 

OF-yQ'. 

Conversely, if QV * VQ-, the chord QQ' wiU be paraMel to Oie tangent at P. 


Proposition 2 

If in a parabola QQ' be a chord parallel to the tangent at P, and if a straight line be 
drawn through P which is either itself the cans or parallel to the axis, and which 
meets QQ' in V and the tangent otQ to the parabola in T, then 

PV^PT. 



If from a point on a parabola a straight line be drawn which is either itself the axis 
or parallel to the axis, as PV, and if from two other points Q,^ on the parcbala 
straight lines be drawn parcillel to the tangent at P and meeting PV in Vi V 
reopecUvay, then J>V : PV' - QV* : Q'V'*. 

"And these propositions are proved in the elements of emics.*" 

Proposition 4 

If ^be be base of any segment of a parabola, and P the vertex of be segment, md 
if dw diameter brough any other point R meet Qq in 0 and QP (^produced if 
necessary) in F, ben QV xVO’=‘OP :FR. 

Draw the ordinate RW to PV, meeting QP in K. 

Then PV '.PW^QV*-.RW*\ 

whaioe, by parallels, PQ : PK’^PQ * : PF*. 

M.e. in the treatieee on conics by Euclid and Aiistaeua 
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In oth€9r words, PQ, PF, PK are in continued i»oportion; therefore 



PQ:PF^PF:PK 

^PQ±PF:PF±PK 

•^QF.KF. 

Hence, by parallels, QV :VO=^OF: FR. 


PaoposmoN 5 


If Qq be the base of any segment of a parabola, P the vertex of the segment, and PV 
Us diameter, and if the diameter of the parabola through any other point R meet 
Qq in 0 and die tangent at Q in E, then 



QO : Oq'^ER : RO. 

Let the diameter through R meet QP 
in F. 

Then, by Prop. 4, 

QV : VO=OF : FR. 

Since QV = Vq, it follows that 

QVxqO^OF.OR. (1) 
Also, if VP meet the tangent in T, 
PT^PV, and therefore EF=OF. 

Accordingly, doubling the antecedents 
in (1), we have 

Qq : gO-OE : OR, 
whence ^ :Oq’= ER : RO. 


pEOPOsmoNB 6, 7* 

Suppose a lever AOB placed horizontally and supported at its middle point 0. Let 
a triangle BCD in which the angle C is right or obtuse be suspended from B and 0, 
ho that C is attached to 0 and CD is in die same vertical line vnth 0. Then, if P he 
suck on area as, when suspended from A, wiU keep the system in eguilUrtiwn, 


*In Prop. 6 Archimedes takes separate ease in which the an(ds BCD ot the triaaii^ is 
a right angle so that C coincides mth 0 in the figure and F with E. He Uten proves, in Prop. 
7, lAe same property for the triangle in which BCD is an obtuse angle, by treating dm tri- 
angle as the difference between two right-angled triangles BOD, BOC and using the result of 
Prop. 6. 1 have combined the two propositions in one proof, for the sake <& brevity. The same 
remark applies to die propotf turns following Props, ft, 7. 
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Take a point E on OB such that BE ^20E, and draw EFH parallel to OCD 
meeting BC, BD in F, H respectively. 

Let G be the middle point of FH. 

Then G is the centre of gravity of 
the triangle BCD. 

Hence, if the angular points B, C be 
set free and the triangle be suspended 
by attaching F to F, the triangle will 
hang in the same position as before, 
because EFG is a vertical straight line. “For this is proved.”^ 

Therefore, as before, there will be equilibrium. 

Thus P : ABCD = OE : AO 



= 1:3, * 


or 


nnt o}t^t 


P^lABCD. 

Pbopositions 8, 9 

Suppose a lever AOB placed horizontally and supported at its middle point 0. J^t 
a triangle BCD, right-angled or obtuse-angled at C, be suspended from the points 
B, E on OB, the angular point C being so attached to E that the side CD is in the 
same vertical line with E. Let Q be an area such that 

AO:OE=^ABCD:Q. 

Then, if an area P suspended from 
A keep the system in equilibrium, 

P<ABCDbut>Q. 

Take G the centre of gravity 
of the triangle BCD, and draw 
GH parallel to DC, i.e. vertically, 
meeting BO in H. 

We may now suppose the tri- 
angle BCD suspended from H, 
and, since there is equilibrium, 

ABCD:P^A0:0H, 
whence P < ABCD. 

Also ABCD:Q^AO:OE. 

Therefore, by (1), ABCD : Q> ABCD : P, 

and P>Q. 



( 1 ) 


Pbopositions 10, 11 

Suppose a lever AOB placed horizontally and supported at 0, its middle point. 
Let CDEF be a trapezium which can be so placed that its-parallel sides CD, FE 
are vertical, while C is vertically below 0, and the other sides CF, DE meet in B. 
Let EF meet BO in H, and let the trapezium be suspended by attaching F to II 
and C to 0. Further, suppose Q to be an area such that 
AO : OH = {trapezium CDEF) : Q. 

Then, if P be the area which, when suspended from A, keeps the system in equi- 
librium, 

P<Q. 


^DoubtleaB in the lost book T€pl 
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The same is true in the paHicular case where the angles at C, F are rightf and 
consequently C, F coincide with 0, H respectively. 

Divide OH in K so that 

{2CD+FE ) : (2FE+CD) : KO. 

Draw KG parallel to OD> and 
let G be the middle point of the 
portion of KG intercepted with- 
in the trapezium. Then 0 is the 
centre of gravity of the trape- 
zium [On the equilibrium of 
planes^ 1. 15], 

Thus we may suppose the tra- 
pezium suspended from K^ and 

the equilibrium will remain undisturbed. 

Therefore AO : OK = (trapezium CDEF) : P, 

and, by hypothesis, AO : OH = (trapezium CDEF) : Q. 

Since OK <0H, it follows that 

P<Q- 

Propositions 12, 13 

If the trapezium CDEF he placed as in the last propositions, except that CD is 
vertically below a point L on OB instead of being below 0, and the trapezium is 
suspended from L, H, suppose that Q, R are areas such that 
AO : OH = (trapezium CDEF ) : Q, 
and AO : OL * (trapezium CDEF ) : R. 

If then an area P suspended 
from A keep the system in equilib^ 
rium, 

P>R bui<Q. 

Take the centre of gravity 0 
of the trapezium, as in the last 
propositions, and let the line 
through G parallel to DC meet 
OB in K. 

Then we may suppose the tra- 
pezium suspended from K, and 
there will still be equilibrium. 
Therefore (trapezium CDEF) : P^AO : OK, 

Hence (trapezium CDEF) : P> (trapezium CDEF) :Q, .j. 

but < (trapezium CDEF) :R. ! 

It follows that P<Qbut>i2. 

Propositions 14, 15 

het iQq be the base of an}[ segment of a parabola. Then, if two lines be drawn 
from Q, 5 , each parallel to the axis of the parabola and on the same side^of '3? 
as the segment is, either (1) the angles so formed at Q, q are both right angles, 
or (2) one is acute and the other <^tuse. In the latter case let the angle at q 
be the obtuse angle» 

Divide Qq into any number of equal parts at the points ^ • *0iiv Draw 
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q, Oi,Ot,'‘ ’On diom^ten} of the paundjolft meeUng the' tangent at<J in 
B, El, El, • • -En and the parabola itself in q, Ri, Ri, ■ • Bn. Join QWi, QBt, ■ • • 
QRn meeting qE, OiEi, OiEi, • • On-iEn-i in F, Fi, Ft, • • -Fn-x. 

Let the diameters Bq, EiOi, • • -EnOn meet a straij^t line QOA drawn through 
Q perptodicular to the diameters in the points 0, Hi, Hi, • • -Hn respectively. 
<tn the particular case where Qq is itself perpendicular to the diameteEs^ will 
^ncide with 0, Oi with Hi, and so on.) 

It is required to prove that 

(1) AEqQ<S{aum of trapezia FOi, FiOt, • ■ -Fn-iOn and AEnOnQ), 

(2) A®5Q>3(«MJh of trapezia RiOt,R^t, • • -Rn-iOn and ARnOnQ). 



SuppoM AO made e^ual to OQ, and concdve QOA as a lever placed hori- 
zcmtally and supported at 0. Suppose the trumgle EqQ suspended from OQ in 
the position drawn, and shppose that the trapedum EOi in i^e pomtion drawn 
is balanced by an area Pi suspended from A, the trapesdum EiOt in the portion 
drawn is balanced by the aiea P« suspended from A, and so on, the triangle 
EnOnQ being in like manner bala^ed by 
Then Pi +P*H — :+'Pih-i will balance the whole triangle EqQ as drawn, and 
tberSfore' 'Pi+P*+ • •’‘+Pifi*'f APsQ. '' ■ ■ ■ > ' {Props^'b, 7] 

v^Agaift' AO.OHi-^QOtOHi 

; I ' *^:qOi 

' tedliOirOiflifbymeara'of Prc^.^' 

. * (trapezium EOi) : (trapezium Pvj)) 

' : (PO»)>P|, ‘ ' 



Next 
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AOxOHi^E^xOJti 

-(m):(KiO*), (a) 

while AOiOHt-^E^txO^t 

■=(m):(F,0,); ifi) 

and, since (a) and {$) are ramultaneou^y true, we have, by Props. 12, 13, 

(FiO,)>P»>(m). 

Similarly it may be im)ved that 

(F*0,)>Pi>(fi,0,), 

and so on. 

Lastly [Props. 8, 9] AE^^>P^>ARnO»Q. 

By addition, we obtain 

( 1 ) (POi)+(Pip»)'i" ‘ * •+(P«-iO«)+ A£!iiOnO>Pi+Pt+ ' • •+P1H-1 

or AP9Q<3 (POi+PiOj+ • • •+P*_iOn+ APnOnQ). . 

(2) (PiO»)+(BjO»)+ • • •+^jRU-j 0«)+AP*0»Q<P84‘P»+ • • ‘d-PiHa 

<Pi+P*+ • • ‘d-Pw+i, o/oriion', 

<\AEqQ, 

or AP9Q>3 (Pi0»+Pj 08+ *“ *+Pn-iO«+ AP«OnQ). 


PBOPOsmpN 16 


Suppose Qq to be the base of a parabolic segment, q being not more distant than Q 
from the vertex of the parabola. Draw through q the straight line qE paraUtl to the 
axis of the parabola to meet the tangent at Q in E. It is required to prove that 

{area of segment) ^AEqQ. 



For, if .not, the area of. the segment must 
be either greater or less than iAEqQ. 

I. Suppose the area of the segment greater 
than lAEqQ. Then the excess can, if contin- 
uallyadded to itself, be made to exceed AEgf^i, 
And it is possible to find a subtaultiple of the 
triangle P^Q less than the said mccess of the 
segment over ^AEqQ. 

Let the triangle FgQ be such a submultiple 
of the triang^ FgQ. Divide Fgisto equal pSirts 
each equal to qF, and let all Ibe paints of. divi- 
sion including F be joined to Q meeting the 
parabola in Fi, Pi, • : ■Pnteiq)eoliviriy. Through 
Pi, Pi, • • -Bn draw diameterb of the parsix^ 
meeting qQ in Oi, Oi, • • •(>» taq)ectitely> 

Let OiPi meet^QPi in Pi. 

Let OiPt meet QPi in Di and QP« in P*. . 

Let OtPt meiet QPi in Dt and QBi‘m.F$, 


and so on. ; , 


We have, by hypothesis, 

APgQ < (area of segment)— lAFgQ, 

or (area of 8egment)^'AP®Q> jAiSgQ- i(«) 

Now, since all the parts of qE, as qF tmd the rest, ate equal, OiPt»PiPi, 
OiDiv*APi**^BiPs> aad:8o<«; tfaecefoe - ’ »; 
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AffiQ=(f0i+i?i0j+.Dj08+ * • •) 

“(FOi+FiDi+FsZ)i+ • • •+F«_ii)*_i+ A^nflnO). ( 0 ) 

But (area of segment) < (FOl+FlO^^ 1-F,_i0»+AF«0„Q). 

Subtracting, we have 

(area of segment)— AFgQ<(Fi0«4-i2*0»H \-Bn-iO^+ARnOjQ), 

whence, a fortiori, by (a), 

i AF7Q < (•Bi 02+F20»+ • • • + i 2 it-lOn+ AiJnO«Q). 

But this is impossible, since [Props. 14, 15] 

\AEqQ> {RiOi+RtOi'i' • • •+Fn-iOn+AF«OnQ). 

Therefore (area of segment) > | AEgQ. 

II. If posmble, suppose the area of the segment less than i AFgQ. 

Take a submultiple of the triangle EqQ, as the. triangle FqQ, less than the 
excess of \AEqQ over the area of the segment,' and make the same constjruc- 
tion as before. 

Since AFgQ<|AFgQ— (area of segment), 

it follows that 

AFgQ+(area of segment) <iAFgO \ 

<(FOl+FiOj-i-. • • •+Fn-lOn+ AFnOnQ). \ 

[Props. 14, 16] 

Subtracting from each side the area of the segment, we have 
AF 9 Q<(sum of spaces qFRi, RiFiRi, • • -EnRnQ) 

<(FOi+FiDi+ • • •+Fn-iD«-i+ AFiif2nQ)> a, fortiori; 
which is impossible, because, by (0) above, 

AFqQ—FOi+FiDi-h • • •+Fn_iZ)n-i+ AF«fl«Q. 

Hence (area of segmentXfAFgQ. 

Since then the area of the segment is neither less nor greater than lAEqQ, 
it is equal to it. 

Proposition 17 

It is now numifest that the area of any segment of a parabola isfour-thirda of the 
triangle which has the same base as the segment and equal height. 

Let Qq be the liase of the segment, P its vertex. 

Then PQq is the inscribed triangle with the same 
base as the segment and equal height. 

Since P is the vertex of the segment, the diame- 
ter throu^ P Insects Qq. Let F be the point of bi- 
section. 

Let VP, and qE drawn parallel to it, meet the tan- 
gent at QmT,E respectively. 

Then^ by pamllefs, 

qE^2VT, 

and . ! . PV^PT, [Prop. 2] 

Bovthai . . VT^2PV. . 

Hence AEqQ^4APQq. 

But, by Prop. 16, the area of the segment is equal to 
iAEqQ. 

Ther^ore (area of segment) »|APQg. 

Dsv. “In segments bounded by a straight line and any curve I call, the 
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straight line the base, and the height the greatest perpendicular drawn from the 
curve to the base of the segmenti and the vertex the point from which the 
greatest perpendicular is drawn/' 



Proposition 18 

If Qq he the base of a segment of a parabola^ a/nd V the 
middle point of Qq, and if the diameter through V meet (he 
curve in P, then P is the vertex of the segment 
For Qq is parallel to the tangent at P [Prop. 1]. Therefore, 
of all the perpendiculars which can be drawn from points 
on the segment to the base Qq, that from P is the greatest. 
Hence, by the definition, P is the vertex of the segment. 

Proposition 19 

If Qq be a chord of a parabola bisected in V by the diameter 
PV, and if RM be a diameter bisecting QV in M, and RW 
be the ordinate from R to PV, then 
PV^iRM. 

For, by the property of the parabola, 
PV:PW^QV^:RW^ 

^4:RW^:RW\ 

so that P7=4PTr, 

whence PV-‘^RM. 



Proposition 20 

If Qq be the base, and P the vertex, of a parabolic segment, 
then the triangle PQq is greater than half the segmerU 

PQq. 

For the chord Qq is parallel to the tangent at P, and 
the triangle PQq is half the parallelogram formed by Qq, 
the tangent at P, and the diameters through Q, q. 

Therefore the triangle PQq is greater than half the 
segment. 

Cor. It follows that it is possible to inscribe in the seg-* 
ment a polygon such that the segments left over are together 
less than any assigned area. 



Proposition 21 

If Qq be the base, and P the vertex, of any parabolic seg-> 
ment, and if R be the vertex of the segment cut o;ff by PQ, 
then 

APQq^SAPRQ. 

The diameter through R will bisect the chord PQ, 
and therefore also QV, where PK is the diameter bisect- 
ing Qq. Let the diameter through R bisect PQ in F and 
QVmM.JdmPM. 

By Prop. 19, PV^^RM. 

Also PV^2YM. 

Tfaerefom YM^2RY, ^ 
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lind 

APQMi^2APRQ. 

Hence 

APQV’^iAPRQ, 

and 

APQq^SAPRQ. 


Also, if i2ir, the onhnate from R to. P7, be produced to meet the curve 
agtdninr, RW=rW, 

and the same proof shovrs that 

APQq^SAPrq. 


Pboposition 22 

Tf ^lere he a aeriee of areas A,B,C,D,'‘' each of which isf&ur times the next in 
order, and if the larged, A, be equal to ffie trianglq-PQq inscribed in a pardbolic 
segment PQq and having the same base with it and equal height, then 
(A+jB+C+f)+ • • •) < (area of segment PQq). 

For, since APQq=^SAPRQ=‘SAPqr, where R,r are 
the vertices of the segments cut off by PQ, Pq, as in 
last proposition, 

APQ 9 = 4( APQfi+ APgr). 

Therefore, fflnce APQq’^A, 

APQR'\~ APqr=B, 

In like manner we prove that the triangles ramilarly in- 
scribed in the remaining segments are together equal to 
the area C, and so on. 

Therefore A+B+C+D-\ is equal to the area of 

a certain inscribed polygon, and is therefore less than 
the area of the segment. 



PnoposmoN 23 

Owen a series of areas A, B, C, D,-- -Z, of which A is the greatest, and each ■ 
equal to four times the next in order, then 

A+P+<7+ • • 

Take areas b,c,d,”- such that 

e^\0, 

d»|Z7, and so 6n. 

Then, ^ce b’^^B, 
and B^\A, 

Similarly C+e^^B. 

.Therefore ' ' . 

; 

'"But' ' " ■ 

h+e+d+ • ■ ■+y’-‘mtC+p+ • ‘ 41 ^:' 

^ Therefore, by subtra6t$(m, 

• • •+Z+as®i(A' 


A 


. 

B 

C 

JE 
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PfiOPOsmoN 24 

Every aegment hounded hy a parabola and a chord Qq is equal to f<m4hirdt of the 
triangle which hoe the same base as the segment and equal height. 

Suppose 

where P is the vertex eS the segment; we have then to prove that Ihe area 
of the segment is equal' to K. 

For, if the segment he not equal to K, it must either be 
greater or less. 

1. Suppose the area of the segment greater than K. 

If then we inscribe in the segments cut off by PQ, Pq 
triangles which have the same base and equal height, i.e. 
trian^ with the same vertices R, r as those of the seg- 
mmits, and if in the remaining segments we inscribe trir 
fmgles in the same manner, and so m, we shall finally have 
segments remaining whose sum is 1^ than the (uea Igr 
which the segment PQq exceeds K. 

Therefore the polygon so formed must be greater than 
the area K\ which is impossible, since [Prop. 23] 
■A+B+C+ — 

A^f^APQq. 

Thus the area of the segment cannot be greater than K. ■ 

II. Suppose, if posable;, that the area of the segment is less than K. 

If then APQq ^‘A, B-IA,C=\B, and so on, until we arrive at an area X 
such that X is less than the difference between K and the segment, we have 
A+B+C+ • • •+ [Prop. 23] 

^K. 

Now, rince K exceeds A+B+C-\ hX by an area less than X, and the 

area of the segment by an area greater than X, it follows that 

A+B+C-\ |-Jf>(the segment); 

wluehis imposoble, by Prop. 22 above. 

Hence the segment is not less than K. 

Hum, mnce the segment is neither greater nor less than K, 

(area of segment PQq) - I APQg. 




ON FLOATING BODIES 
BOOK ONE 


POSTULATE 1 I 

''Let it be supposed that a fluid is of such a character that, its parts lying 
evenly and being continuous, that part which is thrust the less is driven uong 
by that which is thrust the more; and that each of its parts is thrust by\the 
fluid which is above it in a perpendicular direction if the fluid be sunk in Any- 
thing and compressed by anything else.” 

Proposition 1 


If a mrface be evi by a plane always passing through a certain point, and if the 
section be always a circumference [of a circle] whose centre is the aforesaid point, 
the surface is that of a sphere. 

For, if not, there will be some two lines drawn from the point to the surface 
which are not equal. 

Suppose 0 to be the fixed point, and A, .B to be two points on the surface 
such that OA, OB are unequal. I^et the surface be cut by a plane passing 
through OA, OB. Then the section is, by hypothesis, a circle whose centre is 0. 

Hius OA=OB; which is contrary to the assumption. Therefore the surface 
cannot but be a sphere. 

Proposition 2 

The surface of any fluid at rest is the surface of a sphere whose centre is the same 
as that of the ear^. 

Suppose the surface of the fluid cut by a plane through 0, the centre <rf the 
earth, in the curve ABCD. 

ABCD shall be the circumference of a circle. 

For, if not, some of the lines drawn from 0 to the curve will be unequal. 
Take one of them, OB, such that OB is greater than some of the lines from 0 
to the curve and less than others. Draw a circle with OB as radius. Let it be 
EBF, which will therefore fall partly within and partly without the surface 
cS the fluid. 


Draw OGH making with OB an angle 
equal to the angle EOB, and meeting the 
surface in H and the circle in 0. Draw also 
in the plane an arc of a circle PQB with 
centre 0 and within the fluid. 

Then the parts of the fluid along PQR 
are uniform and continuous, and the part 



PQ is compressed by the part between it 

and AB, while the part QB is compressed by the part between QB and BH 
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Therefore the parts along PQ, QR will be unequally compressed, and the part 
which is compressed the less will be set in motion by that which is compres- 
sed the more. 

Therefore there will not be rest; which is contrary to the hypothesis. 
Hence the section of the surface will be the circumference of a circle whose 
centre is 0; and so will all other sections by planes through 0. 

Therefore the surface is that of a sphere with centre 0. 


Proposition 3 

Of solids those whichy size for size, are of equal weight with a fluid willy if let dovm 
into the fluidj be immersed so that they do not project above the surface but do not 
sink lower. 

If possible, let a certain solid EFHG of equal weight, volume for volume, 
with the fluid remain immersed in it so that part of it, EBCFy projects above 
the surface. 

Draw through 0, the centre of the earth, and through the solid a plane cut- 
ting the surface of the fluid in the circle ABCD. 

Conceive a pyramid wdth vertex 0 and base a parallelogram at the surface, 
of the fluid, such that it includes the immersed portion of the solid. Let this 

pyramid be cut by the plane of A BCD in OLy 
OM. Also let a sphere within the fluid and be- 
low GU be described with centre 0, and let the 
plane of ABCD cut this sphere in PQR. 

Conceive also another pyramid in the fluid 
with vertex 0, continuous with the former 
pyramid and equal and similar to it. Let the 
pyramid so described be cut in OM, ON by 
the plane of ABCD, 

Lastly, let STUV be a part of the fluid within the second pyramid equal and 
similar to the part BGHC of the solid, and let SV be at the surface of the fluid. 

Then the pressures on PQ, QR are unequal, that on PQ being the greater. 
Hence the part at QR will be set in motion by that at PQ, and the fluid will 
not be at rest; which is contrary to the hypothesis. 

Therefore the solid will not stand out above the surface. 

Nor will it sink further, because all the parts of the fluid will be under the 
same pressure. 



Proposition 4 

A solid lighter than a fluid mil, if immersed in it, not be completely submerged, 
but part of it will project above the surface. 

In this case, after the manner of the previous proposition, we assume the 
solid, if possible, to be completely submerged and the fluid to be at rest in that 
position, and we conceive (1) a pyramid wdth its vertex at 0, the centre of the 
earth, including the solid, (2) another pyramid continuous with the former and 
equal and similar to it, with the same vertex 0, (3) a portion of the fluid within 
this latter pyramid equal to the immersed solid in the other pyramid, (4) a 
sphere with centre 0 whose surface is below the immersed solid and the part 
of the fluid in the second pyramid correspcmding thereto. We suppose a plape 
to be drawn throu^ the centre 0 cutting the surface of the fluid in the 



5ii ' ia»3HIME!DES ’ 

ABC, the solid in 8, the first pyramid in OA, Ofi; the steond pyramid in OB, 
OC, the portion ihe fluid in the second pyt- 
amid in K, and the inner sphere in PQR. 

Then the pressure on the parts of the fluid 
at PQ, QB are unequal, mnce S is lifter than 
K. Hence there ndU not be test; wMch is con- 
trary to the hsrpotheris. 

Therefore the solid iS cannot, in a condi- 
tion of rest, be completely submerged. 



Proposition 5 

Any solid lighter than a fluid will, if placed in ^.fluid, he so far immersed that 
the weight of the solid will be equal to the weight of the fluid displaced. i 

For let the solid be EGHF, and let BGHC be the portion of it immersed 
when the fluid is at rest. As in Prop. 3, conceive a pyramid with vertex b in- 
cluding the solid, and another pyramid with the same vertex continuous ^th 
the former and equal and similar to it. Sup- 
pose a portion of the fluid STUV at the 
base of the second pyramid to be equal and 
mmilar to the inunersed portion of the solid; 
and let the construction be the same as in 
Prop. 3. 

Then, once the pressure on the parts of 
the fluid at PQ, QR must be equal in order 
that the fluid may be at rest, it follows that 
the weight of the portion STUV of the fluid must be equal to the weight of 
the solid EGHF. And the former is equal to the weight of the fluid displaced 
by the immersed portion of the solid BGHC. 



Proposition 6 

If a solid lighter than a fluid be forcibly immersed in it, the solid will be driven 
upwards by a force equal to the difference between its weight and the weight of the 
fluid displaced. 

For let A be completely immersed in the fluid, and let G represent the weight 
of A, and (G+H) the weight of an equal volume of the fluid. Take a solid D, 
whose weight is H and add it to A . Then the weight of (A +D) is less than that 
of an equal volume of the fluid; and, if (A -^D) is immersed in the fluid, it will 
project BO that its weight n^l be equal to the wd^t 
of the fluid displaced. But its weight is (0-1- H). 

Therefore the wd|^ of the fluid displaced k 
(O^H), and hence volume of the fluid displaced 
is the vdume of the sdid A. There will accordingly 
be rest with A immersed ahd D projecting. 

Thus the weight of D balances the upward force 
exkrted ^the fluid on A, and therdore the lattor 
foree is equal to H,' wldch is the difference between 
iOie <A A and the we^t of Ca» flwd whi<di A 
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Proposition 7 

A solid heavier than a fluid will, if placed in it, descend to the bottom of the fluid, 
arid the solid will^ when weighed in the fluid, be lighter than its true iveight by ike 
might of the fluid displaced. 

(1) The first pRrt of the proposition is obvious, once the part of the fluid 
under the solid will be under greater pressure, and therefore the other parts 
will give way until the solid reaches the bottom. 

(2) Let A be a solid heavier than the same volume of the fluid, and let 
(G+H) represent its weight, while G represents the weight of the same volume 
of the fluid. 

Take a solid B lighter than the same volume 
of the fluid, and such that the weight of B is 0, 
while the weight of the same volume of the fluid 
is {G+H). 

Let A and B be now combined into one solid 
and immersed. Then, since (A +B) will be of the 
same weight as the same volume of fluid, both 
weights being equal to {G+H)+G, it follows 
that (A+B) will remain stationary in the fluid. 

Therefore the force which causes A by itself to sink must be equal to the 
upward force exerted by the fluid on B by itself. This latter is equal to the 
difference between (G+H) and G [Prop. 6]. Hence A is depressed by a force 
equal to H, i.e. its weight in the fluid is H, or the difference between (G+H) 
and G. 



POSTULATE 2 

“Let it be granted that bodies which are forced upwards in a fluid are forced 
upwards along the perpendicular [to the surface] which passes through their 
centre of gravity.” 

Proposition 8 

If a solid in the form of a segment of a sphere, and of a substance lighter than a 
fluid, be immersed in it so that its base does not touch the surface, the solid will rest 
in such a position that its axis is perpendicular to (he surface; and, if the solid be 
forced into such a position that its base touches the fluid on one side and be then 
set free, it will not remain in that position but will return to the symmetrical 
position. 

Proposition 9 

If a solid in ihe form of a segment of a sphere, and of a substance lighter than a 
fluid, be immersed in it so that its base is completely below (he surface, the solid 
wiU rest in such a position that its axis is perpendicular to the surface. 

[The proof of this proposition has only survived in a mutilated form. It deals 
moreover with only one case out of three which are distinguished at the begin- 
ning, viz. that in which the segment is greater than a hemisphere. . . .] 
Suppose, first, that the segment is greater than a hemisphere. Let it be cut 
by a plane through its axis and the centre of the earth; and, if posable, let it 
at test in the position shown in the figure, where AB is the intersection of 
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the plane with the base of the segment, DE its axis, C the centre of the sphere 
of which the segment is a part, 0 the centre of the earth. 

The centre of gravity of the portion of 
the segment outside the fluid, as F, lies on 
OC produced, its axis passing through C. 

Let 6 be the centre of gravity of the 
segment. Join F6, and produce it to so 
that 

FG : GH » (volume of immersed portion) : 

(rest of solid). 

Join OH. 

Then the weight of the portion of the 
solid outside the fluid acts along FO, and 
the pressure of the <fluid on the immersed portion along OH, while ^he 
weight of the immersed portion acts along HO and is by hypothesis less tl^ 
the pressure of the fluid acting along OH. 

Hence there will not be equilibrium, but the part of the segment towards A 
will ascend and the part towards B descend, until DE assumes a position per- 
pendicular to the surface of the fluid. 



ON FLOATING BODIES 
BOOK TWO 


Proposition 1 

If a solid lighter than a fluid be at rest in it, the weight of the solid wiU be to that of 
the same volume of the fluid as the immersed portion of the solid is to the whole. 
Let {A +jB) be the solid, B the portion immersed in the fluid. 

Let (C+D) be an equal volume of the fluid, 
g C being equal in volume to A and B to D. 

- I 1 Further suppose the line E to represent the 

weight of the solid (A+B), (F+G) to repre- 
sent the weight of (C+D), and G that of D. 

“ — F ' Then 

B ** weight of (A+B) : weight of {C+D)> 

E:{F+G). (1) 

' ' And the weight of (A+B) is equal to the 

® weight of a volume B of the fluid [I. 6], i,e. 

to the weight of D. 

That is to say, E=G. 

Hence, by (1), 

weight of (A+B) : weight of {C+D)-G : F+G 

=iD : C+D 
»B:A+B. 


Proposition 2 

If a right segment of a paraboloid of revolution whose axis is not neater than 
(where p is the principcd parameter of the generating parabola), and whose specif 
gravity is less than that of a fluid, be placed in the fluid with its axis indined to the 
vertical at any angle, but so that the base of the segment does not touch the surface 
of the fluid, the segment of the paraboloid will not remain in that position but wiU 
return to the position in which its axis is vertical. 

Let the axis of the segment of the paraboloid be AN, and through AN draw 
a plane perpendicular to the surface of the fluid. Let the plane intersect the 
paraboloid in the parabola BAB', the base of the segment of the paraboloid 
in BB', and the plane (rf the surface of the fluid in the chord QQ' of the 
parabola. 

Then, since the asds AJV is placed in a position not perpendicular to QQ', 
BB' will not be parallel to QQ". 

Draw the tanjpnt PT to the parabola which is parallel to QQ' , and let P.be 
the point of contact.^ 

*The iest of .the proof ... is fprm in brackets as supplied by Commandinoa 
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[From P draw PV parallel to AN meeting QQ' in F. Then PV will be a 
diameter of the parabola, and also the axis of the portion of the paraboldd 
immersed in the fluid. 

Let C be the centre of gravity of the pa- 
rabol(ud BAB', and F that of the portion 
immersed in the fluid. Join FC and produce 
it to so that H is the centre of gravity of 
the remaining portion of the psi^aboloid 
above the surface. 

Then, since AN >=-|AC, 

and AiV'>fp, 

it follows tbat 

Therefore, if CP be joined, the angle CPT 
is acute. Hence, if CK be drawn perpendicular to P7, K will fall betw^n P 
and T. And, if FL, HM be drawn parallel to CK to meet PT, they willleach 
be perpendicular to the surface of the fluid. . \ 

Now the force acting on the immers^ portion of the segment of the painbo- 
loid will act upwards along LF, while the weight of the portion outside\the 
fluid will act downwards along HM. 

Therefore there will not be equilibrium, but the segment will turn so that B 
will rise and B' will fall, until AN takes the vertical potition.] 



Proposition 3 

If a right segment of a paraboloid of revolution whose axis is not greater than |p 
(where p is the parameter), and whose specific gravity is less than that of a fldid, 
he plowed in the fluid with its axis inclined at any angle to the vertical, hvJt so that 
its base is entirely submerged, the solid tifiU not remain in that position hut will 
return to the position in which the axis is vertical. 

Let the axis of the poridioloid be AN, and through AN draw a plane perpen- 
dicular to the surface of the fluid intersecting the paraboloid in the parabola 
BAB', the base of the segment in BNB', and the plane of the surface of the 
fluid in tire chord QQ' of the parabola. 

Then, since AN, as placed, is not perpen- 
dicular to the surface of the fluid, QQ' and 
BB' will not be parallel. 

Draw PT parallel to QQ' and touching the 
parabola at P. Let PT meet NA inxiduced in 
T, Draw the diameter PV bisecting QQ' in V. 

PY is then the axis of tire portion of the 
parabdknd above the surface of the fluid. 

Let C be the centre of gravity of the whole 
segment of the parabolmd, F that of the por- 
tion above the. surface. Swa FC and produce, 
it to iff so that H is the centre of gravity of the i^nme^rsed portion. 

Ihen^' tince AO^ the ibgie CPTf is ad 'hbute ftn^e, ^ in the 1^ prdp'. 
oftition. 
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Hence, if CjfT be drawn perpendicular to PT, K will fall between P and T. 
Also, if HMf FL be drawn parallel to CK, they will be perpendicular to the 
surface of the fluid. 

And the force acting on the submerged portion will act upwards along HM, 
while the weight of the rest will act downwards along LF produced. 

Thus the paraboloid will turn until it takes the position in which AN is 
vertical. 


Peoposition 4 

Given a right segment of a paraboloid of revohiMon whose asie AN is greater ihan> 
ip {where p is the parameter), and whose specific gravity is less than that of a fluid 
hut bears to it a ratio not less than (AN — Jp)* : AN\ if the segment of the parabth 
Imd be placed in the flmd with its axis at any inclination to the vertical, but so (hat 
its base does not touch the surface of the fluid, it will not remain in thai position but 
will return to the position in which its axis is veriicaL 
Let the axis of the segment of the paraboloid be AN, and let a plane be 
drawn through AN perpendicular to the surface of the fluid and intersecting 

the segment in the parabola BAB', the base 
of the segment in BB', and the surface of 
the fluid in the chord QQ' of the parabola. 

Then AN, as placed, will not be perpendic- 
ular to QQ'. 

Draw PT parallel to QQ' and touching the 
parabola at P. Draw the diameter PV bisect- 
ing QQ' in V. Thus PV will be the axis of the 
submerged portion of the solid. 

Let C be the centre of gravity of the 
whole solid, F that of the immersed portion. 
Join FC and produce it to H so that H is the 
centre of gravity of the remaining portion. 
AN--UC, 

AN>lp, 

xc>c. 

© 

Measure CO along CA equal to and OR along OC equal to JAO. 

Then, since AN = iAC, ' 

and ^ AR^iAO, 

we have, by subtraction, NR ^ iOC, 

That is, AN—AR—iOC 

or 

Thus 

and therefore the ratio of the i^eeiflc gravity of the soUd to that of the fluid is, 
by the enunciation, not icsft than the ratio i AN\ 

But, by Prop. 1, the former ratio is equal to the ratio of the immersed por- 
tion to the whole solid,* i.e. to the ratio P7* : AN^ [On Conoids and Spheroids, 
Prop. 24]. 

Hence / PV^:Am<AR^ :AN\ 



and 

it follows that 
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or PV<AR. 

It follows that PFi^iPVXUR 

<A0, 

If, therefore, OK be drawn from 0 perpendicular to OA, it will meet PF be- 
tween P and F, 

Also, if CK be joined, the triangle KCO is equal and similar to the triangle 
formed by the normal, the subnormal and the ordinate at P (since CO^ip or 
the subnormal, and KO is equal to the ordinate). 

Therefore CK is parallel to the normal at P, and therefore perpendicular to 
the tangent at P and to the surface of the fluid. 

Hence, if parallels to CK be drawn through P, they will be perpendicular 
to the surface of the fluid, and the force acting on the submerged portion of the 
solid will act upwards along the former, while the weight of the other portion 
will act downwards along the latter. ' I 

Therefore the solid will not remain in its position but will turn until AN 
assumes a vertical position. \ 

Proposition 5 \ 

Given a right segment of a paraboloid of revolution such that its axis AN is greater 
than ip {where p is the parameter) ^ and its specific gravity is less than that of a 
fluid but in a ratio to it not greater than the ratio {AN^—iAN—ip)^} : AN^y if 
the segment be placed in the fluid with its axis inclined at any angle to the verticaly 
but so that its base is completely submerged, it will not remain in that position but 
will return to the position in which AN is vertical. 

Let a plane be drawn through AN, as placed, perpendicular to the surface 
of the fluid and cutting the segment of the paraboloid in the parabola BAB', 
the base of the segment in BB', and the 
plane of the surface of the fluid in the chord 
QQ' of the parabola. 

Draw the tangent PT parallel to QQ', 
and the diameter PV, bisecting QQ', will 
accordingly be the axis of the portion of the 
paraboloid above the surface of the fluid. 

Let P be the centre of gravity of the por- 
tion above the surface, C that of the whole 
solid, and produce PC to H, the centre of 
gravity of the immersed portion. 

V P 

As in the last proportion, AC>^ and we measure CO along CA equal to ^ 

and OR along OC equal to iAO. 

Then AN^UC, and AB-iAO;" 

and we derive, as before, AR » {AN— Ip). 

Now, by hypothec, 

(spec, gravity of solid) : (spec, gravity of fluid) 
>{AN*-(AN-1 p)*} :Ai\r* 

>(AN*-AB»):AN». 

Therefore 

(portion submerged) : (whole solid) 

>(AN*-AB*) xAN\ 
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and (whole solid) : (portion above surface) 

>AN^:AR*. 

Thus AN^ : PV^>AN^ : AR\ 

whence PV <AR, 

and PF<IAR 

<AO. 

Therefore, if a perpendicular to AC be drawn from 0, it will meet PF in 
some point K between P and F. 

And, since CO=^^p, CK will be perpendicular to PT, as in the last prop- 
osition. 

Now the force acting on the submerged portion of the solid will act upwards 
through H, and the weight of the other portion downwards through F, in direc- 
tions parallel in both cases to CK ; whence the proposition follows. 


Proposition 6 


If a right segment of a paraboloid lighter Omn a fluid be such that its axis AM is 
greater than \p, but AM ; ^p<15 : 4, and if the segment be placed in the fluid 
with its axis so inclined to the vertical that its base touches the fluid, it will never 
remain in such a position that the base touches the surface in one point only. 

Suppose the segment of the paraboloid to be placed in the portion described, 
and let the plane through the axis AM perpendicular to the surface of the fluid 
intersect the segment of the paraboloid in the parabolic segment BAB' and the 
plane of the surface of the fluid in BQ. 


Take C on AM such that AC—2CM 
(or so that C is the centre of gravity of 
the segment of the paraboloid), and 
measure CK along CA such that 
AM :CK‘=15:4. 

Thus AM : CK>AM : \p, by hypo- 
thesis; therefore CK < Jp. 

Measure CO along CA equal to \p. 
Also draw KR perpendicular to AC 
meeting the parabola in R. 

Draw the tangent PT parallel to BQ, 
and through P draw the diameter PV bisecting BQ in V and meeting KR in I. 



Then 


PV:PI“^KM:AK, 


“for (his is proved.” 

And 
whence 
Thus 
Therefore 
It follows that 


CK=^AM=UC-, 

AK~AC-CK=iAC^iAM. 

KM^%AM. 

KM=^AK. 

pyo7>iPi> 


BO that 

Let F be the centre of gravity of the immersed portion of the parabolmd, so 
that PF^2FV. Produce FC to H, the centre of gravity ol the portion above 
the surface. 

Draw OL peipoidicular to PV. 


j JlSCimMED&S: 

HieB, anoe €L must be per* . 

pendicular to PT and ther^ore to the 
BUtface of the fluid. 

And the forces acting on the immersed 
portion of the paraboloid and the portion 
above the surface act respectivelyupwards 
abd downwards along lines throu^ F and 
H parallel to CL. 

Hence the paraboloid cannot remain in 
the poation in which B just touches the 
surface, but must turn in the ..direction of 
increaang the an^e PTM. ^ 

The proof is the same in the case where 
the point I is not on VP but on VP pro- 
duct, as in the second figure. 

Pbofobition 7 

Given a right segment of a paraboloid of revolution lighter than a fluid 
that its axis AM is greater than \p, hut AM : ip < 16 : 4, if the segment be plated 
t’n the fluid so that its hose is entirely submerged, it wiU never rest in such a posi- 
tion that the hast touches the surface of the fluid at one point only. 

Suppose the solid so placed that one point of the base only {B) touches the 
surface of the fluid. Let the plane through B and the axis AM cut the solid in 
the parabolic segment BAB' and the plane of the surface of the fluid in the 
chord BQ of the parabola. 

'Let C be the caitre of ^avity of the segment, so that AC >=‘2CM; and meas- 
ure CK along CA such that 
AM -.CK^-lbii. 

It follows that CK < ip. 

Me^ure CO along CA equal to ip. 

Draw KR perpendicular to AM meeting 
the parabola in R. 

Let PT, toudnng at P, be the tangent 
tp the' parabola which is parallel to BQ, 
ahd JPF the diameter bisecting BQ, i.e. 
the axis of the portion of Ibe paraboloid 
above the surface. 

Then, as in the last proportion, we prove that 

and PIJ<21V. 

Let F be the centre of gravity of the portion of the solid above the surface; jmn 
FC and produce it to H, the centre.of gravity of the portion submerged. 

Draw OL peipendicular to PV ; ahd, as bif<He, tince CO«=ip, CL is perpen- 
dimllar to. the tnogaat PT. And litiss through H, Fpaznlliti to CL are per* 
pendicular tOithe surface al the fluid; thus' the pnQxwtion is estalfl^ied as 
befcne. 

The proof is the same if the pcnnt / is notion^ VP Inxt on FP prodnoed. 
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Given a solid in the form of a right segment of a paraboloid of reoohUion whcmwis 
AM is greater Oum fp, bvt such that AM : Jp< 15 : 4, and whose specific gravity 
bears to (hat of a fluid a ratio less than (AAf ,-tJp)* : AAf*, then, if the solid he 
placed in the fluid so that its base does not touch the fluid and its axis is inclined 
at an angle to the vertical, the solid wtU not return to the position in which its aide 
is vertical and wiU not remain in any position except that in whick its axis makes 
with the surface of tiie fluid a certain angle to be described. i 

Let am be taken equal to thqaxis 
AM, and let c be a point oq. ,am 
enich that oc^^Scm. Measure . eo 
along ca equal to \p, and or along 
oc equal to foo. 

Let Z+ F be a straight line sudi 
that 

(spec. gr. of sdid) : (spee. gr. of 
fluid) -(X+F)*:o«*, (a) 

and suppose X » 2F. 

Now or»4ao=i(|o»i— Ip) 
■“om— I p 
-AM-| p. 

Therefore, by h}npotheBis, 
(X+y)*:aOT*<ar*:om* 
whence (X+F) <ar, and the^ore 
X<ao. 

Measure ob along oa equal to X, and draw bd perpendicular to ab and of such 
length that 5d*=B|co-a5. (/3) 

Jdn ad. 

Now let the solid be placed in the fluid with its aras AM inclined at an angto 
to the vertical. Through AM draw a plane perpendicular to the surface of the 
fluid, and let this plane cut the parabdoid in the parabola BAB! and the plane 
of the surface of the fluid in the chord QQ' of the parabola. : 

Draw the tangent FT parallel to touching at P, and let PV be the 
diameter bisecting QQ' in V (or the axis of the immersed portion of tiie solid); 
and PN the ordinate from P. 

Measure AO along AM equal to ao, and OC along OM equal to oc, and draw 
OL perpencflcular to PV. 

I. Suppose the migle OTP greater than the angle dab. 

Thus , < PN*:N'P>db*:baK 

But PN*:Nr*-p:4AN 

-cocNT, . , 

and - , d5* : 6o*'*|ce :ab, by ($). t 

Thwrfow NT<2ab, , 

at . I ■ AN<ab, ... 

whenoe NO^bo (f&ncx ao^AO) 

^ ^ , >X, 

Now (X+F)* ;«ftt>-0speo. gr. k soUd) : (spec. gr. of frdd); . 

- (p(ati(m immersed) : (rest 4K)&lji 
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so that X+y-PV. 

But PL{^NO)>X 

>f(X+y), since X».2y, 

>\PV, 

or PV<iPL, 

and therefore PL > 2Ly. 

Take a point F on PV so that PF^2FV, i.e. so that F is the centre of grav- 
ity of the immersed portion of the solid. 

Also AC =ac=fam==§AJIf, and therefore C is the centre of gravity of the 
whole solid. 

Join FC and produce it to H, the centre of gravity of the portion of the solid 
above the surface. . , 

Now, ance CO— ip, CL is perpendicular' to the surface of the kuid; 
therefore so are the parallels to CL through F and H. But the force on the 
immersed portion acts upwards through F and that on the rest of the^lid 
downwards through H. 

Therefore the solid will not rest but turn in 
the direction of diminisMng the angle MTP. 

II. Suppose the an^e OTP less than the 
angle dab. In this case, we shall have, in- 
stead of the above results, the following, 

AN>ab, 

NO<X. 

Also PV>iPL, 

and therefore PL < 2LV. 

Make PF equal to 2F'V, so that F is the 
centre of gravity of the immersed portion. 

And, proceeding as before, we prove in 
this case that the solid will turn in the di- 
rection of increasing the angle MTP. 

III. When the angle MTP is equal to the an^e dab, equalities replace 
inequalities in the results obtained, and L is itself the centre of gravity of the 
immersed portion. Thus all the forces act in one straight line, the perpendicu- 
lar CL', therefore there is equilibriiun, and the solid will rest in the position 
describe. 



Phoposition 9 

Given a solid in (he form of a right segment of a parabohM of revciuiion whose axis 
AM is greater than f p, hut such that AM : |p < 15 : 4, and whose specific gravity 
bears to that of a fluid a ratio greater than {AM'—{AM—\pY\ : AJkf*, then, if 
the solid be placed in the fluid with its axis inclined at an angle to the vertical but 
so that its base is entirely below the surface, the solid will not return to the posSion 
in which its axis is vertical and wtU not remain in any position except that in 
which its axis makes with the surface of the fluid an angle equal to that described 
in the last proposition. 

Take am equal to AM, and tidce c on am such that ac»>2cm. Measure co 
al<mg ca equtd to \p, and or along ac sudh tluKt or: 

< LetX+ybe'rachalinetluKt 
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(i^. gr. <rf solid) : (spw. gr. of fluid)* * {am*-(X+F)*} : ow* 
and suppose X=2Y. 


m 


I 

a t 


Now 


Of" 



too 

“#(|am-ip) 
-AM-ip. 

Therefore, by h 3 rpothesi 8 , 

am^-^ar* :am*< {om*— (X-j-IO*)' «*»*> 

whence X+F<ar, 

and therefore X<ao. 

Make ob (measured along ca) equal 
to X, and draw bd perpendicular to ba 
and of such length that 

bd^^^co- cib. 

Join ad. 

Now suppose the solid placed as in 
the figure with its axis AM inclined to 
the vertical. Let the plane through AM 
perpendicular to the surface of the 
fluid cut the solid in the parabola BAB' 
and the surface of the fluid in QQ\ 

Let PT be the tangent parallel to QQ', PV the diameter bisecting QQ' or) 
the of the portion of the paraboloid above the surface), PN the ordinate 
from P. 

I. Suppose the angle MTP greater than the angle dab. Let AM be cut as 
before in C and 0 so that AC=2CM, OC=|p, and accoi-dingly AM, am are 
equally divided. Draw OL perpendficular to PV. 

Then, we have, as in the last proposition, 

PN 2 ; NT^>db^ : ba\ 
whence co'.NT‘>\co'.ab, 

and therefore AN <ab. 

It follows that NO>bo 

>X. 

Again, since the specific gravity of the solid is to that of the fluid as the 
immersed portion of the soUd to the whole, 

AM*-(X+r)* : AM*=AM*-PF* : AJf», 
or (X+ y)* : AM * = P7* : A 
That is, X+y*=Py» 

And PL (or NO) >X 

>iPV, 

so that PL>2LV. 

Take P on P7 so that PF«‘2FV. Th^ F 
is the centre of gravity of the portion of the 
solid above the surface. 

Also C is the centre of gravity of the whole 
solid. Join FC and produce it to H, the cen- 
tre of gravity of the immersed por^n. 

Then, since CO “ip, CL is perpendicular 
to PT and to the surface of the fluid; and 
the force acting on the immersed portion <rf the solid acts upwards along the 



jSN ' JkEOHlMSDBS ^ / 

parallel to CL thronii^ H, -aiiile the T^ght o£ rest of Uie aohd-aota down* 
warda along the par^l to CL through F. 

Hence the solid will not rest but turn in the direction of (hminidiing the 
angle MTP. 

II. Exactly as in the last proposition, we prove that, if the ang^e MTP be 
less thw the an^e dab, the solid wiU not remain in its position but will turn 
in the direction of increaang the angle MTP. 

III. If the an^e MTP is equal to the angle dab, the solid will rest in that 
poation, because L and F will coincide, and all the forces will act alcmg the 
one line CL. 

Pboposition 10 

Given a solid in the form of a right segment of a paraboloid of revdlvHon in which 
the axis AM is of a length such that AM : : 4, and supposing theisolid 

placed in a fluid of greater specific gravity so that its base is entirdy oMe the 
awface of the fluid, to investigate the positions of rest. 


(Pbbuminajit) 

Suppose the segment of the paraboloid to be cut by a plane through its axis 
AM in the parabolic segment BABi of which BBi is the base. 

IMvide AM at C so that AC « 2CM, and measure CK along CA so that 

AM:CK=15:4, (o) 

whence, by the hsrpothe^, CK>ip. 


Suppose CO measured idong 
CA equal to ^p, and take a pdnt 
B on AM such that 
MR=iCO. 
Tba3AB’=AM—MR 
-}(AC-CO) 
=fAO. 

Jmn BA, draw KAi perpendicu- 
lar to AM meeting BA in At, 
bisectSA in At, and draw AtMj, 
A tilft parallel to AM meeting 
BM in Mi, Mt respectively. 

On AiAfj, AtM% as axes de- 
scribe parabolic s^nents simi- 
lar to the segment BABi. (It fol- 
lows, by similar triangles, that 
BM will be the bkse of tin seg* 
merit whose aads k AiJIft and 
BBi the base of that whose axis 
is 'AiMi,>-vrbeto BBt*^2BMi,) 

(- The parabola £A 1^1 will then 
pass thsoug^ C. - 
i[Fdr • 

mttxMM^BMiiAJK 

•KM.AK 
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‘^CM+CK:AC-CK 

-(i+"A)i4Jf : (i-AUAf 

-9:6 O) 

•MA:AC. 

TIius C is seen to be on the parabola BAtB» by the converse of Prop. 4 at tbe 
Qttadraiure of Ote PanAola.] 

Also,^if a perpendicular to AM be drawn from 0, it will meet the parabola 
BAfBt in two pcwts, as 0», P t. Let QiQtQaD be drawn through Qi paralMi^tp 
AM meeting the parabolas BABi, BAM respectively in Qi, Q, and BM in Dj 
and let PiP*P» be the corresponding parallel to AM through P*. Let the tan- 
gents to the outer parabola at Pi, Qi meet MA produced in Ti, U respectively. 

Then, since the three parabolic segments are nmilar and shnUariy situated, 
with their bases in the same strai^t line and having one conunmi extremity, 
and since QiQaQtD is a diameter common to sdl three segpnents, it fcdlows that 
QiQi : Q*Qs= (B*Bi : BiB) ■ (BM : MS*). 


Now 

And 


by means of (fi), 


or 


It follows that 

r 

Similarly 
Also, since 


BiBi : B\B = MM* : BM (dividing by 2) 

=2:6, by means of (/3) above. 

BM : MSs=SM : (2BM,-BM) 

-5 : (6-5), 

—5 : 1. 

QiQi ; QiQs— 2 : 1, 

QiQ*— 2Q*Q».l 
PiP*=2P*P,./ 

MB=sfC'0=fp, 

AB-AM-MB 
-AM-|p. 


(Enunciation) 

If the segment of the paraboloid be placed in the fluid with its base entirely above 
the surface, then 

(I.) if 

(spec. gr. of solid ) : (spec. gr. of fluid) <AR^ : AM* 

[<(AM-|p)*:AM»], 

the solid will rest in (he position in which its axis AM is vertical', 

(II.) if 

(spec. gr. of solid) : (spec. gr. of fluid) < AB* : AM* 

6tt<>Qie»*:AM*, ; 

(he solid will not rest with its base touching the surface of the fluid in . one point 
only, but in such a position that its base does not touch ike surface at any point 
and Us ateis makes with the susface an angle greater than U; 

(III. o) if 

(spec, gr, of solid) :(spw. gr. cf fluid) :AM\ '■ <. 

the solid vM rest and remain in the position in which (he base touches the sutfaes. 
Of the fluid at one point onkt and the axis mokes with the surface an angleequai 
toV; ■ 

(111.6)^ 

(spec. gr. of solid ) : (spw. gr. of fluid) *=PiP»* : AM*, 
the solid wiO, rest with its base touching the surface of Ote fluid at one point only 
and with its axis inclined to the siisface at an angle equcd to Tti 
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(spec. gr. 0 / solid) : (spec. (jr. of fluid)>PiPz^ : AM^ 

btU<QiQ »^ : AM\ 

0>e solid will rest and remain in a position with its base more submerged', 

(V.)t/ 

(spec. gr. of solid) : (spec. gr. of fluid) <PiPz * : AM*, 
the solid vnU rest in a position in which its axis is inclined to the surface of the 
fluid at an angle less than Tt, bui so that the base does not even touch the surface 
at one point. 

(Pboop) 

(I.) Since AM>ip, and 

(spec. gr. of solid) : (spec. gr. of fluid)< (AM— fp)* : AM*, , 
it follows, by Prop. 4, that the solid will be in stable equilibriiun with its axis 
vertical. \ 

(II.) In this case \ 

(spec. gr. of solid) : (spec. gr. of fluid) <A72* : AM* ‘ 

but>QiQ8* : AM*. 



Suppose the ratio of the specific gravities to be equal to Z* : AM*, so that 

KAR but>Qi08. 

Place P'V' between the two parabolas BAB\, BP» Q»M equal to I and paral- 
lel to AM; and let P'V meet the intermediate parabola in F'. 

Then, by the same proof as before, we obtain 

P'F'=2F'V'. 

Let P'T', the tangent at P' to the outer parabola, meet MA in T', and let 
P'N' be the ordinate at P'. ~ 

Join BV' and produce it to meet the outer parabola in O'. Let OQzPs meet 
P'V'ial. 

Now, sinee, in two amilar and similarly Mtuated parabolic segments with 
bases BM, BBi in the same straight line, BV, BQ' are drawn making the same 
anf^e with the bases, 

BV :BQ'<^BM :BBi 

- 1 : 2 , 

BV'^V(y. 


qpthat 


ON FLOATINQ BODIES II Hff 

Suppose the segmeut of the parabolcHd placed in the flmd, asde^bed, with 

its axis mdined at an anj|^ to the 
v^ical, and withits base tooidnog 
the surface at one posnt B .ac^. 
Let the solid be cut by a plane 
through the axis and perpendicu- 
lar to the surface of the fluid, 
and let the plane intersect, the 
solid in the parabolic segcaent 
BAB' and the plane of Ihe sur- 
face of the fluid in BQ, 

Take the points C, 0 on AM as 
before described. Draw the tan- 
gent parallel to BQ touching the 
parabola in P and meeting AM 
in T] and let PV be the diameter 
bisecting BQ (i.e. the axis of the 
immersed portion of the solid). 

Then Z* : AM^= (spec. gr. of solid) : (siiec. gr. of fluid) 

= (portion immersed) : (whole solid) 

=PV^:AM\ 

whence P'V'=Z=PF. 

Thus the segments in the two figures, namely BP'Q', BPQ, are equal and 
similar. 

Therefore APTN= AP'T'N'. 

Also AT=AT',AN=‘AN',PN^P'N'. 

Now, in the first figure, P'l <2IV'. 

Therefore, if OL be perpendicular to PV in the second figure, 

PL<2LV. 

Take F on LV so that PF’=2FV, i.e. so that F is the centre of gravity of the 
immersed portion of the solid. And C is the centre of gravity of the whole solid. 
Join FC and produce it to H, the centre of gravity of the portion above the 
surface. 

Now, since CO=ip, CL is perpendicular to the tangent at P and to the 
surface of the fluid. Thus, as before, we prove that the solid will not rest with B 
touching the surface, but will turn in the direction of increasing the angde 
PTN. 

Hence, in the petition of rest, the axis AM must make with the surface of 
the fluid an angle greater than the angle U which the tangent at Qi makes 
with AM. 

(III. a) In this case 

(spec. gr. of solid) : (spec. gr. of fluid) ssQiQ** : AM*. 

Let the segment of the paraboldd be placed in the fluid so that its base 
nowhere touches the siuface of the fluid, and its axis is inclined at an ang^ 
to the vertical. 

Let the plane throu^ AM perpendicular to the surface of the fluid cut the 
paraboloid in the parabola BAB' and the plane of the surface of the fluid in 
0^. Let PT be the tangent parallti to QQ', PV the diameter lasecting 
PN the ordinate at P. 
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• ‘ -'io ■ ■ 

la the other figHne be the ordinate at Qi. BQt and produce it 

to’ zbeet’the ioutw painbdla.tn f. Urea BQjbQs?, and the tangent QiU is 
paMllel to Bg. Now 

QiQt* t AAf*-»(speo. gr, of solid) ; (spec. gr. of fluid) 

9 (portion immeised) : (whole solid) 

•PV*:AMK 

ThereftHe QiQ»«*iPy’; and the 
segments QP(^i BQiq of the 
paraboloid ate equal in volume. 

And the base <•(£ one passes 
thrbi^^B, While the base of the 
otiier passes through Q, a point 
nearer to A than B is.- 
I It foflows that the an^e be* 
tween QQ' Bod'BB' is less than 
the aa(de BiBq. 

Tbexeiote 

A U< ZPTN, 
whence AN'>ANf 
and therefore 

N'0{ot QiQiXPL, 
trheib OL is perpendicular to 
PV. 

It follows, ance QiQ9i=2QiQs, 
that 

PL>2LV. 

Therefore F, the centre of 
gravity of the immersed portion 
of the solid, is between P and 

while, as before, CL is per- 
penchcular to the suface oi the 
fluid. 

Producing F€ to H, the cen- 
tre of gravity of the portion of 
the sdid above the mr&oek we 
see that the solid must turn in 
the directimi of idimini8lM.ng the 
angle'PTN until one pmr^ B'<d 
the base just touches the surface 
of the fluid. 

WhenthisistheeaSBiWeshaU 
have a sequent BPQ equal and siinilair -to ithe segment BQigf the angle PfW 
eljyiheeqttal to iJa^ Uy and AN will be lequal to ^N\ „ „ . 

Hetxce in this case PL^^LV^ and F, L coincidoi so that F^O^H are aH 
wfftrHftfti fdiTai^t Kne. ^ ^ •< v 

? 1 i llto the paraibddd toU <3Peinain in the posH^ion in iwhich one poi^t B of tne 
h^towhs* the surface hi tl^ fluM, and the axis makes wHh thesuilace an 
an{^ equal to U. ^ . ; ' . . . ' 
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(QL b):]^ tile oaae where . ; ,„,,n 

(^lec. ff. of soUd) : (spec. gr. of fluid) «PiP,*, : AM*, . [ •. , . (j 

we CM prove in the same way that, if the solid be placed in the fluid so tiuttlhl 
axis is inclined to the vertical and ite base does not anywhere touch the surface 
of the fluid, the solid will take up and rest in the position in which wie pinnt 
only' of the base touches the surface, and the axis is inclined to it at an aii^e 
equal to Pi (in the figure on p. 552). 

(IV.) In this case 

(spec. gr. of solid) : (spec. gr. of fluid) >PiP»* : AM* 

. h\it<QtQt*:AM*. 

Suppose the ratio to be equal to I* : AM*, so that I is greater than PiP, but 
less than QiQt. 

Place P'V' between the pa- 
rabolas BPiQi, BP» Qt so that 
P'V' is equal to I and pandlel 
to AM, and let P'V' meet the 
interm^iate parabola in F' 
and OQtPi in 7. 

Join BV' and produce it to 
meet the outer parabola in 9.' 

Then, as before, 
and accordingly the tangMt 
P'T' at P' is parallel to Bg. Let 
P'JV' be thei otdinate of P'. , ’ 
1. Now let the segment be 
placed in the fluid, first, witl^ 
its axis so inclined to the veiv 
tical that ite base does not 



anywhere touch the surface of the fluid. 

Let the plane through AM perpendicular to the surface of the fluid cut the 
paraboloid in the parabola BAB' and the plane of the surface of the fluid in 

QQ'. Let PT be the tangent par- 



allel to QQ', PV the diameter 
bdsecting QQ'. Divide AM at C, 
0 as before, and draw OL per- 
pendicular to PV. 

Then, as before, we have PV 

•1»P'V'. 

Urns the segments BP'g, QPQ' of 
tile paraboloid are equal in vol- 
ume; and it follows that the angle 
between QQ' and BB' is less tiian 
the angle BtBg. 

Therefore 


AP'T'N'<APm, T 

and hence AN'>AN, 

so that N0>N'0) ? is 
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Thus PL>2LV, BO that F, the centre of gravity of the immeiBed pwflon of 
the solid, is between L and P, while CL is perpendicular to the surface of the 
fluid. 


If 



If then we produce FC to H, the centre of gravity of the portion of the solid 
above the surface, we prove that the solid will not rest but turn in the direc- 
tion of diminishing the angle PTN. 

2. Next let the paraboloid be so placed in the fluid that its base touches the 
surface of the fluid at one p<wt B only, and let the construction proceed as 
before. 



Then PV • ■P'V', sad tire segments BPQ, BP'q are equal and amilar, so that 

ZPTN- ZP'rN\ 

It follows that AN»AN% NO^N'O, 

sodth^nfore P'l^PL, 

PL>2LV. 
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.F again lies between P and L, and, as bef<n 9 , the parabddd wiB torn 
in the direction of diminishing the angle PTN, i.e. so that the base will be mem 
submerged. 

(V.) In this case 

(spec. gr. of solid) : (spec. gr. of fluid) <PiP,* : AM*. 

If then the ratio is equal to I * ; AM*, i<PiP,. Place P'7' between the parabo- 
las BPiQi and BPsQs equal in length to I and parallel to AM. Let P'7' meet 
the intermediate parabola in P' and OP* in 7. 

Join fi7' and produce it to meet the outer parabola in q. Then, as before, 
BV'-V'q, and the tangent P'P' is parallel to Bq. 

1. Let the paraboloid be so placed in the fluid that its base touches the sur- 
face at one point only. 



Let the plane through AM perpendicular to the surface of the fluid cut the 
paraboloid in the parabolic section BAB’ and the plane of the surface of the 
fluid in BQ. 

Making the usual construction, we find 

PV=.l^P>V’, 

and the segments BPQ, BPiq are equid and similar. 

Therefore Z PTN - Z P’T'N', 

and AN = A JV', N’O = NO. 

Therefore PL--P'I, 

whence it follows that PL<2LV. 

Thus F, the centre of gravity of the immersed portion of the solid, lies between 
L and 7, while CL is perpendicular to the surface of the fluid. 

Producing FC to H, the centre of gravity of the portion above the sirface, 
we prove, as usual, that there will not be rest, but the solid will tum in tiie 
direction of itinrAmring the angle PTN, so that the base will not anywhere 
toudi the surface. 



<v:2. fhe «(did ^ iunilem’ zeist in » potdticm n^sre ito aadtf makes with the 
iittfaee of Ihe fluid ait ati{^ less than 7^ ^ ^ 


S' 



p 


For let it be placed so that the angle PTN is not less than Ti. 

Then, with the same ccmstruction as before, PV=l=P'V'. 

And, since ZT<Z Tt, 

AN>ANi, 

and therefore NO'iiNiO, where PiATi is the ordinate of Pu 
Hence PL<PiP*. 

But PiPi>P'F\ 

Therefore PL>fP7, 

so that F, the centre of gravity of the immersed portion of the solid, lies be- 
tween P and ^ ^ ^ ^ ^ 

that angle becomes less than Ti. 
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Pboposition 1 


If two cirtka touch at A, and if BD, EF be paraUel diamtera in them, ADF m a 
^ight line. 


A 



Let 0, C be the centres cd the circles, and JeJt 
OC be joined and produced to A. Draw BH psay 
allel to AO meeting OF in H. 

Then, since OH-CD*CA, ' 

and OF»OA, 

we have, by subtraction, HF ^CO ^ t>H. 

Therefore ZHDF<>‘ /.HFti: ' 

Thus both the triangles CAD, HDF are isos- 
celes, and the third angles ACD, DHF in eaich 
are equal. Therefore the equal angles in each 
are equal to one another, and 
ZADC« ZDFH. 


Add to each the angle CDF, and it follows that 

ZADC+ZCDF= ZCDF+ ZDFH 
>=(two right angles). 

Hence ADF is a straight line. 

The same proof applies if the circles touch externally. 


Pboposition 2 

Let AB be the diameter of a amidrcle, and kt the tan^enta to it at B and at aiky 
other point D on it meet in T. If now DE be drawn perpendicular to AB, ond if 
AT, DE meet inF, ' ' 

DF^FE. 

H 



Preduo© AD to meet BT produced in H. Then the an^ ADB w the 
cmele is ri^t: therefore the angle BDH is also rif^t. And T9, TD taa eqn^ 
Therefore T is the centre of the semicircte on BH as diameter, 


Hence ^^’-TB. 

ilmd, Mtww DE, HB are pwallel, it fdlowt that DF"fFK 

561 
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PBOikOsmoN 3 

Let P bt any point on a segment of a drde whose base is AB, and let PN be per- 
pendicular to AB, Take D on AB so that AN=^ND. If now PQ be an arc equal 
to the arc PA, and BQ be joined, 

BQ, BD shall be equal. 

Join PA, PQ, PD, DQ. 

Then, since the arcs PA, PQ are equal, 

PA=PQ. 

But, since AN’^ND, and the angles at 
N are right, 

PA=PD. 

Therefore PQ=PD, 
and ZPQD^APDQ. 

Now, ^ce A, P, Q, B are concyclic, 

Z PAD+ Z PQB = (two right angles), 
whence Z PDA + Z PQB =* (two right angles) 

= ZPDA+ZPDB. 

Therefore ZPQB^ 4PDB; \ 

and, once the parts, the angles PQD, PDQ, are equal, \ 

4BQD= 4BDQ, 

and BQ-BD. 

Pbopobition 4 

If AB be the diameter of a semicircle and N any point on AB, and if semicircles 
be described within the first semicircle and having AN, BN as diameters respee- 
tively, the figure included between die circumferences of the three semicircles is 
"what Archimedes called an ipdrihm”;^ and its area is equal to the circle on PN 
as diameter, where PN is perpendicular to AB and meets die original semicircle 
in P. 

For 

AB*-‘AN‘+NB^+2AN NB 
=AJV*+ArB*+2PiV*. 

But circles (or semicircles) are 
to one another as the squares 
of thdr radii (or diameters). 

Hence 

(seinicircle on A.B) = (sum of 
semicircles on AN, NB) 

+2(semicircle on PN). 

That is, the circle on PN as diameter is equal to the difference between the 
semicircle on AB and the sum of the semicircles on AN,NB, i.e. is equal to the 
area of the Ap/3i}Xos. 

PnoposmoN 5 

Let AB be the diameter of a semicircle, C any point on AB, and CD perpendicular 
to it, and let semicircles he described unthin the first semicircle and having AC, CB 
as diameters. Then, if two circles be drawn touching CD on different sides and each 
UhuMng two qf die semicircles, the circles so drawn wiU be equal. 

Let one of the circles touch CD at E- the semidrele on AB in F, and the 
semicircle on AC in G. 

^ is literally “a shoemaker's knife.*' 
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Drew ^ameter EH of the circle, which will accordiady be peipm.^hcular 

to CD and therefore parallel to AB. 

Join Fff, HA, and FE, EB. Then, by Prop. 1, FHA, FEB are both straight 
hnes, since EH, AB are parallel. 

For the same reason AGE, CGH are straight lines. 

Let AF produced meet CD in D, and let AE produced meet the outer mwnL 
circle in /. Join BI, ID. 

Then, since the angles AFB, ACD are right, the straight lines AD, AB are 
such that the perpendiculars on each from the extremity of the other meet in 
the point E. Therefore, by the properties of triangles, AE is perpendicular to 
the line joining B to Z>. 



But AE is perpendicular to BI. 

Therefore BID is a straight line. 

Now, since the angles at Cr, 7 are right, CH is parallel to BD. 

Therefore AB : BC^AD : DH 

=AC : HE, 

so that AC ■ CB =AB • HE. 

In like manner, if d is the diameter of the other circle, we can prove that 

ACCB^ABd. 

Therefore d=HE, and the circles are equal. 

Proposition 6 

Lei AB, the diameter of a semicircle, be divided at C so that AC RfCB [or in any 
ratio]. Describe semicircles within the first semicircle and on AC, CB as diameters, 
and suppose a circle drawn touching all three semicircles. If GH be the diarheter 
of this circle, to find the relation between GH and AB. 

Let OH be that diameter of the circle which is parallel to AB, and let the 
circle touch the semicircles on AB, AC, CB in D, E, F respectively. 

Join AO, GD and BH, HD. Then, by Prop. 1, AGD, BHD are straight lines. 
For a like reason AEH, BFG are straight lines, as also are CEO, CFH. 

Let AD meet the semicircle on AC in 7, and let BD meet the semicircle on 
CB in K. Join Cl, CK meeting AE, BF respectively in L, M, and leA QLi HH 
produced meet AB in N, P respectively. 


m 


i^U^BIIiSEQES)' 


,|Taw, in the truwfl^ A6C, the perp^dioukts firem llw oiiptinte 

sides meet in L. Therrfore, by 
the i^<q)a?ties «f triaagles, GUf 
is perpendicular to AC. 

Similarly HMP is petpeauS* 
oulartO'CS. 

Again, since the angles at I, 

K,D are ri^t, CK is parallel to 
AD, and CJ to BD. 

. Therefor©AC:C5-AL:Lff 
aiAN :NP 
and BC.CA^BM.MO 

^BP:PN. 

Hence AN iNP^NP :PB, 
or AN, NP, PB are in continued proportion. 

Now, in the case where AC ’•iCB, 

AN^iNP^iPB, 

whence BP :PN tNA :AB^i :6 :Q 

Therefore GH-ATP-AAB. 

And omilarly GH can be found when AC : CB is equal to any other given 
ratio. 



PnoposmoN 7 

If areles be circumecribed about and inscribed in a square, the circumscribed 
circle is double of the inscribed circle. 

For the ratio of the circumscribed to the inscribed circle is equal to that of 
the square on the diagonal to the square itself, i.e. to the ratio 2 ; 1. 

PEOPOsmoN 8 

If AB be any chord cf a circle whose centre is O, and if AB be •produced toC so that 
BC is equal to the radius; if further CO meet Ow circle in D and be produced to 
meet the circle a second time in E, the arc AE vnU be equal to three times the arc 
BD. 

Draw the chord EF parallel to AB, and 
join OB, OF. 

Then, tince the angles OEF, OFE ate 
eoual. 

ACOF^2AOEF 

»2 Z BCOi by parallels, 

^2AB0D, sinoe BC^^BO. 

T^«efore 

ABOF-^ZZBOD, 

soithat the are BP is equal, to three times tire arc B2>. ' > ' 

Hence the arc AE, which is equal to tl^ aid BF, is equal to tiuee times'the 
atoBD.^ 

.r V . > . Pbopo^onO, 

a’mrde two chbrda AB, CD uhkh do not poM through ^eerdreinUr^^ 
fight omqles, them 
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{arcAD)+{earcCB)m{<iireAO+{catDB). 
heb tile c^rds iaterseet at O, and 'draw tihe diameter .SF paralW io AB 
intermtii^ CD in H. EF will tiius iMeect CD at 
rig^t angles in H, and 

(arc jBD)««(arc EC). 

Also EDF, ECF are semicircles, while 
(arc ED ) « (arc £A)4-(arc AD). 
Therefore 

(sum of arcs CF, EA, AD) = (arc of a senudrcle). 
And the arcs AE, BF are equal. 

Therefore 

(arc CB)+ (arc AD) «= (arc of a semicircle). 
Hence the remainder of the circumfermoe^ the 
sum of the arcs AC, DB, is also equal to a aend^ 
circle; and the {iropositicm is proved. 



Proposition 10 

Suppose that TA, TB are two tangents to a circle, while TC cuts it. Let BD he (he 
chord through B paraJlel to TC, and let AD meet TC in E. Then, if EH be drawn 
perpendieudar to BD, it will bisect itinH. _ < 

Let AB meet TC in F, and join BE. 

Now the angle TAB is equal to tfie 
angle in the alternate segment, i.e. 
ZTAB=AADB 

= ZAET, by parallels. 
Hence the triangles EAT, AFT have 
one angle equal and another (at T) com- 
mon. They are therefore ramilar, an<i 
FT'.AT^AT'.ET. 
Therefore ET -TF^^TA* 

»TB\ 

It follows that the trianglraBBT, 
are nmilar. 

Therefore A TEB = A TBF 

•-ATAB. 

But the angle TEB .h equal to the angle EBD, and the angle TA^B was 
proved equal to the ah^e EDB. 

Therefore A EDB ^ A EBD. 

And the angles at H are right an^es. 

It foDovra that BH^HD. 

Proposition 11 

If two chords AB, CD in a circle intersect at right angles in a point 0, ndt bdbv 

^centre, then ' 

A0*+B0*+C0*+D0*<=‘ {diameter)*. ' . v, 

Draw' the diameter CB, and jmn AC, CB, AD, ■ i 
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Thai the angle CAO is equal to the an^e CEB in 
the same segment, and the angles AOC, EBC are 
ri^t; therefore the triangles AOC, EBC are similar, 
and 

ZACO-- AECB. 

It folloTTO that the subtended arcs, and therefore 
the chords AD, BE, are equal. 

Thus (A0*+I>0*)+ (BO*+CO*) =i4D*+JSC* 

^BE^+BC* 

’^CE^ 



PaoposraoN 12 

If AB be the diameter of a eemicirde, and TP, TQ Oie tangents to it from any 
joint T, and if AQ, BP he joined meeting in B, the^ TR is jterpendieular to jAB. 
Let TR pr^uced meet AB in M, and join PA, QB. 

Since the angle APB is right, 

Z PAB+ Z PBA = (a right angle) 

= AAQB. 

Add to each side the angle RBQ, and 
Z PAB+ Z QBA = (exterior) Z PRQ, 

But 

Z TPR= APAB, and Z ZQBA, 
in the alternate segments; 
therefore Z TPR+ Z TQR — Z PRQ. 

It follows from this that 

TP-TQ-TR. 

[For, if PT be produced to 0 so that TO = TQ, we have 

ZTOQ^ATQO. 

And, by hypothecs, Z PRQ - Z TPR + TQR. 

By addition, ZPOQ+ APRQ^ Z TPR+OQR. 

It follows that, in the quadrilateral OPRQ, the oppoate angles are together 
equal to two right angles. Therefore a circle will go round OPQR, and T is its 
centre, because TP—TO—TQ. Therefore TR=TP!] 

Thus Z TRP = Z TPR = Z PAM. 

Adding to each the angle PRM, 

Z PAM+ Z PRM = Z TRP+ Z PRM 
— (two right angles). 

Therefore Z APR+ Z AMR = (two right angles), 

whence Z AMR — (a right angle). 

PaoposmoN 13 

If a diameter AB of a cirde meet any chord CD, not a 
diameter, in E, and if AM, BN be drawn perpendicu- 
lar to CD, then 

CN-^DM. 

Let 0 be the centre of the circle, and OH perpmi- 
dicular to CD. Join BM, and produce HO to meet 
BM’mK. 

Then CHmHD. 




And, by parallels, dnoe 

Therefore 

Accordingly 
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BO^OA, 

CN^DM. 


Proposition 14 

Let ACB be a senwiTde on AB as diameter, aTid let AD, BE be egual lengths 
mea^red along AB from A, B respectively. On AD, BE as diameters describe 
semicircles on the side Uneards C, and on DE as diameter a semicircle on the op’ 
posite side. Let (he perpendicular to AB through 0, the centre of the first semi- 
circle, meet the opposite semicircles in C, F respectively. 

Then shall the area of the figure bounded by the circumferences of all the semi- 
circles be equal to the area of the circle on CF as diameter. 

By Eucl. II. 10, since ED is biseeted 
at 0 and produced to A, 

BA*+AZ)*=2(BO»+OA*), 
and CF=OA+OB=BA. 
Therefore 

AB*+BB* = 4(BO»+OA*) = 
2(CF“+AD*). 

But circles (and therefore s^- 
circles) are to one another as the 
squares on their radii (or diameters). 
Therefore 

(sum of semicircles on AB, DE) 

«= (circle on CB)+(sum of semicircles 
on AZ>, BE). 

Therefore 

(area of “salinon”) <= (area of circle on CF as diam.). 
Proposition 15 

Let AB be the diameter of a circle, AC a side of an inscribed regular pentagon, D 
the middle point of the arc AC. Join CD and produce it to meet BA produced in 
E; join AC, DB meeting in F, and draw FM perpendicular to AB. Then 

EM = {radius of circle). 

Let 0 be the centre of the circle, and join BA, DM, DO, CB. 

Now ZABC^ Kright angle), 

and AABB=ZBBC=Knght angle), 

whence ZAOB=f(ri^t angle). 

Idpther, the triangles FCB, FMB are equal in all respects. 

Therefore, in the triangles DCB, DMB, the sides CB, MB bdng equal and 
BB conmum, while the angles CBD, MBD are equal, 

LBCD’= ZBMB=*f (right angle). 

But / BCB+ Z BAD * (two ri^t angles) 

-ZBAB+ZBAB 

-ZBMB+ZBJfA, 

so that ADAE^ ABCD, 

and ZBAB- ZAMB. 

Therefore AB-MB. 
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m 

Now, in the triangie DM0, 

Z MOD »|(righ(t an{^e), 
ZDMOa|(ri|^ angle). 



Therefore ^ Z ODM •= #(rigjit angle) * AOD; 
whence OM^MD. 

Again Z EDA — (supplement of ADC) 

^ACBA 

*f(right angle) \ 

^lODM. 

Hierefore, in the triangles EDA, ODM, 

A ED A A ODM, 

AEAD^^AOMD, 
and the rides AD, MD are equal. 

Hence the triangles are equal in all respects, and 

EA^MO. 

Therefore EM=AO. 

Moreover DE*‘DO; and it follows that, since DE is equal to the ride of an 
inscribed hexagon, and DC is the ride of an inscribed decagon, EC is divided 
at D in extreme and mean ratio [i e. EC :ED^ED •. DC]; “and this is proved 
in the bode of the Ekmenta.” [Eucl. xui. 9: “If the side of the hexagon and the 
ride of the decagon inscribed in the same circle be put together, the whole 
straight line is divided in extreme and mean ratio, mid the greater segment is 
the ride <d the hexagon.”] 


THE METHOD TREATING OF MECHANICAL 
PROBLEMS 

“Arch^med^ to Ei^toethenes greeting. 

"I sent you on a former occaaon some of tiie theorems discovered by me; 
mer^y writing out the enunciations and mating you to discover the pnxrfs, 
which at the moment 1 did not give. The enundations of the theorems I 

sent were as follows: ’ 

1. “If in a right prism with a parallelogrammic base a cylinder be inscribed 
which has its bases in the opporite parallelograms,^ and its sides [i.e. four gen> 
erators] on the remmning planes (faces) of the prism, and if through the centre 
of the circle whidi is the base of the cylinder and (throui^) one ride of the 
square in the plane opporite to it a plane be drawn, the plane so drawn will cut 
off from the cylinder a segment wWch is bounded by two planes and the smv 
face oi the cylinder, one of the two planes being the plane which has bem 
drawn and the other the plane in which the base of the cylinder is, and the 
surface being that wUch is betwerii the said planes; and the segment cut off 
from the cylinder is one sixth part of the whole prism. 

2. “If in a cube a cylinder be inscribed which has its bases in the opporite 
paralld<^am8** and touches with its surface the remaining four planes (faces), 
Mid if there also be inscribed in the same cube another c^der whmh has its 
bases in othM parallelograms and touches \rith its surface the remrining fw 
planes (faces), then the figure bounded by the surfaces of the cyfindMS, which 
is within both cylinders, is two-tWrds of the whole cube. 

“Now these theorems differ in character fr<nn those co mm unicated befmu; 
for we compMod the fi^pires thrai in question, conoids and ^iheroids Snd seg* 
ments of riiMi, in reflect to rise, with fipres of cones andcylinderB: but n<me 
of tiiose figures have yet been found to be equal to a solid figure bounded by 
planes ; whereas each of the jaesent figures bound^ by two pla^ and surfaces 
of cylinders is found to be equal to one of the solid figures wWch aw boiritded 
by p l M i q? The proofs then <rf these thewems I have written in ibis book and 
now BMid to you. Seemg moreover in you, as I say, an earnest student, a 
of eminence in philosophy, and an arteattr [of mathemalseal'fe- 

qulryl, I thou^t fit to write outlor you and expiam in detail in tiie same book 
the peculiarity of a certain method, by wMch it will be posrible for you to, get 
a start to you to investigate some the proWems in maftwnmticsby 
memis oi mechMiios. This procedure is, I am persuaded, no less usefd wen fwr 
the prodf d the Ibebiems themselves ; for certain thii^ firW beoa^ clear to 
me by a meriiBnieri method, although ih^ M to be dwoepste^ by ge^ 

pttiiidleibgra^ aie appareiitly s^uaret, 

H.e. sqium. 
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etiy afterwards because their investigation by the said method did not furnish 
an actual demonstration. But it is of course earaer, when we have previously 
acquired, by the method, some knowledge of the questions, to supply the proof 
than it is to find it without any previous knowledge. This is a reason why, in 
the case of the theorems the proof of which Eudoxus was the first to discover, 
namely that the cone is a third part of the cylinder, and the pyramid of the 
prism, having the same base and equal hraght, we should give no small share 
of the credit to Democritus who was the first to make the assertion mth regard 
to the said figure though he did not prove it. I am myself in the position of 
having first made the discovery of the theorem now to be published [by the 
method indicated], and I deem it necessary to expound the method partly be- 
cause I have already spoken of it and I do not want to be thought to have 
uttered vain words, but equally because I am persuaded that it will be of no 
little service to mathematics; for I apprehend th^t some, either of my contem- 
poraries or of my successors, will, by means of the method when once ^tab- 
lidied, be able to discover other theorems in addition, which have nek yet 
occurred to me. \ 

“First then I will set out the very first theorem which became known to me 
by means of mechanics, namely that ^ 

“dnj/ segment of a section of a right-angled cone (t.e. a parabola) is four-thirds 
of the triangle which has the same base and equal height, 
and after this I will ^ve each of the other theorems investigated by the same 
method. Then, at the end of the book, I will give the geometrical” [proofs of 
the propositions]... 

[I premise the following propositions which I shall use in the course of the 
work.] 

1. “If from [one magnitude another magnitude be subtracted which has not 
the same centre of gravity, the centre of gravity of the remainder is found by] 
producing [the strai^t line joining the centres of gravity of the whole magni- 
tude and of the subtracted part in the Erection of the centre of gravity of the 
whole] and cutting off from it a length which has to the distance between the 
said centres of gravity the ratio which the weight of the subtracted magnitude 
has to the weight of the remainder.” [On Ote Equilibrium of Planes, i. 8] 

2. “If the centres of gravity of any number of magnitudes whatever be on 

the same straight line, the centre of gravity of the magnitude made up of all 
of .them will be on the same strmght line.” [Cf. lUd, i. 5] 

3. “The centre of gravity of any straight line is the pdnt of bisection the 

straight line.” [Cf. Ibid. i. 4] 

4. “The centre of gravity eff any triangle is the pmnt in which the straight 

lines drawn from the angular pdnts of the trian^e to the middle pmnts of the 
((^posite) sides cut one another.” _ \IUd. 1. 13, 14] 

5. “The centre of gravity of any parallelogram is the point in which the 

diagonals meet.” [Ibid. 1. 10] 

6. “The centre of gravity of a drcle is the point which is also the centre [of 
the circle].” 

7. “The centre of gravity of any cylinder is the point of Insection of the axis.” 

8. “The centre of .gravity of any cone is [the point which divides its axis so 
that] the portion [adjacent to the vertex is] triple [of the portion adjacent to 
the base].” 
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[All these propositions have already been] proved.^ [Besides thes^ I require 
also the following proposition, which is easily proved : 

^ If in two series of magnitudes those of the first series are, in order, proper^ 
tional to those of the second series and further], ^^the magnitudes [of the first 
series], either all or some of them, are in any ratio whatever [to those of a third 
series], and if the magmtudes of the second series are in the same ratio to the 
corresponding magnitudes [of a fourth series], then the sum of the magnitudes 
of the first series has to the sum of the select^ magnitudes of the third series 
the same ratio which the sum of the magnitudes of the second series has to the 
sum of the (correspondingly) selected magnitudes of the fourth series/* [Qn 
Conoids and Spheroids, Prop. 1.] 

Proposition 1 

Let ABC be a segment of a parabola bounded by the straight line AC and 
the parabola ABC, and let D be the middle point of AC, Draw the straight line 
DBE parallel to the axis of the parabola and join AB, BC. 

Then shall the segment ABC be i of the triangle ABC, 

From A draw AKF parallel to DE, and let the tangent to the parabola at C 
meet DBE in E and AKF in F, Produce CB to meet AF in K, and again pro- 
duce CK to H, making KH equal to CK. 

Consider CH as the bar of a balance, K being its middle point. 

Let MO be any straight line parallel to ED, and let it meet CF, CK, AC in 
M, N, 0 and the curve in P, 

Now, since CE is a tangent to the parabola and CD the semi-ordinate, 

EB^BD; 

j. ‘Tor this is proved in the Elements [of Conics]/*® 

hL Since FA, MO are parallel to ED, it follows that 

lx FK^KA,MN^NO. 

Now, by the property of the 
parabola, “proved in a lem- 
ma,** 

MO : OP --C A \ AO [Cf . Quad- 
rature of Parabola, Prop* 5] 
^CK:KN 

[Eucl. VI. 2] 
^HK : KN. 

Take a straight line TO 
equal to OP, and place it with 
its centre of gravity at H, so 
that TH^HO; then, since N 
is the centre of gravity of liie 
straight line MO, and 
MO : TQ^HK : KN, 
it follows that TO at H and MO at N will be in equilibrium about K, [On the 
Equilibrium of Planes, i. 6, 7] 

'The problem of finding the centre of gravity of a cone is not solved in any extant work 
of Archimedes. 

®i.e. the works on conics by Aristaeus and Euclid. 
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> Bimilatrly, for all other strai^t lines parallel to £>£ azid ineetiia the arc of 
the parabola, (1) the portion mtercepted between FC> AC with its. middle 
point on K€ and (2) a length equal to the intereept between the curve and AC 
placed with its centre of gravity at H will be in equilibrium about K. 

Therefore K is the centre of gravity of the whole system consistipg 0) of all 
the straight lines as MO intercept^ between FC, AC and placed as they 
actually are in the figure and (2) all the strai^t lines i^aced at H equal to 
the strai^t lines as PO intercepted between the curve and AC. 

And^ since the triangle CFA is made up of all the parallel lines like MO, 
and the segment CBA is made up of all the straight lines like PO within the 
curve, 

it follows that the triangle, placed where it is in the figure, is in equilibrium 
about K with the segment CBA placed with its centre of gravity at H. 

Divide KC at W so that CK=ZKW; * 
then W is the centre of gravity of the triangle ACF; “for this is proved ik the 
books on equilibriuih” (kv rois laoppoiriicols). \ 

[Cf. On the Equilibrium of Planes i\ 15] 
Therefore AACF : (segment ABC) ^HK : KW 

' «3 : 1. V 

Therefore segment ABC 

But A ACF «4A ABC. 

Therefore segment ABC *= i A ABC. 

“Now the fact here stated is not actually demonstrated by the argument 
used; but that argument has given a sort of indication that the conclusion is 
true. Seeing then that the theorem is not demonstrated, but at the same time 
suspecting that the conclusion is true, we shall have recourse to the geometri- 
cal demonstration which I myself discovered and have already published.’^ 


Peoposition 2 

We can investigate by the same method the propositions that 

(1) Any sphere is (in respect of solid content) four times the cone with base equal 
to d gredt circle of the sphere and height equal to its radius; and 

(2) the cylinder with base equal to a great circle of the sphere and height equal 
to the diameter is 1} times the sphere. 

(1) Let ABCD be a great circle of a sphere, and AC, BD diameters at right 
angles to one another. 

Let a circle be drawn about BD as diameter and in a plane perpendicular 
to iiC,and on tlus circle as base let a cone be described with A as vertex. Let 
the surface of this cone be produced and then cut by a plane throu^ C parallel 
tbits base; the section will be a circle on BF as chameter. On this circle as base 
let a cylinder be erected with height and axis AC, and produce CA to H, 
makihg AH equal to CA. 

‘ l^et CH be regarded as the bar of a balance, A being its middle point. 

Draw any straight line MN in the plane of the circle ABCD and parallel , to 
I^t iUriV' meet the circle in O, F, the.diam^^ AC in S, and the striuj^it 
Unes Xe, AB in Q, R respectively. Jmn AO. 

Thrpu^ MN draw a plane at r^t angles to AC; 
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tibis plane ^ cut the cylinder in a drcle inth diameter the ^heie'& a 

(Shile with <&ameter OP, and the cone in a circle with diamet^ OR. 

Now, since MS’^AC, 'aaadQS=‘A8, 

MS-SQs^CA-AS 

»dO* 

*OS»+SQ*. 

And, ^ce » AC, 

HAtAS^CA'.AS 
^MS:8Q 
-MS«:MS-5Q 
«M5» : (OS*+50*), 
from above, 

-AfiV* : (pP^+QR*) 


» (drcle, diam. MN ) : (circle, diam. OP 
+circle, diam. QR). 

That is, 

HA :AiS* (drcle in cylinder) : (drcle in sphere+drcle in cone). 

Therefore the circle in the cylinder, placed where it is, is in equilibrium, 
about A, with the circle in the sphere together with the circle in the cone, if 
H both the latter circles are placed 

with their ceUtres of gravity at H. 

Similarly for the three corre- 
sponding sections made by a plane 
perpendicular to AC and pasdng 
through any other straight line in 
the parallelogram LF parallel to 


t V lA X G 






B 



0 

;Z 

V 

y 

\ 


fewer 


EF. 

If we deal in the same way widi 
all the sets of three circles in which 
planes perpendicular to AC cut the 
cyUnder, the sphere and the c(me, 
and which make up those solids re* 
f^)ectively, it follows that the cjdin- 
der, in the place where it is, wiU 
be in equilibrium about A with 
the sphere and the cone together, 


when both are placed with thdr centres of gravity at U. 
Therefore, dnee K is the centre of gravity of the cylinder, 
HA : AK - (cylinder) : (sphere+cone AEF). 


.ButHA-2AX; ' 

therefore cylinder “2(sphere+cone AEF). : 

.Now cylinder ■=’3(cone AEF); QBucL xni 110] 

tterefcHC cone AEF => ^sphere). . . 


But, since EF»2BI), 

cone AEF •=8(<»ne ABE); t,! 

therdore sphere“4(cone ABE). 

(2) Through B, E draw VBW, XDY parallel to AC; 
and itnppno a cylinder which has AC for axis and ibe drcles on VX, WY as 
diainetns for bases. 
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Then cylinder VYp ■2(cylinder VD) 

‘6(cone ABD) [Eucl. xh. I0] 

=|(8phere), from above. 

Q.E.O. 

“From this theorem, to the effect that a sphere is four times as great as the 
cone with a great circle of the sphere as base and with height equal to the 
radius of the sphere, I conceived the notion that the surface of any sphere is 
four times as great as a great circle in it; for, jud^ng from the fact that any 
circle is equal to a triangle with base equal to the circmnference and height 
equal to the radius of the drcle, I apprehended that, in like manner, any sphere 
is equal to a cone with base equal to the surface of the sphere and height equal 
to the radius.” 

PnoposmoN 3* 

By this method we can also investigate the theorem that 

A cylinder with base equal to the greatest circle in a spheroid and height \gudl 
to the axis of the spheroid is times the spheroid; 
and, when this is established, it is plain that \ 

// any spheroid be cut by a plane through the centre and at right angles to the 
tans, the half of the spheroid is double of the cone which has the same base and the 
same axis as (he segment (i.e. the half of the spheroid). 

Let a plane through the axis of a spheroid cut its surface in the ellipse 
ABCD, the diameters (i.e. axes) of which are AC, BD; and let K be the centre. 

Draw a circle about BD as diame- 
ter and in a plane perpendicular to 
AC; imagine a cone with this circle as 
base and A as vertex produced and 
cut by a plane through C parallel to 
its base; the section will be a circle in 
a plane at right angles to AC and 
about EF as diameter. 

Imagine a cylinder with the latter 
circle as base and axisdC; produce 
CA to H, making AH equal to CA. 

Let HC be regarded as the bar of a 
balance, A being its middle point. 

In the parallelogram LF draw any 
straight line MN parallel to EF meet- 
ing the ellipse in 0, P and AE, AF, 

AC in Q,R,S respectively. 

If now a plane be drawn through 
MN at li^t angles to AC, it will cut 
the cylinder in a circle with diame- 
ter MN, the spheroid in a circle with diameter OP, and the cone in a circle 
with diameter QB. 
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Since HA -AC, 


Therefore 


HA;AS-CA:AS 

-SA:AQ 

-MS.'/SQ. 


51 ^ 


HA:AS~MS*:MS-SQ. 

But, by the property of the ellipse, 

ASSC:S0^=AK^:KB* 

-AS*:SQ*; 

therefore SQ* : /SO*=AS* : AS • SC 

, , =SQ»:S0 Qilf, 

and accordmgly SO^=SQ QM. 

Add SQ* to each side, and we have 

S0*+SQ2=SQ -SM. 

Therefore, from above, we have 
HA:AS=JlfS* :(SOHSQ*) 

: (OPHQK*) 

-(circle, diam. MN) : (circle, <Uam. OP+circle, diam. QB). 

That is, 

HA : AS - (circle in cylinder) : (circle in spheroid+circle in cone). 

Therefore the circle in the cylinder, in the place where it is, is in equilibrium, 
about A, with the circle in the spheroid and the circle in the cone together, if 
both the latter circles are placed with their centres of gravity at H. 

Similarly for the three corresponding sections made by a plane perpendicu- 
lar to AC and passing through any other straight line in the parallelogram LF 
parallel to EF, 

If we deal in the same way with all the sets of three circles in which planes 
perpendicular to AC cut the cylinder, the spheroid and the cone, and which 
make up those figures respectively, it follows that the cylinder, in the place 
where it is, will be in equilibrium about A with the spheroid and the cone 
together, when both are placed with their centres of gravity at H. 

Therefore, since K is the centre of gravity of the cylinder, 

HA : AH- (cylinder) : (spheroid+cone AEF). 

ButHA-2AH; 

therefore cylinder— 2(spheroid+cone AEF). 

And cylinder -3(cone AEF); [End. xn. 10] 

therefore , cone AHP— 2(8pheroid). 

But, since EF’^2BD, 

cone AjBP— 8(cone ABD); 
therefore spheroid— 4(coneAJ5D), 

and the spheroid— 2(cone ABD). 

Through B, D draw VBW, XDY parallel to AC; 
and imagine a cylinder which has AC for axis and the drcles on VXy WY as 
dian^r^ for bases. 

Then cylinder FF“2(cylinder TD) 

— 6(cone ABD) 

— |(8pher(nd), from above. 


Q.E.D. 
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FBOPosmoN4 ; 

Any aegmeni of a right-angled conoid (i.e. d pdredtoloid of revolution) cut off by a 
jdane at right angles to the axis ' is times ive cone which has the same base and 
the same axis as the segment. 

This can be investigated by our method, as foUom ' 

Let a paraboloid of revcddtimi be cut by n plane throu^ the axis in the 
parabola 

and let it also 1^ cut by another plane at rij^t an^es to the axis and intersect- 
ing the former plane in BC. Produce DA, the axis of the segment, to H, making 
HA equal to AD. ‘ ^ > 

Imagine that HD is. the bar of a balance, A being its middle point. 

The base of the segment bang the circle on BC as diameter and in a plane 
perpendicular to AD, 
ima^ne (1) a cone drawn with the latter 
drcle as base and A as vertex, and (2) a 
cylinder with the same circle as base and 
AD as axis. 

In the parallelogram EC let any strai^t 
line MN be drawn parallel to BC, and 
through MN let a plane be drawn at ri^t 
angles to AD] this plane will cut the cylin- 
der in a circle with diameter MN and the 
paraboloid in a drcle with diameter OP. 

Now, BAC being a parabola and BD, 

OS ordinates, 

DA:AS^BD^:OS^ 
or HA'.AS-^MS^’.SO*. 

Thei^ore 

HA : 45 » (drcle, rad, MS) : (drcle, rad. OS) 

= (circle in cylinder) : (drcle in paraboloid). 

Therefore the drcle in the cylinder, in the place where it is, will be in equi- 
librium about A with the circle in the paraboloid, if the latta is placed with 
its craitre of gravity at N. 

Similarly for the two corresponding circular sections made by a plane fter- 
pendicular tq4i> arid pasting throu^ any other strai^t Ime in the parallelo- 
gram is parallel to BC. 

Therefore, as usual, if we take all the circles maldfig up the whole cylinder 
and the whole segment and treat them in the same way, ^ find that the 
cylin^r, in the place where it is^ is ih equilibrium about A with the segment 
placed with its centre of gravity at B. ^ ’ 

If £ is the middle pdnt <4 AJ), K is the (^tre>of ^vity of the cylinder; 
therdore B4 :4£*(c^der) : (segd^t). . - 

Tyrdbre ' <?ylih!der»2(8egment). i 

And cylinder>=3(cone ABC); [EikdimiO] 

theref(ne 8^;ment«|(o(me ABC). ' 
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PsoposmoN 5 '' .:s 

The ee^e of uraeUy of a eegme^ of a righUingled eotfoU (i.e. a fanMim ef 
wndviton) cut off by a plane at right angles to the axis is on the Haight line wMek 
is the axis of the segment, and divides the said straight line in such a way that the 
portion of it adgxuent to the vertex is double of remaining pertioni' 

This can be m\^tigated by the method, as foiled 
Let a paa^boloid of revolution be cut by a plane throueh tihe axis in tlte 
parabola BAC; 

and let it also be cut by another plane at right angles to tibie axis and intersect* 
ing the former plane in BC. 

Produce JDA, the axis of the segment, to H, making HA equal to AD; and 
imagine DH to be the bar of a balance, its middle pmnt b^ng A. 

The base of the segment being the circle on BC as diameter and in a plane 
perpendicular to AD, 

ima^e a cone with this circle as base and A as vertex, so that AB, AC are 
generators of the cone. 



In the parabola let any double ordinate 
OP be drawn meeting AB, AD, AC in Q, B, 
B respectively. 

Now, from the property of the parabola, 
BD*:OB««DA : AB 
*BD : Q8 
=BD^ : BD ■ Q8. 

Therefore OS*«=*BD • QS, 
or BD:OB=OBteS, 

whence BD : QS^OS* QS\ 

But BD : QB=AD : AB 

=HAxAS. 

Therefore BA :AS=OB* : QB* 

-OP* ; QB». 

If now throu^ OP a plane be drawn at 
right angles to AD, this plane cuts tire par- 
aboloid in a drcle with dimneter OP and 


the cone in a circle with diametm' QR. • 

We see tho^ore that BA : AB — (circle, diam. OP ) : (circle, diam. QB) 

- (circle in parabdoid) : (circle in cone) ; • 
and the circle in the paraboloid, in the place where it is, is in equilibrium about 
A with the iarcle in the c<me placed with its centre of gravity at B, 

Similarly for the two corresponding circular sections made bjr a plane pen- 
pen^eular to AD and passing through any otiier ordinate of tlm paiabolk 
D ealing therd^we in tiie same way witii aU the circular sections whdidi u»ke 
up the ithote <rf the segment erf the paraboldd and the com respwstivdy, wet see 
that the segment of the paraboloid, in the place where it is, . Is in eqi^lbtiiiin 
abhirt -A witir tire cone placed with its centre cf gravity at ff.’ ■ '■■■<■ 

'Nowyrinee A is' the centre (rf gravity the whole system aisptooed, and 

centre of pavity of part d it, namely tire cone, as placed, to at B; the eedtre 
of'grimdty bf tiie rest, namely the segment, 'is at a point K oti MA ptodiieed 
suditiuA BA :AB-(8epaeit) : (oone). ■ 

. Begtt«it-i(€ene). < ‘ 
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Therefore HA’*iAK; 

that is, K divides AD in such a way that AK *2KD. 

Pboposition 6 

The centre of gravity of any hemisphere [is on (he straight line whicK[ is its axis, 
and divides the said straight line in such a way that the portion of it adjacent to the 
surface of the hemisphere has to the remaining portion the ratio which 5 has to 3. 

Let a sphere be cut by a plane through its centre in the circle ABCD; 
let AC, BD be perpendicular diameters of this circle, 
and through BD let a plane be drawn at right angles to AC. 

The latter plane will cut the sphere in a circle on BD as diameter. 

Imagine a cone with the latter circle as base and A as vertex. 

Produce CA to H, making AH equal to CA, and let HC be regarded as the 
bar of a balance, A being its middle point. . 

In the semicircle BAD, let any straight line OP be 
drawn parallel to BD and cutting AC in E and the two 
generators, AB, AD of the cone in Q, 12 respectively. 

Join AO. 

Through OP let a plane be drawn at right angles to 
AC; 

this plane will cut the hemisphere in a circle with di- 
ameter OP and the cone in a circle with diameter QR. 

Now 

HA :AE^AC:AE 
=A0* : AE^ 

*=(0^*+AS*) :AiS* B 

^(OE^+QE^) :QE^ 

= (circle, diam. OP+ circle, diam. QR) : 

(circle, diam. QR). 

Therefore the circles with diameters OP, QR, in the 
places where they are, are in equilibrium about A with the circle with 
diameter QR if the latter is placed with its centre of gravity at H. 

And, ance the centre of gravity of the two circles with diameters OP, QR 
taken together, in the place where they are, is . . . 

[There is a lacuna here; but the proof can easily be completed on the Hnes 
of the corresponding but more difficult case in Prop. 8. 

We proce^ thus from the point where the circles with diameters OP, QR, 
in the place whare they are, balance, about A, the circle with diameter QR 
placed with its centre of gravity at H. 

A similar relation holds for all the oUrer sets of circular sections made by 
other planes pasring tiu-ough points on AG and at rig^t angles to AG. 

Taking then all the circles which fill up the hemisphere BAD and the cone 
ABD respectively, we find that 

the hemisphere BAD and the cone ABD, in the places where they are, together 
balance, about A, a cone equal to ABD placed with its centre of gravity at H. 

Let the cylinder M+N be equal to tte cone ABD. 

Then, ance the cylinder M-\-N placed with its centre of gravity at H bal- 
ances the hemisphere BAD and ihe cone ABD in the places where they are, 
suppose that the portion M of the cylinder, placed with its caitre of gravity at 
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H, balances the cone ABD (alone) in the place where it is; therefore por^* 
tion N of the cylinder placed with its centre of gravity at H balances the 
hemisphere (alone) in the place where it is. 

Now the centre of gravity of the cone is at a point V such that AO^ABV; 
therefore, since Af at ff is in equilibrium with the cone, 

M : (cone) = f AG : HA^UC : AC, 
whence Af=f(cone). 

But M+N =* (cone); therefore N =|(cone). 

Now let the centre of gravity of the hemisphere be at W, which is somewhere 
on AO. 

Then, since N at H balances the hemisphere alone, 

(hemisphere) : N -HA : AW. 

But the hemisphere BAD=t\vice the cone ABD; 

[On the Sphere and Cylinder i. 34 and Prop. 2 above] 
and N=|(cone), from above. 

Therefore 2 : ^-HA : AW 

-=2AO-.AW, 

whence AW=%AG, so that W divides AG in such a way that 

AW:WG=-5:i.] 

Pkoposition 7 

We can also investigate by the same method the theorem that 
[Any segment of a sphere Aas] to the cone [with the same base and height the ratio 
which the sum of the radius of the sphere and the height of the complementary 
segment has to the height of the complementary 8egment!\ 

[There is a lacuna here; but all that is missing is the construction, and the 
construction is easily imderstood by means of the figure. BAD is of course the 

segment of the sphere the vol- 
ume of which is to be compared 
with the volume of a cone witih 
the same base and height.] 

The plane drawn throu^ 
MN and at right angles to AC 
will cut the cylinder in a circle 
with diameter MN, the seg- 
ment of the sphere in a circle 
with diameter OP, and the 
cone on the base EF in a circle 
with diameter QR. 

In the same way as before 
[cf. Prop. 2] we can prove 
that the circle with diameter 
MN, in the place where it is, is 
in equilibrium about A with 
the two circles with diameters 
OP, QR if these circles are bo<h 
moved and placed with thdr 
centra of p avity at H. 

The same thing can be provrf of all sets of three circles in which the cyiia- 
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der, llte segnoimt of tiie ^hei«, and t&e cone with tibo ootnnum hat^ dOiata, 
afi cut by any pla&e.perpradicidar to iiC. 

Since then the sets of circles make up the whole (^linder, the whole s^mfoit 
of the sphere and the whole ccme respectively, it follows that the cylinder, in 
the place where it is, is in equilibrium about A with the sum of the segment at 
the sphere and the cone if both are placed with their centres of gravity at H. 
Divide AO at 17, F in such a way that 

AW=WG,AV<^ZVO. 

Ther^ore 17 will be the centre of ^vity of the cylinder, and 7 will be the 
centre of gravity of the cone. 

Since, now, the bodies are in equilibrium as described, 

(cylinder) : (cone jl^7+segment BAD of sphere) =^HA : AW. 


[The rest of the proof is lost; but it can easiiy'be supplied thus: 

We have 

(cone AJSF+segmt. BAD) ; (cylinder) «=d. 17 :AC 

^AW AC : AC®. 

But (cylinder) : (cone AEF) •» AC* : lEO* I 

=AC» : iAG*. 

Therefore, ex aeqvAU, 

(cone AJE7+segmt. BAD) : (cone AEF) = AW AC : JAG® 

= JAC : JAG, 

wtence (segmt. BAD) : (cone AEF) <* (JAC— JAG) : JAG. 

Again (cone AEF) : (cone ABD) ^EG ^ : DO* 

=AG*:AG.GC 

’^‘AOiGC 

-JAGtJGC. 

Therefore, ex aeqiudi, 

(segm^t BAD) ; (cone ABD) = (JAC— JAG) : JGC 

-(lAC-AG) :GC 
= (JAC+GC):GC. Q.B.D.] 

Proposition 8 

[The enunciafion, the setting-out, and a few words of the construction are 
missing; 

The emindation however can be supplied from that of Prop. 9, with which 
it must be identical except that it cannot refer to “any segment,” and the 
presumption therdore is lhat the propodtion was enundat^ with refermioe 
to (me kind of. segment only, i.e. dther a segment greater than a hemisphere 
or a segment less ^an a hemisphere. 

' . Hdbetg’s figure corresponds to the case of a segment greater than a hemi- 
sphere. The segment investigated is of course thesegmentBAD. The setting-out 
and constructi(m are self-evident from the figure.] 

' Produce AC to if, G, making DA equal to AC and CD ecpud to the radius of 
die qihere; 

and let DC be r^;arded as the bar of a balance, the middle pcnnt bdng A. 

In the plane rmtting off the segment describe a (fircla with G as centre and 
radius (GD) equd to AG; and on this circle as base, and with A as vertex, let a 
eone be desctSsecL AD, AF are generators of tlus eoaoe. .... 
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Draw KL, throu^ any pdnt Q <m AG, parattd to and oottmc thalWa* 
meat in K, L, and AE, AF vAR, P respectively. Jdi& AX 
Now 

HA:AQ^CA:AQ 

-AX*:AQ* 

-(XQ*+QA*) :QA» 

-(XQ»+PQ*) :PQ» 

(circle, diam. XL+<arcle, diam. PR) ; (circle, diam. PR). 

Ima^e a circle equal to the circle with diiaxt* 
eter PR placed with its centre of gravity at H.j 
therefore ■Uie circles on diameters KL, PR, in 
the places where th^ are, are in equilibrium 
about A with the circle with diameter PR 
placed with its centre of gravity at H, 
Similarly for the corresponding circular sec- 
tions made by any other plane perpendicular 
to AO. 

'Hierefore, taking all the drcular sections 
which make up the segment ABD of the sphere 
and the cone AEF respectively, we find that 
the segment ABD of the sphere and the cone 
AEF, in the places where they are, are in equi- 
librium with the cone AEF assumed to be 
placed with its centre of gravity at H. 

Let the cylinder M-^N be equal to the cone 
AEF which has A for vertex and the circle cm 
EF as diameter for base. ^ 

Divide AG at V so that 

AG-47Q'; 

therefore V is the centre of gravity of the cone AEF‘, “for this has been ];mived 
before.” 

Let the cylinder M -|-iV be cut by a plane perpendicular to the axis in such 
a way that the cylinder M (alone), placed with its centre of gravity at X, is in 
equiUbrium with the ccme AEF. 

Since M-\-N suspended at X is in equilibrium with the segment ABD ci the 
sphere and the cone AEF in the places where they are, 
while M, also at X, is in equiUbrium with the ccme AEF in tiie place where it ia^ 
it foHows that 

X at i? is in equiUbrimn with the segment ABD of the sjdiere in the pUM 
where it is. 

Now (segment ABD <rf sphere) ; (cone ABD) “00 iCyC; 

*^or tinis is alrea^ proved” [Cf. On tAe BpAcrv and Cylinder n. 2 Oor. as weU 
as Prop. 7 anfe]. 

And (cone ABD) : (cone ABF) 

“(dide, diam. BD) : (dnde, diam. EF) 

•mBD* : EF* 

•BCPiOE* 
mCO^GAiGA* ’ 

•CQ:GA, 
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Hierefore, ex aequali, ■ 

(segment ABD of sphere) : (cone AEF)=00 : QA. 

Take a point W on AG such that 

AW : WG=iGA+4GO : (GA+2GO. 

We have then, inversely, 

GW : WA = {2GC+GA) : (4GC+GA), 

and, componendo, 

GA :AW^{60C+2GA) : (4GG+GA). 

But GO-i(6GC+2GA), [for GO-GG=i(CG+GA)l 

and CF=K4GC+GA); 

therefore GA:AW^OG:CV, 

and, alternately and inversely, 

OG:GA^CV:WA. 

It follows, from above, that • ■'* 

(segment ABD of sphere) : (cone AEF) — CV : WA. 

Now, since the cylinder M with its centre of gravity at ^ is in equilibi^um 
about A with the cone AEF with its centre of gravity at V, 

(cone AEF) : (cylinder M) =HA : AV 

=CA:AV; 

and, innce the cone AEF = the cylinder M+N, we have, dividendo and irmr- 
tendo, (cylinder M) : (cylinder JV) = AF : CF. 

Hence, componendo, 

(cone AEF) : (cylinder N) = CA : CF 

=HA : CF. 

But it was proved that 

(segment ABD of sphere) : (cone AEF)—CV : TFA ; 
therefore, ex aequali, 

(segment ABD of sphere) : (cylinder N)—HA : A IF. 

And it was above proved that the cylinder N at His in equilibrium about A 
with the segment ABD, in the place where it is; 

therefore, since H is the centre of gravity of the cylinder N, W is the centre 
of gravity of the segment ABD of the ^here. 


PnoposmoN 9 

In the same way we can investigate the theorem that 

The centre of gravity of any segment of a sphere is on the straight line which is 
fte axis of the segment, and divides this straight line in s/ueh a way that the part 
of it adjacent to the vertex of the segment has to the remaining part the ratio which 
the sum of the axis of the segment and four times the axis of the complementary 
Segment has to the sum of the axis of the segment and dotdile the axis of Ove com- 
piementary segment. 

[As this theorem relates to “any segment” but states the same result as that 
proved in the prece(hng proposition, it follows that Prop. 8 must have related 
to one kind of segment, either a segment greater than a semicircle (as in Hei- 
berg’s figure qS. Prop. 8) or a segm^t less than a jemicircle; and the present 
proposition completed the proof for both kinds dt ses^oits. It wo<'id <»ily 
requite a sli^t change in tte ^ure, in any case.] 
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Proposition 10 

By this method too we can investigate the theorem that 
{A segment of an obtuse^ngled conoid (i.e. a hyperboloid of revolution) has to 
the cone which ftos] same base [os the segment and equal height the same ratio 
as the sum of the axis of the segment and three times^ the annex to the axis^* {i.e* 
half the transverse axis of the hyperbolic section through the axis of the hyper- 
boloid j oTf in other words ^ the distance between the vertex of the segment and the 
vertex of the enveloping cone) has to the sum of the axis of the segment and double 
of the **annex^^ [this is the theorem proved in On Conoids and Spheroids^ Prop. 
25], “and also many other theorems, which, as the method has been made clear 
by means of the foregoing examples, I will omit, in order that I may now pro- 
ceed to compass the proofs of the theorems mentioned above/* 


Proposition 11 

If in a right prism with square bases a cylinder be inscribed having its bases in 
opposite square faces and touching with its surface the remaining four parallelo^ 
grammic faces, and if through the centre of the circle which is the base of the cylinr 
der and one side of the opposite square face a plane be drawn, the figure cut off by 
the plane so drawn is one sixth part of the whole prism. 

“This can be investigated by the method, and, when it is set out, I will go 
back to the proof of it by geometrical considerations/* 

[The investigation by the mechanical method is contained in the two Propo- 
sitions, 11, 12, Prop. 13 gives another solution which, although it contains no 
mechanics, is still of the character which Archimedes regards as inconclusive, 
since it assumes that the solid is actually made up of parallel plane sections 

and that an auxiliary parabola is actually made 
up of parallel straight Unes in it. Prop. 14 added 
the conclusive geometrical proof.] 

Let there be a right prism with a cylinder in- 
scribed as stated. 

Let the prism be cut through the axis of the 
prism and cylinder by a plane perpendicular to 
the plane which cuts off the portion of the cylin-^ 
der; let this plane make, as section, the parallelo- 
gram AB, and let it cut the plane cutting off the 
portion of the cylinder (which plane is perpen- 
dicular to AB) in the straight line BC. 

Let CD be the axis of the prism and cylinder, 
let EF bisect it at right angles, and through EF 
let a plane be drawn at right angles to CD; this plane will cut the prism in a 
square and the cylinder in a circle. 

Let M'N be the square and OPQR the circle, and let the circle touch the sides 
of the square in 0, P, Q, R [F, E in the first figure are identical with 0, Q 
respectively]. Let H be the centre of the circle. 

Let KL be the intersection of the plane through EF perpendicular to 
the axis of the cylinder and the plane cutting off the portion of the cylinder; 
KL is bisected by OHQ [and passes throu^ the middle point of HQl 





m 




Let any chord of the circle, as ST, be drawn perpendicular to HQ, meeting 
HQmW) 

and throu^ ST let a {dane be drawn at rig^ ang^ to OQ and produced 


on both ndes of the plane of the circle OPQR; 

Ilie fdane so drawn wiU cut the haJf cylinder 
having the senucircle PQR for section and the 
axis of the prism for hm^t in a parallelogram, 
(me side <A which is equal to ST and another is a 
generator of the cylinder; and it will also cut the 
portion of the cylinder cut off in a paralldogram, 
(me side of which is e(pial to ST and the other is 
equal and parallel to UV (in the first figpue). 

UV will be paraUel to BY and will out 
along EG in the parallelogram DE, the s^ ^ 
ment El equal to QW. 



Now, since EC is a parallelogram, and VI is parallel to GC, 


EG\QI--YC\CV 


: VV 


=* (£7 in half cyl.) : (O in portion of cyL)- ' 

And EG^HQ, GI-^HW, QH=OH-, 
therefore OH : HW ** (D in half cyl.) : (O in portion). 

Imagine that the parallelogram in the portion of the c^inder is moved and 
placed at 0 so that 0 is the centre of gravity, and that OQ is the bar of a 
balance, H being its middle point. 

Then, tince W is the centre of gravity of the parallelogram in the ludf cyl- 
inder, it follows frcHn the above that the parallelogram in the half cylinder, in 
the place where it is, with its centre of gravity at W, is in equilibrium about H 
with the parallelogram in the portion of the cylinder when placed with its 
centre of gravity at 0. 

Similarly for the other parallelogrammic sections made by any plane per- 
pendicular to OQ and pasting through any other chord in the semicircle PQB 
perpendicular to OQ. 

If then we take all the parallelograms making up the half cylinder and the 
portion of the cylinder respectively, it follows tiiat the half cylinder, in the 
place wdiere it is, is in equilibrium about H with tire portion of the cylinder cut 
off when the latter is placed with its centre of gravity at 0. 


PnoposmoN 12 

Let the pfualltiogram (square) MN perpendicular to the axis, with the circle 
OPQR and its diametens OQ, PR, be drawn separattiy. 

' J(nn HG, HM, and throdg^ thm draw planes at ri^t angtes to the plane 
of tim cinde, producing them cm both tides cS. that ifi^e. 

This produces a prism with triangular sectiem GHiS and htigdit equal to the 
axis (ff the (^finder; tins prism is i of the orighud prism circumscrilnng tire 
tylinder'. 

Let LK, UT be drawn paraM to OQ and *etqui(fi8tant fttOa it, cutting the 
Cirole in K, T, RP in 8, and OH, HM in W, V respectively. 

'TlwoU^ LK, UT chaw planes at lig^t au^ to PB^ produting them on 
botii tiiles of the {dane ol tile emde; 
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these plaaes piioduee as 8eeti<nis in the half (q^inder PQR and ia^thefotasa 
GMM four fMralldQgrame in which the heights aie equal: to tin aads i^ the 
cylinder, and the other sides are equal to KS, TF, LW, VV leipective^, 

pThe test of the proof is tqismng, Imt,. ag 
Zeuthen says, the result obtained and the 
method of arriving at it are pliunly indicated 
by the above. 

.^himedes mshes to prove that the half 
cylinder PQR, in the place where it is, balances 
the prism GHM, in the place vdiere it is, about 
as fixed point. 

He has first to prove that the elements (1) 
the parallelogram with radeo-ilLiStand (2) the 
parallelogram with sideoBLlF, in the places 
where they are, balance about S, m, in othw 
words that the straight lines SK, LW, in the 
places where they are, balance about 8. 

Now (radius of circle OPQB)* =• SK*+SH\ 

at SL*^SK*+SW*. 

Therefore LS^-SW*^SK*, 

andaccor^h^y (LS+SW) -LW^SK*, 

whence ^(LS+SW ) : hSK--SK : LW. 

And i(LjS+ST7) is the distance of the centre of gravity of LW from 8, 
while ^8K is the distance of the centre of gravity of 8K from 8. 

Therefore SK and LW, in the places where they are, balance about 8. 
Similarly for the corresponding parallelograms. 

Taking oU the parallelogrammic elements in the half cylinder and prism 
respectively, we find that 

the half cylinder PQR and the prism GHM, in the places where they are re- 
spectively, balance about H, 

From this result and that of Prop. 11 we can at once deduce the volume of 
the portion cut off from the cylinder. For in Prop. 11 the portion of the cylin- 
der, placed with its centre of gravity at 0, is shown to balance (about H) the 
half-cylinder in the place where it is. By Pr(^. 12 we may substitute for the 
half-cylinder in the place where it is the prism GHM of that prc^oriticHi turned 
the oppofflte way relatively to RP. The centre of gravity of the prism as rirus 
placed is at a point (say Z) on HQ such that HZ =» |HQ. 

Therefore, awnwnmg the prism to be appUed at its centre of praivity, we have 
(portion of cylinder) : (prism) = JNQ : OH 

=»2:3; 

thmefore (porti<m<rf cylinder) =»i(pti«n GHM) ,, , 

»i((Mipnal prism). 

PnoposmoN 13 '* 

Let there be a right prism with square bases, one of wWch is AHCH; 

in the prism let a cylinder be inscribed, the base of whwh is the circle RFQB 

tttaohinri themdes of the square ABCH in H, F, G, H. 

Thrcm^ the centre and rimiugh the side omr^Kmding to CH hi tae«WMe 
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opposite to ABCD let a plane be drawn; this will cut off a prism equal 
to i of the (Hi^al prism and formed by three paralldograms and two trian^es, 
the trian^es forming opposite faces. 

In the semicircle EFG describe the parabola which has FK for axis and 
passes through E, G] draw MN parallel to KF meeting GE in M, the para- 
bola in L, the semicircle in 0 and CD in N. 

Then MN-NL-^NF^; 

“for this is clear.” [Cf. Apollonius, Comas i. 11] 

[The parameter is of course equal to GK or KF^ 

Therefore MN : NL = GK * : LS\ 

Through MN draw a plane at right migles to 
EG; 

this will produce as sections (1) in the prism cut 
off from the whole prism a right-angled trian^e)* 
the base of which is MIV, while the perpendicular 
is perpendicular at N to the plane ABCD and 
equal to the axis of the cylinder, and the hypot- 
enuse is in the plane cutting the cylinder, and 
(2) in the portion of the cylinder cut off a right- 
angled triangle the base of which is MO, while 
the perpendicular is the generator of the cylinder 
perpendicular at 0 to the plane KN, and the 
hypotenuse is 


[There is a lacuna here, to be supplied as follows. 

Since MN'.NL^ GK* : LS* 

<^MN*:LS*, 

it follows that MN : ML=MN* : iMN*-L8*) 

=MN* : {MN*-MK*) 

=MN * : MO*. 

But the triangle (1) in the prism is to the triangle (2) in the portion of the 
cylinder in the ratio of MN * : MO*. 

Therefore (A in prism) : (A in portion of cylinder) 

‘^MN-.ML 

« (straight line in rect. DO) : (straight line in parabola). 

We now take all the corresponding elements in the prism, the portion of the 
cylinder, the rectangle DG and the parabola EFG respectively] ; 
and it udU follow that 

(all the As in prism) : (all the As in portion of cyhnder) 

»* (all the str. lines in ODG ) : (all the straight lines between parabola and E(j). 

But the prism is made up of the triangles in the prism, [the portion of the 
cylinder is made up of the triangles in it], the parallelogram DG of the straight 
lines in it parallel to KF, and the parabolic segment of the straight lines paral- 
lel to KF intercepted between its circumference and EG; 
therefore (prism) : (portion of cylinder) 

*= (nOD ) : (parabolic segment EFG). 

But UGD * |(parabolic segment EFG) ; 

“f<» this is proved in my earlier treatise.” [Quadrature of Poroholo] 

Therefcae prism ^^Kportion of cylinder). 
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If iStaii we deaote the portion of the cytinder by 2, the piiah i» 3, and- ihe 
oti^ud prism circumscribing the cylinder is 12 (bring 4 times the otbeir pruBi!i)>i 
therriore the portion of the cytinder » ^'Originri.prism). . ’ 

Phe above proporition and the next are peouliariy interesting for the fact 
that the parabola is an awdliary curve introduced for the sole pun>ose <4 
analytically reducing the required cubature to the known quadrature of the 
parabola.] 

PnoposmoN 14‘ 

Let there be a right prism with square bases [and a cylinder inscribed therrih 
having its base in the square ABCD and touching its rides at E, F, 0, H’, 
let the cylinder be cut by a plane through EG and the side corresponding to 
CD in the square face opposite to ABCD.] 

This plane cuts off from the prism a prism, and from the cylinder a portion 

of it. , , . 1 

It can be proved that the portion of the cylinder cut off by the plane is * 

of the whole prism. ... . « 

But we will first prove that it is possible to inscribe in the portion cut off 
from the cylinder, and to circumscribe about it, solid figures made up of 
prisms which have equal height and similar triangular bases, in such a way 
that the circumscribed figure exceeds the inscribed by less than any assigned 
magnitude 


But it was proved that _ . i- j \ 

(prism cut off by oblique plane) <t(figure inscribed in portion of cylmder). 
Now (prism cut off) : (inscribed figure) 

=OZXr : (Os inscribed in parabolic segment); 
therefore ODG <|(Os in parabolic segment) : 

which is impossible, since “it has been proved elsewhere that the paraUelO- 
gram DG is | of the parabolic segment. 

nol ereater. 


And 


(all the prisms in prism cut off) 

: (all prisms in circumscr. figure) 

» (all Os in ODG ) : (all Os in fig. circumscr. about parabolic s^pnt.); 

therefore ^ cut off) : (figure circumscr. about portion pf cylinder) 

— (ODG) • (figure circumscr. about parabolic segment). ^ ; 

But the prism cut off by the oblique plane i8>i of the solid figure ciroiupr 
scribed about the portion of the cylinder 


'»«. lanm eans in the exposition of this geometrical pro<rf, but the 
[There ^ la^ gap ^ yfgg applied, and the paralleliam b^ 

tta dicuiMcribed ito uMobed to to poo- 

solid figures made up ^ , triangular faces of these prisms were peipen- 

tion of ISrthey divided GE into equal portion^ of 

i to" porto. 0 . to 
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idMe was a triangular fiK^ ixnnmQii to an ineoribed and a cdroumscdbod li^t 
pmm* The planes also produced prisma in the prism out off by tlie same 
obHque plane as cuts off the portion the cylinder and standing on 6D as base. 

The number of parts into which tibe parallel planes divided GE Was made 
great enou^ to secure that the circumscribed figure exceeded the intoribed 
figure by less than a small assigned magnitude. 



M 


The second part of the proof began with the assumption that the portion of 
the cylinder is>i of the prism cut off; and this was proved to be impossible, 
by means of the use of the auxiliary parabola and the proportion 

MN:ML^MN^:MO* 
wfaieh are employed in Prop. 13. 

We may supply the missing proof as follows. 

In the accompanying figure are represented (1) the 
first element-prism circumscribed to the porticm of 
the cylinder, (2) two element-prisms adjacent to the 
ordinate OM, of which that on the left is circum- 
scribed and that on the right (equal to^ the other) 
inscribed, (8) the corresponding element-prisms 
forming part of the prism cut off (CC'GEDD') which 
is } of the ori^nal prism. 

In the second fi^re are shown element-rectangles 
tireuins^uibed and inscribed to the autiliary parab^ 
ola, which rectangles correspond exactly to the cir- 
cumscribed and inscribed element-prisms represented 
in the tot figure (the letigfM of GM is the same in 
and ihe breaths of the element-ree- 
sire the same as the heights ci the element^ ^ 
pritoe) ;the corre^bondkig element-rectan^es fonxih 
teg part of the rectangle GD are timilarly shown. 

' Fmr 'convenience we Ouppbse that GE is divided into' 'an’ ■ eVen number 
%f' e^uat ^ that OJC eontaiim an integral mmiber of these parts. 
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For the sake <rf brevity iHre vrill call each of two dimwiit-primjiB <rf whiA 
OM is ah edge “el. priwa (0)“ and each of the timmb-piism of vMA MifN*. 
is a co^OTi face “el. prism (AT)." Sunilarly we will use the conemondhtt 
abbreviaticAB “Ol. reot. (L)” and “el. rect. (AT)’' for the correspcmdihg ehttnints 
in relation to the auxiliary parabola as ^wn in tbe second figure. 

Now it is easy to see that the figure made up of all the inscribed prisms is 
less than the figure made up of the circumscribed' prisms by twice tite fiwaJ 
circumscribed priism adjacent to FK, i.e. by twice “el. prism {N)”; and, as tbs 
hei^t of tWs prism may be made as small as we please by dividing GK into 
sufficiently small parts, it follows that inscribed and circumscribed solid figures 
made up of element-prinns can be drawn differing by less any asrigned 
solid figure. 

(1) Suppose, if possible, that 

(portion of cylinder) >|(pri8m cut off), 
or (prism cut off) <#(portion of cylinder). 

Let (prismcutoff)«|(portionof cylinder -Z), say. 

C!onstruct (^cumscribed and inscribed figures made up of element*prisinSi 
such that 

(circumscr. fig.) — (inscr. fig.) <X. 

Therefore (inscr. fig.) > (circumscr. fig.— X), 

and a fortiori > (portion of cyl. — Z). 

It follows that 

(prism cut off) <|(inscribed figure). 

Considering now the element-prisms in the prism cut off and llioee in the 
inscribed figiue respectively, we have 

el. prism (AT) ; el. prism (0) » JlfAT* : AfO* ' 

=JlfAf ; ML [as in Pr<q>. 13] 

=»el. rect. (AT) : d. rect. (L). 

It follows that 

2{el. prism (iV)} : 2{el. prism (0)}=*S{el. rect. (Af)} : Zjel. rect. {,L)\. 

(There are really two more prisms and rectan^es in the first and third than 
there are in the second and fourth terms respectively ; but this makes no diffeiv 
ence because the first and third terms may be multiplied by a commcm faetor 
as n/(n— 2) without affecting the truth of the proportion. Cf. the pnporiltiaB 
from On Conoids and Spheroids quoted on p. 671 above.) 

..TherefOTe 

^rism cut off) : (figure inscr. in portffm of <qrL) ■ . > ; 

s (rect. GD) : (fig. inscr. in parabola). ' 

But it was proved above that 

(prism cut off) ^i(fig. inscr. in portion of cyL); 
therefore (rect. GD) <|(fig. inscr. in parabola), 

and, a fortiori (rect. 6I))<i(parabolic segmt.): 
which is imposrible, since 

(rect. (?D)“t(parabolic segmt.). 

flberefcae (portion of cyl.) is not greater than f (pri^ out rff). J 

(2) In the second lacuna must have come the begboning <rf the next 

odafesardiwndemolirinngthe other posmbte assumbtiwi that timporfkn of 
i^y’findaris'^f thepfismoutoff. , , 

In' this ease our assumpthm is diat - . ' ■>'. 
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i . , (pri«m cut off)>#(portion of cylinder); 

dad we ciicumsciibe and inscribe figures made up of element-prisms, such that 
(prism cut o£f)>|(fig. circumscr. about portion of cyl.). 

Wepow consider the element-prisms in the prism cut off and in the circum- 
sciibed figure respectively, and the same argument as above ^ves 
(prism cut off) : (fig. circumscr. about portion of cyl.) 

» (rect. GD) : (fig. circumscr. about parabola), 
whence it follows that 

(rect. 6Z>)>|(fig. circumscribed about parabola), 
fortiori, 

(rect. 6f>)>i(porabolic segment): 
which is imposrible, rince 

(rect. GD)=l(parabolic segmt.). 

Therefore ^ 

(portion of cyl.) is not less than f (prism cut off). 

But it was also proved that neither is it greater; 
ther^ore ■ (portion of cyl.) ^Kprism cut off) 

“^(original prism).] 

[PuoposmoN 15] 

[This proposition, which is lost, would be the mechanical investigation of the 
second of the two special problems mentioned in the preface to the treatise, 
namely that of the cubature of the figure included between two cylinders, each 
of which is inscribed in one and the same cube so that its opposite bases are in 
two opposite faces of the cube and its surface touches the other four faces. 

Zeuthen has shown how the mechanical method can be applied to this case. 

In the accompanying figure VWYX is a section of the cube by a plane (that 
of the paper) passing through the 
axis BD of one of the cylinders 
inseribed in the cube and parallel 
to two opposite faces. 

The same plane gives the circle 
ABCD as the section of the other 
inscribed cylinder with axis per- 
pendicular to the plane of the 
paper and extendmg on 8ach side 
of the plane to a distance equal to 
the radius of the circle or half the 
\fflde of the cube. 

AC is the diameter of the circle 
which is perpendicular to BD, 

Join AB, AD and produce them 
to meet the tangent at C to the 
drcle mE,E. 

^Tlien BC-CF=CA. 

: Let JJGi be the taught at A, and complete the rectangle EFGL. 

Draw straight lines from A to the four comers of the section in which the 
^lane through BD perpendicular to AK cuts the cube. These straic^t lines, if 
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pr^uo^, n^t the plaiie of the face<i(rf the cid)e <4>pQBiteto A in-fotii; 
p^tB torn^g the foiw comers of a square in that plane with' sides .equal tie 
EF or double of the side of the cube, and we thus have a pyramid with A for 
vertex and the latter square for base. 

Complete the prism (parallelepiped) \rith the same base and hei^tas thie 
pyramid. . 

Draw in the parallelogram LF any straight line MN parallel to EF, and 
through MN draw a plane at right angles to AC. 

This plane cuts — 

(1) the solid included by the two cylinders in a square with ride equal to OP, 

(2) the prism in a square with ride equal to MN, and 

(3) the psrramid in a square with ride equal to QR. 

Produce CA to H, making HA equal to AC, and imagine HC to be the bar 
of a balance. 

Now, as in Prop. 2, rince MS- AC, QS=AS, 

MSSQ^CAAS 

=A0^ 

=05*+SQ*. 

Also HA’.AS^CA'.AS 
=-MS:SQ 
•^MS^iMSSQ 

=M/S* : (OS^+SQ^), from above, 

-MJV* : (OP*+QJ?*) 

“(square, side MN) : (sq., ride OP'+sq., ride QB). 
Therefore the square with side equal to MN, in the place where it is, is in 
equilibrium about A with the squares with rides equal to OP, QR respectively 
placed with their centres of gravity at H. 

Proceeding in the same way with the square sections produced by other 
planes perpendicular to AC, we finally prove that the prism, in the place where 
it is, is in equilibrium about A with the solid included by the two cylinders and 
the pyramid, both placed with their centres of gravity at H. 

Now the centre of gravity of the prism is at K. 

Therefore HA : AK — (prism) : (solid+pyramid) 
or 2:1 = (prism) : (solid 4-i prism). 

Therefore 2 (solid) •Vi(prism) = (prism). 

It follows that 

(solid included by cylinders) =i(prism) 

= |(cube). Q.B.D. 

There is no doubt that Archimedes proceeded to, and completed, the rigor- 
ous geometrical proof by the method of exhaustion. 

As observed by Prof. C. Juel (Zeuthen l.c.), the solid in the present propori- 
tion is twhAa up of 8 pieces of cylinders of the type of that treated in the pre- 
ce(Ung proporition. As however the two proporitions are separately stated, 
there is no doubt that Archimedes’ proofs of them were distinct. 

In this case AC would be divided into a very large number of equal parts and 
planes would be drawn through the prints of division peq>endicular to AC. 
These planes cut the solid, and also the cube VY, in square sections. Thus we 
can inscribe and circumscribe to the solid the requirite solid figures made up of 
dement-prisms and differing by less than any assigned solid magnitude; ^ 
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priinuihaTe aqoare bases’and thw hdghts aire tiie onaH segoMiiti ni viC. 
dfemeoHaiim m the maoribed aiid tntmmacribed figures wM(& lull the’ aquirt 
«}fial to OP* for baise oorre8p(^ to ao elanent>pri8m in Ihe m\» tvMoh hae 
for base a square with edde equal to that of the cube ; and as the ratio of tiie 
ehanent^nisms is the ratio 05 * : 'BK*i we can use the same awdliaiy parabcda, 
and woi4 out the proof in exactly tiie same way, as in Prop. 14 .] 
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BIOGRAPHICAL NOTE 
Apollonius, c. 262-c. 200 b.c. 


Apollonius was bom at Perga in Pamphylia, Aaa Minor, some twenty-five 
years after the birth of Archimedes, which would place his birth around the 
year 262 b.c. He seems to have gone when quite young to Alexandria, where, 
according to Pappus, the fourth century mathematician, he was attracted by 
the reputation of the astronomer, Aristarchus of Samos. Apollonius studied 
under the successors of Euclid at Alexandria and continued to reside there dur- 
ing the reigns of Ptolemy Euergetes and of Ptolemy Philopator (247-203 b.c.). 
He was also for some time in Pergamum, where he made the acquaintance of 
the mathematician, Eudemus, to whom he dedicated the first three books of his 
Conics, and of King Attains I (269-197 b.c.), to whom the remaining five books 
of the Conics were dedicated. 

Ajpoilonius appears to have been associated with the leading mathematicians 
of his day. In the dedicatory epistles of the Conies he records that he met Phil- 
onides while on a trip to Ephesus and that he undertook the composition of 
this work in the first instance for Naucrates, who was staying in Alexandria. 
Speaking in the same place of the preceding writers on conics, Apollonius points 
out their limitations and inadequacies in such a way that some of his readers, 
such as Pappus, have considered him boastful and envious, but it would seem 
that Apollonius is only trying to explain the appearance of a new text-book on 
the elements of conics (Books i-iv) and the publication of his own original and 
more advanced investigations (Books v-vin). 

The Conics were at once recognized as the authoritative treatise on the sub- 
ject, winning for their author the name of “the great geometer.” They are reg- 
ularly cited by later writers. Pappus added a group of lenunas, and Eutocius 
{fi. 500 A.o.) edited and commented on the first four books. These books are 
extant in the ori^nai Greek; the fifth, sixth, and seventh books exist in an Anir 
bic translation; the eighth book is known only indirectly. 

Although the titles and a general indication of the contents of other works 
by Apollonius are pven by later writers, especially by Pappus, only one, the 
Cutting of a RaUo, has survived, and that, like parts of the Conics, only in an 
Arabic version. All of the original work, with the exception of the second half at 
the Conics, has perished. Books not extant but known through Pappus are: 
Cutting of an Area, Determinate Section, Tangendes, Indinations, and Plane 
Loci. He wrote on irrationals and, like Archimedes, devised a system of multi- 
plication for counting large numbers and calculated an approximate value iat 
the ratio of the circumference of a circle to the diameter. The ancient writers 
also record that Apollonius wrote On the Burning-Glass, in wWch he probably 
treated the properties of the parabola, a work comparing the dodecahedron 
and the icosahedron inscribed in the same sphere, wd a book, perhaps on tire 
general principles of mathematics, in which he criticized and suggested im- 
provements for Euclid’s Elements. Lastly, in astronomy he is raedited by Ptd- 
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emy with an exi^anation of the motion of the planets by means of einoycles 
and eccentric circles. He seems to have been especially interested in the theory 
of the moon, and the Alexandrians are said to have called him Epsilon from the 
resemblance of that Greek letter to the lunar crescent. 
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TRANSLATOR’S NOTE 


If on first appe^ance this treatise should seem to the reader a jumble of 
propositions, rigorous indeed, but without much rhyme or .reason in 
their sequence, then he can be sure he has not read’ aright/ and as 'with 
the planets, he must look further to save the appearances. There’ ate 
one or two hypotheses at least that can order the apparent wanderings 
of parabolas, h 3 q)erbolas, and ellipses through the first four books. Su(di 
hypotheses are the analogies between the three sections, a.nd espedally 
the development of the analogy between the hyperbola and the ellipse 
reaching its culmination, in the first book, with the final theorem, the 
construction of conjugate opposite sections. ^ 

In First Definitions 1.5, Apollonius innocently defines two kinds of 
diameters, the transverse and the upright. Each one, in a conic section, 
bisects all the straight lines parallel to the other. But the upright diam- 
eter, defined here only as to position, has, in the case of the ellipse, nat- 
ural bounds fixed by the section itself, and in Proposition 1. 15 we find 
it is the mean proportional between the corresponding transverse diam- 
eter (or conjugate diameter) and its parameter. The transverse diam- 
eter, in turn, is the mean proportional between the upright diameter (or 
conjugate) and its parameter, so “upright” and “transverse” become 
meaningless terms, in the case of the ellipse, for something better ex- 
pressed by the symmetrical relation “conjugate” (First Def. 1.6). Im- 
mediately, in Proposition 1. 16, as if arbitrarily, the upright diameter of 
the hyperbola is bounded in the same way, given a definite magnitude, 
and becomes “the second diameter.” But so far transverse and upright 
diameters, or transverse and second diameters, are distinct things in the 
case of the hyperbola, and there seems to be little reason for giving this 
second diameter in magnitude has not yet become That 
the upright diameter should be given even in position for the hyperbola 
becomes only very significant with two pairs of propositions— Propor- 
tions 1.37 and 38, and 1.39 and 40— where it is shown that certain 
properties holding for ordinates to the transverse diameter of the hy- 
perbola and ellipse hold also for the ordinates to their conjugates. But 
it is only with the final proposition of the first book (1.60) that the 
magnitude of the hyperbola’s second diameter is justified in ma^tude 
as well as position. It is the corresponding diameter of the opposite sec- 
tions conjugate to the first. And this analogy betwwn the hyperbola 
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and ellipse now stands on the threshold of a vast development. For this 
theorem, coming as a climax to the first book, makes possible the main 
theme of the second book: the asymptotes, those strange lines all but 
touching each opposite section (II. 2, 13, 14) and forming a single bound 
between each adjacent pair (II. 15, 17), so making the hyperbola an all 
but closed section, a puckered ellipi^, a moirtb; turned inside out. And 
in the third book, the fniits of this analogy are gathered as in the espe- 
cially nice case of Proposition III.15. 


; Although this translation is literal, we have not hesitated to use such 
symbols and abbrevicUaons as^ witiiout prejudicing any Greek nmuber 
theory or introducing any modem theory of Isymbols, would yet mjake 
the reading and ths mechahic of study easier and at the same time pre- 
serve all tl» rigor of Greek mathematics. | 

As for the Greek text, -we have used Heiberg, and have constantly re- 
ferred to the edUio prineepa of Halley. In certain instances we have been 
glad to coirsult tbe very excellent French translation of Paul Ver Eecke 
(Descl4e de Brouwer, Bruges, 1923). We have also deferred, at all rel- 
evant points, to the En^sh usage of T. L. Heath’s translation of 
Euclid’s ElemenU. 



EXAMPLES OF ABBREVIATIONS 
AND SYMBOLS USED 


A^B for A is equal to B. 

A +B for A added to B. 

A —B for B subtracted from A. 

A : B X zC : D for d. is to B as C is to Z>. 

rect. AB , BC for rectangle AB,BC. 

sq. AB for square on AB. 

ar. for area. 

pllg. for parallelogram. 

trgl. for triangle. 

quadr. for quadrilateral. 

rect. dB,BC:rect. CD,DE comp. AB :CD,BC :DE 
for ratio of rectangle AB,BC to rectangle CD,DE is 
compounded of the ratio of AB to CD and of BC to 
DE. 

ratio comp. AB zBC, CD : £)B«ratio comp. XY : YZ , 
ZWz WV for ratio compounded of AB to BC and of 
CD to DE is the same as the ratio compounded of XY 
to YZ and of ZW to WV . 

A> B for A is greater than B. 

A <B for A is less than B. 
rt. angle for ri^t angle. 
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BOOK ONE 


APO14.ONIU8 to Eudemus, greetinp. 

If you are restored in body, and other thinp go with you to your mind, well 
and good) and we too fare pretty well. At the time I was with you in Perga- 
mum, I obseired you were quite eager to be kept informed of the work 1 was 
doing in conics. And so I have sent you this first book revised, and we nhall 
dispatch the others when we are satisfied with them. For I don’t believe you 
have forgotten hearing from me how I worked out the plan for these conics at 
the request of Naucrates, the geometer, at the time he was with us in Alexan- 
dria lecturing, and how on arranging them in eight books we immediately 
communicated them in great haste because of his near departure, not revising 
them but putting down whatever came to us with the intention of a final going 
over. And so finding now the occasion of correcting them, one book after 
another, we publish them. And since it happened that some others among 
those frequenting us got acquainted with the first and second books before the 
revision, don’t be surprised if you come upon them in a different form. 

Of the eight books the first four belong to a course in the elements. The first 
book contains the generation of the three sections and of the oi^)osite branches, 
and the principal properties (t 4 dpxixd <rujBTTci)/ioro) in them worked out more 
fully and universally than in the writinp of others. The second book contains 
the properties (rd trvftfialvwTa) having to do with the diameters and axes and 
also the as}nnptotes, and other thinp of a general and necessary use for limits 
of possibility (irpd$ rods dioptoMods). And what I call diameters and what I call 
axes you will know from this book. The third book contains many incredible 
theorems of use for the construction of solid loci and for limits of posmbility of 
which the greatest part and the most beautiful are new. And when we had 
grasped these, we knew that the three-line and four-line locus had not been 
constructed by Euclid, but only a chance part of it and that not very happily. 
For it was not possible for this construction to be completed without the addi- 
tional thin^ found by us. The fourth book shows in how many ways tlie sec- 
tions of a cone intersect with each other and with 1b.e circumference (ff a circle, 
and contains other things in addition none of which has been written by our 
predecessors, that is in how many points the section of a cone or the circumfer- 
ence of a circle and the opposite branches meet the opposite branches. The rest 
of the books are fuller in treatment. For there is one dealing more fully with 
mavimn. and and one with equal and similar sections of a cone, and 

one with jiTTiiting theorems, and one with determinate conic probl«ns. And so 
indeed, with all of them published, those happening upmi, them can judge 
them as they see fit. Good-bye. 
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Fibst Definitions 

1. If from a point a straight line is joined to the circumference of a circle 
which is not in the same plane with the point, and the line is produced in both 
directions, and if, with the point remaining fixed, the straight line being ro- 
tated about the circumference of the circle returns to the same place from 
which it began, then the generated^^rfacie oconposed of the two surfaces lying 
vertically opposite one another, each of which increases indefinitely as the 
generating straight line is produced indefinitely, I call a conic surface, and I 
call the fixed point the vertex, and the straight line drawn from the vertex to 
the center of the circle the axis. 

2. And the figure contained by the circle and by the conic surface between 

the vertex and the circumference of the circle I call a cone, and the point 
which is also the vertex of the surface I call th^ vertex of the cone, and the 
straight line drawn from the vertex to the center of the circle the axis, and the 
circle the base of the cone. \ 

3. I call right cones those having axes perpendicular to their bases, l^nd 

oblique those not having axes perpendicular to their bases. ? 

4. Of any curved line which is in one plane I call that straight line the diatoi- 
eter which, drawn from the curved line, bisects all straight lines drawn to this 
curved line parallel to some straight line; and I call the end of that straight 
line (the diameter) situated on the curved line the vertex of the curved line, 
and I say that each of these parallels is drawn ordinatewise to the diameter 
(rerayfikvtas kvl rijv hiLiierpov KarilxBai)} 

5. Likewise of any two curved fines lying in one plane I call that straight fine 
the transverse diameter (fit A/icrpos irXavlo) which cuts the two curved fines and 
bisects all the straight lines drawn to either of the curved fines parallel to some 
straight line; and I call the ends of the diameter situated on the curved lines 
the vertices of the curved lines; and I call that straight fine the upright diam- 
eter (MpierfHK op&la) which, lying between the two curved fines, bisects all the 
straight fines intercqited between the curved fines and drawn parallel to some 
straight fine; and I say that ^ch of the parallels is drawn ordinatewise to the 
diameter. 

6. The two straight lines each of which bdng a diameter bisects the straight 
lines parallel to the other 1 call the conjugate diameters ((rui'vyets fiia^^rpot) of 
a cmWl line and of two curved lines. 

7. And I call that straight line the axis of a curved line and of two cuirved 
lines which being a diameter of the curved line or lines cuts the parallel straight 
fines at ri^t angles. 

8. And I call those straight lines the conjugate axes of a curved fine and of 
two curved fines which being conjugate diameters cut tfiestrai^t lines parallel 
to each other at right angles. 

PnoposmoN 1 

Th 9 strait lim$4rdwnfnm the vertex of the come tuffaeetd pointc on ^ swtface 
UreonAatturfaoe. 

^ Let there be a conic surface whose vertex is the point A, and let there be 
^ ^We ihafi follGW modem usage and g^aerally call these paraito ordinates. * « ' » 
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talim some pdnt B op the cooie surface, and let a strsai^t line ACB he ieinedi^ 
, I' say that the -struct line ACB is on the cmic surfaee. 




For if possible, let it not be> 
and let the straij^t line JOB 
be the line gmerating the 
surface, and BF be the mrde 
along which £Z> is moved. 
Then if, the point 4 remain- 
ing fixed, the struct line DB 
is moved akMi^ the drcum- 
ferenoe d the circle EF, it 
will also go throng the pdnt 
B (Def. 1), and two strdi|^ 
lines will have the same 
And this is absurd. 

Therefore the straight line 
joined from A to £ cannot 
not be on the surface. There- 
fore it is on the surface. 


POBIBU 

It is also evident that, if a straight line is joined from the vertex to some 
point among those within the surface, it will f^ within the conic surface; and 
if it is joined to some point among those without, it will be outside the surface. 


Pboposition 2 

If on either one of the two vertically opposite surfaces two points are taken, and the 
straight line joining the points does not verge to the vertex, then it tviU fall within 
the surface, and prodvced it will fan outside. 

Let there be a coiuc surface whose vertex is <be point A, and a drcle BC 
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and let the jdning strai^t line DE not verge to the pdnt A. 

I say that the straight line DE will be within the surface, and produced will 
be without. 

Let AE and AD be joined and produced. Then they will fall on the circum- 
ference of the circle (i. 1). Let them fall to the points B and C, and let BC be 
joined. Therefore the straight line BC will be within the circle, and so too with- 
in the conic surface. 

Then let a pdnt F be taken at random on DE, and let the strai^t line AF 
be joined and produced. Then it will fall on the straight line BC] for the tri- 
angle BCA is in one plane (Eucl. xi. 2). Let it fall to the point G. Since th@ti 
the point G is within the conic surface, therefore the straight line AG is also 
within the conic surface (i. 1, porism), and so too the pdnt F is within the 
conic surface. Then likewise it will be shown that all the points on the strdght 
line DE are within the surface. Therefore the straight line DE is withip the 
surface. \ 

Then let DE be produced to H. I say then it will fall outside the opnic 
surface. 

For if possible, let there be some point H of it not outside the conic surf^e, 
and let AH be joined and produced. Then it will fall either on the circumfer- 
ence of the circle or within (i. 1 and porism). And this is imposdble, for it falls 
on BC produced, as for example to the point K. Therefore the straight line EH 
is outside the surface. 

Therefore the straight line DE is within the conic surface, and produced 
is outside. 


PnoposmoN 3 

If a cone is cut by a plane through the vertex, the section is a triangle. 

Let there be a cone whose vertex is the point A and whose 
base is the circle BC] and let it be cut by some plane through 
the point A ] and let it make, as sections, lines AB and AC on 
the surface, and the straight line BC in the base. 

I say that ABC is a trian^e. 

For since the line joined from A to £ is the common section 
of the cutting plane and of the surface of the cone, therefore 
AB is a straight line. And likewise also AC. And BC is also a 
straight line. Therefore ABC is a triangle. 

If then a cone is cut by some plane through the vertex, 
the section is a trian^e. 

PnoposmoN 4 

If either one of ffie vertically opposite surfaces is cut by same plane paraUel to the 
drde along which the straight line generating the surface is moved, the plane cut 
off within the surface will be a circle having its center on the axis, and the figure 
contained by the circle and &ie conic surface intercepted by the cutting plane on the 
side of the vertex will be a cone. 

Let there be a conic surf^ whose vertex is the p(rat A and whose drcle 
along which the straight line generating the surface is moved is £C ; and let it 
be cut by some plane parallel to the circle BC, «id let it msike on the siaface 
as a section the Ime £}£. 
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I say th^ the line DE is a circle having its centffl* on the axis. 

. . j point P be taken as the center of the circle BC, and let AF be 
joined. Therefore AF is the axis (Def. 1) and meets the cutting plane. Let it 
meet it at the point G, and let some plane be produced thrcHigh AF. Then Uw 




section will be the triangle ABC (i. 3). And since the points D,G,Eare pcnnts 
in the cutting plane, and are also in the plane of the triangle ABC, therefore 
DGE is a straight line (Eucl. xi. 3). 

Then let some point H be taken on the line DE, and let AH be joined and 
produced. Then it falls on the circumference JSC (i. 1). Let it meet it at K, and 
let GH and FK be joined. And ance two parallel planes, DE and BC, are cut 
by a plane ABC, their common sections are parallel (Eucl. xi. 16). Therefore 
the straight line DE is parallel to the straight line BC. Then for the same rea- 
son the straight line GH is also parallel to the straight line KF. Therdore 
FA : AG ::FB;DG::FC:GE::FK'.GH (Eucl. vi. 4). 

And BF=KF^FC 

Therefore also DGb‘GH=GE (Eucl. v. 9). 

Then likewise we could show also that all the straight lines falling from the 
p<^nt G on the line DE are equal to each other. 

Therefore the line DE is a circle having its center on the axis. 

And it is evident that the figure contained by the circle DE and the conic 
surface cut off by it on the side of the point A is a cone. 

And it is therewith proved that the common section of the cutting plane 
and of the aodal triangle (triangle throu^ the axis) is a diameter of the circle. 

PnoposmoN 5 

If an Mique comUeuibva plane throughihe axie at right angles to the base, and 
is also out by another plane onAeone hand ai tighl angles to the axid trian^, 
ard on the other (hiding off on the side cf the vertex a iriangUsimiUa to the (add 
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and lying mAconfranwitef then the eMim ie a cirele, and let eudi a 
section be called suboontrary^ 

Let there be m oblique cone whose vertex is the point A and whose base is 
the circle BC, and let it be cut by a plane through Hxe 
axis perpendicular to the circle BC, and let it make as 
a section the triangle ABC (i. 3). Then let it also be 
cut by another plane perpendicular to the triangle 
ABC and cutting off on the side of the point A the 
triangle AKQ similar to the triangle ABC and lying 
subcontrariwise, that is, so that the angle AKQ is 
equal to the angle ABC. And let it make as a section 
on the surface, the line GHK. 

I say that the line GHK is a circle. 

For let any points H and L be taken on th^ lines 
GHK and BC, and from the points H and L let per- 
pendiculars be dropped to the plane through the tri- 
angle ABC. Then they will fall to the common sec- 
tions of the planes (Eucl. xi. def. 6). Let them fall as 
for example FH and LAf. Therefore FH is parallel to 
LM (Eucl. XI. 6). 

Then let the straight line DFE be drawn through F parallel to BC ; and FH 
is also parallel to LM. Therefore the plane through FH andi DE is parallel to 
the base of the cone (Eucl. xi. 15). Therefore it is a circle whose diameter is the 
straight line DE (i. 4). 

Therefore 

rect. DF,FE“Sq. FH (Eucl. in. 31 and vi. 8, porism). 

And since ED is parallel to BC, angle ADE is equal to angle ABC. And angle 
AKQ is supposed equal to angle ABC. And therefore angle AKQ is equal to 
angle ADE* And the vertical angles at the point F are also equal. Therefore 
triangle DFG is sinular to triangle KFE, and therefore 
EF :FK::GF :FD (Eucl. vi. 4). 

Therefore 

rect. EF, FD^rect. KF, FG (Eucl. vi. 16). 

But it l^as been shown that 

sq. FJEf «rect. EF, FD\ 

and therefore 

xoo%.KF,FG^BOi.FH. 

Likewise th^ all the perpendiculars drawn from the line GHK to the straight 
line GK could also be shown to be equal in square to the rectangle, in each 
case, contained by the segments of the strai^t line GK. 

Therefore the section is a cirde whose diameter is thi straight Um GK. 

PBOPqsmoNB 

acorn is cat by. a ykme through the oasis, and some poiM is taken m the surface 
of the cone which is not on a side of the axial, triangle, and from it is drawn a 
straight line parallel to some straight Une Which is a perpendicular from the dr- 
oumference of (he circle io the base of the 4iricmg^, thm U meets (he axial triangU, 
and m being ]mduced to Ihe other side cf ^ sutfaae it vM he 



be a csnt^ tyboftp varfmair * 

BC, and let the cone be cirtbv a^iS tJ® «k 1 *ho8e baae ia the einl 9 

mon section the triangle jfiC 

«&* U. 3), and from some point ilf of those on the 



‘St* n f ^ perpendicular to the straight 

through D let the .treighEZe DE to dn.Z.'^el’to 5?/ 

Its surface, will be bisected by the triangle ABC. 

Let the strai^t line AD be Joined and be produced. Therefore it will m«rf 
^ rf the circle BC (,. 1). Let it meet it .t Sta K K 

freight hue ML to drawn perpendiculor to the straight line BC. Theirfow 
KH is parallel to MN, and therefore to DE (Eucl. xi. 9). ereiore 

JM the strai^t line AH be joined from A to H. Since'then in the triande 
AHK the straight line DE is parallel to the strai^t line HK, therefwe DE 
p™^n^ rrtl m^ AH. But M is in the pirn* S ABC; ttoSS S 
meet the plane of the tnan^e ABC. 

For the same reasons it also meets AH; let it meet it at F, mid let DP he 

produced in a straight line until it meet the surface of the cone. Let it meet 
it at G, 


I Say tlmt JDF is equal to FO. 

For Hiloe A ,G,L are points on the surface of the cone, but dso in the 
^ni^ through the straight fines AH, AK, DG, KL, which is a triage 
thrOQ^ the vertex of the ccoo (i. 8), therefore ^4, Gj L are points mi <he co^ 
mon seterion ef the cone’s surface mid of the trian^e. Thcsefme tiieiine^iroa^ 
A, 0, L is a strai^t line. Since then in Ihe trimigle ALK the stoai^t 
has beto'tfraTO'paralld to the base KHL tmA some strai^^ line ilFff has bedt 
from the point A,. therefore 

KH:HL::DFiF0(;^.n.2). . . .,1 
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Bat KH is equal to HL, ^ce KL is a chord in drcle BC perpendicular to the 
diameter (Eucl. m. 3). Therefore DF is equal to FG. 

Proposition 7 

If a cone is cui by a plane through the axis, and if it is also cut by another plane 
cutting the plane the hose of the cone is in, in a straight line perpendicular either 
to the base of the axial triangle or to it produced, then the straight lines draumfrom 
the resulting section on the erne's surface, made by the cutting plane, parallel to the 
straight line perpendicular to the base of the triangle unll fall on the common seo- 
tion of the cutting plane and of the axial triangle, and further produced to the other 
side of the section, are bisected by the common section; and if it is a right cone the 
straight line in the base will be perpendicular to the common section of the cutting 
plane and of the axial triangle, and if obligue, it will not always he perpendicular, 
but whenever the plane through the axis is perpendicular to the base of the c^. 

Let there be a cone whose vertex is the point A and whose base is the cirale 
BC, and let it be cut by a plane through the axis and let it make as a section 


A 



the triangle ABC (i. 3). And let it also be cut by another plane cutting, the 
plane the circle BC is in, in the straight line DE perpendicular either to the 
straight line BC or to it produced, and let it make as a section on the surface of 
the cone the line DFE. Then the straight line FG is the common section of the 
cutting plane and of the triangle ABC. And let any point H be taken on the sec- 
tion DFE, and let the straight line HK be drawn through H parallel to the 
straight line DE. 

I say that the straight line HK meets the straight line FG, and, on being 
produced to the other side of the section DFE, will be bisected by FG. 

For since a c<me whose vertex is the point A and whose base is the circle BC 
has been cut by a plane through its axis, and makes as a section the tnangle 
ABC, and some point H on the surface, not on a side of the triangle ABC, has 
been taken, and since the straight line DG is perpendicular to the straight linp 
BC, therefore the straight line drawn throu^ H paraM to DG, that is HK, 
meets the triangle ABC, and if further produced to the other si^ of the sur- 
face, will be bisected by the triangle (i. 6). 
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Then sinee the straight line drawn through H parallel to the strai^t line 
DE meets the triangle ABC and is in the plane of the section DFE, therefore 




it will fall on the common section of the cutting plane and of the triangle ABC. 
But the straight line FG is the common section of the planes. Therefore the 
straight line drawn through H parallel to DE vrill fall on FO, and, if further 
produced to the other side of the section DFE, will be bisected by the straight 
line FG. 

Then either the cone is a right cone, or the axial triangle ABC is perpendio* 
ular to the circle BC, or neither. 

First let the cone be a right cone. Then the triangle ABC would be perpen- 
dicular to the circle BC (Def. 3; Eucl. xi. 18). Since then the plane ABC is 
perpendicular to the plane BC, and the straight line DE has been drawn in one 
of the planes, BC, perpendicular to their common section the straight line BC, 
therefore the straight line DE is perpendicular to the triangle ABC (Eucl. xi. 
def. 4), and therefore to all the straight lines touching it and in the triangle 
ABC (Eucl. XI. def. 3). And so it is also perpendicular to the strmght line FG. 

Then let the cone not be a right cone. If now the axial triangle is perpen- 
dicular to the circle BC, we could likewise show that DE is perpendicular 
toFC. 

Then let the axial triangleABCnot be perpendicular to the circleBC. — I say 
that DE is not perpendicular to FG. For if possible, let it be. And it is also 
perpendicular to the straight line BC. Therefore DE is perpendicular to both 
BC and FG, and therefore it will be perpendicular to the plane through BC and 
FG. But the planpi through BC and GF is the triangle ABC, and therefore DE 
is perpendicular to the triangle ABC. And therefore all the planes through it 
are perpendicular to the triangle ABC. But one of the planes through DE is the 
circle BC] therefore the circle BC is perpendicular to the triangle ABC. And so 
the iriftrig lA ABC will also be perpendicular to the circle BC. And tMs is not 
supposed; Therefore the straight line BiS is not perpendicular W ^ straigjht 
}imFGi 
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Then from this it is evident that the strai^t hne FG is the diameter d the 
section DFE, since it bisects the straight lines drawn parallel to some strught 
line DE, and that it is posinble for some parallels to be bisected by the diameter 
FG and not be perpendiculai^. 

PnoposraoN 8 

If a cone is cut by a plane through its axis, and is out by another plane cutting (he 
base of the cone in a straight line perpendicular to the base of the ctxial triangle, 
and if the diameter of the resulting section on the surface is either parallel to one 
of the sides of the triangle or meets one of them beyond the vertex of ffie cone, and 
die surface of the cone and the cutting plane are ip-oduced indefinitely, (hen the 
section will also increase indefinitely, and some straight line dravm from the sec- 
tion of the cone parallel to the straight line in the base of the tone wiU out offWom 
the diameter on the side of the vertex a straight line equcd to any given straight^ine. 



; . XiBit there be a eoiie whose vertex is the point A- and whose base ia the (drel6' 
BGt aad let it be out by a {dane through its ax^ and let tt nlajceas AssotioD; 
• Iho triangle AEG (i- 3)^ Aud let it be put also by soother plane cuttini^ 
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--weki fiCin ft straight Uoe DE perpendiculto to the strai^xt line BC, a-pd let it 
naake ss a section on the surface iY» hne DFE. And let the ^Uameter !F(? of tiw 
section DFE be eithhr parallel to the straight line AC or on bmng ptiadueed 
meet it beyond the point A (i. 7 and porism). 

I say that, if both the surface of the cone and the cutting plane are produced 
indefinitely, the section DFE also will increase indefinitely. , 

'For let both the surface of the ccme and the cutting plane be produced. Then 
it is evident that also the straight lines AB, AC, FG will be therewith produced. 
Sincethe strai^it line FG is either parallel to AC or produced meets it beyond 
the ptant A, therefore the straight lines FG and AC on being produced in. the 
direction of C and G will never ineet. Then let them be produced and let some 
point H be taken at random on the straight line FG, and let the straii^t line 
KHL be drawn through tl^ point H parallel to the straight line BC, and 
MHN parallel to DE. Therefore the pUme throu^ KL and MN is paralld to 
the plane through BC and DE (Eud. xi. 15). Therefore the plane KLMN is 
a circle (i. 4). 

And since the points D, E, M, N are in the cutting plane and also on the 
surface of the cone, therefore they are on the common section. Therefore the 
section DFE has increased to the points M and N. Therefore, with the suifaoe 
of the cone and the cutting plane increased to the circle KLMN, the section 
DFE has also increased to the points M and N. Then likewise we could show 
also, that if the surface of the cone and the cutting plane are extended indefi- 
nitely, the section MDFEN will also increase indefinitely. 

And it is evident that some straight line will cut off on straight line FH on 
the side of point F a straight line equal to any given straight line. For if we lay 
down the straight line FX equal to the given strai^t line, and draw a parallel 
to DE throufdi X, it will meet the section, just as the straight line torou^ if 
was also proved to meet the section in the points M and N. And so some 
straight line is drawn meeting the section, paralld to DE, and cutting off on 
FG on the ade of point N. a straigM: line equal to the ^ven straight line.' . 

Pbopoution 9 

If a <sone ts cut by a pkme meeting both aides af the atxial triangle, and neither 
parallel to the base nor sitwded svbcontrariwise, then the section wHi not be octrefe. 

Let toere be a cone whose vaiex is 
toe point A and whose iMtse is the 
circle BC, and let it be cut by seiiae 
plane neither parallel to toe base fidr 
sitasted subcontraiiwise, and let it 
tnfdie as a section -on toe surface toe 
lineDKB. 

1 say that toe line DKE will iMt be 
aeircK. - : i 

Fdr if possible, kft it be, And let toe 
cutting plane nmet’ toe base; end M 
toe «trai^ Me ^ be the eonuntm 
section d the pSanAs, 'Mtd let' toe 
peSnt H be the ceaiter of the' 

SC, and let the Me 
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drawn from it perpendicular to the straight line FG. And let a plana be ex- 
tended throuid^ GH and the sods and let it make as sections on the ccmic sur- 
face the straight lines B.4 and AC (i. 1). Since then D,E,Gaxe points in the 
plane through the line DKE, and also in the plane through the points A, B,C, 
therefore D, E, G are points on the common section of the planes. Therefore 
GED is a straight line (Eucl. xi. 3). 

Then let scone point K be taken on the line DKE, and through K let the 
straight line KL be drawn parallel to the strai^t line FG] then KM will be 
equal to ML (i. 7). Therefore the straight line DE is the diameter of the circle 
DKLE (Def. 4). Then let the straight line NMX be drawn through M parallel 
to the straight line BC. But KL is also parallel to FG. And so the plane through 
the straight lines NX and KM is parallel to the plane through the straight 
lines BC and FG, that is to the base (Eucl. xi. isj, and the section will b^ a 
circle (i. 4). Let it be the circle NKX. * ( 

And since the straight line FG is perpendicular to the straight line BG, me 
straight line KM is also perpendicular to the straight line NX (Eucl. xi. IQ). 
And so 

rect. NM,MX=»s(i. KM (Eucl. in. 31; vi. 8, porism) 

But 

rect. DM,ME=^sq. KM, 

for the line DKEL is supposed a circle, and the straight line DE is its diameter. 
Tlierefore 

rect. NM,MX==‘t&ii. DM, ME. 

Therefore 

MN:MD::EM:MX (Eucl. vi. 16). 

Therefore triangle DMN is similar to triangle XME (Eucl. vi. 6; vi. def. 1), 
and angle DNM is equal to angle MEX. But angle DNM is equal to angle 
ABC, for the straight line NX is parallel to the straight line BC. And therefore 
angle ABC is equal to angle MEX. Therefore the section is subcontrary (i. 5). 
And this is not su]^K>8ed. Therefore the line DKE is not a circle. 

Pboposition 10 

If two poinla are taken on the section of a cone, the straight line joining the two 
points wHi fall within the section, and produced in a 
^raight Une it will fall outside. 

Let there be a cone whose vertmc is the point A, 
and whose base is the circle BC, and let it be cut by a 
plane through the axis, and let it make as a section 
the triangle ABC (i. 3). Then let it also be cut by 
another plmie, and let it midce as a section on the 
surface of the cone the line DEF, and let two points 
G and H be taken on the line DEF. 

I say that the straight line joining the two points G 
and H will fall within the line DEF, and produced in 
a straight line it will fidl outside. 

.For since a cone, whose vertex is the point A and 
ediose base is the drcle BC, has been cut by a plane 
th^gh the ans, and some points G and H have been 
taken on ijs surface which are not on a side of the axial 
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trian^e, and dnoe the straight line joining O and H does not verge to the {xont 
Af therefore the strai^t line jdning G and H will fall within the cone, and 
produced in a straight line it will fdl outside (i. 2); ccmsequently also out- 
side the section DFE. 


Pboposttion 11 


If a cotie is cut by a plane through its axis, and also cut by another pla/ne cutting 
the base of the cone in a straight line perpendicular to the base of the axial triangle, 
and if further the diameter of the section is parallel to one side of the axial triangle, 
then any straight line which is drawn from the section of the cone to its diameter 
parcdlel to the common section of the cutting plane and of the cone's base, will egucd 
in square the rectangle contained by the straight line cut off by it on the diameter 
beginning from the section’s vertex and by another straight line which has the rath 
to the straight line between the angle of the cone and the vertex of Oie section that the 
square on the base of the axial triangle has to the rectangle contained by the remain- 
ing two sides of the triangle. And Id such a section be called a parabola (vapo/SoXij). 

Let there be a cone vhose vertex is the point A, and whose base is the circle 
BC, and let it be cut by a plane through its axis, and let it make as a section the 
triangle ABC (i. 3). And let it also be cut by another plane cutting the base oi 
the cone in the straight line DE perpendicular to the straight line BC, and let 
it make as a section on the surface of the cone the line DFE, and let the (ham- 
eter of the section FG (i. 7, and def. 4) be parallel to one side AC of the axial 
triangle. And let the strai^t line FH be drawn from the point F pen>endiGuiar 
to the straight line FG, and let it be contrived that 

sq. BC : rect. BA, AC : : FH : FA. 

And let some point K be taken at random on the 
section, and through K let the straight line KL be 
drawn parallel to the straight line DE. 

I say that sq. KL*rect. HF, FL. 

For let the straight line MN be drawn throu^ L 
parallel to the strai^t line BC. And the struct line 
DE is also parallel to the straight line KL. Therefore 
the plane through KL and MN is parallel to the 
plane through BC and DE (Eucl. xi. 15), that is to 
the base of the cone. Therefore the plane throuf^ KL 
and MN is a circle whose diameter is MN (i. 4). And 
KL is perpendicular to MN since DE is also perpen- 
dicular to BC (Bud. XI. 10). Therefore 
rect. ML, LAT-sq. KL (Eucl. in. 31; vi. 8, poiism). 

And since 


A 



and 


sq. BC : rect. BA* AC : : HF : FA, 


sq. BC : rect. BA,, AC comp. BC : CA,BC : BA (EucL vi. 23), 
therefore 

HF : FA comp. BC ; CA ,BC : BA. 

BC : CA : i AW : ATA : : JfL ; LF (Eucl. VI. 4), 


BC:BA::MN:MA::LM:MF::NL:FA(EafA.'n.2). 
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Ibnefaps 


HF :FA<xicaip,ML:LFtNL'.FA, 

But 

rect. ML,LN : rect. LF, FA comp. ML : LF, LN : FA (Eud. tl 23). “ 
Therefore 

HF ::FA:: rect, ML,LN : rect. LF, FA 
But, with the straight line FL' taken as common heif^t^ 

HF :FA :: rect. HFf FL : rect. LF, FA (Eucl. vi. 1), 

therefote 

rect, ML,LN : rect. LF, FA : : rect. HF, FL : rect. LF, FA (Eud. ▼. 11). 
Iherefore 


But 

therefore also 


rect. ML, LN »=rect. HF, FL (Ehid. ▼. 9). 
rect. ML,LN<B‘Bq. KL^ 


sq. KL^reot. HF,FL. 

And let such a secticm be c^ed a parabola, and let HF be called the strai^t 
line to which the straight lines drawn ordinatewise to the diameter FQ are 
applied in 8({uare (ra/ft ^p&bvarai tU KaTay6iiev<u nr ay fikvas M rii* ZH &&ser/xw)^ 
and let it also be called the upright dde (6p6la)} 


Pboposition 12 


If a com is cut hy a plane through its axis, and also by another plane cutting the 
base of the cone in a straight line perpendicular to the base of the axial triangle, 
and if the diameter of the secHon produced meets one side of the axial triangle 
beyond the vertex of the cone, then any sbraighi line which is dra/wnfrom the section 
to its diameter parallel to the common section of the cutting plane and of the cone's 
base, wiU equal in square some area applied to a straight line to which the straight 
line added along the diameler of the section and subtending the exterior angle of the 
ttiangle has the ratio that the square on the Haight line drdum from the cone’s 
vertex to the triangle’s base pardtlel to the section’s diameter has to the rectangle 
contained by the sections of the base which this straight line makes when drawn, 
this area having as breadth the straight line cut off on the diameter beginning from 
the section’s vertex by this straight line from'ihe section to the diameler and exceed- 
ing (bmpdiUduai') by a figure (effios), similar and similarly situated to the rectangle 
contained by the straight line subt^ing the exterior angle of the trianglp and by 
the parameter. And fef such a section be called an hyperbola (tircpfSoXt). 

Let there be a cone whose vertex is the pdnt A and whose base is the circle 
BC, and let it be out by a plane fhrbu^ its axis, and let it'make as a section 
the trian^ ABC (i. 3). And let it also be cut by another plane cutting the base 
d the cone in the straight line Z>E p^pendiculwr to.<B(7 theLase of the triangle 
ABC, and let it make as a section on the surface of the cone the line DFE, And 


*The Qiedfe of {her phrase ''the straight Une to 'wlAoh the straight lines diWn orSinajowise. 
to the diameter are applied in square/’ that is ii al Karay6fi€Ftu rkrdylMtr 

M rijp SidiitTfiOPt soon beo(uhii^ablMyUted't6^lf^.r«0 'iA karaydimtu and to 4 

%p H»aPTa$. We shall translate these abbreviations by the word ’^parameter.” And we d«i)l 


later on, alter proposition^IV al^orten tbe^lopg^exprepnioxv tor**tbe parameter of the ordinates 
to the diameter.” - > 

The lAtin translation of 6p6la (irXcvpd) is UUua rectum whidi haa beoonM an English tem 


too. 


. 
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FO tiw (fiameter of the eectioQ (i. 7 and def . 4) whra produced steeft AG <ne 
ride of the triangle ABC beyond the vertex rf the cone at the print H- And let 
theetraig^tline A£^ be drawn throufdi A parallel to the 
tUameter of the amtioa FG, and let it cut BC. And let 
the straight line FL be drawn from F perpnidieular to 
FO, and let it be contrived that 

sq. KA : rect. BK,KC::FH: FL. 

^d let some point M be taken at random on the sec- 
tion, and through M let the straij^t line MN be drawn 
parallel to DE, and through N let the straight Ihie 
NOX be drawn parallel to FL. And let the straight line 
HL be joined and produced to X, and let the strai^t 
lines W and XP drawn through L and X parrilri 
to FAT. 

I say that MN is equal in square to the parallelo- 
gram FX vdiioh is applied to FL, having FN as 
breadth, and exceeding by a figure LX simi&r to the 
rectangle contained by HF and FL. 

For let the strai^t line RNS be drawn throu^ N 
parallel to BC; and NM is also parallel to DE. There- 
f<»8 the plane through MN and RS is parallel to the plane through BC and 
DE, that is to the base of the cone (Fuel. xi. 15). Therefore if the plane is 
laroduc^ through MN and RS, the section will be a circle whose diameter is 
the atraiid^t line RNS (i. 4). And MN is perpendicular to it. Therefore 

rect. RN, iViS*sq. MN. 



And rinoe 
and. 


sq. AK : rect. BK,KC-. :FH : FL, 


sq. AiC : rect. 5A, A<7 comp. AJC : XC, AX : XB (Eucl. VI. 23), 
therefore also 

FH : FL comp. AK-.KC,AK: KB. 

But 
and 


Therefore 

And 


AK:KC: :HG .GC: :HN :NS (Eucl. vi. 4), 
AK‘.KB::FG:GB-.:FN :ffB. 

HF : FL comp. HN : NS,FN : NR. 


rect. HN, NF : rect. SN, NR comp. HN ^N8,FN :NR (EucL vi. 23). 
Therefore also 

rect. HN, NF ; rect. SN, NR ::HF :FL::HN: NX (Bud. vi. 4). 

But, with the line FN taken as common height, 

HN .NX : : rect. HN, NF : rect. FN,,NX (Eud. vi. 1). 

Therriore also 

rect. HN, NF : rect. SN, NR : : rect. HN, NF ; root. XN. NF (Eud. v. 11). 
Thecefoee •>' <■■ ■ ■ ' 

' , , . weL SN,NB>>>‘teat. XN;NF GSiaiA. y. 9)i 
But it ms shoiRn 
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sq. MN^rect. XN,NF. 

But the rectangle contained by XN and NF is the parallelogram XF. There- 
fore the straight line MN is equal in square to XF which is applied to the 
Straight line FL, having FN as breadth, and exceeding by the parallelogram 
LX similar to the rectangle contained by HF and FL (Eucl. vi. 24). 

And let such a section be called an hyperbola, and let LF be called the 
straight line to which the straight lines drawn ordinatewise to FG are applied 
in square; and let the same straight line also be called the upright side, and 
the straight line FH the transverse side. 

Pboposition 13 

If a cone is cut by a plane through its axis^ and is aUft cut by another plane onithe 
one hand meeting both sides of the axial triangle, aim on the other extended neither 
parallel to the base nor pibcontrarivyise, and if the plane the base of the cone ism, 
and the cutting plane meet in a straight line perperdicular either to the base of ifee 
axial triangle or to it produced, then any straight line which is drawn from ^ 
section of the cone to the diameter of the section parallel to the common section of 
the planes, will equal in square some area applied to a straight line to which the 
diameter of the section has the ratio that the square on the straight line drawn from 
the cone's vertex to the triangle's base parallel to the section's diameter has to the 
rectangle contained by the intercepts of this straight line {on the base) from the 
sides of the triangle, an area having as breadth the straight line cut off on the diamr 
eier beginning from the section's vertex by this straight line from the section to the 
diameter, and deficient {k\\Tt,irov) by a figure similar and similarly situated to 
the rectangle contained by the diameter and parameter. And let such a section be 
caUed an ellipse (^XXet^ts). 

Let there be a cone whose vertex is the point A and whose base is the circle 
BC, and let it be cut by a plane through its axis, and let it make as a section 



the triangle ABC. And let it also be cut by another plane on the one hand 
meeting both sides of the axial triangle and on the other extended neither 
parallel to the base of the cone nor subcontrariwise, and let it make as a section 
on tile surface of the cone the line DE. And let the common section of the cut- 


CONICS I 


m 


ting plane and oS the jilane the base of the cone is in, be the strain line PO 
perpendicular to the straight line BC, and let the diameter of the section be 
the straight line ED {i. 7 and Def. 4). And let the straight Une EH be dtanm 
from E perpendicular to ED, and let the straight line AK\» drawn through 
A parallel to ED, and let it be contrived that 

wi.AK.r&it.BK>KCi:DE:EH. 

And let some pcnnt L be taken on the section, and let the strai^t line LM be 
drawn throu^ L parallel to FQ. 

I say that the straight line LM is equid in square to some area which is 
applied to EH, having EM as breadth and deficient by a figure similar to the 
rectangle contained by DE and EH. 

For let the straight line DH be joined, and on the one hand let the straight 
line MXN be drawn through M parallel to HE, and on the other let the 
straight lines HN and XO be drawn through H and X parallel to EM, and let 
the straight line PMR be drawn through M parallel to BC. 

Since then PR is parallel to BC, and LM is also parallel to FG, therefore the 
plane through LM and PR is parallel to the plane through FO and BC, that is 
to the base of the cone (Eucl. xi. 15). If therefore a plane is extended through 
LM and PR, the secticm will be a circle whose diameter is PR (i. 4). And LM 
is perpendicular to it. Therefore 

rect. PM ,MR^tx\. LM. 

And since 

sq. AK : rect. BK, KC::ED: EH, 

and 

sq. AK : rect. BK, KC comp. AK : KB, AK : KC (Eucl. vi. 23), 

but 

AK:KB::EG:GB:.EM:MP (Eucl. vi. 4), 

and 

AK:KC ::DG:GC ::DM :MR, 


therefore 
But 


DE : EH comp. EM : MP, DM : MR. 


rect. EM, MD : rect. PM, MR comp. EM : MP, DM : MR (Eucl. vi. 23). 
Therefore 

rect, EM fMD : rect. PM ^ MR : : DE : EH : : DM : MX (Eucl. vi. 4). 
And, mth the straight line ME taken as common height, 

DM : MX : : rect. DM, ME rect. XM, ME (Eucl. vi. 1). 


Therefore also „ 

rect. DM, ME : rect. PM, MR : : rect. DM, ME : rect. XM, ME (Eucl. v. 11). 
Therefore 

rect. PM, JlfE»rect. XM, ME (Eucl. v. 9). 

But it was shown 

rect. PM, JlfE«sq. LM ; 

therefore also 

rect. XM, ME >=aq. LM. 

Therefore the straight line LM is equal in square to tto pai^<«^ MO 
which is applied to the straight line HE, having 

by the figure ON mmilar to the rectan^e contained by DE and EH (Eodi 
n.24). 
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' ■' Asdlet such a Metion be ealkd so eUipae, aad let MB be called the stipi^t 
lise to which the straight linee drawn erdinatewise' to DB ace af^lM. in 
s({uare, and let the same straii^t line, also be called the upri^t «de, and the 
(Slight line ED the transvnse side; 

pKOPosmoN, 14 

If the verticoUy oppoaite turf aces are oui by a plane not through the vertex, the 
aeetion on each of the two eutfacet miU be Oust which ia caUed the hyperbola; and the 
diameter 0 / the two tectiona wiU be (he tame atrmght Une; and the straight linea, to 
which the UraiglU Unea drawn to the diameter parallel to the straight line in the 
cane’ a base are applied in square, are equal; and the iranaskrae aide of (hefigwrei, 
that between the vertkea of the aeciiona, ia common. And let such aecUona be eaUed 
opposite {irrusAtuvu). , 

Let there be the vertically opposite surfaces whdse vertex is the point A , knd 
let them be cut by a plane not through the vertex, and let it make as sections 
00 the surface the lines DBF and GHK. ^ 

: I say that each Of the two sections DBF and GHK is the soksalled hypcrb(^a. 

For let tiiere be the circle BDCF along which the line generating the surface 
moves, and let the plane XGOK be extended parallel to it on the vertically 
opposite surface; and the straight lines FD and GK 
are common sections of the sections GHK and FED, 
and of the circles (i. 4). Then they will be parallel 
(Eucl. XI. 16). And let the straight line LA (7 be the 
axis of the conic surface, and the points L and U be 
the centers of the drejes, and let a straight line 
drawn from L perpendicular to the straight line FD 
be produced to the points B and C, and let a plane be 
produced through the straight line BC and the axis. 

Then it will make as sections in the drcles the paral- 
lel straight lines XO and BC (Eucl. xi. 16), and on 
the surface the strai^t lines BAO and CAX (i. 1 
and Def. 4). 

Then the straight line XO will be perpendicular 
to the straight line GK, since the straight line BC 
is also peipendicvdar to the straight line FD, and 
each of the two is parallel to the other (Eud; xi. 

10). And since the plane through the axis meets the 
sections in the points M and N within the lines, it 
is clem' that the plane also cuts the lines. Let it oit them at H and E ; therefore 
M, E, H, and N are points on the plane through the axis and in the plane the 
lines are in; therefore' the. line MEHAT is a straight line (Eucl. xi. 3). It is also 
evident both that X, H, A, and C are in a straight line and B, E, A, smd 0 also. 
For they are both on the cobio surface and in the plane through the axis (i. p- 
Let then the strai^t lines HR and EP be drawn from H and Espeipendic- 
ular to HE, and let the straight line 'SAT be . drawn through A parallel to 
JlfEEilf, and let it be 'Contrived that . 

HB'.'EP : :fsq.,A8 :io6it. B8,SC, '. . ■■i."- 



and 


EH : HR : : sq. AT : rect. OT, TX. 


G0NIO51 m 

tiMO » oQBe, Tei1»x u the ix^nt A aadivhoM ban k tbe drda sc, 

hu been cat by a plane throuj^ its axis, and it has made as a seciian the 
trian^e ABC] and it has also been cut by another plane cutting the base trf Uie 
cone in the straight line DMF perpendicular to the strai^t line BC, and it has 
made as asection on the surface the line DBF; and the ME produced 

has met one side of the axial triangle beyond the vertex (rf the cone, 
through the point A the straight line A/S has been drawn parallel to the diaih<> 
eter of the section EM , and from E the strai|^t line EP has been drawn per* 
pendicular to the strai^t line EM, and 

EH : EP :iBq. AS: reet.BS, SC, 

therefore the section DEF is an hyperbola (r. 12), and SF is the stnd(^t line 
to which the straight lines drawn ordinatewise to EM are applied in scpiare, 
Md the straight line HE is the transverse side of the figure; And likewise OHK 
is also an hyperbola whose diameter is the straight line HN and whose strcught 
line to which the straight lines drawn ordinatewise to HN are applied is HE, 
and the transverse side of whose figure is HE. 

I say that the straight line HR is equal to the straight line EP. 

For since BC is parallel to XO, 

AS:SC::AT:TX 

and 


AS:SB::AT:TO. 


But 

sq. AS : rect. BS, SC comp. AS : SC, AS : SB (Eucl. vi. 23) 

and 

sq. AT : rect. XT, TO comp. AT : TX,AT : TO; 

therefore 


Also 

and 

Therefore also 
Therefore 


sq. AS : rect. BS,SC : : sq. AT : rect. XT, TO. 
sq. AS : rect. BS,8C : : HE : EP, 
sq. AT : rect. XT, TO:: HE: HR. 


HE 


EP:: EH: HE (End. v. 11). 
(Eucl. V. 2). 


'DnAk'nrkCiTmr/vaT 1 fC 


If in an ellipse a straight line, drawn ordinatewise from the midpoint of the diam- 
eter, is produced both ways to the section, and if it is contrived that, as the Oraight 
line so produced is to the diameter, so is the diameter to some straight line, then any 
straight line which is drawn, from the sectiofi to the height line produced, paraUd 
to the diameter, vnU equal in square the area applied to this third proportional and 
having as breadth the straight line cutoff by it beginning from the section and 
d^icient by a figure similar to the rectangle contained by the straight line to wMch 
the straight lines are drawn and by the parameter; and if further produced to the 
other side of the section, wiU be bisected by the straight line to which it has hsns 
drawn. 

Let there be an ellipse whose diameter is the straight line AB, and let AM 
be iHsected at the point and C letiheAtiait^t line DCE be drawn 
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otdinatewise and produced both ways to the seetim, wd from the pdnt D let 
the straight line DF be drawn perpendicular to DE. And let it be contrived 
that 

DE:AB::AB:DF 
And let some point O be taken 
on the section, and through O let 
the strai^t line GH he drawn 
parallel to AJB, and let EF be 
joined, and throu^ H let the 
straight line HLhe drawn parallel 
to DF, and throu^ F and L let 
the straight liiws FK and LM be 
drawn parallel to HD. 

I say that the straight line GH 
is equal in square to the area DL 
which is applied to the straight line DF, havin^leis breadth the straight line DH 
and deficient by a figure LF similar to the rectangle contained by ED and DF. 

For let AN be the parameter of the ordinates to AB, and let BN be Joined; 
and through G let the straight line GX be drawn parallel to DE, and through 
X and C let the straight lines XO and CP be drawn parallel to AiV\ and 
through N, 0, and P let the straight lines NU, OS, and TP be drawn parallel 
to AB. Therefore 

sq. i)C =ar. AP, sq. GX—&r. AO (i. 13). 

And since 

BA : AN : :BC : CP ::PT:TN (Eucl. vi, 4), 
and 

BC=‘CA--TP, 

and 

CP=TA, 

therefore 

ar. AP=*ar. TR, 
and 

ar. Xr=ar. TU. 

Since also 

ar. OT=ax. OR (Eucl. i. 43), 
and area NO is common, therefore 

ar. n7“ar. NS. 

But 

ar. TU=ai. TX, 

and TS is common. Therefore 

ar. NPo^ax. PA—ar. AO+ar. PO; 

and so 

ar. PA—ar. AO=ar. P0.~ 

Also 

ar. AP'-sq. CD, ar. AO»sq. XG, 
and 

ar. OP=rect. OS,SP; 

therefore 

sq. CD^eq. GX-iect. OS,SP. 
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Since also the strug^t line DE luus been cut into equal parts at C, and into 
unequal parts at H, therefore 

rect. EH,HD+8(i. CH^aq. CD (Eucl. n. 5), 
or 

rect, EH,HD+eq. ZG-sq. CD. 

Therefore 

sq. CD-aq. XG=rect. EH, HD: 
but 

sq, CD-sq, XG=rect, OS,SP; 

therefore 

rect, EH,HD==Tect. OS,SP. 

And since 


therefore 


DE:AB::AB : DF, 


that is 
And 

and since 
or 

and since 
and 


DE.DF:: sq, DE : sq, AB (Eucl. vi, 20), 

DE .DF: : sq. CD : sq. CB (Eucl. v. 16); 
rect. PC,CA=rect. PC,CB=8q. CD (i. 13); 

DE : DF : : EH :HL (Eucl. vi. 4), 
DE.DF:: rect. EH, HD : rect. DH,HL (Eucl. vi. 1), 
DE : DF : : rect. PC,CB : sq. CB, 
rect. PC,CB : sq. CB : : rect. OS, BP : sq. OS,* 


therefore also 

rect. EH, HD : rect. DH,HL : : rect. OS,SP : sq. OS. 


And 


rect. EH, HD ^rect. OS,SP; 


therefore 


rect. DH,HL=aq. OS—sq. OH. 

Therefore the straight line OH is equal in square to the area DL which is ap> 
plied to the straight line DF, deficient by a figure FL nmilar to the rectangle 
contained by ED and DF (Eucl. vi. 24). 

1 say then that also, if produced to the other side of the section, the strai^t 
line GH will be bisected by the straight line DE. 

For let it be produced and let it meet the section at W, and let the straight 
line WY be drawn through Y parallel to OX, and through Y let the straii^it 
line YZ be drawn parallel to AN. And since 

GX^WY, 

therefore also 

sq. GX=8q. WY. 


‘This fallows from the proportioiis 

PC ; CB i:PS: OS (EuoL vi. 4), 
and PC :CB:: rect. PC, CB : sq. CB, 
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Bift 

and 

Therefore 

And 

therefore also 
And aeparando 
Therefore 
And also 


sq. <?X»reet. AX,XO (i. 13), 
sq. TFF-iwt. AY, YZ (i. 13). 
OX :ZY : : YA : AX (Eucl. vi. 16). 
OX:ZY::XB:BY (Eucl. vi. 4); 

YA :AX : :XB :BY. 
YX:AX::YX:BY (Eucl. v. 17). 
AX‘=‘YB. 


therefore also the rraaaindm 
and so also 


AC~CB; 

XC^CY; 


GH=HW. 

Therefore the straight line HG, produced to the other side of the section, is 
bisected by the straight line DH. 


Pboposition 16 

If through the midpoint of the transverse side of the opposite sections a straight line 
be drawn parallel to a straight line drawn ordinatewise, it will be a diameter of (he 
opposite sections conjugate to ffte diameter just mentioned. 

Let there be the opposite sections whose diameter is the straight line AB, 



and let AB be bisected at C, and throu^ C let strai^t line CD be drawn 
parallel to a straight line drawn qrdipatewise. , 

1 say that the straight Sne;CI>,is a diamateTtOODjugate to AB. 

Tfot let the straight linesotB and, DF be^ panuneters, and let the strait 


OCtt 0 C 8 I> ; m 

Saea AF'aai BMbe jdned and produeed, and let «»ne point G ba tafcen at 
Eandom on either section, and throng Q let the strai^t Une GH be drawh 
parallel to AB, and from G and H let the strai^t lines QK and ffir be drawn 
ordinatewise, and through K and L let the straight lines KM and LN be 
drawn parallel to AE and BF. Since then 

GX-ffL (Eucl. I. 34), 


w\..GK<^Wi.HL, 
sq. GX-rect. AK,KM (i. 12), 
sq. ff£f«»rect. BL,LN (i. 12); 
root. AK,KM =*rect. BL,LN. 
AE^^BF, 

AE:AB::BF:BA (Eucl. v. 7). 
AE:AB::MK : KB (Eucl. vi. 4), 
BF : BA li NL ; LA (Eucl. vi. 4). 


therefore also 
But .. 
and 

therefore 
And «nce 
therefore 
But 
and as 

And therefore 

MK:KB::NL:LA. 

But, with KA taken as common hraght, 

MK: KB:: rect. MK,KA : rect. BK,KA, 
and, with BL taken as common hdght, 

NL : LA : rect. NL,LB : rect. AL,LB. 

And therefore 

rect. MK,KA : rect. BK,KA : : rect. NL,LB : rect. AL,LB. 

And alternately 

rect. MK,KA : rect. NL,LB : : rect. BK,KA : rect. AL,LB (Eucl. v. 16). 
And 

rect. AK,KM =Teet, BL,LN ; 

therefore 
iherefore 
But also 
and ther^ore 
and so also 


rect. BKfKA^teoi. AL,LB; 
AK-LS.* 
AG-CB, 

KC^CL\ 

GX^XS. 


internudiaiy steps to this oonelusion are as follows. If 
rect. AfC, XA** rect. AL, XiA . 
th^ BK:LB::AL:KA, 

or bA+AK:LB::BA+1jB:AK 

and 0i(mponendo BA+AK+LB t LB nBA+LB^AK ! Aa. 
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Therefore the straif^t line GH has been bisected by the straight line XCD; and 
is paraliel to the strsd^t line AB. Therefore the straight line XCD is a chant- 
eter and conjupite to the strsught line AB (Defs. 4, 6). 

Second Definitions 

9. Let the midpoint of the diameter of both tiie hyperbola and the ellipse 
be called the center of the section, and let the straight line drawn from the 
center to meet the section be called the radiiss of the section. 

10. And likewise let the midpoint of the transverse side of the oppodte 
sections be called the center. 

11. And let the straight line drawn from the center parallel to an ordinate, 
being a mean proportional to the tides of the figure (r6 tlSos) and bisected by 
the center, be called the second diameter. 

Proposition 17 

If in a section of a cone a straight line is drawn from the vertex of the Kni|, and 
parallel to an ordinate^ it will fall outside the section (Cf. Eucl. iii. 16). 

Let there be a section of a cone, whose diameter is the straight line A\jB 

I say that the straight line drawn from the vertex, 
that is from the point A, parallel to an ordinate, will 
fall outside the section. 

For if possible, let it fall ivithin as AC, Since then a 
point C has been taken at random on a section of a 
cone, therefore the straight line drawn from the point 
C within the section parallel to an ordinate will meet 
the diameter AB and will be bisected by it (i. 7). 

Therefore the straight line AC produced will be bisect- 
ed by the straight line AB, And this is absurd. For 
the straight line AC, if produced, will fall outside the 
section (i, 10). Therefore the straight line drawn from 
the point A parallel to an ordinate will not fall within 
the line; therefore it will fall outside; and therefore it 
is tangent to the section. 



Proposition 18 

If a straight line, meeting a section of a cone and produced both ways, falls outside 
the section, and some point is taken within the section, and through it a parallel 
to the straight line meeting the section is drawn, the parallel so drawn, if produced 
both ways, will meet the section. 

Let there be a section of a cone and 
the straight line AFB m<^ting it, and 
let it fall, when produced both ways, out- 
side the section. And let some point C be 
taken within the section, and through C 
let the straight line CD be drawn parallel 
to the straight line AB. 

I say that the straight line CD pro- 
duced both ways will meet the section. 

For let some point E be taken on the 



6 
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section, and let the straight line EF be joined. And idnoe the straight line A8 
is parallel to CD, and some straight line EF meets AB, therefore CD produced 
will also meet EF. And if it m^ts EF between the points E and F, it is evi- 
dent that it also meets the section, but if beyond the point D, that it will fiiet 
meet the section. Therefore CD produced to the side of points D and E meets 
the section. Then likewise we could show that, produced to the side of points 
F and D, it also meets it. Therefore the straight line CD produced both ways 
will meet the section. 

Proposition 19 

In every section of a cone, any straight line drawn from the diameter parallel to 
an ordinate, will rmet the section. 

Let there be a section of a cone whose diameter is the straight line A B, and 
let some point B be taken on the diameter, and 
through B let the straight line BC be drawn parallel 
to an ordinate. 

I say that the straight line BC produced will 
meet the section. 

For let some point D be taken on the section. But 
A is also on the section; therefore the straight line 
joined from A to D will fall within the section (i. 

10). And since the straight line drawn from A paral- 
lel to an ordinate falls outside the section {i. 17), 
and the straight line AD meets it, and the straight line BC is parallel to the 
ordinate, therefore BC will also meet AD. And if it meets AD between the 
points A and D, it is evident that it will also meet the section, but, if beyond 
point D as at E, that it will first meet the section. Therefore the straight line 
drawn from B parallel to an ordinate will meet the section. 

Proposition 20 

If in a parabola two straight lines are dropped ordinatewise to the diameter, the 
squares on them will he to each other as the straight lines cut off by them on the 
diameter beginning from the vertex^ are to each other. 

Ijct there be a parabola whose diameter is the straight 
line AB, and let some points C and D be taken on it, 
and from the points C and D let the straight lines CE 
and DF be dropped ordinatewise to AB. 

I say that 

sq. DF : sq, CE :: FA : AE. 

For let AG be the parameter; therefore 
sq. DF»rect, FA, AG, 
and 

sq. CD=rect. EA,AG (i. 11). 

Therefore 

sq. DF : sq. CE * : rect. FA, AG : rect. EA,AG. 

But 

rect. FA, AG : rect. EA,AO ::FA:AE (Eucl. vi. 1); 




^These are usually called "abscissas” from the LaUn abscindere, to cut off. 


m AFOLixwrros m-- pebga 

iod tibarefoue 

9 q. DF esq. CE i:FA:AB, 

PBOPOsmoN21 , ’ . ‘ ' 

If in an hyptrbeila or dUpae or in the circumference of adrde straight lines are 
dropped ordinatetvise to the diameter, the aqwa^es on them unU beta ffie areas eon* 
Udned by the shfoighi lines cut off by them banning from the ends of the transverse 
side of the figure, as the upright side of the figure is to the transverse, and to each 
other as the areas contained by the straight lines cut off {abscissas), as we have said. 
Let there be an hyperbola or ellipse or circumference of a drcle whose diam- 



eter is AB and whose parameter is the straight line AC, and let the straight 
Hhes DE and FG be dropped ordinatewise to the diameter. 




I say that 

sq. FO : rect. AO, GB : : AC : AB 

and , . 

sq. Ft? : sq. DE : : rect. AO,OB : rect. AE,EB. 

. . For let the stm^t fine ^C detemiining the ,£gum be }dned, ^d tlirca^ 
E and 0 let the strai^t lines EH and OK ^ drawn parall^ to the rtrai^t line 
AC. Iherefoire 



tlierefore also 
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sq. Ci5>sq. DB (Eucl. v. 14). 

And so also 

CE>DB. 

And they are parallel; therefore CD produced will meet the diameter AB out- 
side the section (t. 10; Eucl. i. 33). 

But then let it be an h3rperbola. Since then in the hyperbola 
sq. CE : sq. DB : : rect. FE,EA : rect. FB,BA (i. 21), 
therefore also 


sq. CE>8q. DB. 

And they are parallel; therefore the straight line CD produced will meet the 
diameter of the section outade the section. 


Proposition 2^ ^ 

If a straight line lying between the two (conjugate) diameters^ cuts the eUi^, it 
mil, when ’produced, meet each of the diameters outside the section. \ 

Let there be an ellipse whose diameters are the 
straight lines AB and CD (i. 15), and let some 
straight line EF lying between the diameters AB and 
CD cut the section. 

I say that the straight line EF, when produced, 
will meet each of the straight lines AB and CD out- 
side the section. 

For let the straight lines GE and FH be dropped 
ordinatewise from E and F to A B; and the straight 
lines EK and FL ordinatewise to CD. Therefore 

sq. EG ; sq. FH : : rect. BG,GA : rect. BH,HA (i. 21) 

and 

sq. FL : sq. EK : : rect. DL,LC : rect. DK,KC (i. 21). 

And 

rect. jBG,G'A>rect. BH,HA; 

for the p<mt G is nearer the midpoint (Eucl. vi. 27 ; n. 5) ; and 
rect. DL,LC>Tect. DK,KC; 

theref^ also 

sq. GE>aq. FH, 
and 

sq. FL>sq. EK; 

therefore also 

GE>FH, 

and 

, FL>EK. 

And GE is parallel to FH, and FL to EK ; therefore the struct line EF pro- 
duced will meet each of the diameters AB and CD outside the section (i. 10; 
Eucl. I. 33). 

% 

*So far ApoUonius, by theorems i. 6, 13, 16, has shown, for every ellipse, the mdstenoe of 
•t teastone diameter a^ of one set of conjugate diameters, but of no more. He ean therefore 
adw speak of '^e two dimnetm.” Later on he will show the esdstenee of an infinite number 
of sueh sets. The same is true of hyperbolas. 



CX)NICS I 


6S1 


Proposition 24 

If a straight line, meeting a parabola or hyperbola at a point, when produced both 
ways, falls outside the section, then it will meet the diameter. 

Let there be a parabola or hyperbola 
whose diameter is the straight line AB, and 
let the straight line CDE meet it at D, and, 
when produced both ways, let it fall outside 
the section. 

I say that it will meet the diameter AB. 
For let some point F be taken on the sec- 
tion, and let the straight line DF be joined; 
therefore JDF produced will meet the diameter 
of the section (i. 22). Let it meet it at A ; and 
the straight line CDjB lies between the section 
and the straight line FDA. And therefore the 
line CDE produced will meet the diameter 
outside the section. 



Proposition 25 

If a straight line, meeting an ellipse between the two (conjugate) diameters and 
produced both ways, falls outside the section, it will meet each of the diameters. 
Let there be an ellipse whose diameters are the straight lines AB and CD 
(i. 15), and let EF, some straight line between the 
F G E two diametei-s, meet it at G, and produced both 

waj^s fall outside the section. 

I say that the straight line EF will meet each of 
the straight lines AB and CD. 

Let the straight lines GH and GK be dropped 
ordinatewise to the straight lines AB and CD re- 
spectively. Since GK is parallel to AB (i. 15), and 
some straight line GF has met GK, therefore it will 
also meet AB. Then likewise EF will also meet CD. 



Proposition 26 

If in a parabola or hyperbola a straight line is drawn parallel to the diameter of the 



section, it will meet the section in one 
point only. 

Let there first be a parabola whose 
diameter is the straight line ABC, and 
whose upright side is the straight line 
AD, and let the straight line EF be 
drawn parallel to AB. 

I say that the straight line EF pro- 
duced will meet the section. 

For let some point E be taken on 
EF, and from E let the straight line 
EG be drawn parallel to an ordinate, 
and let 


m 
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Ket.^DA,AC>«i, OE, 

and from C let CH be erected (wdiitiitewiBe (li 19). Therefcne 

sq. £fC«rect. DiifAC (i. 11). .1 

But 

reot. D;4,.dC>8q. 

therefore 

flq. HC>Bq. EO; 

tbereicat 

HOEQ. 

And they ate paraiUei; therefore tiie straight line EF produced cuts the ftra^t 
line HC ; and so it will also meet the section. 

Let it mSet it at the p<mt .lC. 

Then l say also that it will meet it in the (me.point K only. i 

For if possible, let it also meet it in the poini L. Since then a strai^ line 
outs a parabda in two pbints, if produced it will meet the diameter d the 
section (i. 22). And tMs is absurd, for it is supposed paralleL Therefore the 
straight line EF produced meets the section in only one point. \ 

Next let the section be an hyperbda, and the strai^t line AB the transverse 



dde d the figure, and the straight line AD the upri^t side, and let the straight 
line DB be jewed and produced. Then with the same things being constructed, 
let the straight line CM be drawn from C pewallel to AZ>. -^ce then 
rect- MC,CA>Tect. DA, AC, 


' sq. CH *iect. MC,CA, 
reet. DA,AC>fKi. OE, 
sq. CH>8q. OE. 

CH>OE, 

and the same things as in the first ?ease will come to pass. 


and 

and 

therefore abo 
Aadaoalso 
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Proposition 27 

Jf a atrcdgHlim cuts iht diameter of a parabola, then jxmdueei both tMy« 
meet the section. !i ' ' 

Let there be a parabola whose diameter is tiie strmg^t lioe AB, and let emnis 
strai^t line CD cut it within the section. 

I say that the straight line CD produced 
both ways will meet the section. 

For let some straight line AE be drawn 
from A parallel to an ordinate; therefore 
straight line AE will fall outside tiie section 
(I. 17). 

Then either the strmght Une CD is paralld 
to the straight line AE or not. 

If now it is parallel to it, it has been drop> 
pcd ordinatemse, so that produced both ways 
it will meet the section (i. 18). 

Next let it not be parallel to AE, but pro- 
duced let it meet AE at E. Then it is evident 
that it meets the section the side the point E 
is on; for if it meets AE, a fortiori it cuts the 
section. 

I say that, produced the other way, it also meets the section. For let the 
straight line MA be the parameter and the straight line GF an ordinate, and 
let 

sq. j4C«rect. BA,AF (Eucl. vi. 11), 

and lot the straight line BK, parallel to the ordinate, meet the strai^t line 
DC at C. Since 

rect. BA,AF=sq. AD, 


I 


and therefore, 
Therefore also 
But fflocte 
hence 


AB:AD::AD:AF; 

BD :DF : : AB : AD (Eucl. v. 19). 

I 

sq. BD : sq. DF : : sq. AB : sq. AD. 
sq. AD rect. B^,AF, 

AB:AF:: sq. AB : sq. AD : : sq. BD : sq. FD. 
sq. DD : sq. DF : : sq. BC : sq. FG, 

AB : AF : : rect. BA, AM : rect. FA, AM. 


Iherefore 


and alternately 


I. BC-.aq.FG:: rect. BA, AM : rect. FA, AM; 


sq. BC : rect. BA, AM ; ; sq. FG : rect. FA, AM. 
, aq* FG»rect. FA,AM 


But 
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because of the section (i. 11). Therefore also 

sq. RC—rect. BA, AM. 

But the i^raii^t line AM is the upright side,* and the straight line BC is paral- 
lel to an ordinate. Therefore the section passes through the point C (i. 20), and 
the struct line CD meets the section at the point C. 


Proposition 28 

If a straigM line toudiea one of (he opposite sections, and some point is taken 
within the other section, and through it a Haight line is drawn parallel to the 
tangent, then produced both ways, it vnU meet the section. 

Let there be opposite sections whose diameter is the strai^t line AB, and 
let some strai^t line CD touch the section A, and let some point E be taken 
within the other section, and through E let the straight line EF be (^awn 
parallel to the straight line CD. \ 

1 say that the strai^t line EF produced both wasrs will meet the seaion. 



Since then it has been proved that the straight line CD produced will meet 
the diameter AB (i. 24), and EF is parallel to it, therefore EF produced will 
meet the diameter. Let it meet it at G, and let AH be made equal to GB, and 
through H let HK (i. 18) be drawn parallel to EF, and let the straight line KL 
be dropped ordinatewise, and let GM be made equal to LH, and let the straight 
line MN be drawn parallel to an ordinate and let GN be further produced in 
the same strai^t line. And ance KL is parallel to MN, and KH to GN, and 
LM is one strai|^t line, triangle KHL is similar to triangle HMN. And 

LH^GM\ 

therefore 


KL^MN. 


And so also 
And since 
and 


sq. JfL=8q. MN. 


LH^GM, 


and AB is commcm, therefore 


AH^BG, 

BL^AMi 


text reads rXayla whidi Is impossible. I have oorrected to ’apMo. 


commi ^ 

tbereforo 

rect. BL,LA -rect. AM, MB. 

Tterefore 

rect. BL,LA : sq. LK : : rect. AM, MB : sq. MN. 

And 

rect. BL,LA : sq. LK : : the transverse : the upright (i. 21); 
therelore also 

rect. AM, MB ; sq. MN : : the transverse ; the upri^t. 

Therefore the point N is on the section. Therefore the straight line EF pro- 
duced will meet the section at the point N (i. 21). 

Likewise then it could be shown that produced to the other ade it will mett 
the section. 


PnoposiTioN 29 

If in opposite sections a straight line is drawn through the center to meet either of 
the sections. Own produced it will cut the other section. 

Let there be oppoate sections whose diameter is the straight line AB, and 
whose center is the point C, and let the strai^t line CD cut, the section AD. 



I say that it will also cut the other section. / 

For let the strmght line ED be dropped ordinatewise, and let the strai^t 
line BF be made equal to the straight line AE, and let the strai^t line FG be 
drawn ordinatewise (i. 19). And since 

EA^BF, 


and AB is ctmimon, therefore 

rect. J3 jE(,£?A =rect. BF,FA. 


And since • ui. / ni\ 

rect. BE,EA : sq. DE : : the transverse ; the upright (i. £l), 

but also ; sq, FG : : the transverse : the upri^t (i. 21), 

therefore also ' , r.^ uni, ia\ 

rect. BE,EA ; eq.DE: : rect. BF, FA : sq. FG (t. U). 

rect. BF, FA *= rect. BF, FA; 

therefore also an 

sq. 2)F=sq. FG. 


. 1 . • 
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aad 

U^B^FGf 

and EF is a straight line, and ED is parallel to FG, therefore DG isiafao ft 
straight line (Eud. yi* 32), And therefore .€/> will also oht the other section. 

PROPoamoN 30 

If in an ellipse or in opposite sections a straight line is drawn in both dtrecHons 
from the center^ meeting the section, it will he bisected at the center, 

. there be an ellipse or opposite sections, and their diameter the strai^t 
line AB, and their center C» and through C let some straight linh DCE be 
drawn (£. 29). : 



I say that the straight line CD is equal to the straight line CE, 

For let the straight lines DF and EG be drawn ordinatewise. And since 
TOCt. BF, FA : sq. FD : : the transverse ; the upright (i. 21), 

but also 

rect. AG,GB : sq. GE : : the transverse : the upright (i. 21), 
therefore also 

rect, :sq. FD : : rect. AG,CrD : sq. CE (i. 14). ^ 

And alternately 

rect. BFjFA : rect. AG,GB : : sq. FD : sq. GE. *- 

But 

sq. FD : sq. GE : : sq. FC : sq. CG (Eucl. vi. 4); 
therefore.altematdy ; 1 ^ 

rect. BFfFA : sq. FC : : rect. AG,GB : sq, CG. 

Therefore also, cmpoiherhdo In the case of the ellipse, and inversely and eonr 
vertendo in the case of the opposite sections (Eucl. v. Defs. 14,13,16), 
sq. AC : sq. CF : : sq. BC : Sq* OC (Eucl. ii. 5,6) ; 
and alternately. But 


ibssxloreBUBO 


sq. CBBsq. ACl 
sq. C<?*»sq; CF. 


.i; : 




m 
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PROPOsmoif 32 

If a Haight line ie drawn through the vertex of a section of a cone, ptBraUd io mi 
ordinate, then it touches the section, and another straight line wiU not faU into the 
space between the conic section and this straight line. 

Let there be a section of a cone, first the so-called parabola whose (fiameter 
is the straight line AB, and frohx A let the Strai^t line AC be drawn parallel 
to ato onfinate. 

Now it has been shown that it falls outside the 
section (i. 17). 

Then I say that also another straight line will not 
fidl into the space between the straight line AC 
and the section. 

For if possible, let it fall in, as the straight lip§. 

AD, and let some point D be taken on it at ran- 
dom, and let the straight line DE be dropped or- 
dinatewise, and let the straight line AF be the 
parameter of the ordinates. And since 
sq. DE : sq. EA >sq. GE ; sq. EA (Eucl. v. 8), 
and 

sq. CrJ5=rect. FA,AE (i. 11), 
therefore also 

sq. DE : sq. £A>rect. FA,AE : sq. EA, 
or 

>FAiEA. 

Let it be contrived then that 

sq. DE : sq. EA ::FA: HA (Eucl. vi. 20,11), 
and through the point H let the straight line HLK be drawn parallel to ED. 
Since then 

sq. DE : sq. EA : : FA : AH : : rect. FA, AH : sq. AH, 
and 

sq. DE : sq. EA : : sq. KH : sq. HA (Eucl. vi. 22), 

and 

sq. J?L«=rect. FA, AH (t. 11), 

therefore also 

sq. KH : sq. HA : : sq. LH : sq. HA, 

Therefore 

KH^HL; 

and this is absurd. Th^fore another stiei^ Ihie will not fall into the space 
between the straight line AC and the section. 

Next let the section be an h 3 rperbola or ellipse or circumference of a circle 
whose diameter is the straight line AB, and whose upri^t ride is the strai^t 
line _AF; and let the stral^t line BF be joined and paused, and from the 
fio^ A let the straight line AC be drawn parallel to an ordinate. 

'Ndw it has been shown that it fSlls outride the secticm (i. 17). 

-‘UtiSn I say that also another straight line will not fall into the space be- 
tween the straight line AC and the section. 

Fix if -posrible, let it fall, as the straight line AD^ and let some print D tx 
taken at raadinn on it, and fnan it let the straight line DE be 'dn^iped orri- 
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natewise, and through E let the straight line EM be drawn parallel to Idle 
straight line AF. 



And ance 


sq. OE’^iect, AE,EM (i. 12,13) 
let it be contrived that 


rect. AE,EN *sq. DE, 

and let the straight line joining AN cut the straight line FM at X, and throp^ 
X let the straight line XH be drawn parallel to FA, and through H, HLK 
parallel to AC. Since then 

sq. DE=ieci. AM,EN, 

hence 


and therefore 


NE:ED::DE:EA; 


But 


NE : EA : : sq. DE : sq. EA (Eucl. vi. 20). 


imd 

ISirarfdre ■ 


NE:EA::XH:HA, 
sq. DE : sq. £A : : sq. KH : sq. HA. 
XH:HA::mi.KH:^.HAi 
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llierefore 
Hierefote 
but (dso 


XB:HK::KH:HA (Eucl, vi. 20). 


sq. KH-rect. AH,HX-, 


sq. L^-rect. AH,HX 
because of the section (i. 12,13); 
therefore 


sq. KH-^eq, HL\ 

and this is absurd. Therefore another straight line will not fall into the space 
between the straight line AC and the section. 


Proposition 33 

7/ in a parabola some point is taken, and from it an ordimUe is dropped 
diameter, and, to the straight line cut off by it on the diameter from Oie ver 
straight line in the same straight line from its extremity is made equal, the 
straight line joined from the point thus resulting to the point taken will Unu 
section. 

Let there be a parabola whose diameter is the 
straight line AB, and let the straight line CD be 
dropped ordinatewise, and let the straight line 
AE be made eqiial to the straight line ED, and 
let the straight line AC be joined. 

I say that the straight line AC produced will 
fall outside the section. 

For if possible, let it fall within, as the straight 
line CF, and let the straight line GB be dropped 
ordinatewise. And since 

sq. BG : sq. CD>sq. FB : sq. CD, 
but 

sq. FB : sq. CD ; : sq. BA : sq. AD, 

and 

sq. BQ : sq. CD BE ; DE (i. 20), 

Iberefore 

BE : DD>8q; BA - sq. AD. 

BE ’-DE : : 4 rect. BE,EA : 4 rect'. DE,EA; 

therefore also 

4 rect. BE,EA : 4 DE,EA>aq..AB : sq. AD. 
Therefore alternately - _ 

4 rect. BE,EA: : iR}. AD>4 lect. DS,EA : sq. AD; 
and this is absurd; for since 

. AE^fDE,. ■ . ; ’ ; 



But 


4 root. DEiEA 


,< ' , BB^EAKn-.ABr . . 

fotEht not tiie midpoint of AB ^ucl. vi. 27 ; h. 5). Tlierefore the 8tifil^|:^.£i|i0 
:ilC does not fall within the sec^ttl theciefora. it tohdies it. 


COKKSl! 


•m 

PaoposTnoN^ 

If «nm kypoMa w eUipse or eireumferenee a drde aome point 4o takon,‘eitd 
framH.d otrmghi lino is dropped ordinateunae to the diameter, and whatever ratio 
the straight lines cut off by the ordinate. from the. ends of fbeffgwrrfs transuorsoaide 
have to each other , that ratio have the segments of the transverse side to each <dher 
so that the segments from the vertex are corresponding, then the straight linejoidihg 
the point taken on the transverse side and that taken on the section will touch the 
eection. 

Let there be fin hyperbola or ellipse or circumferenoe <rf a circle whose diam* 

:■).'! t 



eter is the straight line AB, and let some point C be taken on the section, and 
from C let the straight line CD be drawn ordinatewise, and let it be contrived 
that 

BD:DA::BE:EA,^ 
and let the straight line EC be joined. 

I say that the straight line CE touches the section. 


*This construction is easy. In tjie case of the hyperbola, armponendo. 

BD-hDA-.DA:‘.BA’.EA; 
and in the case of the ellipse, separando 

BD~DA :DA ::BA :EA. 

This proportion is the same as the harmonic proportion defined fay Nio on uKi ha i in Ills 
IrOrodwdion to AriUuneHe. For if 

BD'.DA ’.tBE:EA, 

then El>-t-DA:BD'.\BA'.BE 

and BAiBDi: BE~EA : BE. 

Hence > BDA-DA.Ehx’.BA'.BE-^EA, 

But DA’‘BD-BA, EA»BA-BB. 

TboOftm iBD-*BA :BA'.:BA :2BE-BA. 

And so BA is the harmonic mean between BD and BE, 



fJW2 APOLLONIUS OF PERGA 


For if posable, let it cut it, as the stralj^t line ECF, and let some p<wt F 
be taken on it, and let the straight line QFH be dropped ordinatewise, and let 
the straight lutes AL and BK be drawn throu^ A and B parallel to the 
strai^t line EC, and let the strmght lines DC, BC, and GC be jmned'and pro* 
'duced to the pcrats M, X, and K. And since 

BDiDA ::BE:EA, 
but 


and 


BD:DA::BK:AN, 


BE:AE::BC :CX ::BK:XN (Eucl, vi. 4), 

therefore 


therefore 


BK .AN : :BK:XNi 
AN--NX. 


Therefore 

Therefore 

But 

therefore 


rect. AN,NX>Teci. AO,OX (Eucl. vi. 27; n. 5). 
NX:XO>OA :AN} 

NX : XO :: KB :BM (Eucl. vi. 4) ; 

KB .BM>OA :AN. 


Therefore 

rect. KB, AN > rect. BM, OA. 

And so 

rect. KB, AN : sq. CE>rect. BM,OA : sq. CE (Eucl. v. 8). 
But 

rect. KB, AN : sq. CE : : rect. BD)DA : sq. DE 
thtou^ the sinularity of the triangles BKD, ECD, and NAD,^ and 


‘Eutodus, commenting, says: "For since 

rect. AJV, ArX>rect. AO,OX, 
kt rect. AN, NX =rect. AO,XP 

where XP is some line such that XP>XC; 

'therefow OA:ANi:NX.XP. 

But NX :XO>NX : XP (Eucl. v. 8) 

and therefore NX:XO>OAiAN. 

“Then the converse is also evident that, if 

NX:XO>OA:AN, 

then rect. XN, NA >rect. AO,OX. 

“For let it be tlmt OA : AN . NX . XP, 

where XP>XO-, 

therdcne rect. XAf, iVA —rect. AO, XP; ~ 

and so rect. XN, NA >rect. AO,OX.” 

' *£utooius, oommentiag, says: “Since then, because AN, EC, and KB are paralld, 

AN -.EC-.: AD: DE, 
and EC:KB::ED:DB, 

theteforv sz osjuoh' AN iKB::AD-,DB', 

thwefore also sq. AN : rebt. AN, KB : : sq. AD ; rect. AD, DB. 

But sq. EC : sq. AN : : sq. ED : sq. AD; 

therefore ex oeqwdi sq. EC- : rect. AN, KB r*: sq. ED : rect. AD,DB; 
and inversdy rect. KB, AN : sq. EC : : rect. AD, DB sq. ED." 

A sinn^ l»oaf holds for the i»«q>ortion foflowiitg. 
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recti BM,OA : eq. CS : : rect. BG,GA : sq. GE\ 

tiwrefore 

rect. BD,DA : sq. DE>Tect. BG,GA : sq. GE. 
ISrerefor^'alteniatdy 

rect. BD, DA : rect. BG, GA >sq. DE : sq. GE. 

But 

rect. BD,DA : rect. AG,GB : : sq. CD ; sq. GH (i. 21), 
and 

sq. DE : sq. EG : : sq. CD : sq. FG (Eucl. vi. 4), 

therefore also 

sq. CD : sq. HG>Bq. CD : sq. FG. 

Therefore 

HG<FG (Eucl. V. 10); 

and this is impossible. Therefore the straight line EC does not cut the section; 
therefore it touches it. 


PnoposmoN 35 


If a straight line touches a parabola, meeting the diameter otUside the section, the 
straight line dravm from the point of contact ordinateuhse to the diameter will cut 
off on the diameter beginning from the vertex of the section a straight line equcd to 
the straight line between the vertex and the tangent, and no straight line will faU 
into the space between the tangent and the section. 

Let there be a parabola whose diameter is the straight line AB, and let the 
straight line BC erected ordinatewise, and let the straight line AC be tan- 
gent to the section. 


1 say that the strai^t line AG is equal to 
the strai^t line GB. 

For if possible, let it be unequal to it, and 
let the straight line GE be made equal to 
AG, and let the straight line EF be erected 
qrdipatewise, and let the straight line AF be 
joined. Therefore AF produced will meet the 
straight line AC (i. 33); and tins is impossi- 
ble. For two straight lines will have the same 
ends. Therefore the straight line AG is not 
unequal to the straight line GB; therefore it 
is equal. 

Then 1 say that no.straight line will fall into the space between the str^ii^t 



line AC and the section. 

For if possible, let the strai^t line CD fall in between, and let GE be made 
equal to GD, and let the straight line EF be erected ordinatewise. Therefore 
the-straif^t i™** joined from D to F touches the section (i. 83) ; therefore pro- 
duced it will fall outside it. And so it will meet DC, and two straight linw wiU 
have the same ends; and this is impossible. Therefore a straight line will not 
fall intd .the space between the secthm and the straight line AC. . 


PBOPOsmON 36 

//aoma-strmgJit line, meeting the traneverse sid^,^ the figure touches an 
or dlipse or circumference of a circle, and a Oraight line is dropped from the pifinl 
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of contact ordinatewm to the diameter, then aa the eiroigit Une cut off by the ton- 
gent from the end of (he traneveree aide is to the straight Une cut off by theidngem 
from the other end of that aide, oo toill the etrOighl line cut off hy^ ordinate from 
the end of the aide be to the straight Une cut off by the ordinate from the otherendbf 
the aide in such a way that the corresponding straight Uhea dre conUnuoua; and 
another straight Une mil notfaU into the apace between the tangent and the section 
of the cone. 

Let there be an hyperbola or ellipse or circumference of a drcle 'srhose diarn* 
eter is the straight line AB, and let the straight line CD be tangent, and let tibe 
straight line CE be drc^p^ ordinatewise. 

I say that 

BE:EA::BD:DA. 

For if it is not, let it be 

BD:DA::B0:CA, i 

and let the straight line GF be erected ordinatewise; therefore the stnd^ line 




leaned from Dio F will toudi the seoUan (i. 34); therefore produced it will 
meet' CD. Therdore two straight lines will have the same aids; and 'tibis is 
impossible. 

’I'Kiy that no stxaight fine' win faB betwem the eeietitai and theetraigd^t line 
CD. ■ ■ ~ 


F(Hb if posdUe, let it faB between, as the stoaight Une CIT, and let it be e(m> 
t^ed that 

■ ■ ■■ BH:HA::B6iOA, 

and let the straight line OF be erected mdihaitewise ; therefore the sthdih^ 1^ 


jdned from H io F, whan pipduced, v^,p)eet HC (i. 34). Therefore two 
lines will have ,the same en^; and this is impossible. Therdoie a 
wffl not ftdi the ipaibe betwem the secAkh aki ibb atra^t 
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PaopownoN 37 

If attraight line iouddng an hyperbola or ellipse or drevmferenee of a drde mods 
t^^meter, and from the pmnt of contact to. the diameter a straight Une is dropped 
CTainatewt^flhen the straight live cut off by the ordinate from the cevJter of the 
section mth the straight line cut off by the tangent from the center of the section wiU 
eotUatn an area equal to the square on the radius of the section, and with &e 
straighi Une between the ordiiwie and the tangent tnU contain an area hosing the 
ratio to the square on the ordinate which the transverse has to the upright. ■ 

Let there be an h^erbola or ^pse or circumference of a circle whose diam- 
eter is the straight line AB, and let the straight line CD be drawn tangent, 
let the strm^t line CE be dropped ordinatewise, smd let the pdnt F be the 
center. 

I say that 

rect. DF,FE’*‘Bq. FB, 
and 

rect. DE,EF : sq. EC : : the transverse : the upright. 

For since CD touches the section, and CE has been dropped ordinatewise, 
hence 

AD:DB::AE:EB{i.3Q). 

Therefore componendo 

AD+DB :DB:: AE+EB : EB. 

And let the halves of the antecedents be taken (Eucl. v. 16) ; in the case of tiblt 




hypmrbola we shall say; but 

half (AE-\~EB)^FE, 


tili«re{<M 

eentierfeNdo 


half AP-FB; . 
FE:EB::FB:BD. 
FEiFB:\FB:FD, 


m 

therefore 
And anoe 
altanately 
eotnponendo 
and so 
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rect. EF,FD*iBq. FB. 

FE : EB ::FB : BD : : AF ; BD, 
AF iFEi'.DB: BE; 

AE :EF :: DE : EB; 


reet. AEfEB^rect. FE, ED. 

But 

rect. AEyEB : sq. CE : : the transverse ; the upright (i. 21); 
therefore also , 

rect. FE,ED : sq. CE : : the transverse : the upright. 
And in the case of the elUpse and of the circle we shall say: but 

half {AD+DB)^DF, 

and 


therefore 

Therefore convertendo 
Therefore 


half 

FD :DB::FB: BE. 
DF :FB::BF: FE. 


But 

and 


rect. DF,FE—8q. BF. 

rect. DF, FE^rect. DE,EF+sq. FE (Eucl. n. 3), 


sq. BF=rect. AE,EB+8q. FE (Eucl. n. 5). 
Let the conunon square on EF be subtracted; therefore 
rect. DE,EF=Tec!t. AE,EB. 

Therefore 


rect. DE,EF : sq. CE : : rect. AE,EB : sq. CE. 

But 

rect. AE,EB : sq. CE : : the transverse ; the upright (i. 21). 
Therefore 

rect. DE, EF : sq. CE : : the transverse : the upri^t. 
Proposition 38 


If a straight line touching an hyperbola or ellipse or circumference of a cirde meets 
the second diameter, and from the point of contact a straight line is dropped to the 
same diameter parallel to the other diameter, then the straight line eat off by the, 
dropped straight {KarriidargY line from the center of the seeUoh ljBith the straight 

^When this word mnrYMi’n is used in connection with the firat diameter we translate itns 
*‘ordinate,” but we have preferred to stick more doj^y to the original when it is referred 
to the sectHid diameter. For, although it is certainly ^ ordinate in the case of the eUipse, yet 
in the case of the hyperbola it is ody analogically an ordinate. This analogy, however,- be> 
comes stronger and stronger as tha tieaitise moves on. It is, therefore, no accident that 
uTvr/iire is used in both cases. On the other hand in First Definititma, i. ApoUojoitisdefii- 
nitely calls both cases ordinates as if sumoiiBcing the culmination of an analogy to be worked 
put in tibe course of the treatise. 



CONICS I ^ 

to th.^eq£^on ®" 

<fe! dropped etraight line and the tangent ^ linebetween 

tgmre on the dropped OraiaM Ztne an area Aow»v o ratio to the 

trarmeree. ^ ^ aide of the figure hoe to (he 

eter is the straight ^ a circle whose diam- 

CGD, and let the at « the straight line 

“fS £, is ’ ‘ ‘^‘ *“ 


and 


rect. FGyGH s=sq. ffC, 


. M,ML .sq. ME x: the transverse : the upright (i. 37). 




But 

the transverse BA \ CD ..CD: the upright (see Def. 11) • 
turd therefore ’ 

the transverse : the i^ght : : sq. BA : sq. CD (Eucl. vi. 20) • 
and as the quarters of them, that is ’ 

the transverse : the upright : : sq. OA : sq. OC: 

ther^ore also 

rect. GM,ML : sq. ME : : sq. GA : sq. GC. 

But 

rect. GM,ML : sq. ME comp. GM : ME.LM ; ME. 
at . - ’ 

rect. GM, ML : sq. ME comp. GM :GH,LM: ME. ... 
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m 

vChnrefore invenM^ > 

, vq.CG:Bq.OAt(mp.EM:MGatHOt<iM,BM:ML<xFG:0L. 
Tbexeion . , , , 

nq. GCiaq.QA eemp. HO: OM,FO:OL, 

which is the same as 

web. FQ,GH iteet. MOjOL. 

TbertStae 

rect. FO,OH t reot. MQ,QL : : sq. CQ^ sq. OA. 

And alternately therefore ' 

iect.FG,GH:8q.CG;;rect. AfG,GL:sq.GA. ■ 

But 

rect. MOfOL’^aq. GA (i. 37), 

therefore also 

rect. FO,OH<mB(i.^qO. ’ 

Again anoe 

the upright : the transverse : : sq. EM : rect. GM,ML (i. 37), 
and 

sq. EM : rect. GM,ML comp. EM : GM,EM : ML 
at ' 

sq. EM : rect. GM,ML comp. HO :HE,FG : GL or FH : HE 
which is the same as 

rect. FH,HG : sq. HE; 

tiierefore 

rect. FH,HG : sq. HE : : the upright : the transverse. 

'^th the same things supposed, it remains to be shown that, as the straight 
line between the tangent and the end of the (second) diameter on the same 
side with the dropped straight line is to the straight line between the tangent 
and the second diameter, so is tAe straight line between the other end and the 
dropped straight line to the strmght line between the first end and the dropped 
strai^t line. 

For since 

rect. FG,OB =eq. CfC«=rect. CG,OD (2 para, above), 
for 

CG-GB, 

therefore 

reot. FG,GB-rect. CG,OD; 

therefore 

FO:GD::CG:GH. 

And eoneerUndo 

GF:FD::GC:CH. 

And let thi6' dwbleB of th6 antecedents be taken? but 

2GF~CF+FD 

because 

CO^GD, 

and 

2GG-CB; 

tiiira^ore , •' *' 

CF+FI>:FD::DC:CH. 

ioA eepctrandA 
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, CF:FD::DH:HCi 

and tius was to be shown. 

Then it is clear from what has been said that the strai^t line EF touehas 
ihe eectiOI^^ either if 

leet. FG.GH^aq.GC, 

or if 

met. FH,HG :aq.GC 

in the ratio we said; for it could be shown conversely. 

Pboposition 39 


If a straight line touching an hyperbola or ellipse or cireumferertee of a cirde wetts 
the diameter, and from the point of contact a straight line is dropped ordinaiewise 
to the diameter, then whichever of the two straight lines is taken of which one it the 
straight line between the ordinate and the center of the section, and the other is 
between the ordinate and the tangent, then the ordinate wiU hare to it the ratio com- 
pounded of the ratio of the other of the two straight lines to the ordinate and of the 
ratio of the upright side of the figure to the transverse. 

Let there be an hyperl^la or ellipse or circumference of a circle whose diam- 
eter is the straight line AB, and let the center of it be the point F, and let the 
straight line CD be drawn tangent to the section, and the straight line CB^ 
dropped ordinatewise. 

I say that 

CE : FE comp, the upright : the transverse, ED : EC, 

and 

CE : ED comp, the upright : the transverse, FE : EC. 

For let 

rect. FE,ED=rec!t. EC,G. 




Atid flitioe .... 

rect. FE,ED : sq. CiB : : the transverse : the uptq^ {i. 37)* 
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rect. FE, ED ’^rect. CE,0, 

^ereSare 

rect. CE,G : sq. CE ::G : CE : : the transverse : the upri^t. 
And since 


rect. FEyED^nai. CE,G, 

hence 


FE:ECi:G:ED. 


And since 
but 

tilierefore 


CE : ED comp. CE:G,G: ED, 

CE :G :: the upright : the transverse, 

CE : ED comp, the upright : the trQnsverse, FE : EC. 


PBOPOsmoN40 A 

If a straight line towhing an hyperbola or ellipse or cireumference of a drcle^ieets 
second diameter, and from the point of contact a straight line is dropped ip ^ 
same diameter parallel to the other diameter, then whichever of the two straightEnes 
is taken of which one is the straight line between the dropped straight line and tiie 
center of the section, and the other is between the dropped straight line and the 




tangent, the dropped straight line wiUhave to it thh ratio compounded of die ratio 
of the transverse side to the upright and of the ratio of the other of the two straight 
lines to the dropped straight line. . 

Let there be an hyperbola or ellipse or circumfermce of a circle AB, and its 
diameter the straight line BFC, and its second diameter the straight line DFE, 
and let the straight line HLA be drawn tangent, and the straight . Uae; ^4' 
parallel to the stxa^t line PC. 
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I say that 

AG : HG camp, the transverse : the iq>ri^t, FG : GA, 
and 

AG : FG comp, the transverse : the upright, HG : GA. 

Let 

rect. G4,X:=rect. HG,GF. 

And since 

the uptight : the transverse : : rect. HG.GF : sq. GA (i. 38), 

and 

rect. GA,K=Tect. HG,GF, 

therefore also 

rect. GA,K : sq. GA 1 1 K i AG ; : the upright : the transverse. 
And since 

AG : GF comp. AG :K,K: GF, 
but 

AG :K :: the transverse : the upright, 

and 

K:GF::HG:GA 

because 

rect. HG,GF<^Tect. AG,K, 

therefore 

AG : GF comp, the transverse : the upri^t, GH : GA. 


Peoposition 41 

If in an hyperbola or ellipse or circumference of a circle a straight line is dropped 
ordinatewise to the diameter, and eguiangvlar paraUelogrammic figures are de~ 
scribed both on the ordinate and on the radius, and the ordinate side has to the 
remaining side of the figure the rcUio compounded of the ratio of the radius to the 
remaining side of its figure, and of the ratio of the upright side of Oie section’s 
figure to the transverse, then the figure on the straight line between the center and the 
ordinate, similar to the figure on the radius, is in the case of the hyperbola greater 
than tile figure on the ordinate by the figure on the radius, and, in the case of the 
ellipse and circumference of a circle, together with the figure on the ordinate is 
equal to the figure on the radius. 

Let there be an hyperbola or ellipse or circumference of a circle whose diam- 
eter is the straight line AB, and center the point E, and let the straight line 
CD be dropped mdinatewise, and on the straight lines EA and CD let tiie 
equiangular figures AF and DG be described, and let 

CD : CG comp. AE : EF, the upright ; the transverse. 

I say that, with the figure on ED similar to AP, in the base of the borpertxda, 
figure on ED^AF+GD, 
and in the case of the ellipse and circle, 

&gaie on ED+GD’^AF. 

For let it be contrived that 

the upright : the transverse : : DC : CH. 

And since 

DC : CH : : the upri^t : the transverse, 

but ' ’ • 

DC:CHi:«i.DC: rect. DCiOH 



and 
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the npri^t : the traQSVOTse : : eq. DC : rect, BD, DA (i. 21), 



therefore 
Aiid ranee 
or 

•Iffid fctfth# 


rect. B2>,Z)A = rect. DC, CH. 

• ’ ^ , . t ‘ , 

DC : CG cconp. AE : EF\ the upright : the transverse 
W: CG comp. AE : EFrDC r,CH, ^ 
DC vCG comp. DC : CH,CH : CG, 


therefore 

ratio comp. AE : EF,DC : CH ^taXio comp. DC : CH,CH : CO. 
Let the common ratio, DC : CH, be taken away; therefore - > 

. ■: -■■^'.■AE:EF<i'rCaiCa^ -- ■: 

But 


ai^ 


H€ t CG ; : lect. HC, OB iteoti GC,C©, 
iSF -3 z<eci.iAE ::iectJ: AEfEF; 


therefore 
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* JV.1. 

And it has been diown that 




therefore 


rect. irC,CZ)«rect. BD,DA; 


rect. BD,DA : rect. GC,CD : : sq. AE : rect. AE.EF. 

Alternately 

rect. BD,DA : sq. AE ; : rect. GC,CD : rect. AE.EF. 

And 


rect. GC,CD : rcct. AE.EF : : pllg. DG : pUg. FA; 
for they are equiangular and have to one another the ratio compounded of 
their udes, GC : AE and CD : EF (Eucl. vi. 23) ; and therefore 
rect. BD, DA -.aq.EA:: pllg. DG : pllg. FA. 

Moreover in the case of the hyperbola we are to say: eomponendt 
rect. BD,DA+aq. AE : sq. AE : : pllg. GD+pllg. AF : pllg. AF, 
or 


sq. DE : sq. EA : : pllg. (?D+pllg. AF : pllg. AF (Eucl. ir. 6). 

And as the square on DE is to the square on EA, so js the figure described on 
ED, similar and similarly situated to the parallelogram AF, to the parallels 
gram AF (Eucl. vi. 20, porism ) ; therefore, with the figure on ED umilar to the 
parallelogram AF, 

pllg. CZ)+pllg. AF : pllg. AF : : figure on ED : pllg. AF. 

Therefore 


figure on EZ)=»pllg. (?Z)+plIg. AF, 
the figure on ED being similar to the parallelogram AF. 

And in the case of the ellipse and of the circumference Of a circle we shall 
say: since then 

whole sq. AE : whole pllg. AF : : 
rect. AD,DB subtracted : pllg. DG subtracted, 
also remainder is to remainder as whole to whole (Eucl. v. 19). 

And 

sq. AE— rect. BD.DA’^sq. DE (Eucl. ii. 6); 

therefore 

sq. DE : pllg. AF— pllg. DG : : sq. AE : pllg. AF. 

But 

sq. AE : pllg. AF : : sq. DE : figure on DE (Eucl. vi. 20, porism) 
the figure on DE being similar to the parallelogram AF. Therefore, the figure 
on DE being similar to the parallelogram AE, 

sq. DE : pllg. AF—DG ; ; sq, DE : figure on DE. 

Therefore, the figure on DE being similar to the parallelogram AF , 
figure on Z)E»*pllg. AE— pllg. DG. 

Ther^ore 

figure on EE+pllg. EE =pllg. AE . 


PKOPOsmoN 42 , 

ttraight Une touching a parabola meets the diametf, and from the poipimf 
contact a straight Une is dropped ordinfitewise to the diameter, and, same poisit 
being taken on the section, two straight lines are dropped to the diameter, one of 
them pmM to the tangent, and the other paraM to the OraigM Une dropped firpm 
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iSu “point of contad, then the triangle reeuMing from (hem is equal to the paraUdo- 
gram contained hy the straight line dropped from the point of contact and by the 
straight line cut off by the “parallel from the vertex of the section. 

Let there be a parabola, whose diameter is the straight line AB, and let the 
straight line AC be drawn tangent to the section, and let the straight line CH 
be dropped ordinatewise, and from some point at random let the straight line 
DF be dropped ordinateudse, and through the point D let the straight line DE 
be drawn parallel to the straight line AC, and through the point C the straight 
line CG parallel to the straight line BF, and through the point B the straight 
line BG parallel to the straight line HC. 

I say that 

trgl. DEF=pllg. GF. 

For since the straight line AC touches the , 
section, and the straight line CH has been 
dropped ordinate^vise, 

AB^BH (I. 35); 

therefore 

AH=^2BH. 

Therefore 

trgl. AHC^pWg. BC (Eucl. i. 41). 

And since 

sq. CH : sq. DF : : HB : BF 
because of the section (i. 20), but 

sq. CH : sq. DF : : trgl. ACH : trgl. EDF (Eucl. vi. 19), 
and 



therefore 


HB :BF:: pllg. GH : pllg. GF (Eucl. vi. 1), 


trgl. ACH : trgl. EDF : : pllg. HG : pllg. FG. 
Therefore alternately 

trgl. AHC : pllg. BC : : trgl. EDF : pllg. GF. 
But 


therefore 


trgl. ACH^pWg. GH; 
trgl. EDF=pllg. GF. 


Proposition 43 

If a ebraight line touching an hyperbola or ellipse or circumference of a circle meets 
ttc diameter, and from the point, of contact a straight line is dropped ordinatewise 
to the diameter, add a parallel to it is dra“wn through the vertex meeting the straight 
line drawn through the point of contact and the center, and^some point being taken 
on the section, two straight lines are drawn to the diameter, one of which, is parallel 
to the tangent and the other parallel to the straight line dropped from the point of 
contact, (hen the triangle resulting from them, in the case of the hyperbola, wiU be 
less than the triangle the straight line through the center and the point of contact 
cuts off, by the triangle on the radive similar to the triangle cut off; and in (he case 
iff, the ^ipse and the circumferenee of the circle, together “with the triangle cut off 
frdM- the center, will be equat to the triangle on the radius similar to the triangk 
out off. 

' Let Hiere be an hyperbola or ellipse or circumference a circle whose diam- 
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etor is the straight line AB, and c«iter the p<mt <7, and let the'Btndf^t'tthe'&ff 
be drawn tenant to the section, and let the stndght line CE be jdaM« wkd IM 
the straight line EF be dropped ordinatewise, and let some point 0 be t^ke^ 
on the section, and let the straight line GH be drawn paralld to tbetangmti 
and let the straight line GK be dropped ordinatewise, and throng B let the 
gtrai^t Une BL be erected ordinatenise. ' ' ' 

I say that triangle KMC differs from triangle CI>B by triangle GKH-.' 



For since the straight line ED touches, and the strai^t line EF has been 

dropped, hence , , 

EF : FD comp. CF : FE, the upnght ; the transverse (i. 89). 

EF:FD:‘.6K:KH, 

CF :FE ::CB :BL (Eucl. vi. 4) ; 

therefore ^ the upright : the transv^. . 

An/1 +v»T*rtnffVt thinfiTS showii in tliG forty-first tlicorGin (i. 41 )> 

5CL by triangle GHK-, for the sa^e things have 

also been shown in the case of the parallelograms, their doubles. 

Proposition 44 


AM AFOLLONIUr/IJF PESGA 

«md.(hk ather.pmiUd to ihe ttris^MUniSthpi^oMki^ 
<iK« ftotrU ie/«onto«t, iAen Miti^ reffuttin^/Wtoi (A«m 

(^dropped Onught line c^ off^rimthemtOer^ihe tast^irby tke 
pi(mgkm^ieradiut,ninilariothe.lrian^«iitoff.-' ‘'^> >■ 

iL9ttherbbetliBi(^orite sections AF aad B£l, and let their ditaieter beitiid 

straight line AB, and center the point C, and from some point F of 'UlOsO on tiie 
sectioh 'FA lettbe strai^t'line'FG‘ be drawn tangenlto' the section, add ihe 
strait^t line FO ordinatewise, and let the straight line CF be joined and pro- 
duced, as CE (i. 29), and throu|;h B let the straight line BL be drawn parallel 
to the strai^t line FO, and let some point N be taken on the section BE, and 
from N let the straight line NH be dropped ordinatewise, and let the strai^t 
line NK be drawn parallel to the straight line FO. 

I say that 



For through E let the straight line ED be drawn tangent to the section BE, 
and let the struct line EX be drawn ordinatewise. Since then FA and BE are 
oppofflte sections whose diameter is AB, and the straight line through whose 
center is FCE, and FO and ED are tangents to the section; hence DE to parallel 
to FO.^ And the straight line NK is parallel to FO; therefore NK is also parallel 
to ED, and’the straight line MH to .££.'Sihce then BE to an hyperbola, whose 
diameter is the straight line AB, and whose center to C, and the straight line 
DE to tangent to the section, ,ahd EX drawn ohlinatewise, and BL to parallel 
to EX, and N has been taken on the section as the point from which NH has 


‘Eutodus, oommenting, says: *‘Fbr since AF is an hyperboia, and BG a tangent, FO 

an ordinate, rwt OC,Cff=8q. C4 

(i. 87) iikewise then also ' ' tiiet. XC, CD '•sq. OB. 

Tharefora . .■ rBek.OC,COiaq. AC : :teet. XC,CD :aq; BO, - ‘ 

wdnltemsitaly,. , reet, QO,C0\:, net XC,CD:.:Bq.AO:Bqt.CB. , . ■ 

sq. A(r-sq. CB; ^ , , ,, 

net. OC, correct. XC,CD. 

QP’-CX (I. 4,30); 
aC~CD; 

..FC»MC,C0>-CjD. 


But 
therefore also 
And 

and theref<He 
•pd-pieo 
Hb^an 


ibmbm , . , . .FC-mMC.cUfCU. , 

Atoi they contain eaual angles at the point C; they are. yertieaL And so also 


'■ '.'aniJfe'CTO-stoite-CafD; 

ABd\toey^aw«lteniKtai tfaitoefcB«.t^ toiaiihtiW Fff.la paitdlel to the toMjgbtiitowiBD.t'-> 


C0NK3ST : ^ 6 ^ 

be^ dropped ordinatewise, and KN has been drawn parallel to DE* therejoee 
tr^. NHK+ir^ BCL^itgl lTMC; 
for this has been>shown in the forty-third theorem (i. 43 ). 

Proposition 45 

If a straight line touching an hyperbola or ellipse or circumfet^epce of a drcle meets 
the second diameter ^ and from the point of contact some straight line is dropped to 
the same diameter parallel to the other diameter^ and through the point of contact 
and the center a straight line is produced, and, some point being taken at random 
on the section, two straight lines are drawn to the ^cond diameter one of which is 
parallel to the tangent and the other parallel to (he dropped straight line, then the 
jangle resulting from them is greater, in the case of the hyperbola, than the W- 
angle the dropped straight line cuts off from the center, by the triangle whose base 
is the tangent and vertex is the center of the section, and, in the case of the ellipse 
and circle, together with the triangle cut off will be egual to the triangle whose base 
is the tangent and whose vertex is the center of the section. 

Let there be an hyperbola or ellipse or circumference of a circle ABC, ‘whose 



diameter is the straight line AH, and second diameter HD, and o^t^r 
let the straight line CML touch it at C, and let the straight line CD be drawn 
paralld to AH, and let the straij^t line HChe joined and produced, and 1^ 
semte point B be taJeen at random on the section, and from B let t^ 
lines SB and BF be,dra,wn from B parallel to the stndght lines JLQ ^ 


I say .that, in the case of the hyperbola ,i ji , . , 

. , , ; . trgl. jB^Fr=itr^.CfifF+trgi. ...j 

and, In the case of the elUpse and circle, . \ . u; 

trgl. BEF+trg^. FGff «trgl. CLH. 

For let the straijdit lines CK And BN bfe ebawn parallel to flJf . Sinoe^ 
the s^ra^ht, Mne CM is ti^nt, and the strait Me CX has 1^ 
OHmiatewiiM, tehee , 

CK : KH comp. JIfX : KC, the upright : the transverse, (i. .,,3 
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MK : KC : : CD ; DL (EucL vi. 4) ; 



CK : KH comp. CD : DL, the upright : the transverse. 

And triangle CDL is the figure on KH; and triangle CKH, that is triangle 
CDH, is the figure on CK, tliat is on DH; therefore, in the case of the hyper- 
bola, 

trgl. CDL— trgl. CAD+trgl. on AH similar to trgl. CDL, 
and, in the case of the ellipse and the circle, 

tr^. CD^f +trgl. CDL=trgl. on AH similar to trgl. CDL; 
for this was also shown in the case of their doubles in the forty-first theorem 

Since then triangle CDL differs either from triangle CKH or from triangle 
CDH by the triangle on AH similar to triangle CDL, and it also differs by 
triangle CHL therefore 

trgl. CDL —trgl. on AH similar to trgl. CDL. 

Since then triangle BFE is similar to triangle CDL, and triangle GFH to tri- 
angle CDH, therefore they have the same ratio.* And triangle BFE is described 
on NH between the ordinate and the center, and triangle OFH on the ordinate 
BN, that is on FH ; and by things already shown (x. 41) triangle BFE differs 
from triangle GHF by the triangle on AH similar to CDL, and so also by tri- 
angle CHL. 

*lSiatifl(EBcl. VI.4). BF:FE:tCD:DL 

an4 GF:FHi:CD:DH:iCK:KH. 

'tbinSon these first ratios can be substituted io the central proportion of the theorem 
CK : KH eomp. CD : DL, the upright : the transverse, 
and so satisfy 1 . 41. h ' 
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Proposition 46 

If a straight line touching a parabola meets the diameter, the straight Une drawn 
through the point of contact parallel to the diameter in the direction of the section 
bisects the straight lines drawn in the section parallel to the tangent. 

Let there be a parabola whose diameter is the straiglit line ABD, and let the 



straight line AC touch the section (i. 24), and through C let the straight line 
IlCM be drawn parallel to the straight line AD (i. 26), and let some point L 
be taken at random on the section, and let the straight line LNFE (i. 18,22) 
be drawn parallel to AC. 

I say that 

LN=NF. 


Let the straight lines BH, KFG, and LMD be drawn ordinatewise. Since 
then by the things already shown in the forty-second theorem (i. 42) 

trgl. ELD=p\]s. BM, 


and 


trgl. JS;FG=pllg. BK, 

therefore the remainders 

pllg. GM =quadr. LFGD. 

Let the common pentagon MDGFN be subtracted; therefore the remainders 

trgl. A7<W*trgl. LMN. 

And KF is parallel to LM ; tiierefore 

FN’^LN (Eucl. VI. 22, lemma). 


Proposition 47 

If a straight line touching an hyperbola or ellipse or circumference of a circle nieeU 
the diameter, and through the point of contact and the center a straight line is drawn 
in the direction of the section, it bisects the straight lines drawn in the section paral- 
lel to the tangent. .... 

Let there be an hyperbola or ellipse or circumference of a circle whose diam- 
eter is the straight line AB and center C, and let the strait line DE be draws 
tangent to the section, and let the straight line CE be jmned and produced; Snd 
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let a point N be taken at random on the section, and through N let the struct 
Une be dra^vn parallel. ' 

• I say .that. , . „ ... 

- . • . » NO^OQ. < . 

For let the straight lines. XATF, BL, and GM/C be dropped ordinatesdse, 
Therelore-by'tbings^already shown in the forty>third theorem ( 1 . 43 ) ■ 
trgl. /fATF^quadr. LBFX, 
and trgl. Gil/C »=quadr. L5XAf. 



Therefore the remainders 

quadr, J^OKF.f^qwndsr.MKFX) 

Let the common pentagon OJVF/filf be subtracted; , , 
therefore the remmnders v . . m , ' 

, .'trgl,. Oii/G^ trgl. ArjrO... 

And the straight line MG is parallel to the straight line Nit] therefore 
Aro=OG (Eucl. VI, 22, lemma)., , ; i 

]^qBO^;aoN.48 ~ 

If A omofAf a^Hom meets, the dia'fnet^i and 

the jxtint f^' cg^de^ and tiw, center, a straight Um produced evds. % <dher 
8e^imiih^,vdmtep^-^tip^^is dre(i^ in the other: mtio^paraM4\h>.ths,tmgent, wifi 
he his^tedhy the straight line ‘produced. ^ , , ,, , . 1 ,, 

the^ be opp9eite,‘i^«<^QB.^‘bpse dit^pieter Is, the .^i^t line 4B 
^jber, apd let;|the.stn||l^t line ftB Ipucb theispctipn 4!>.Wd let. the, straight 
|^,4^.bft,|mppd.#p4pi»d«ofd be,t;^eOifift,^ 



' M ■■'■CONKS ■ m 

86dtton'9,-aBdi iV Iet ^raiji^t lins NO be ■drawn te>^# 

straight line LK. : ^ 



I'say iJjBt '• 

NO-00. 

For let the straight line ED be drawn through E tangent to the section^ 
therefore ED is parallel to LK (i. 44, note); And so also to NG. Since then BNG 
is an hyperbola whose center is C and tangent DE, and since CE hae been 
joined and a point N has Been taken on the Section and through it NG has been 
drawn parallel to DE, by a theorem already shown (i. 47) for the hypwbola 

ArO=OG.:> 


Proposition 49 


If a straight line touching a parabola meets the diameter, and through'^ point of 
contact a parallel to the diameter is drawn, and from the vertex a straight line is 
drawn parallel to an ordinate, and it is contrived that as the segment of the tangent 
between the erected straight line and the point of contact is to the segment of the 
parallel between the point of contact and the erected, straight line, so is some straight 
line to the double of the tangent, then whatever straight lirii is drawn [parallel to the 
tangent] from the section to the straight line drawn through the point of contact 
parallel to the diameter, will equal in square the rectangle contained by the straight 
line found and by the straight line cut off by it from the point of contact. 

Let there be a parabola Avhose diameter is the straight line MBC', and CD its 
tangent, and through D let the strmght line FDN he di^wa p&l^le] to tto; 
straight line BC, and let the strai^tline FB be erected ordiiiatemse (i. it), 

and let it be contrived that 



ED : DF : t sOme'Straight line ' t 
G:2CD, 

apd .let some point K be taken oh 
the section, and let the straight, 
line KLP ho cbiawn, tbreogh ICi 
parallel to CZ). ' ' ' 

'' Q Isaythat 

sq. KL—rect. G,DZ( • 

. that is that, with the straight'liiHK 
DL as diametbiythe stthi^tb 1^ 

' G it the dpright si<fe. ' ' ■ 

, .let . il%/ktp|i]i^t ,'ljhes'. 

. . .' and KHM be dropped ordinate-' 
. -• . Aadtrinee-^ irtmight^iiB» 
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GD touches tbe sectitMt, and the strai^t line DX has been <hK>pped urdiaate- 
wiae, then 

CB’-BX (I. 36). 

But 

BX^FD 

and therefore 

CB^FD. 

And so also 

tr^. ECB^it^. EFD. 

Let the comnron figure DEBMN be added; therefore 
quadr. DCMN =pllg. FM 

=trgl. KPM (i. 42). 

Let the compion quadrilateral LPMN be subtracted; therefore the remainders 

trgl. ATLiV —pllg. Mk' 


And 

therefore 
And since 
and 

therefore also 

But 

and 

therefore 


angle DLP » angle KLN ; 
rect. KL,LN^2 rect. LD,DC} 
EDiDF: :G:2CD, 
ED:DF: :KL:LN, 
G:2CD: :KLiLN. 

KL :LN : sq. KL : rect. KL,LN, 

G : 2CD : : rect. G,DL : 2rect. LD,DC; 


'Eutodus, commenting, sa 3 r 8 : “For let the triangle KLN and the parallelogram DLPC be 
set out. And since trgl. ALATepllg. DP, 

. let the .straight, line NR be drawn through N parallel to LK, and 
through K, KR pandlel to 1^N^, therefore LR is a parallelogram and 

pllg. LR-2 trgl. KLJV; 
and so also pllg. LR’‘2 pllg. DP. 

Then let the straight linos DC and LP be produced to S and T, and 
let CS be made equal to DC, and PT to LP, and let ST be joined; 
therefore 

pllg. Dr ■>2 pllg. DP; 

and BO pllg. LRapllg. LS. 

But it is also equiangular with it because of the angles at L being vertical; but in equal and 
equiangular parallelograms the -sideB about the equal angles arc-reciprocally proportional; 
therefore KL : LT &r DS : : DL : LN, 

and rect. KL, LN » rect. LD, DS. 

And since DS^2DC, 

henee teet. KL,LN ^2 rect. LD, DC, 



"And if DC is paraBel to LP, and CP is not parallel to LD, it is clear DCPL is a trapesoid, 
smd so I say that re^. KL,LN—teet. DL,CD+LR. 

For if LP is filled out, as we have said before, and the straight lines DC and LP are produced, 
ahd CS is made equal to LP, and PT to DC, and the straight line ST is jdned, then 

pUg. DTm2DP, 

and tbs sasne demonsti^iea will fit.- And tiiis will be useful in what follows (i. ISO)." 
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sq. KL : rect. KL^LN : : rect. G,DL : 2rect. CZ),DL. 

And alternately; but 

rect. ifL, LiV=2rect. CD,DL; 

therefore also 

sq. /CL* rect. G,jDL. 

Proposition 50 

If a straight line touching an hyperbola or ellipse or circumference of a circle 
meets the diarmter^ and a straight line is produced through the point of contact and 
the center f and from the vertex a straight line erected parallel to an ordinate meets 
the straight line drawn through the point of contact and the center^ and if it is con- 
trived that as the segment of the tangent between the point of contact and the straight 
line erected is to the segment of the straight lincy drawn through the point of contact 
and the center^ between the point of contact and the straight line erected^ so some 
straight line is to the double of the tangent, then whatever straight line is drawn 
from the section to the straight line drawn through the point of contact and the 
center, parallel to the tangent, will equal in square a rectangular area applied to 
the straight line found, having as breadth the straight line cut off by it from the 
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peini of conMUt'atid^xeeeding'f .'in (he taae of the hvperhola,-b9 dfigvre nmUar to 
the rectangle contained by the double of the straight line between thO center smdffie 
point of contact and by the stroigfU Une foUnd; bid m the case of the Mipse and 
circle, defective by it. - , . . 

Let there be an hyperbola or dUpse w circumference of a circle whose diam- 
eter is the straight line AB, and center C, and let the straight line DE be a 
tangent, and let the straight line CE be jbihed and produced both ways, and 
let the straight line CK be made equal to the straight line EC, and thremgh B 
let the stiaikght line BFO be m<ited ordin'atewise, and through E let the 
straight line EH be drawn perpendicular to EC, and let it be that 

FE:EO::EH:2ED, 
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and let the straij^t line Joined aaid'>pirodueedj and let some p<wt L be 
taken on the section, and through it let the strbi^iltilihe'ilMX be idribra 
parallel to ED, and the strai^t liPe LRN pamllfel to BO, and the straight line 
MP parallel to EH. >•. 

I say that :■; > . , -.■\u : i • 

sq. LM=rect. JSJlf ,MP. . . s - 'A 

For let the straight line CSO be drawn through C parallel to KP. And mnce 

EC^CK, 

and . > ■ 

Cases I 

EC :KCi:E8:SH 

therefore also 

' ' ESr^SH. 

Cases II 
And since 

FE: EG:: HE: 2ED, 

and' 

2ES^EH, 

therefore also . : ' ' ' ■ 

FE : EG ::SE: ED. 


And 


FE:EG::LM: MR; 

therefore 


LM:MR::SE:ED. / 


And ^nce it was shoWn (1. 43) that, in the cafee of the hyperbola, 
trgl. P)\rC=trgl. LATX+trgl. GBC, 

»trgl. LATX+trgl. CDB,^ 
and, in the case of the ellipse and circle, 

trgl. RNC+tr^. LiVX=trgl. GBC 


= trgl. CDE; 

therefore, in the case of the hyperbola with the common triangle ECD and the 
common quadrilateral NRMX subtracted, and in the case of the ellipse ind 
circle with the conunon triangle MXC subtracted,® 


•That ,trgL CDE 

is proved by Apollonius in the course of another proof''of' i. 43, reported by Eutocius. It is 
also proved in iii. 1, without the help of intervening propositions. 

’The position of point L furnishes different casts which at times, as in the present the- 
orem, require a change in the course of the proof. The .'figures marked "Cases I” ate drawn 
^ fit thq proof, as ^t down, but we have added figures marked "Cases fl” as an example ^ 
the'possible dtfieroncos. ’ , , 

'For die hypeihota of 'Case II, instead of the snbttaction in thO '^toTeni abote', We havW 
, , , . . , trgL iWC •trgl., IJVJf-Htiitf. CDF 

\ > ■ , quadr,. MCAfi. 

Bubtehoung the fint equals from the second identity, we have . . ^ 

■ ' ' > “ ■ ^ trgl. iJfF-quadr. M&DX. 

Therestof tite proof is the saitie: 

K the ellipse and eirde of Case II, we hays A in tike^theoteiA Shove ' 

^ _ trgLFATC-i-tigLLiVX-trgl. CD», ' '• ■' '' ' 

s^ subtracting the' common triangle CMX, ' V • 

trgl. JUIf£<*trg|[. CDiSi-b'idl CMXi ' ' ' 

ttaSelMe'v' 

FerJotCJlf benMdeequnltoCAf'andCJrto^JPVTlKai * ' ' 
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trgl LMR^ quadr. MEDX. 

• And MX is parallel to DE^ and 

angle LMR Bangle EATX; 

therefore 

rect. LMfMR^rect, EM^ED-^MX (i. 49, note, para. 2). 
And since 

MC.CE: :MX:ED 
and 

therefore 
And componendo 
alternately 
But 
and 
or 


MC iCE : : MO : ES, 

MO : ES : : MX: ED 
MO+ES :ES:: MX+ED : ED; 

■* -s* 

MO+ES : MX+ED ::ES:ED 

MO+ES : MX+ED : : rect. MO+ES, EM : rect. MX+ED,EM\ 
ES:ED::LM:MR::FE:EG (Eucl. vi. 4) 

ES : ED : : sq. LM : rect. LM^MR; 

therefore 

rect. MO-\‘EStME : rect. MX-\-ED,EM : : sq. Lilf : rect. LM^MR, 
And alternately 

rect. MO+ESyME : sq. LM : : rect. MX+ED^EM : rect. LM,MR. 
But 

rect. LMyMR=^rect MEyMX+ED (above); 

therefore 

sq. LM Brect. EM^MO+ES. 

And 

SE^SHy 

md 

SH^OP; 

therefore 

sq, LM* rect. EM,MP, 


Proposition 51 

If a straight line touching either of the opposite sections meets the diameiery and 
through the point of contact and the center some straight line is produced to the 
other sectiony and from the vertex a straight line is erected'paralkl to an ordinate 
and meets the straight line drawn through the point of contact and the centery and 
if it is contrived thaty as the segment of the tangent between the straight line erected 


trgl. CUF-trgt CMJT -quadr. M^EDX\ 
and is parallel to ED, and 

angle EM*X* -angle RML, xt 

These cases will come up again in Rook III, and in general 
it is convenient to think of quadrilaterai MEDX as standing for the difference of the two 
triangles when one pair of its sides cross each other. 
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and the paint of contact is to the segment of the draight line, drawn throrigh the 
point of contact and the center, between the point of contact and the straight line 
erected, so is some freight line to the double of the tangent, then whatever straigH 
line in the other of the sections is drawn to the straight line through the poiM of 
contact and the center, parallel to the tangent, will equal in square the rectangle 
applied to the straight line found, having as breadth the straight line cut off by it 
from the point of contact and exceeding by a figure similar to the rectangle con- 
tained by the straight line between the opposite sections and the straight line found. 

Let there be opposite sections whose diameter is the straight line AB and 



center E, and let the straight line CD be drawn tangent to the section B and 
the straight line CE joined and produced (i. 29), and let the straight line BLG 
be draw’n ordinatewisc (i. 17), and let it be contrived that 
LC : CG : : some straight line K :2CjD. 

Now it is evident that the straight lines in the section BC, parallel to CD 
and drawn to EC produced arc equal in square to the areas applied to K, hav- 
ing as breadths the straight line cut off by them from the point of contact, and 
exceeding by a figure similar to the rectangle CF, K; for 

FC=2C£. 

I say then that in section FA the same thing will come about. 

For let the straight line MF he drawn through F tangent to the section AF , 
and let the straight line AXN be erected ordinatewisc. And since BC and AF 
are opposite sections, and CD and MF are tangents to them, therefore CD is 
equal and parallel to MF (i. 44, note). But also 

CE^EF; 

therefore also 

ED^EM, 


And since 


LC:CG::K: 2CD or 2MF, 


therefore also 
Since then AF is an 


XF : FN : :K : 2MF, 

hyperbola whose diameter is AB and tangent MF, and AN 


has been drawn ordinatewise, and 

XF:FN::K: 2FM, 

hence any lines drawn from the section to EF produced, parallel to FM, will 
equal in square the rectangle contained by the straight hnc K and the Um ^t 
off by them from F, exceeding by a figure similar to the rectangle CF, K (i. SO). 

And with these things shown, it is at once evident that m the paralwla eSiCh 
of tbs rtrwght Unes drawn off parallel to the original diameter is a Aameter 
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<1. 46), but in the hypeibotA and ellipse and opposite sections each of 'tiie 
straight lines drawn through the center is a diuneter (i. 47-48) ; and that in the 
parabola the straight lines dropped to each ot the diameters parallel to the tan- 
gents will equal in square the rectangles applied to it (i. 49), but in the hsrper- 
bola and opposite sections they will equal in squsie<the areas applied to it and 
exceeding by the same figure (i. 59-51), but in the ellipse the areas applied to 
it and defective by the same figure (i. 50) ; and that all the things which have 
been already proved about the sections as following when the prindpal diam- 
etras are used,* will also, those very same things, follow when the other 
diameters are taken. 


PnopoarnoN 52 (Pboblem) 

Given a straight line in a plane bounded at one point, to find in the plane theisec- 
tion of a cone caUed parabola^ whose diameter is die given straight line, and tmose 
vertex is (he end of the straight line, and where whatever straight line is dropped 
from the section to the diameter at a given angle, will equal in square the rectangle 
contained by the straight line cut off by it from the vertex of the section and by some 
other given straight line. 

Let there be the straight line AB given in position and bounded at the poiht 
A, and another straight line CD given in magnitude, and first let the pven 



ai^e be a ri^t angle; it is required then to find a parabola in the plane of 
reference whose diameter is the straight line AB and whose vertex is the point 
A, and whose upright side is the straight line CD, and where the straight lines 
dropped ordinatewise mil be dropped at aright angle, that is so that AB is the 
axis (First Def. i. 7). 

Let AB be produced to E, and let CO be taken as the fourth part of CD, 
and let ■ ■ 


and let 

Tberafore 

and 

ifmeioxe ako 

i 


EA>CG, ■: 
CD:H::H: EA, 

CD : EA : : sq. H : sq. EA, 

^ ‘ ... ' 

CD<4BA} 

Ki. H<4Bq. BAi . 




' pirliidpAl diameter ttiat wlksto being ieedtublililied 
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Therrfore 

H<2EA; 

and 80 the. two straj^t lines EA are greater than H. It is therefore poadl^ a 
triangle to be constructed from H and two straight lines EA, Itifinlet % t*H 
angle be constructed on £ A at right angles to the plane of refercncesothidi! 

£A==AF, 

and 


H==FE, 

and let the straight line AK be drawn parallel to FE, and FK to EA, and let a 
cone be c<HH3eived vdiose vertex is the point F and whose base is the circle 
about diameter EA , at right angles to the plane through AFX. Then the cone 
will be a right cone (First Def. i. 3); for 

AF^-FK. 

And let the cone be cut by a piano parallel to the circle EA, and let it malr e 
as a section the circle MNX (i. 4), at right angles clearly to the plane through 
MFN, and let the straight line MN be the common section of the circle MNX 
and of the triangle MFN', therefore it is the diameter of the circle. And let the 
straight line XL be the common section of the plane of reference and of the 
circle. Since then circle MNX is at right angles to triangle MFN, and the pltme 
of reference also at right angles to triangle MFN, therefore the straight line LX, 
their common section, is at right angles to triangle MFN, that is to triangle 
EF A (Eucl. XI. 19) ; and therefore it is perpendicular to all the straight lines 
touching it and in the triangle; and so it is perpendicular to both MN and AB. 

Again since a cone, whose base is the circle MNX and whose vcrtc.x is the 
point F, has been cut by a plane at right angles to the triangle MFN and makes 
as a section circle MNX, and since it has also been cut by another plane, the 
plane of reference, cutting the base of the cone in a straight line XL at right 
angles to MN which is the common section of the circle MNX and the trian^d^ 
MFN, and the common section of the plane of reference and of the triangle 
MFN, the straight line AB, is parallel to the side of the cone FEM, therefore 
the resulting section of the cone in the plane of reference is a parabola, and its 
diameter AB (i. 11), and the straight lines dropped ordinatewise from the sec- 
tion to AB will be dropped at right angles; for they arc parallel to XL which is 
perpendicular to AB. And since 

CD '.U : :II: EA, 

amd' 

EA^AF^FE 

and 

H^EF=AE, 

therefore 

CD '.AE:: AE : AF. . 


And theresfore 

CD ’.AF sq. AE ; sq.. AF or rect. AF, FK. 

Therefore CD is the upright side of the section; for this has been shown in ikA 


eleventh theorem (i. 11). 


Proposition 53 (Pbodlem) ; ^ 

with the same tlungs supposed, let the given angle not be rigjit, and let flwi 
he naadc equal to it and.lefe , ..,i 
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AH=half CD, 

and from H let the straight line HE be drawn perpendicular to AEy and 
through E let the straight line EL be drawn parallel to BH, and from A let the 
straight line AL be drawn perpendicu- 
liir to EL, and let EL be bisected at 
K, and from K let the straight line 
KM be dra^vn perpendicular to EL 
and produced to F and G, and let 
rect. LK,KM =sq. AL. And given the 
two straight lines LK and KM, KL in 
position and bounded at K, and KM 
in magnitude, and let a parabola be 
described with a right angle whose 
diameter is the straight line KL, and 
whose vertex is the point K, and 
whose upright side is the straight line 
KM, as has been shown before (i. 52) ; 
and it ^\^ll pass through the point A 

sq. ^L=rect. LK,KM (i. 11), 
and the stmght line EA will touch the section because 

EK = KL (I. 33). 

And HA is parallel to EKL’, therefore HAB is the diameter of the section, and 
the straight lines dropped to it parallel to AE will be bisected by AB (i. 46). 
And they will be dropped at angle HAE. And since 

angle A EH = angle AGE, 

and angle at A is common, therefore triangle AHE is similar to triangle AGF. 
Therefore 



therefore 


HA EA::FA :AG; 
2AH :2AE::FA: AG. 


But 

therefore 


CD=2AHi 


FA: AG:: CD: 2AE. 

Then by things already shown in the forty-ninth theorem (i. 49) the straight 
line CD is the upright side. 


Proposition 54 

Given two hounded straight lines perpendicular to each other, one of (hem being 
produced on the side of the right angle, to find on the straight line produced the 
section of a cone called hyperbola in the same plane with the straight lines, sb that 
the straight Une produced is a diameter of the section and the point at the angle is 
the vertex, and where whatever straight line is dropped from the section to the diatn- 
eter, making an angle equal to the given angle, will equal in square the redqngle 
applied to the other straight line having as breadth the straight line cut off by the 
dropped straight line beginning with the vertex and exceeding by a figure similar 
and sttnilatly situated to that contained by the original straight lines. 

•Ijet there be the two bounded straight lines AB and BC perpendiouhu' to 
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each other, and let AB be produced to D ; it is required then to find in the plalsne 
through the lines AB^ BC an hyperbola whose diameter will be the straight 



line ABD and vertex B, and upright side the straight line BC, and where the 
straight lines dropped from the section to BD at the given angle will equal in 
square the rectangles applied to BC having as breadths the straight lines cut 
off by them from B and exceeding by a figure similar and similarly situated to 
the rectangle AB, BC. 

First let the given angle be a right angle, and on AB let a plane be erected at 
right angles to the plane of reference, and let the circle AEBF be described in it 
about AB, so that the segment of the circle’s diameter within the sector ABB 
has to the segment of the diameter within the sector ABB a ratio not greater 
than that of AB to BC,^ and let ABB be bisected at B, and let the straight line 

^Eutocius, commenting, adds: **Let there be two straight lines AB and BC, and let it be 
required to describe a circle on AB so that its diameter is cut by AB in such a way that the 

part of it on the side of C has to the remainder a ratio not 
greater than that of AB to BC, 

“Now let it be supposed that they have the same ratio, 
and let AB be bisected at Z>, and through it lot the straight 
line EDF be drawn perpendicular to AB, and let it be con* 
trived that AB : BC : ; ED : DF^ 
and let EF be bisected; then it is clear that if 
AB^UC 

and ED--DF, 

the point D will be the midpoint of BF, and if 
AB>BC 

and ED>DF, 

the midpoint will be below D, and if 
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SiTbe dra^m perpendicular from £ to the straight line idfi and ^let-it be 
diced to £; therefore the straight line EL is a diameter (EucL hr; 1). If 

AB :BC:: EK : KL 

we use point L, but if not, let it be contrived that 

AB:BC::EK:KM 


with 


KM<KL (Eucl. V. 8), 

and through M let MF be drawn parallel to riB, and let -4F, EF, and FB be 
joined, and through B let BX be drawn parallel to FB. Since then 

angle AFB wangle BFB, 


but 


and 

therefore also 


angle iiFB=» angle AXBt 
angle BFB* angle XSF, 


angle J^BF* angle FXB; 


therefore also . 

FB^FX. \ 

Let a cone be conceived whose vertex is the point F and whose base is ^he 
circle about diameter BX at right angles to triangle BFX, Then the cone will 
be a right cone; for 


FB=^FX. 


Then let the straight lines BF, FX, and MF be produced, and let the cone 
be cut by a plane parallel to the circle BX ; then the section will be a circle 
(i. 4). Let it be the circle GPR; and so GH will be the diameter of the circle 
(i. 4, end). And let the straight line PDR be the common section of circle GH 
and of the plane of reference; then PDR will be perpendicular to both of the 
straight lines GH and DB ; for both of the circles XB and HG are perpendicular 
to triangle FOB, and the plane of reference is perpendicular to triangle FGH; 
and therefore their common section the straight line PDR is perpendicular to 
triangle FGH; therefore it makes right angles also with all the straight lines 
touching it and in the same plane. 


^ AB<BC, 

it will be above D. 

now let it be below as Cf, and with donter 0 and radius GF let a circle be described; 
then it will have to pass either within or without the points A and B, And if it should pass 
through the points A and B, what was enjoined w'ould bo done; but let it fall beyond the 
points A and B^and let the straight line AB^ produced both ways, meet the circumference 
at H and iC, and let FH, HE, EK and KF be joined, and let MB be drawn through B 
parallel to FK, and BL parallel to KE, and let MA and AL be joined; then these will also be 
parallel to FB and BB because- AD^DB ^ 

and DH->DK 

and FDE is perpendicular to HK, And since the angle at B is a right angle, and MB and BL 
are parallel to FK and KE, therefore the angle at B is a right angjie; then for the same teasons 
also the angle at A, And so the circle described on ML will pass through the pointa A and B 
^ucl. III. 31). let the cirole MALE be described. And since MB is parallel to FK% 

FD : DM : : KD : DB. 

Then likewise also KDtDBiiEDiDL. 

And therefore FD : DM ; ; ED : DL. 

And alternately, EDiDF ::AB:BC::LD':DM. 

likewise if the drde desoribed on FB cuts AB; the same thing could be'showa.’’ 
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And anee a cow wbose baae is cirde GH and vertex F, luusi l)ew out lyr. a 
plane perpendicular to triangle FGH, and has also been cut by another plane^ 
the plane d reference, in the straight line PDR perpendicular to the strdght 
line GDH, and the common section of the plane of reference and of triangle 
GFH, that is the straight line DB, produced in the direction of B, meets the 
straight line GF at A, therefore by things already shown before (i. 12) the 
section PBR will be an hyperbola whose vertex is the point B, and where the 
straight lines dropped ordinatewise to BD will be dropped at a right angle; for 
they are parallel to straight line PDR. And since 

AB:BC::EK: KM, 


and 

therefore 

And 

therefore 

But 

but 

and 

therefore 
that is 
Therefore 


EK:KM::EN:NF:: rect. EN,NF : sq. NF, 
ABiBC:: rect. EN, NF : sq. NF. 
rect. EN,NF=iect. AN,NB‘, 

AB:CB:: rect. AN,NB : sq. NF. 
rect. AN, NB : sq. NF comp. AN : NF, BN : NF; 
AN NF :: AD :D6:-.F0: OG, 
BN:NF::FO: OH; 

AB : BC comp. FO : OG,FO : OH, 
sq. FO : rect. OG,OH. 


AB :BC :: sq. FO : rect. OG,OH. 

And the straight line FO is parallel to the strai^t line AD; therefqre the 
strai^t line AB is the transverse side, and BC the upright ride; for theee 
fhing H have been shown in the twelfth theorem (i. 12). 

Proposition 55 (ProbijEm) 

Then let the given angle not be a right angle, and let there be the two given 
straight lines AB and AC, and let the ^ven angle be equal to angle BAff ;,tl^ 
it is required to describe an hyperbola whose diameter will be the straight line 
AB, juttd upright side AC, and where the ordinates will be dropped at angle 
HAB 

Let the straight Une AB be bisected at D, and let the semicu^e, ABB be 
described on AD, imd let some straight line FQ, parallel to AH, be drawn to 

the semicircle making An ah i 

sq, FO : TeCt- DOf GA AC : ABf 


lEutocius commenting, gives this consU-uctipn: ‘‘Let there be the se^circle ABC 
EiUmciu^ comiueut B ^ required to do what is propo^, 

madl eq^ to^V, and let HG be bisected at K, and Jet the straight line 


diameter 
“Let 
bedravm 
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and let the strai^t line FHD be jdbed and produced to Z>, 
and let 



and let DK be made equal to DL, and let 

rect. LFjFM ==sq. AF, 

and let KM be joined, and through L let LN be drawn perpendicular to KF 
and let it be produced towards X, And with two given bounded straight lines 
KL and LN perpendicular to each other, let an hyperbola be described whose 
transverse side is KL, and upright side LN, and where the straight lines 
dropped from the section to the diameter will be dropped at a right angle and 
will equal in square the rectangle applied to LN having as breadths the straight 
lines cut off by them from L and exceeding by a figure similar to rectangle KL, 
LN (i. 54) ; and the section will pass through A ; for 
sq. AF^rect LF,FM (i. 12). 


N, and through N let NM be drawn parallel to CB\ therefore it will touch the cirde« And let 
it be contrived that FH : HK ; : MX : XN, 

and let NO be made equal to XN^ and let 
the straight lines LX and W cutting the 
semicircle at P and R be joined, and let the 
straight line PRD be joined. 

Sinije then XN » NO, 

and NL is common and perpendicular, 
therefore 

W^LX, 

And also LP^LR; 
and therefore the remainders PO « RX. 



Therefore PRD is parallel to MO. And 

FH:HK::MX:NX; 
HK:UG::NX:XO; 
FH:HG::MX:XO; 
HG:Fff::XO:MX; 
GF:FH::OM:MX 
GF:FE::PD:DR. 

PD : DR : : rect. PD, DR : sq. DR, 
rect. PD, DR ^ rect. AD, DC (Eucl. iii. 1 


and 

therefore ex aequali 
inveisely 
eomponindo 
or 
And 
but 


therefore 

Therefore inversely 


GF i FE ! ! rect. AD, DC : sq. DR. 
FE :GF:: sq. DR ; rect. AD, DC.'* 
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And AH will touch it; for 

rect. fD,Dff»=8q. DL (l. 87). 

And 80 AB is a cUametcr of the section (i. 51). And since 
CA : 2AD or AB : : sq. FG : rect. DG,GA, 


but 


CA : 2AD comp. CA : 2AH,2AH : 2AD 


or 

and 

therefore 
But {dso 


CA : 2AD comp. CA : 2AH, AH : AD 
AH : AD ::F0: CD, 

CA : AB comp. CA : 2AH,FG : GD. 
sq. FG : rect. DG,GA comp. FG : GD,FG : OA; 


therefore 

ratio comp. CA : 2AH,FG : (?Z>= ratio comp. FG : GA,Fa : GD* 

Let the common ratio FG : GD be taken away; therefore 

CA : 2AH ::FG:GA. 

But 

FG :GA:: OA ; AX, 

therefore 

CA : 2AH : :OA :AX. 

But whenever this is so, the straight line AC is a parameter; for this has beaa 
shown in the fiftieth theorem (i. 50). 


Proposition 56 (Problem) 

Given two hounded straight lines -perpendicular to each other , to find about one of 
them as diameter and in the same plane with the two straight lines the s^im of_a 
cone called ellipse, whose vertex will be the point at the right angle, and where tfw 
straight lines dropped ordinatewisefrom the section to the diameter at a g^ angle 
will equal in square the rectangles applied to the other straight line, nowng os 
breadth the straight line cut off by them from the vertex of the seel‘d am i^ecUve 
by a figure similar and similarly sUuated to the rectanyle contained by the given 

*^lShere be two given straight lines AB and A C perpendicular to each other. 
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td ^ch the greater is the stnuj^t line AB; then it is required to deserihbiin 
the plane of reference an eUipse ahose diameter will be the stnught line AB 
and vertex A, and side AC, arnd where.the cndinates will be droi^ed 

from the section to the diameter at a (pven angle and will equal in square the 
rectangles applied to AC having as breadths the straight lines cut off by them' 
from A and defective by a figure amUar and similarly situated to rectangle 
BA, AC. 

And first let the given angle be a ri^t angle, and let a plane be erected from 
AB at right angles to the plane of reference, and in it, on AB, let the sector of: a 
circle ADB be described, and its midpoint be D, and let the straight lines DA 
and DB be joined, and let the straight line AX be made equal to AC, and 
through X let the straight line XO be drawn parallel to DB, and through O let 
OF be drawn parallel to AB, and let DF be joined wd let it meet AB pnx^ced 
at E; then we will haw ' j 

AB : AC ::AB: AX : : DA : AO : : DE .EF. \ 

And let the straight lines AF and FB be joined and produced, and let mme 
point G be taken at random on FA, and tbrou^ it let the struct line',(?L 
be drawn parallel to DE and kt it meet AB produced at K ; then let FO be pro- 
duced and let it meet GK at L. Since then ' . . 

arc AD^atc DB, 

angle angle DFB (Eucl. ra. 27). 

And since 

angk EFA » angle FDA +angle FAD, 
but 

angle FAD = angle FBD, 

and 

angle FDA == angle FBA, 

therefore also 

angle FFA spangle DBA = angle DFB. 

And also DE is puraUel to W; therefore 

angle EFA » angle FGH, 

and 

angk DFB >BBn^e FB6 

And so also 

angle FCrff wangle FHG, 

and 

FG=FD. 

Then kt circle GHN be described about HG at right ^gles to triangle HGF, 
let ncone be coiicedved whose base is the circle GHN, whose vertex is the 
pmnt Fj-then the cone will be a right cone because . 

FG^FH. 

And rince the cutfda,GHN is at right angles to plane tiGF, and the plane of 
reference is also at ri^-angks to tiie plane throug^'GD and HF, thwdtore 
riirir common section wl be-at right angles to the {dane through GH and HF. 
Then kt their common ^tionlw the stmi^ line KM ; therefore the strai^t 
line KM is perpendicular to both^iff the strait liiks AK and KG. 

And rince a cone whose base is the drrie GHN ^ and whose vertex is the 
point F, has been cut by a plane thrbu^ the axis ^d makes as a section tri- 
angk GHF, and has b^ cut also by-anotto pliik throng AK and KM, 



OGNICSI ; 

which is the plane of i»ferenee, in the line KM f^ueh is perpoidicular 

to 6K, and the plane meets the sides of the cone FG and FH, therefore^tibO 
resulting section is an ellipse whose diamOter is AB and where the ordinates 
wittvbe drq^wd at a iighian^e (i. 13);fQr they are parallel to And 

T\n . Tnys . . a tnit* rnim l rxnt n a , KiKt 


DE :EF :: rect. DE, EF or rect. BE,EA : sq. EF, 
rect. BE,EA : sq. EF comp. BE : EF, AE : EF, 
BE:EF::BK:KH, 
AE:EF::AK:KO::FL:LG, 


/- 


and 
but 
and 

therefore 

BA : AC comp. FL : lG,Ft : LH (see above), 
which is the same as 

eq. FL:Tecit.GL,LH', . . 

therefore 

BA : AC ::aq. FL: rect. GL,LH. 

And whenever this is so, the straight line AC is the uprifdit side of the figure, 
as has been shown in the thirteenth theorem (i. 13). 

PnoposmoN 67 (Pboblkm) 

With the nn-mA t.Viing H supposed let the strm^t line AB be less tban AC, and 
let it be required to describe an ellipse about diameter AB so that AC is th# 

be bisected at D, and from D let the rtrwb^t line EDF be drawn 

perpendicular to AB, and let „ . , ^ 

^ sq. FE^recst. BA, AC 

so that 

FD=‘DE, 

and let FG be drawn parallel to AB, and let it bp 
contrived that 



ACiABx’.EF: FG ; 

therefore also 

And since 

EF>FG. 

hence 

reci. CAjAB*^w\, EFf . r. 

CAiAB 

'.•.eq.FE: sq. AB : : sq. DF ; sij. DA,. 

But 

CA:AB::EF:FO, .. V. 

therefore 

But 

EF: FG :HKi.Fp: i^:DA. ‘ ; 

‘ • ■ ' ' ' >5- ' 

therefore 

sq. fJD-iect. FD, DE; ,< \ 

^ ,-f} 

EF'i FQ : i rett. AD. . 


Then with two bounded straight lines at 

and with EF greater, let an elHpse_be 

uplift side FG ( 1 . 66) ; then the section will pass thron^i A bwwws - , 
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leet. FD,DE iBq. DA : : EF :FO (i. 21). 

And 

AD^DB-, 

then it will also pass through B. Then an ellipse has been described about AB. 
And since 

CA : AB : : sq. FD : sq. DA, 
and 

sq. DA « rect. AD, DB, 

therefore 

CA : AB : : sq. DF : rect. AD,DB, 

And so the straight line AC is an upright side (i. 21). 


Pbqposition 68 (Problem) 

But then let the given angle not be a right anlgle, and let the angle BAD be 
equal to it, and let the straight line ABhe bisected at E, and let the semicircle 
AFE be described on AE, and in it let the straight line FG be drawn pard^l 
to AD making \ 

sq. FG : rect. AG,GE : : CA : AB,^ 

and let the straight lines AF and EF be joined and produced, and let 

DE : EH : : EH : : EF, 


^Eutoirius, commenting, gives this construction: **Let there be the semicircle ABC and 
within itaome straight line AB (at the required angle to AC), and let two unequal straight 
lines DE and EF be laid down, and let EF be produced to G, and let FG be made equal to 
DE, and let the whole line EG be bisected at H, and let the center of the circle, K, be talmn, 
and from it let a perpendicular be drawn to AB and let it meet the circumference at L, and 
through L let LM be drawn parallel to AB, and let KA produced meet LM at M, and let it 
be contrived that HF :FG:: LM : MN, 

and let LX ^LN, 

and let the straight lines NK and KX be joined and produced, and let the circle, finished 
out, cut them at P and 0, and let the straight line 
OBP be joined. 


“Since then 
componendo 
inversely 
and 

eeparando 


FH:FG::LM: MN, 
HG:OF::LN:NM; 
FG:GH::NM:NL, 
FGiOEiiMN: NX; 
FG:FEi:NM:MX, 


And since NL ^ LX, 

and the straight line LK is common and at right 

angles, therefore also 


, KN^KX. 

And also KO^KP; 

therefore NX is parallel to OF. Therefore triangle 
KMN is similar to triangle OKR and triangle KMX 
to triangle PRK, 

Therefore ; ,KM iKRiiMN :RO. 

But also KM : KR : : MX : PR; 

and therefore NM :BO:: MX : PR; 


and alternately NM : MX ::RO: RP: 

But NM : MX::GFiFE:: DEiEF, 

and OR:BP::Bq:Ofi :«eot. OR,RP; 


aqAlhex^ore 

DE : EF :: 9q. OR: i^ct, OR, RP, 

Atil iedt, ORfRP^tect A%EC (Euol. in. 86). 
Therefore BEiEF :: mi. OB : iecL ARiBCF 



and kt 


CONICS I 
EK^EH, 


m 


and let it be contrived that 

rect. HF, FL-aq. AF, 

and let the straight line KL be joined, and from 
H let the straight line HMX be drawn perpen- 
dicular toffFand so parallel to the straight line 
AFL’, for the angle at F is right. And with the 
two given bounded straight lines KH, and HM 
perpendicular to each other, let an ellipse be 
described whose transverse diameter is KH, 
and the upright side of whose figure is HM, 
and where the ordinates to HK will be dropped 
at right angles (i. 56-57) ; then the section will 
pass through A because sq. FA « rect. HF, FL 
(i. 13). And since 

HE^EK, 

and 

AE^EB, 

the section will also pass through B, and E mil be the center, and the strai^t 
line AEB the diameter. And the straight line DA will touch the section because 

rect. DE,EF=Bq. EH. 

And since 



but 

wd 


CA:AB:: sq. FG : rect. AG,GE, 

CA : AB comp. CA : 2AD,2AD : AB or DA : AE, 
sq. FCr.=rect. AG,GE comp. FG : GE,FG : GA, 


t«li0r0f 01*0 

ratio comp. CA : 2AD,DA : AF= ratio comp. FG : GE,FG : GA, 

But 

DA : AE : : FG : GE", 

and the common ratio being taken away, we will have 

CA ; 2AD :-.FG’.GA 

or 

CA:2AD::XA:AN. 

And whenever this is so, the straight line AC is tiie upright ride <rf the figure 
(i. SO). 


Pboposition 59 (PbobijBm) 

Given two hounded straight lima perpendicular to eadi oOm, to find opjws^ 
secUms whose diameter i» one of the given straigM litm,mdji^ae vert^ is^Ut* 


shra^hl lines and exceeding by 

^^*^SijtoStwo given bounded attaint lines BE and BS, i»rpendici^ 
to eadi others and let the given angle be G; then it is sequised to deeetihte 
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qppodte 8ecti<nui about one of the strai^t lines BE and BH, so that Ihe 
ordinates are dropped at an angle 0. ^ 



And given the two straight lines BE and BH, let an hyperbola be described 
whose transverse diameter will be th^e straight line BE, and the upright side of 
whose figure will be HB, and where the ordinates to BE produced will be at an 
angle 6, and let it be the line ABC’, for we have already described how this 
must be done (i. 65). Then let the straight line EK be drawn throu^ E per- 
pendicular to BE and equal to BH, and let another hyperbola DEF be like- 
wise described whose diameter is BE and the upright side of whose figure is 
EK, and where the ordinates from the section will be dropped at a same angle 
G. Then it is evident that B and E are opposite sections, and there is one 
diameter for them, and their uprights are equal. ‘ 

Pbqposition 60 (Pboblps) 

Given two straight lines bisecting each other, to describe about each of them opposite 
sections, so thci the straight lines are their, conjugate diamders and the diameter of 
one pair of opposite sections is equal in square io the figure of the other pair, and 
likewise the diameter of the second pair of opposite sections is equal in square to 
Ihefiqure of the first pair. 

Let there be the two given strait lined AC and DE bisecting each other; 
tiiendtis required to describe opposite sections abodt eadi of them as adkuu- 
eter so that the straight lines AC and DE are conjugates in them, and DE.ia 
equid in square to the figure about AC, and AC is equal in square to the figure 
about DE. - 

Let 

< ’ ' rect. DE, > 

•iMi -let DC be porpeadieuiar to CA. And given two struct fines AC and CL 
pupaacfieidar to eac^ other, Idt tin opporite sectioin RAG and HCK' ho 
d^t^bedndiOBeteBiasv»Be(j&uneterwiU.be<7A and whose mmg^tade’wifi be 
wbare lixe miMnates from the sestibiis to CA-wili dbr^>ped'htthe 
pven an|^ (i. 59). Th«a the straight line DE will be a second diameter of the 
(t^jtoiite section (See; IM., z. ll>;.£or'ifi.» the mean propocdon l)eii»i^eea.ihe 
Mm of the ^BKv andy pnmJliel to an ordinate, itihasbeah^DisectedJatiBj/; 



Then again let 
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m 


»ct. 2)fi,Z)F-8q. AC, 


f/ 



and let DF be perpendicular to DE. And pven two strtd^t lines ED and DF 
lying perpendicular to each other, let the oppoate sections MDN and OEX 
be described, whose transverse diameter will be DE and the upright side of 
whose figure will be DF, and where the ordinates from the sections will be 
dropped to DE at the given angle (i. 59); then the straight line AC will also 
be a second diameter of the sections MDN and XEO. And so AC bisects the 
parallels to DE between the sections RAG and HCK, and DE the parallels to 
AC; and this it was required to do. 

And let such sections be called conjugate. 



BOOiC TWO 


Apollonius to Euuemus, 

If you are well, well and good, and I too fare pretty well. 

I have sent you my son Apollonius bringing you the second book of the 
conics as arranged by us. Go tl^ough it then carefully and acquaint those mth 
it worthy of sharing in such things. And Philonides, the geometer, I introduced 
to you in Ephesus, if ever he happen about Pergamum, acquaint him wiw it 
too. And take care of yourself, to be well. Good-bye. ' 

PaoposmoN 1 

If a straight line Umh an hyperbola at its vertex, and from it on both sides of the 
diameter a straight line is cut off equal to the straight line eqwd in square to the 
fourth of the figure, then the straight lines drawn from the center of the section to 
the &nds thus taken on the tangerU wiU not meet ^e section. 

Let there be an hyperbola whose diameter is the straight line AB and center 
C, and upright the straight line BF; and let the straight line DE touch the 



section at B, and let the squares on BD and BE each be equal to the fburth of 
the figure AB, BF, and the straight lines CD and CE be joined and produced. 
I say that th^ will not meet the section. 

F(ff if posable, let CD meet the section at G, and from 0 let the straight line 
GH be dropped ordinatewise; therefore it is parallel to DB (i. 17). Since then 
AB:BF::sq.AB: rect. AB,BF, 

' 682 



m 

therefore also 
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And since 

OH-DB, 

therefore 

' ‘ 6K>l>B, ■ 

And also 

KM>BE, 

since also 

LM>BE; ' 

therefore 

rect. MK,KOt^rwi. DB,BE 

/ . ’ .. 

>aq.DB^;^.. 

Since then 


' ' 

>AB : SF : : sq. : sq. BD (n. 1), 

but 

AB -.BF : -. rect. At, LB : sq. LK (i. 21), 

and 


sq. CF : sq. BD : : sq. CL : sq. I/O, 

therefore also 

sq. CL : sq. LC : : rect. AL,LB : sq. LK. 

Since then 

whole sq. LC : whole sq. LC : : 
psjrt subtr. rect. AL,LB : part subtr. sq. LK, 

therefore also 


sq. LC : sq. IX? : : remainder sq. CB : remainder rect. MK,KG, 

that is 


Therefore 


sq. CB : rect. MK,KG ::^,CB: sq. DB, 


Bq. DB ^reci, MKf KG; 

and this is absurd; for it has been shown to be greater than it. Therefore the 


straight line CH is not an asymptote to the Section. 


I^BOPOsmoN 3 

If a straight line tauches an hyperbola, it will meet both of the asymptotes and it 
wiU be bisected at the point of contact, and the square on each of its segments will he 
tel thefowrih of ike figure resulting on ike diameter drawn through the point 
efcbntaet, ; , ; 

Let there be the hy|)erbQla ABC, md its center £7, asymptotes FE^ ahd 
EG, and let some straight line BK touch it at ' 

1 say that the straight line ifi^ produced will meel the.j^aiight lines FB 
BjidEG. 

For if possible, let it not meet them, and let EB be joined and produced, and 
kt J7i> be made equal to EB; therefore the straight line BD is diamieter. 
Then M tte equam on ffB and BK e^b he made equal to the f ouHh* of the 
fi^;uire bn and l^ BH and BK be Theref^ they are aSyngijitp^ 
|p^ ^ <)a. 2);,!or SO 

l^herefore KH produced will meet the asyihptotes BF aitd EG at F.mA Q*^ . 


M: 



' I aay then hlso that the 
fourth (rf tiiO figure on BD. 
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squares on BP and B6 will each be equal to^he 



For let It not be, but if possible, let the squares tm BH and BK each be equal 
to the fourth of the figure. Therefore HE and EK are asymptotes (n. 1 ): and 
this 18 absurf (ii. 2 ). Therefore the squares on FB and BG will each be equid 
to the fourth of the figure on BD. 


Proposition 4 (Problem) 

Given two straight lines containing an angle and a point toUkin the angle to 
describe through the point the section of a cone caMed hyperbola so that the given 
straight lines are its asymptotes. 

Let there be the two straight lines AC and AB containing a chance angle at 
A, and let some point D be given, and let it be required to describe through D 
an hyperbola to the asymptotes CA and AB. 


Let the strmght line AD be 
joined and produced to E, 
and let AE be made equal to 
DA , and let the straight line 
DF be drawn through D pan* 
allel to AB, and let FC be 
made equal to AF,and letCD 
be joined and produced to B, 
and let it be contrived that 
rect. DE,G =aq. CB, 
and with AD extended let an 
hyperbola be described about 
it through D so that tilie 
ordinates equal in square the areas applied to G and exceeding by s figure 
shnilar to rectangle DE,G. Since then DF is paralld to BA, and 

CF^FA, 



therefore 


and 80 
And 


CD-^DB; 
sq. CD “4 8 q. CD. 
sq. CB»rect. DE,Q', 
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tbeief(H% the squareB on CD and DB are each equal to the fourth part d the 
figure DE, G. Therefore the straight lines AB and AC are asymptotes to the 
hyperbola described. 


PnoposmoN 5 

If the diameter of a parabola or hyperbola bisects some straight line, the tangent 
to the section at the end of the diameter mil be parallel to the bisected straight line. 

Let there be the parabola or hyperbola ABC whose diameter is the straight 
line DBE, and let the straight line FBG touch 
the section, and let some straight line AEC be 
drawn in the section making AE equal to 
EC. 

I say that AC is parallel to FG. 

For if not, let the straight line CH be drawn 
through C parallel to FG and let HA be 
joined. Since then ABC is a parabola or hyper- 
bola whose diameter is DE, and tangent FG, 
and CH is parallel to it, therefore 
CK^KH (i. 46,47). 

But also 

CE=EA. 

Therefore AH is parallel to KE; and 'this is 
absurd; for produced it meets BD (i. 22). 



Pboposition 6 

If the diameter of an ellipse or circumference of a circle bisects some Haight line 
not through the center, the tangent to the section at the end of the diameter will be 
parallel to the bisected straight line. 

Let there be an ellipse or circumference of a circle whose diameter is the 
straight line AB, and let AB bisect CD, a straight 
line not through the center, at the point E. 

■ I say that l^e tang^t to the section at A is par- 
allel to CD. 

For let it not be, but if possible, let DF be parallel 
to tbe tangent at A ; therefore 
DG~FO. 

But idso 

DE-EC; 

therefore CF is parallel to OE; mid this is absurd. 

For if G is. the center of Uie SMtion AB, the straight 
line CF will meet the straight line AB (i. 23) ; and if it is not, supp<^ it to be 
K, and let DK be joined and produced to H, and let CH be joined. Since 
then 

DK-KHi 

and also " 

DE-EC, 

therefwe CH is parallel to AB. But also CF; and this is absurd. Therefore th* 
tangmt at A is parallel to CD. 
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pROPosmow 7 

If' ^aighi line a section of a cone or drcumferenee of a eirelei ond a 

parallel to it is drawn in the section and bisected, the straight line joined from Ifte 
point of contact to the midpoint will be a diameter of the section. 

Let there be a section of a cone or cir* 
cumference of a circle ABC, and FG tan- 
gent to it, and AC parallel to FO and 
bisected at E, and let BE be joined. 

I say that BE is & diameter of the seo- 
tion. 

For let it not be, but, if possible, let BH 
be a diameter of the section. Therefore 
AH=HC (First Def. i. 4); 
and this is absurd; for 

AE=EC. 

Therefore BH will not be a diameter of the 
section. Then likewise we could show that there is no other than BE, 

Proposition 8 

If a straight line meets an hyperbola in two points, produced both ways it will 
meet the asymptotes, and the straight lines cut off on it by the section from the 
asymptotes will be equal. 

Let there be the hyperbola ABC, and the asymptotes ED and DF, and let 
some strai^t line AC meet ABC. 



I say that produced both ways it will meet the asymptotes. 

Let AC be bisected at G and let DG be joined. Therefore it is a diameter of 
the section (ii. 7) ; therefore the tangent at B is parallel to AC (ii. 5, 6). Then 
let HBK be the tangent (i. 32) ; then it will meet ED and DF (ii. 3). Since then 
AC is parallel to KH, and KH meets DK and DH, therefore also AC will meet 
DE and DF. 

Let it meet them at E and F ; and 

HB^BKifi. 3); 

therefore also 



And so also 


FG^GE. 

CF^AE. 
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Fnoi^OBmoNQ 

If a.airciipght Une meeting the aeymptetee ie bimted hu the hyperbola, it wHlUnteh 
^ aeetion in pne poitU only. 

For let the strai^t line CZ> meeting 
the asymptotes CA,ilZ> be bisected by 

this bype^ola at the point E. ' ■ 

I say that it touches the hyperbola 
at no other point. // ^ 

Fpr if possible, let it touch. it at B. yn 

Therefore 

CE=EZ)(n.8); 

and this is absurd; for CE is supposed , • i ■ ' 

equal to ED. Ther^ore it will not touch , 

the section at another point. ! 

Proposition 10 \ 

If some etraighi line cutting the section meet hoik of the asymptotes, the rectangle 
contained by the straight lines cut off between the asymptotes and the section is 
equal to the fourth of the figure resulting on the diameter bisecting the straight lines 
dkoAon parallel to the drawn straight Une. 

. <iiet there be the hyperbola ABC, and let DE,EF be its asymptotes, and let 
some straight line DF be drawn cutting the section and the asymptotes, and 
let ilC be bise^ied nt G, and let GE be i^ed, and \et EH be made equal, to EE, 
and let BM be drawn from E perpendicular to HEB; therefore BH is a diam- 
eter (n. 7), and BM the upright side. 

I say that 

rect. E4,AE=» fourth rect. HB,BM, 

then Ukemse also 

-rect. EC, CF= fourth rect. HB,BM. . _ 

For let KL be drawn throu^ E tengent to the section; therefore it is 



parallel to DF (n. 6). And since it has been i^own 

HB : BM : : sq. EE : sq. sq. EG : sq. GD (n. 1, 3), 
and , 

« HB : BM ; : leet; : sq* GA (i. 21), 



But 
and 

therefore 
But also 
therefore 
Alternately 
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CB: BA:: HO: OF, 
DB:BA::GK: GE; 
sq. CB : sq. BA comp. HG : GF, KG : GE. 
rect. KG,GH : rect. EO,GF comp. HG : GF,KG : GE; 
rect. KG,GH : rect. EG,GF : :aq. CB : sq. BA. 


rect. KG,GH : sq. CB : : rect. EO,GF : sq. BA. 
But it was shown ^ . 

rect. KG ,GH =aq. CB (ii. lb); 

therefore also 

rect. £G,GF=8q. AB. 


Pboposition 12 

If two straight lines at chance angles are drawn to the asymptotes from some pc^nt 
of those on the section, and parotids are drawn to them from some point of those on 
the section, then the rectangle contained by the parcdlels will be equal to that con- 
tained by those straight lines to which they were drawn parallel. 

Let there be an hyperbola whose 
asymptotes are AB and BC, and let 
some point D be taken on the section, 
and from it let DE and DF be dropped 
to AB and BC, and let some other 
pcnnt on the section G be taken, and 
through G let GH and GK be drawn a 
parallel to ED and DF. 

I say that 

rect. ED,DF'=‘Tect. HG,GK. 

For let DG be joined and produced 
to A and C. Since then 
rect. AD, DC “rect. AG,GC (n. 8), 
therefore 

AG : AD : : DC : CG. 

But 

AG .AD '.'.GH: ED, 
and 

DC:CG::DF: GK; 

therefore 

GH :DE::DF:GK 

Therefore 

rect. DD,DF“rect. HG,GK. 

Paoposmbjf 13 

If in the place bounded by the asymptotes and die section some straight Um is 
dpiwn paraUti to, one of the-.ae/ymptotes, il will meet the segUon in. one point only. 
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Let there be an hyperbola whose a^mptotes are CA and AB, and letlamne 
point E be taken, and throng it let EF be drawn parallel to AB. 

I say that it will meet the seotkmi 
For if possible, let it not meet it, 
and let some point 0 on the -section 
be taken, and through O let OC ami 
GH be dra^vn parallel to CA and AB, 
and let 

rect. CO,GH=‘Tect. AE,EF, 
and let AF be joined and produced; 
then it will meet the section (i. 2). Let 
itmeet it at K, and through K parallel 
to CA and AB let KL and KD be 
drawn; therefore 

rect. CG,GH=- net. LK,KD (n. 12). 
rect. CG,GH=^nct. AE,EF\ 

therefore 

rect. LK,KD or rect. KL,LA=^not. AE,EF; 
and this is impossible; for both 

KL>EF 

and 

LA>AE. 

Therefore EF will meet the section. 

Ijet it meet it at M. 

I say then that it will not meet it at any other point. 

For if possible, let it also meet it at N, and through M and N let MX and 
NB be drawn parallel to CA. Therefore 

rect. EM, MX =reet. EN,NB (n. 12); 

and this is impossible. Therefore it will not meet the section in another point. 



And it is supposed that also 


Proposition 14 


The asymptotes and the section, if produced indefinitely, draw nearer to each other 
and they reach a distance less than any given distance. 

Let there be an hyperbola whose asymptotes arc AP and' AC, and' a pven 


distance K. 



I say that AB and AC and the sec- 
tion, if produced, draw nearer to each 
other and will reach a distance less 
than K. 

For let EHF and CGD be drawn 
pandlel to the tangent, and let AH be 
joined and product to X. Since then 
rect. CG,GD>»net. FH,HE (u. 10), 
tber^ore 

DG:FH::HE;CG. 

But 

DQ>FH (I. 8, 26); 
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tiasDefore abo .i ' 

' ■ '■ HE>m. 

Then Gkewiae ve cduld show that the succeeding straight lines are less. 

Then let the distance EL be taken less than K, and through L let LN be 
drawn parallel to^^C ; therefore it will meet the section (n. 13). Let it meet it 
St Nf and throng iV let MNB be draWn parallel to EF. Therefore 

MN*=EL 

and so 


MN<K. 

Tobism 

Then frotn thie it is evident that the straight lines AS and AC are nearer 
than all the asymptotes to the section^' and the angle contained by BA,AfC is 
clearly less than that contained by other a^rmpfotes to the section. 


Proposition 15 


The asymptotes of opposite sections are common. 

Let there be opposite sections whose diameter is AB and center C. 

I say that the Sjqnhptotes of the Actions A and are common. 

Let the straight lines DAE and FBG be drawn tangent to the sections 
through the points A and B] they Sets therefore parallel (i. 44, note). Then let 



eaeii,:of the straight lines DA, AB, FB, mid BO he cut off equal in square to the 
fourth of the figure applied to AB; therefore \' 

DA~AE=FB^BO. 

Then let CDt CB^ €F, md CO be jraned.-Then it, is evident that DC is in a 
stidight with CO aad CE withiCF because of the {iac^els. Since then it is an 
hyperbola whose diameter is AM aad‘ tangent DE, abd'll^md AE are each 
equidin squhreito the foibtb of the figure applied tO AB|\^erefpre DC and 
GE nse asymptotes (U. T)l Fo^ tbB*same reasons then FC and CO am also 
aqyinptotes to sedtion 3, .Theeefo»>the asymptotes ofopppsite -secthms ave 
oonunon. V' . __ i..- .■ 

■.i,. , , , i^’oposmoN 16 -.-‘M 

Jfin opposite sections some straight Une is draympitting each of the straight Unes 
amiaimf^ ^ to the angl^.cgthU!.mnp th§ septipns, it ^ 



:(mKSWln'i „ 


.'Forirt them be the opposite seotioQs 4 fu»d £> whose ceatw is O and 
a^^totes iitCG .and , and fet some stnught line HK be drawn throng 

wittang each of ithe straight lines jDC and CF* . 

I say .thatpMtt^ it vrill meet each of the sections in <Hie pcdnt <mly. 
rrj^u j as3nnptotes of section A, and some straight line 

HK has been dra^ across cutting both of the straight lines containing the 
Mjaeentt angle DCF , therefore HK produced will meet the section (n. 11). 
Then hkewise also' 

it meet tbaoa at L and Af . 

Xet the strsi^t line ACB be drawn throu^ C parallel to LM; therafora 


and 
And so also 
and 



rect. HM.MK^aq. CB (n. 11). 
rect. KL, LH = rect. HM, MK, 
LH=KM. 


Proposition 17 

The aaymftoiea of conjugate opposite sections are common. 

Let there be conjugate opposite sections whose conjugate diameters are AB 
and CD, and whose center is E. 
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1 Bay that Hidr aqrmptotes are commoct 

For let the straight lines FAG, GDH, HBK, and KCF be drawn throu|^ 
the pdnts A, B, C, and D touching the sections; therefore FGHK is a parallelo- 
gram <1. 44, note), llien let FEE and KEG be joined; therefore they are 
straight lines (ii. 15) and diagonals of the parallel<^ram, tod they are all 
bisected at the point Ei And since the figure on AB is equal to the Square on 
Ci> (l 60), and 

CE ** EB, 

therefore each of the squares on FA, AG, KB, and BH is equal to a fourth of 
the figure on AB. Therefore the strai^t lines FEH and KEG are asymptotes 
of the sections A and B (ii. 1). Then likewise we could show that the same 
straight lines are also a^unptotes of the sections € and D. Ilierefore the 
asymptotes of conjugate opposite sections are.cpmmon. I 

PnoposmoN 18 \ 

If a straight line meeting me of the cmjvgate opposite sections, when proaueed 
boOi ways, falls outside the section, it will meet both of the adjacent sections ir^one 
point only. \ 

Let there be the conjugate opposite sections A, B, C, and D, and let some 
straight line EF meet the section C and produced both ways fall outside the 
section. 

I say that it will meet both of the sections A and B in one point only. 

For let GH and KL be asymptotes of the sections. Therefore EF meets both 



GH and KL (n. 3). Then it is evident that it will also meet the sections A and 
B in (me point only (n. 16). 


PBOPOsmoN 19 

If some straight line is drawn touching some one of (he conjugaie opposite sections 
oA random, it will meet the adjacent sections and will be bisected at the point of 
contact. . I 

Let there be the conjugate (^posite sections A, B, C, and D, and let some 
strmght line EOF touch it at C. ^ 

I say that produced it will meet sections A and B tod tvifi tie bisected at C . 
Itisevidentnowthatitwillmeetsections A andf (n. 18) ; let it them 
Ml? and H. 



'Isay that 


CXJKIOS n 


CG-Gff. 



For let the ai83rmptote8 of the sections KL and MN be drawn. Therefore 

EG=FH (II. 16), 

and 

CE=CF (II. 3), 

and 

CG^CH. 


Proposition 20 

If a straight line touches one of the conjugate opposite sections, and two straight 
lines are dravm through their center, one through the point of contact, and one par- 
allel to the tangent until it meet one of the adjacent sections, then the straight line 
touching the section at the point of meeting wiU be parallel to the straight line 
drawn through the point of contact and the center, and those through the points of 
contact and the center will be conjugate diameters of the opposite sections. 

Let there be conjugate opposite sections whose conjugate diameters are the 
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straight lines AB and CD, and center F, and let EF be drawn toaehi^ the 
section A, and produced let it meet C'F at T, and let EY be joined and pro- 
duced to X, and through Y let YG be drawn parallel to EF, and through G let 
HG be drawn touching the section. 

I say that HG is parallel to YE, and GO and EX are conjugate (fiameters. 
For let the strai^t lines KE, GL, and CRP be drawn ocdinatewise, and let 
AM and CN be the parameters. Since then 

BA : AM:: NC : CD'Xi 60), 
but 

BA : AM : : rect. YK,KF : sq. KE (i. 37), 
and 

NC : CD :: sq. GL: rect. YL,LH 

therefore also . f 

rect. YK,KF : sq. EK : : sq. GL : rect. YL,LH. 

But 

rect. YK,KF : sq. EK comp. YK : KE,FK : KE, 

and 

sq. GL : rect. YL,LH comp. GL : LY, GL : LH\ \ 

therefore 

ratio comp. YK : KE,FK : KE^rsiio comp. GL : LY, GL : LH; 
and of these 

FK:KE::GL: LY; 

for each of the straight lines EK, KF, and FE is parallel to each of the straight 
lines YL, LG, and GY respectively. Therefore as remainder 

YK:KE::GL:LH. 

Also the sides about the equal angles at K and L are proportional; therefore 
triangle EKY is similar to triangle GHL and will have equal the angles the 
corresponding sides subtend. Therefore 

angle EYK «« angle WH. 

But also 

angle irFG- angle LGF; 

and therefore 

angle EYG^ angle HGY. 

Therefore EY is parallel to GH. 

Then let it be contrived that 

PG:GR::HG:S; 

therefore S is a half of the parameter of the ordinates to the diameter GO in 
sections C and D (i. 51). And since CD is the second diameter of the sections 
A and B, and ET meets it, therefore 

rect. TY, EK^eq. CY; 

for if we draw from E s, parallel to KY, the r^tangle contained by TY and the 
straight line cut off by the parallel willJa^^ual to the square on CY (i. 38). 
And therefore 

rr ; EK \: sq. TF r(?^(Euc3. vi; ^). 

But ' 

^ TY : EK : : TF : Ffi. ' - - : ; 

OT ' - 

TY : EK : : trgl. TYF : tr^. EFY (EucL vl 1), 

and 




y !, < 

or 


■ gq. CFr: teiJ. FrF'/lrgl.’FSCTP (Bud^vi. 1®^- 1>' i 


Therefore 
Therefore 
But they also have 


sq. TY : sq. CY : : trgl. YTF : ti|^. OHY (in. 1). 
trgU TYF : trgl. EFY ; : trgj. TFY : tjcgl. YQH. 
trgl. Gffy=trgl. rSF. 


angle HGY wangle YEF', 

for EY is parallel UyGH, and EF to GY. Tlierrfore the sides about the equal 
angles are reci^ocally proportional (Eucl. vi. 15). TherefMe 

GH:EY : .EF: GY-, 

therefore 

rect. E<?,GF-iect. YE,EF. 

And anoe 

8:HG::BG:OP, 

and 

BG:GP::YE: EF; 
for they are parallel; therefore also 

S:HG::YE:EF. 

But, with' F6 taken as common height, 

S:HG: reet. iS.FG : rect. HG,GY, 

and 

YE :EF:: sq. YE : rect. YE,EF. 

And therefore 

rect. S,Y6 ; rect; HG, GF : : sq. FE : rect. YE, EF. 

Alternately 

rect. S,GY : sq. EY : : rect. HG,GY : reet. FE,EY. 

But 

rect. HG, GY *• rect. YE, EF (above), 

therdcne also - 

. rect. S,GF»8q. iJF. 

And rectande )S,GF is a fourth of Hie figure on GO; for 
.J . GF-half GO, 

and S ulhe pvameter; and 

sq. EY = fourth sq. EX; 

for .• 

EY^YX. 

Therefore the square <m EY is equal to the figure on-GO. jaen likewse to 
could show also that GO is equal in square to the ^ure on EX. Therdiro EX 
and GO are ccmjugate diameters of the opppate sections A, B, C, and D. 

PBOPOsmbN®! 

The aam.lhiB^ bein^ supposed it is to be shown that the paint of meettnif of the 

tangents ^ on one of the asympiaUs. ,. . 

f At tlwwn be eaniiigate. opposite sectwM, whose diasietewajfeitbe, stggidig 

I say the pdnt E is on ■ 
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For once the square on CY is equal to the fourth of' the figure on AB (i. 60), 
and 



sq. AE^sq. CY (ii? i7), I 

therefore also the square on AE is equal to the fourth part of the figure on AB. 
Let EY be joined; therefore EY is an asymptote (ii. 1) ; therefore the pomt E 
is on the asymptote. \ 

Proposition 22 \ 

If in conjugate opposite sections a radius is draum to any one of the sections, and a 
parallel is drawn to it meeting one of the adjacent sections and meting the 
asymptotes, then the rectangle contained by the segments produced between the 
section and the asymptotes on the straight line drawn is equal to the square on the 
radius. 

Let there be the conjugate opposite sections A, B,C and D, and let there be 
the asymptotes of the sections YEF and YGH, and from the center Y let some 
straight line YCD be drawn across, and let HE be drawn parallel to it cutting 
both the adjacent section and the asymptotes. 

I say that 

. rect. EK,KH^aq. CY. 

Let KL be bisected at M, and let MY be joined and produced; therefore AB 
is the diameter of the sections A and B (i. 51, end). And since the tangent at A 
is parallel to EH (n. 5), therefore EH has been dropped ordinatewise to AB 
(i. 17). And the center is Y ; therefore AB and CD are conjugate diameters 
(Birst Def. i. 6). Therefore the square on CY is equal to the fourth of the figure 



m<AB (i. 60). And the rectangle KE is equal to the fourtih part of the 
figure mi AF (n. 10); ther^oTe fdso 

T&st. HK,KE"‘Sq. CY. . . ■ • 
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Proposition 23 

If in conjuQQftc opposite sections some radius is drawn to any one of the sections f 
and a parallel is drawn to it meeting the three adjacent actions, then the rectangle 
contained by the segments produced between the three sections on the straight line 
drawn is twice the square an the radius. 

Let there be the conjugate oppoate sections A, B, C, and D, and let the 
center of the section be Y, and from the pdnt Y let some straight line €Y be 
drawn to meet any one of the sections, and let KL be drawn parallel to CY 
cutting the three adjacent sections. 

1 say that 

rect. KM,ML=2 sq. CY. 

Let the asymptotes to the sections, EF and GH, be drawn; therefore 



And 


sq. CY =rect. HM,ME (n. 22)=rect. HK,KE (ii. 11). 


rect. HM,ME+T&st. HK,KE=rect. LM,MK 
because of the straight lines on the ends being equal (ii. 8, 16). Therefore also 

rect. LM,MK—2 sq. CY. 

Proposition 24 

If two straight lines meet a parabola each at two points, and if a point of meeting 
of neither one of them is contained by the points of meeting of the other, then the 
straight lines will meet each other outside the section. 

Let there be the parabolaAPCZ), and let 
the two straight lines AB and CD meet 
A BCD, and let a point of meeting of neither 
of them be centred by the points meet- 
ing of the othw. 

I say that the strait lines produced 
will meet each other. 

Let the diameters of the section, EBP 
and GCH, be drawn through the pdnts B 
and C; therefore they are paraliel (i. 51, 
end) and each one cuts the section in one 
point only (i. 26). Then lei BO be jdbaed^ 
therefore ' ■ V. 

an^e EBC+es^ BC&«*2 rt. ai^^' ^ 
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and DC and BA iHx>duced ma^e angles less than two right angles. Therefore 
th^ will meet each other outside the Seotioh (i, 10; Eucl. Post. 6). 

PnpposiTiON 25 ' - , 

If two straight lines meet an hyperbola each oA'two points, and if a point of meiiing 
of neither of them ia contained by the points of meeting of ike other, 1km straight 
lines wiil kieet eadi other outside the section, but wiikm the angle containing'^ 
ieCHon. , it 

Let there be an hyperbola, whose asymptotes are AB and AC, and let the 
two straight lines EF and GH cut the section, and let a point of meeting of 
neither of them be contained by the 
points of meeting oS the other. 

I say that the straight lines EF 
and GH produced ^1 meet outside 
the section, but within the angle 
CAB. 

For let the straight lines AF and 
AH be joined and produced, and let 
FH be joined. And since the straight 
lines EF and GH produced cut the 
angles AFH and AHF, and the said 
angles are less than two ri^t angles 
(Eucl. I. 17), the straight lines EF 
and GH produced will meet each other outside the section, but within the 
angle BAC-^ . 

Then we could like\\dse show it, even if the straight lines EF and GH are 
tangents to the sections, . . 

PnoposmoN 26 

If in an ellipse or circumference of a circle two straight lines not through the 
center cut each other, then they do net bisect each other. 

For if posable, in the ellipse or circumference of a circle let the two straight 
lines QD ai^ EF not through the center, bisect 
each other at G, and let the point H be the center 
of 'the section, and letGH be joined and'produced 
to 4 B. , 

■ .^ce then the straight line AM is a diameter 
looting. EF, therefore the tangent, at, 4 is para- 
llel to EF (n. 6). We could then likewise show 
ti^t .it is also, pai^el to CD. And «o also EF h 
parallel to CD. And t^ is.imposrible. Therefore 
CD and JP’ donot bisect each' other.,', ; 
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ffim „ ^ fines, AanAnn ellipse or circumference <^:«'drcle, and if the 
straigfuli)(^ ioi'dng Ote points of contact ie :diTougl^t^^^e^iter of the section, the 
ku^ekf/scs^^ ^ ntAi.thep. will meetjm^ same side of the center. 
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Let there be tj® effipse or circumference of a cirole and let the stnOght 
ba^C/l£> and EBf! touch it, and AB be joined, and first let it be throat Jhe 




I say that CZ) is parallel to 

For since is a diameter of the section, and CD touches it at A, therefore 
CD is parallel to the ordinates to AB (i. 17). Then for the same reasons BF is 
also parallel to the same ordinates. Therefore CD is also parallel to EFi . . , 
Then let AB not be through the center, as in the second drawing, and let the 
diameter AH be drawn, and let KHL be drawn tangent through H; therefcoe 
KL is parallel to CD. Therefore EF produced will meet CD on the same side <rf 
toe center as AB. 

Proposition 28 

If iti a section of a com or circumference of a circle some straight line bisects two 
'parallel straight Urns, then it vrill he a diameter of the section. 

For let AB and CD, two parallel straight lines in a 
conic section, be bisected at E and F, and let EF be 
joined and produced. 

I say that it is a diameter of the section. , . 

For if not, let toe straight line GFH be so if possi- 
ble. Therefore the tangent at G is parallel to AB.(ii. 6, 
6). And so the same straight line is. parallel to CZ)> Apd 
GH is a diameter; therefore . . 

Cff (First Def. I. 4) , ' , 

and this is impossiUe ; for it is supposed 
CE^ED 

Therefore GH is not a diameter. Thmi. likeydse wp 
could ;8how that there is no other except. BF. Th^ 
fore BF. will be a diameter of toe sectiim. 

Proposition 29 ' ■ 

If in a secHon of a cone or drcuinfeimse of a circle two tangents meet, the straight 
line dhtgmi,fr<m their ^ etraight line jolting 

Uig,pfrleUe4^. cordact is a diameter of the section. ^ 

Let toere be a section of a, cone or circumference <rf a ciryle tp itoiidilptdW 
^p^.Unes AB and AC; meeting .at A, jdrawp.tow*, ami tot Bf? b« 

A ^ jwned., '•> j'.Vi i-.t '«■ 
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' I flay that it is a ^atneter of the section. 

For if poBEdble, let DE be a diameter, and let EC be joined; then it \<dll eut 
the section (i. 35, 36). Let it cut it at F, 
and throu^ F let FKO be drawn parallel 
to CDB. Since then 

CD^DB 

also 

FH=HG 

And since the tangent at L is parallel to BC 
(ii. 5, 6), andFG is also parallel toBC, there- 
fore also FG is parallel to the tangent at L. 

Therefore 

FH^HK (i. 46, 47); 

and this is impossible. Therefore DE is not a 
diameter. Then likewise we could show that 
there is no other except AD. 

Proposition 30 

If two straight lines tangent to a section of a cone or to a circumference of a circle 
meet, the diameter drawn from the point of meeting will bisect the straight line 
joining the points of contact. 

Let there be the section of a cone or circumference of a circle BC, and let two 
tangents BA and AC be drawn to it meeting at A , and let BC be joined and let 
AD be dra^vn through A as a diameter of the section. 

I say that 

DB^DC 

For let it not be, but if possible, let 
BE-^^EC, 

and let AE be joined ; ther^ore AE is a diam- 
eter of the section (ii. 29). But AD is also a 
diameter; and this is absurd. For if the section 
is an ellipse, the point A at which the diame- 
ters meet each tAher, will be a center outside 
the section ; and this is impossible ; and if the 
section is a parabola, the diameters meet 
each other (i. 51, end) ; and if it is an hyper- 
bola, and the straight lines BA and AC meet 
the section without contmning one another's 
pdnts (A meeting, then the center is within the angle containing the h}rperbola 
(n. 25) ; but it is also on it,^or it has been supposed a center since DA and AE 
are diameters (i. 51, end) ; and this is absurd. Therefore BE is not equal to 
EC. 

Proposition 

If two straight lines tovlAi each of the opposite sections, then if ffie strai^t Une 
joining the points of contact falls through the center ^ the tangents wiU be paraJld, 
Otey wiU meet on the same side as the center. 

’ Lrt then! be the oppotite sections A imd B, and let the strai^t lines CAD 
And EBF be tangent to tiiem at A and B, and let the strai^t line jc^ned fibm 




CONICS n 7QS 

A to a faH first throu|^ the center of the sections. 

I say that CD is parallel to EF. 

Fot since they are opposite sections of which AB is a diameter, and CD 
touches one of them at A, therefore the straight line drawn through B pamUnl 




to CD touches the section (i. 44, note). But EF also touches it; therefore CD is 
parallel to EF. 

Then let the straight line from A to B not be through the center of the sec- 
tions, and let A 6 be drawn as a diameter of the sections, and let HK be drawn 
tangent to the section; therefore HK is parallel to CD, and since the straight 
lines EF and HK touch an hyperbola, therefore they will meet (n. 26, end). 
And HK is parallel to CD; therefore also the straight lines CD and EF pro- 
duced will meet. And it is evident they are on the same side as the center. 

Proposition 32 

If straight lines meet each of the opposite sections, in one point when touching or in 
two points when cutting, and, when produced, the Haight lines meet, then their 
point of meeting wfU be in the angle adjacent to the angle containing the section. 



I<et be opposite sections and the straie^t lines AB tta& CD either 
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touching the opposite sections in nne'pdnt o^ciittihg i^emiin twd 

let them meet when produced. i.i : o. , ; , ; ■ , ) 

4 1 say that their pc^'of meeting will.be in tiie adjacent to tiie m^e 
conttuning-^e section. . ' * ' . i i j 

Let FG and HK be asymptotes to the sections; therefore AB produced vnll 
meet the asymptotes (n. 8). Let it meet them at H and 0. And since FK and 
HO are supposed as meeting, it is evident that either they will meet in the 
place under angle HLF or in that imder angle KI/J. And likewise also, if they 
touch (n. 3). 

-PnoposmoN 33 

If a straight line meeting one of the opposite sections, when produced both ways, 
falls outside the section, it will not meet the other section, but will fall throMh the 
three places of which one is Oiat contained by the angle containing the sectim, and 
two are those contained by the angle adjacent to the angle containing the section. 
Let there be the opposite sections A and B, and let some straight linp CD 



out A, and, when produced both ways, let it fall outade the section. 

I say that the straight line CD does not meet the sectibn B. 

For let EF and GH be drawn as asymptotes to the sections; therefore CD 
produced will meet the asymptotes (n. 8). And it only meets them in the points 
B and H. And sb it will not meet Ihe section B. 

And it isbvident that it will fall through the three places. For if some strai^t 
line meets both of the opposite sections; it will meet nsSther of the' opposite 
sections in .tw;o points. For if it meets it in two points, by what has just been 
proved it will not meet the other section. 

PnoposmoN 34 - 

If some straight line touch one of the opposite sections and a parallel to it be drawn 
in the other section, then the Haight line drawn from the point of contact to the 
midpoint of the paralM will be a diameter of the opposU^ seetwns. 

L^ there be the opposite sections A and B, and let some straight Une CD 
touch one cA ^em A, at A, and let EF be drawn paraltel'to C^ili the other 
section, and let it be bisected at G, and let AG be joined. 

I say that AG is a diameter the opposite sections. 
r>Sliir jf^poMhle^ ledr AMK' ^ Thsetf^4he at flils phrsfitA' W^D 
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*!^*'**^ therefore the timgeBt at ie^piireilel 



EK^KF (I. 47); 

and this is impossible; for 

EG^QF 

Therefore AH is not a diameter of the opposite sB«t io n B. 
Therefore AB is. 


Proposition 36 

If a diameter in one of the opposite sections bisects some straight line, the straight 
line Unuhing the other section at the end of the diameter will be parallel to the 
bisected straight line. 

Let there be the opposite sections A and B, and let their diameter A B bisect 
the straight line CD in section B &t E. 



I say that the tangent to the section at is parallel to CD. 

For if possible, let DF be parallel to the tangent to the section at A ; therefore 

DG=GFij.A8). 

But also 

DE=-EC. 

Therefore CF is parallel to EG; and this is impossible; for produced it meets it 
(i. 22). Therrfore DF is not,paralMto,the tange^^t to section at A nor is 
any other straight line exc^t CD. ' . , 

Proposition 36 

If paraM sdrai^ lines are drawn, one in each of the opposite Hsnians, then the 
etrodghtMiie joining their midpoints will be a diameter of the opposite seeHamt-^ 
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' ' Let there be the (qpfxmteseetions A and B, aad let the. lines CD and 

EF be drawn, one in each of them, and let them be parallel, and let them, both 



be bisected at points 0 and H, and let GH be joined. 

I say that GH is a diameter of the opposite sections. 

For if not, let GK be one. Therefore the tangent to A is parallel td^ CD 
(n. 5) ; and so also to EF. Therefore \ 

EK=KF (I. 48); 
and this is impossible, since also 

EH^HF 

Therefore GK is not a diameter of the opposite sections. Therefore GH is. 

Pkoposition 37 

If a straight line not through the center cuts the opposite sections, then the straight 
line joined from its midpoint to tiie center is a so-called upright diameter of the 
oppofite sections, and the straight line drawn from the eerier parallel to the bisected 
straight line is a transverse diameter conjugate to it. 

Let there be the opposite sections A and B, and let some straight line CD 
not through the center cut the sections A and B and let it be bisected at E, 
and let Y be the center of the sections, and let YE be joined, and through Y 
let AB be drawn parallel to CD. 

I say that the straight lines AB and EY are conjugate diameters of the 
sections. 

For let DY be joined and produced to F, and let CF be joined. Therefore 

Z>y .= FF (I. 30). 

But also 

DE’^EC; 


OONK38H m 

to F€,lJsi BA be {ttodaeeilto 9. And dbM' : 
therefoie dlso ™ 

, , EY^FO; 

and so also 

CQm^FQ. 

^ 5);^d BO also to BY. There- 

fore EY and AB are conjugate diametere (i. 16). 

PnoposmoK 38 

If two ^aight liwa meetiy touch opposite sections, the straight line join^ from 
the point of^hng to the midpoint of the straight line joining Jw podls of 
oontaa mil Iw a so-asUed v/pnghi diameter of the opposite setMms, and. the Oraiglt 
line drawn through the center parallel to the straight line joining the points if 
contact IS a transverse diameter conjugate to it 

Ut there be the opporite sections A and B, and CY and YD touching the 
sections, and let CD be joined and bisected at E, and let EY be jdned. ? 
iu ^ dianaeterSF is a so-called upright, and the straight linedrawn 

throu^ the center parallel to CD is a transverse diameter c<mjugate to it. 

For if po^ble, let EF be a diameter, and let F be a point taken at randoBi: 
therefore DY will meet EF. Let it meet it at F, and let CF be joined; ther^ore 



CF will hit the section (i. 32). Let it hit it at A, and through A \^ AB be 
drawn parallel to CD. ^oe then FF is a diameter, and tnseets CD, it also 
bisects the parallels to it (First Def. i. 4). Therefore 

AG^GB. 

And dnoe 


CE~ED, 

and is cm trian^^e CFD, therrfore also 

AG-*GK. 

And so also 

GK^GB] 

and this is imposdbie. Tlttrefote EF will mot be a dianreti^. 

PnoposmoN 39 


If two atnaght lines meOing touch opposite seetione, the ^raight line drown 
Bwotah ^eenier and the point of meeting, of :B» faageaU bmOe ffte 
^itdng^ point* of eeniacL > . i ■ ■ /m . 
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Let them be the opposite sections A and £, and let two stmi^t lines CE and 



ED be drawn touching A and B, and let CD be joined, and let EF be dripn as 
0* diameter. ' I 

I say that \ 

CF^FD. \ 

For if not, let CD be bisected at 0, and let GE be joined; therefore GB is a 
diwieter (ii. 38). But EF is also; therefore E is the center (i. 31, end). There- 
fore the point of meeting of the tangents is at the center of the sections; and 
this is absurd (ii. 32). Therefore CF is not unequal to FD, Therefore equal. 

Proposition 40 

If two straight lines touching opposite sections meet, and through the point of 
meeting a straight line is drawn, parallel to the straight line joining the points of 
contact, and meeting the sections, then the straight lines drawn from the points of 
meeting to the midpoint of the straight line joining the points of contact touch the 
sections. 

Let there be the opposite sections A and B, and let two straight lines CE and 
ED be drawn touching A and B, and let CD be joined, and through E let FEG 
be drawn parallel to CD, and let CD be bisected at H, and let FH and HG be 
joined. 

I say that FH and HG touch the sections. 

Let EH be joined; therefore EH is an upright diameter, and the straight 
lite drawn through the center parallel to CD a transverse diameter conjugate 
to it (n. 38)* And let the center Y be taken, and let AYB be drawn parallel to 
CD; therefore HE and AB are conjugate diameters. And CH has been drawn 



ardinatewiee to the eecmd diaoeeteri and CE has been drawn touching the 
pection and meeting the second diameter. Therefore the rectan^e BY^YS to 
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equal to the square on the half of the second diameter (i; ^), that is to ^ 
fcajrth pmt <rf the figure on AB (Second Def. 1 . 10). And since FJS has been 
drawn ordinatewise and PH joined, therefore FH touches the section A (i. 38), 
Likewise tlien also GH touches section B. Therefore FH and HG tou<di seiM 
ticms A and B. 


Proposition 41 

If in opposite sections tm straight lines not through the cerUer cut each oAer, then 
they do not bisect each other. 

Let there be the opposite sections A and B, and in A and B let the two 
straight lines CB and AD not through the center cut each other at E. 

I say that they do not bisect each other. 

For if possible, let them bisect each other, and let F be the center of the seof 
tions, and let EY be joined; therefore EY is a diameter (ii. 37). Let YF be 
drawn through Y parallel to BC; therefore YF is a diameter and conjugate to 



EY (ii. 37). Therefore the tangent at F is parallel to EY (First Def. i. 6). Then 
for the same reasons, with HK drawn parallel to AD, the tangent at H is 
parallel to EY; and so also the tangent at F is parallel to the tan^nt at H ; and 
this is absurd; for it has been shown it also meets it (n. 31). Therefore the 
straight lines CB and AD not being through the center do not bisect each other. 

Proposition 42 

If in conjugate opposite sections tm straight lines not through the center cut each 
other, they do not bisect each other . , „ ^ jr. 

Let there be the conjugate opposite sections A, B, C and D, and in A, B, O 



and D let the two struct lines not throng the centeov HF and QH, (Wfc'flfifI* 
othorathT. 
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ttay that thejrib not UBebtiMidiotlMSir.' ■ (,„•;■ 

For if JkiBffllde, let them lnsect efieh other, aitd let the iceater (rf theaeotioBe 
be Y, uid let AB be drawn t>{Uri^l to EP and' CD to £f6,'>aiid let KY be 
joined; therefore KY and AB are conjugate diainetw8' (n. 37). likewise YK 
and CD are also conjugate diameters. And so also the tangent at A is paraUel 
to the tangent at C; and tlus is imposubie; for it meets it, mnce the tangent at 
C cuts the sections A and B (n. 19), an^the tangent at A sections C and i); it is 
evident idso that their point cS. meeting is in the place under angle AYC 
(n. 21). Therefore the straight lines EF and GH not being through the center 
dd not bisect etch other. 

P^OPOsmoN 43 

IJ u atraigU Une cuts one of the conjugate oppoeite aeeit&ne in iwo poinis, dnd 
throttgh the center one straight line ie drawn to the midpoint of the cutting atrmght 
Une and another atrdight Une ie drawn parallel to the cutting straight line, tf^ will 
be conjugate diameters of the opposite sections. \ 

Let there be the conjugate opposite sections A, B, C and Z>, and let fome 
strmght line cut sectitm A at the two points E and F, and let FE be bisected at 
6, and let Y be center, and let YG be joined, and let CY be drawn parallel to 
EF. 

I say that A Y and YC are conjugate diameters. 

For since A F is a diameter, and bisects EF, the tangent at A is parallel to 



EF (n. 5); and so also to CY. Since then th^ are oppodte sections, and a 
tangent has been drawn to one of them. A, at A, and from the center Y one 
straight line FA is jdned to the point of contact, and another CY has been 
drawn parallel to the tangent, tbwefore FA and CYure conjugate diameters; 
for this has been shown before (n. 20). 

Pnoposmoit 44 (Fhobusm) 

Given a section of a cone, t$ find a diameter. 

Let tbme be the given conic section on which are the' jMiHits A, B, C, D and 
B. Tbea it is required to find a diameter. 

Let it have been done, and let it be CH. Thmi witb DF and EH drawn or* 
dhmtewise and produced 
’ DF-FB, 



oojncgn nk 

EH^HA (Rrst Drf. i* 4 )* s . ^ 
If then we fix the straij^t lines BD and BA in 
position to be parallel, the points H and F wjSl 
be given. And so RFC will be given in position^ 
Then it will be constructed thus;, 

let there be the given conic section on ^rhiob are 
Ihe points A, B, C, D and £, and let the straii^t 
lines BD and A^^be drawn parallel, and be bisected 
at F and H, And the straight line FH jdned wUl 
be a diameter of the section (First Def . i. 4). And 
in the same way we could also find an indefinite 
number of diameters. 

Proposition 45 (Problem) 

Oivm an ellipse or hyperholaj to find ihe center. 

And this is evident; for, if two diameters of the section, AB and CD, are 




drawn through (ii. 44) , the point at which they cut each other will be the cente 
of the section, as indicated below. 

Proposition 46 (Problem) 

Owen a section of a cons, to find ^ o®w. 

Lrt the given sMtion erf a cone first be a pmbota, on which are the potato 
F, C and E. Then it is required to find its aids. . 

For let AB be drawn as a diameter of it (i. 44). If tten ABiam axis, 
w«i enjoined would have been do^; but if nrt. let it have been done, 

CZJ therefore the axa CD »panl^ 4 J (i. 

the lines drawn perpendicular to it (Brpt Drf. i. 7). And tite po;]^ 

^.^ij^ P if y*^f>nitr<»iLiBonerBendioiilar8toAg;aa^«|oC^bweotetheperpst|^ 


M 
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ulors to AB. If then I fix EF, the perpendicular tb AB, it 'will be given in pon> 
tion, and therefbre ' 

ED~DF] 

therefore the point D is given. Therefore through the 
given point D, CD has been drawn parallel in position 
to AB; therefore CD is given in portion. 

Then it will be constructed thus: let there be the 
^ven parabola on which are the points F, E and A, 
and let AB, a diameter of it, be drawn (n. 44), and let 
BE be drawn perpendicular to it and let it be pro* 
duced to F. If then 

EB’bBF, 

it is evident that AB is the axis (First Def. i. 7^; but if 
not, let EF be bisected hy D, and let CD drawn 
parallel to AB. Then it is evident that CD is the axis 
of the section; for being parallel to a diameter, that is being a diameter h. 51, 
eud), it bisects EF at right angles. Therefore CD has been found as the al^ of 
the given parabola (First Def. i. 7). 

And it is evident that the parabola has only one axis. For if there is another, 
as AB, it will be parallel to CD (i. 61, end). And it cuts EF, and so it also 
bisects it (First Def. i. 4). 

Therefore 

BE^BF; 

and this is absurd. 

Proposition 47 (Problem) 

Given an hyperbola or eUipee, to find the axis. 

Let there be the hyperbola or ellipse ABC\ then it is required to find its axis. 
Let it have been found and let it be KD, and K the center of the section; 
therefore KD bisects the ordinates to itself and at right angles (First Def. i. 7). 
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Let the perpendicular CDA be drawn, and let KA mi KC be jdned. ^ce 

then'' 

CD^DA, 

tbetefore ■ ' 

CK^KA. 

If fothe pven pmni CK will be pven. And so ^e circle describ^ 

eehter K imd radius' KC will also phss throui^ A and ntdll be ipVen in 
, pi^tionl And the sectibh ABC is also in po^cm; ther^ore tiie pdnt'A 
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is ^veo. But the pdnt C is also gi^; ther^ore CA is pveu in positit^ Alsfi 

^ ^ therefore DK » given in 

A Jl!i ri^\^ contracted thus: let there be the given hyperbola or eilipse 
A/iC , aira let A be talren as its center; and let a point C be tfdcen at randcnn' on 
the^tion, and the circle CEA, with center JK and radius KC, be de^ 
renb^ and 1^5^ be j oined and bisected at D, and let KC, KD, and KA be 
jomed, and let KD be drawn through to B, 

Since then 

AD=DC 

and DK is common, therefore the two straight lines CD and DK are equal to 
the two straight lines AD and DK, and 

base Jfil =base jfirC. 

Therefore KBD bisects ADC at right angles. Therefore KD is an axis (Ilrst 
Def. I. 7). j 

Let MKN be drawn through K par^lel to CA ; therefore MN is the axis <rf 
the section conjugate to BK (First Def. i. 8). 


Proposition 48 (Problem) 

Then with these things shown, let it be next in order to show that there ttre no oOiir 
axes of the same sections. 

For if possible, let there also be another axis KG. Then in the same way as 
before, with AH drawn perpendicular, 

(Firat Def. 1 . 4); 



and BO also 


AKf'^KMt, 



71« 

But also 
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AKmKC\ 

therefore 

KL^KC] 

and this is (dxnird. 

Noar that the circle AEC does not hit the section also in another point be- 
tween the pcants A, B and C, is evidrait in the case of the hyperbola; and in the 
ease of the dlipse let the peipendiculars CB and L 8 to drawn. Since then 

KC»KL; 

for they ere radii; also 

sq. KC-sq. KL. 

But 

sq. CB+aq. AK^sq. QK, 
and 

sq. J^jS-^sq. /SLa^sq. LKi 

therrfore 

sq. CiB-l-Bq. BK»eq. iCS+sq. 8 L. 

Therefore 

difference between sq. CB and sq. 8 L^ 
difference between sq. KS and sq. BK. 

Again tinoe 

rect. Jlfi2,5Ar-|-sq. f2X=sq. KM, 

and also 

rect. Jlf5,5i\r-i-sq. SK^aq. KM (Eucl. n. 6), 

therefore 

rect. MB,BN+Bq. fliC=rect. M 8 ,SN+ 9 q. 8 K. 

Therefore 

difference between sq. 8 K and sq. KB’^ 
difference between rect. MB, BN and rect. M 8 , 8 N, 

And it was shown that 

difference between sq. SK and sq. KB^ 
difference between sq. CB and sq. SL; 

therefore 

difference between sq. CB and sq. SL>*> 
difference between rect. MB, BN and rect. M 8 ,SN. 

And once CB and LS are orchnates 

sq. CB : rect. MB,Blt : : sq. iSL : rect. M 8 ,SN (i. 21). 

But the same difference was also shown for both; therefore 

sq. CB'-rect. MB,BN, 
and 

sq. 8 L~‘Teet. M 8 , 8N (Eucl. V. 16,17, 9). 

Thcaefore the line LCAf is a drde; and this is absunl; for it is supposed an 
ellipBe. 

PnoposmoN 49 (PBOBLiaf).r 

Gfssn a sscfion of a cone and a point not vnOiin the eeetien, to draw from 8 te point 
a etraight Une toudung the aeetion in one point. i 

, Let the given section of a cooe first to a parabda whose axis is B/>. Then it is 
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icquued to draw astaraig^t line as prescribed from Uie pvoa point wld<dkiaaot 
the eeetkm. 

Then the ^ven point is either on the line or on tiie axis or somewhere dse 
outride. 

Now let it be (m the line, and let it be A , and let it have been done, and let it 

be AE, and let AD be drawn pei’pencUcular; 
then it will be given in position. And 
BE»BD(i.35); 

andJSDis given; therefore Bijis also pv«i. 
And the point B is given; therefore B is alro 
given. But A also; therefore AE is given in 
position. 

Then it will be constructed thus; let AD 
bo di'awn perpendicular from A, and let BB 
be made equal to BD, and let AE be joined. 
Then it is evident that it touches the section 
(i. 33). 

Again lot tiie pven point B be on the aris, 
and let it have been done, and let AE be 
drawn tan gent, and let AD be drawn perpendicular; therefore 

BB=BD (i. 35). 

And BE is ^ven; therefore also BD is given. And the point B is pvcn;the^or6 
D is nlgn given. And BA is perpendicular; therefore DA is given in porition. 
Therefore the point A is given. But also B; therefore AB is given in poritiom 
Then it will be constructed thus: let BD be made equal to BE, ^d from D 
let BA be drawn perpendicular to ED, and let AB be joined. Then it is evident 



that AB touches (i. 33). 



And it is evident also that, even 
if the given point is the same mE, 
the straight line dro^vn from B per- 
pendicular touches the section (l. 

17). 

Then let C be the pven pomt, 
and let it have beim done, and let 
CA be it, and through C let CF be 
drawn parallel to the axis, that is to 
BB; therefore CF Is ©ven in pori- 
tion. And from A let AB be draw 
ordinatewise to CF] then 

CG-BO (i. 36). , 

And the point 0 is ©ven; therefwa 
B is also given. And BA has been 


erected ordinatewise, that is, paraUri to i 

is ^vim in i^ticm. Therefore A w also ©ven; but also C. Theref<»e CA m 

gdv<m in porition. . throui^ C parallel to BB, a^id 

le^BGbe^^eMual to CO, imd let BA be drawn parallel to tto 
(tboveSrStet AC be joink It is evident then that this wdl do the prpblw^ 

it. 33). 
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' iAgain let it be aa bypetbola whoae asds is i)BC and oeoter H, and asjnnp* 
totes HE and HF. Then the given point will be given either on the section <6r 



on the axis or within angle EHF or in the adjacent place or on one oi the 
asymptotes containing the section or in the place between the straight Imes 
containing the angle vertical to angle EHF. \ 

Let the point A first be on the section, and let it have been done, and let AQ 
be tangent, and let AD be drawn perpendicular, and let BC be the transverse 
rdde of the figure; then 

CD:DB::CG:GB (i. 36). 

And the ratio of CD to DB is given ; for both the straight lines are given ; there- 
fore also the ratio of CG to GB is given. And BC is given; therefore point G is 
pVen. But also A ; therefore AG is given in position. i 

It will be constructed thus: let AD be drawn perpendicular from A, and let 

CG:GB::CD: DB; 

and let AG be joined. Then it is evident that AG touches the section (i. 34). 

Then again let the given pmnt G be on the axis, and let it have been done, 
and let AG be drawn tangent, and let AD be dra^vn perpendicular. Then for 
the same reasons 

CG ’.GB : ; CD : DB (i. 36). 

And BP is pven; therefore the point D is given. And DA is perpendicular; 
therefore DA is ^ven in position. And also the section is given in position; 
therefore the point A is ^ven. But also G ; therefore AG is given in position. 

Then it will be constructed thus: let the other things be supposed the same, 
said let it be contrived that 

CG:OB : .CD : DB, 

and let DA be drawn perpendicular, and let AG be jomed. Then it is evident 
that AG does the pr(A>lem (i; 34), and that from 0 another tangent to the 
Se<^<m could be drawn on the other side. 

the same things Bupt>osed let the given point £ be in the place inrade 
tia^'EHF, and let it be^ required to draw a tangent to the section fresh K. Let 
it have been done, and it be KA, and let KH be joined and produced, and let 
'SN- be made equal to Lff, therefore they are all pven. Then also LN will be 
Thm let AM be drawn ordinateWisC to MN; 
then’ also - 

. V NK:KL::MNiML 
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the mtio of NK ixiKL is pven; therefcae sOso the ntio of to ML is 
given. And the point Z» is given, therefore also M is given. And MA has been 

erected parallel to the tan- 
gent at L] therefore MA is 
given in position. And also 
the section ALB is ^ven in 
position ; therefore the point 
A is given. But K is also 
given; therefore AK is 
given. 

Then it will be construct- 
ed thus: let the other things 
be supposed the same, and 
the ^ven point K, and KH 
be joined and produced, cmd 
let HN be made equal to HL, and let it be contrived that 

NK:KLi:NM:ML 

and let MA be drawn parallel to the tangent at L (above), and let KA be 
joined; therefore KA touches the section (i. 34). 

And it is evident that a tangent to the section could also be drawn to the 
other side. 

With the same things supposed let the given point F be on one of the 
asymptotes containing the section, and let it be required to draw from F a 
tangent to the section. And let it have been done, and let it be FAE, and 
through A let AD be drawn parallel to EH ; then 

DH^DF, 

since also 



FA-AE{a.Z). 

And FH is given; therefore also point D is given. And through the given point 

Z>, DA has been drawn parallel in 
position to EH ; therefore DA is given 
in position. And the section is also 
given in position; therefore the point 
A is given. But F is also giv^; there- 
fore the straight line FAE is go^en in 
position. 

Then it will be constructed thus: 
let th^ be the section AB, and 
asymptotes EH and’ HF, and tito 
gven pennt F cm one of 'the:as}mq>- 
totes containing tiw section,, and M 
FH be bisected at D, and tiirod^ D 
letilUi bedrawnparallelto^F, and let FA be joined. And since ; 

FD^DHt 



therefore also 


FA mAE^ 


AAd 8o‘by. t hirt ga shovm before, the stxai^t Une.FA£ towsbes the section 

(11.19),./ ' ' i 

'mOi tiie things supposed, let the pven pcnnt be in the place uadese.th# 
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'A&i^ adjamCtolbe'Stnd^lt’Hiiei eo&tahi^ the se6ti<^-'fi^ M'it'belifiltlii 
leqhiied ihm to draw a tangent to the aedlion tom K'. And let' it ba^vobeeii 



done, and let it be KA, and let KH be joined and produced; then' in tnll be 
^ven in poeition. If then a ^ven point C is taken on the section, wd t^ugh 
C, CD is drawn parallel to KH, it will be given in position. And if\ CD » 
bisected at B, and HE is joined and produced, it will be, in position, a diameter 
echijugate to (First Def. i. 6). Then let HG be made equal to BH, and 
through A let AL drawn parallel to BH ; then because KL and BG are eon* 
jugate diameters, and AK a tangent, and AL a straight line drawn paraQel to 
BQ, therefore rectangle KH, HLia equal to the fourth part of the figure oa BG 
(i. M). Therefore rectangle KH, HL is given. And KH is given; theref(ne\ff L 
is also 0ven. But it is also ^ven in position ; and the point is given; theijefore 
L is also given. And through L, LA has been drawn paralld in position to BG; 
therefore LA is given in portion. And the section is also ^ven in positicm; 
therefore the point A is given. But also K; therefore AK is given in position. 

Then it will be constructed Ihus: let the other things be supposed the same, 
and let the given point £ be in the aforesaid place, and let KH be joined and 
produced, and let some pdnt C be taken,and let CD be drawn parallel to KH, 
and let CD be bisected^ by E and let EH be joined and produced, and let HG 
be made equal to Bi7;thmfore CBisa transverse diameter conjugate to KHL 
(Slis^ Del. I. 6). Then let rectanj^e ATIf , HL be made equal to the fourth of 
the figure on BG, imd thror^ L let liiA be drawn parallel to BG, and let KA be 
jmned; tlmn it is clear that KA touches the section by the converse the 
tiieor^<i;%}t ‘ 

> : And if it is’ given in the place between the straight lines FH ^d HP, the 
probtmn is iMpOsable. For the tangent will cut GH. And so it will meet both 
FU- ttoA HP; and'this ig. ImposiRble by the tbin^^own in the thirty-first 
fhedrem of first booh; (i. fil) and in the'third d this book (ii. 3). 

V Withr the 8ame >^agB sui^po^ let the section be an dlipse, and the i^ven 
pomt A on tiese<^oii, snd'fet it be teqohed to drawftom^iit a tangnitwtlte 
. section. Let it have bew done, andletit'bd AG, and let AD be drawn from A 
(ndinatewiae to the axis BC; thoo the point D will be given, and ' ' 

CD : DBi iC® 5 0B(i. 86). 
latio of i^vea;‘tiMii^ore'tiih tatloiof 

jpv^. Therrf^re tlm point G a {pven. Bat also A; tbertfm AO Is pivibln 
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Tlwi H wm be eooBtructed thus: let ^ be drewn petpeadieuiar^ stud M 
'* CO:OB::CD:DB, , , 

end let AO be ’ThcK itiJii 
evident that AG touches, as aisobi 
the case of the hyperbok (i. -84) . 

Then again let the g^ven poadi 
be K, and let it be required, .to 
draw a tangent. Let it have be^ 
done, and let it be KA, and let the 
straight Ime KLH be jdned to the 
, . . center H and produced to iV? then 

it will be given m position. And if AJIf is drawn ordinatewis^ t- bwm ' 
NK:KL::NM:ML (i. 36). 

And the ratio dNK: KL is given; tbeiefcHeihe 
ratio of MN to LM is also given. Therefore 
the point M is pven. And MA has been erech.: 
ed ordinatewise; for it is parallel to the tan- 
gent at L; therefore MA is given in positiedi 
Therefore the point A is given. But also K\ 
therefrae KA is given in pofflti<»i. 

And the construction (awBrnns) is the same 
as for the preceding. > 



Proposition 50 (Pboblbm) 

Given the section of a com, to draw a tangent which will make with the axis, on the 
same side as the section, an angle equal to a given acute angle. 

Let the section of a cone first be a parabola whose axis is.AB; then it is TOr 
quired to draw a tangent to the section which will make with the axis AB, on 
the same side as the section, an angle equal to the pven acute an^e. 

Let it have been done, and let it be CD; therefore angle BDC vs given. Let BO 
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givou Aod it'SB in podtion vHtli mpeetto BA BBd.<tliei^v«i.pomt^; 
therefore CA is ^ven in posituki. \And ti^ eeetibn is also given in position; 
therefore the point C is givoi. And CD touches; therefore CD is given in 
position. 

Then the problem will be ccmstructed thus: let the given section of a cone 
first be a parabola whose axis is AB, and the given acute angle, ah^ EFG, and 
let some point E be taken on EF, and let EG be drawn perpendicular, and let 
FG he bisected by and let HE be joined, and let anglo BAG be constructed 
equal to angle QHE, and let BC be drawn perpendicular, and let AD be made 
equal to BA, and let CD be joined. Therefore CD is tangent to the section 
(I. 33). 

I say thm that 

angle CD£ »an^e EFG. 

• Fordnoe ’ 

FO : GH : : DB : BA 
and 

HG:GE:: AB : BC, 

therefore ex aeguali 

FG:GE::DB:BC, \ 

And the angles at G and B are right angles; therefore 

angle at F »= angle at B. 

Let the section be an h 3 rperbola, and let it have been done, and let CD be 
tangent, and let the center of the section Y be taken, and let CY be joined, and 
let CE be perpendicular; therefore the ratio of rectangle YE, ED to the square 
on CE is given; for it is the same as the transverse to the upright (i. 37). And 
the ratio of the square on CE to the square on ED is given; for each of the 
rectangles CD, DE and DE, EC is given. Therefore the ratio of rectangle YE, 
ED to the square on ED is 
given ; and so also the ratio of 
YE to ED is ^vbh. And the 
angle at F is given; therefore 
the angle at Y is also ^ven. 

Then some str^ght line CY 
has been drawn across in 
podtion with respect to the 
straight line YE and to the 
given point F at a given 
angle; therefore CY is given 
in podtion. And tiie section 
is also given in podtion; therefore the point C is given. And CD has been 
drawn across as tangent; therefore CD is given in psdtion. 

Let the asymptote to the section YF be drawn; therefore CD produced will 
meet the asymptote (n. 3). Let it meet it at F. Therefore 

angle FDB>angle FYD 

Therefore, fm^the construction, the given acute an^e will have to be greater 
tium half ^ angle contained by the asymptotes. 

'J' . tiik probldn will be Constructdi tlnis: let tiiere be the iflvdi hypNsrhc^ 

jaxis ie ^d asymptote YF, and t^e ^yen aqute. ^m^e KHG ^ehtdr 

AFF, ’and'let 




CX>NiCB n 


m 


angle angle A KF, 

and let AF be drawn from A perpendicular to AB., and let some pcrat 0 be 



taken on GH, and let GK be drawn from it perpendicular to HK. Since then 

angle FFA = angle Z/fliiL, 
and also the angles at A and K are right, therefore 

YA.AF::HK:KL 
HK : KL>HK : KG\ 

therefore also 

YAxAF>HK:KG. 

And so also 

sq. YA : sq. AF>8q. HK : sq. KG. 

But 

sq. YA : sq. AF : : transverse : upright (ii. 1) ; 

therefore also 

transverse ; upright>sq. HK : sq. KG. 

If then we shall contrive that 

sq.TA ; sq. AF ; ; some other ; sq. KG, 
it will be greater than the square on HK. Let it be the rectangle MK, KH ; and 
let GM be joined. Since then 

sq. 3f A >rect. MK, KH, 

therefore 

sq. MK : sq. KG>rect. MK, KH : sq. KG 
>8q. YA : sq. AF. 

And if we shall contrive that 

. sq. MK ; sq. KO : : sq. YA : some other, . 

it will be to a magnithde less than the square on AF; and the stia^t bile 
joined from Y to the pdnt taken will make similar trian^es, and thereftiM 

awgift F1*A'> angle GMK. 

Lei b. «l«ri to tt^o-e rCealtoaltto ey; 

tahn.fu.' 2)'.; Let it cut it at C, and from C let CD be dwwb pH 

ms&m (n. 49), and CE drawn perpendicular; therefore triangle CnTEii 

to triangle GMK. Therefore ^ _ ' ' vn 

sq. YB\ sq. ^ : r eqi WiC ; sq, KG. 
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and 


trauBveree : upright : : lect. YE, ED : sq. EC (i. 37), 


transverse : upright : : rect. MK,KH : sq. KO. 

And inversely 

sq. CE : rect. YE, ED : : sq. GK : rect. MK,KH; 
therefore ex aequali 

sq. YE : rect. YE,ED : : sq. MK : rect. MK,KH. 
And therefore 


But also we had 


YE : ED ::MK: KH. 


CE:EY::GK : KM; 

therefore ex aequali • 

CE : ED .:GK: KH. 

And the angles at E and K are right angles; therefore 

angle &iD — angle GHK. 

Let the section be an ellipse whose axis is AB. Then it is required to dr^w a 
tangent to the section which with the axis vdll contain, on the same side as the 
section, an an^e equal to the given acute angle. ^ 

Let it have been done, and let it be CD. Therefore angle CDA is given. I^et 
CE be drawn perpendicular; therefore the ratio of the square on DE to the 
square on EC is given. Let Y be the center of the section, and let CY be joined. 
Then the ratio of the square on CE to the rectangle DE, EY is given; for it is 
the same as the ratio of the upright to the transverse (i. 37), and therefore the 
ratio of the square on DE to rectangle DE, EK is given ; and therefore the ratio 
of DE to EF is given. And of DE to EC ; therefore also the ratio of CE to EY 
is given. And the angle at E is right; therefore the angle at Y is given. And it 
is given with respect to a straight line given in position and to a given point; 
therefore the point C is given. And from the given point C let CD be ^awn 
tangent; therefore CD is given in position. 



H K 



Then the problem will be constructed thus: let there be the ^ven acute 
angle FGH, and let some pc^t F be taken on FG, and let FH be drawn per- 
pendicular, and let it be contrived that 

upright : transverse : : sq. FH : rect. GH,HK, 
and let KF be joined, and let F be the center of the section, and let angle A YC 
be constructed equal to angle GKF, and let CD be drawn tangent to the 
section <ii. 49). 

I say that CD does the problem, that is, 

angle CDE^ an^ FGH. 


I'or ri&ce 
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YE : EC ::KH: FH, 

therefore also 


sq. YE : sq. EC : : sq. KH : sq. FH. 

But also 

sq. EC : rect. DE,EY : : sq. FH : rect. KH, HG; 
for each is the same ratio as that of the upright to the transverse (i. 37, and 
above). And ex aegmli; therefore 

sq. YE : rect. DE,EY : : sq. KH : rect. KH,HG. 

And therefore 


But also 


YE : ED ::KH: HG. 


YE:EC::KH‘. FH; 

ex aequali, therefore 

DE:EC::HG:FH. 

And the sides about the right angles are proportional; therefore 

angle CDE = angle FGH. 

Therefore CD does the problem. 


Proposition 51 (Problem) 

Given a section of a cone, to draw a tangent which with the diameter drawn through 
the point of contact will contain an angle equal to a given aevie angle. 

Let the given section of a cone first be a parabola whose axis is AB, and the 
^ven angle H; then it is required to draw a tangent to the parabola which with 




the diameter from the point of contact will contain an angle equal to the 
angle at H. 

Let it have been done, and let CD be drawn a tangent making with the 
diameter EC drawn through the pmnt of contact angle ECD equal to angle H, 
and let CD meet the axis at D (i. 24). Since then AD is parallel to EC (i. 51, 
end), 

angle ADC = angle ECD. 

But an glA ECD is pven; for it is equal to angle H; therrfore an^e ADC is also 
given. 

Then it will be constructed thus: let there be a parab<^ whose axis is AB, 
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and the pven angle H. Let CD be drawn a tangent to the section making with 
the axis the angle ADC equal to angle U (ii. 50), and through C let EC be 
drawn parallel to AB. Since then 

angle angle ADC, 


and 


therefore also 


angle ADC = angle ECD, 


angle //= angle ECD. 

Let the section be an h3q)erbola whose axis is AB, and center E, and asymp- 
tote ET, and the given acute angle Q, and let CD be tangent, and let CE be 
joined doing the problem, and let CG be drawn perpendicular. Therefore the 
ratio of the transverse to the upright is given ; and so also the ratio of rectangle 
EG,0D to the square on CG (i. 37). Then let sonje given straight line FB be 
laid out, and on it let there be described a segment of a circle admitting an 
angle equal to angle Q (End. in. 33) ; therefore it will be greater than a s^i- 
circle (Eucl. in. 31). And from some point K of those on the circumferenceW 
KL be drawn perpendicular making ' 



rect. FL, LH : sq. LK : : transverse : upright, 
and let FK and KH be joined. Since then 

angle E/CD = angle ECD, 


but also 


and 


rect. EG,GD : sq. GC : : transverse : upright, 
rect. FL, LH : sq. LK : : transverse : upright. 
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therefore triangle KFLis similar to triangle ECG, and triangle FHK to triangle 
ECD} And so b , b 

angle angle CJ5Z). 

Then it will be constructed thus: let there be the given hyperbola AC, and 
axis AB, and center F, and given acute angle Q, and let the given ratio of the 
transverse to the upright be the same as YZ to YW, and let \VZ be bisected at 

Uy and let a given straight line FH be 
laid out, and on it let there be described 
a segment of a circle, greater than 
semicircle and admitting an angle equal 
to angle Q (Eucl. iii. 31, 33), and let it 
be FKHy and let the center of the circle 
N be taken, and from N let NO be 
drawn perpendicular to FH, and let NO 
be cut at P in the ratio of UW to WY, 
and through P let PK be drawn paral- 
lel to FH, and from K let KL be drawn 
perpendicular to FH produced, and let 
FK and KH be joined, and let LK be 
produced to M, and from N let NX be 
drawn perpendicular to it; therefore it 
is parallel to FH. And therefore 
:WY::XK: KL. 



NP : PO or UW 
And doubling the antecedents 

ZW.WY-.MK KL; 

componendo 

ZY 

But 

ML:LK 

theref ore 

ZY:YW:: rect. ML,LK : sq. LK : : rect. FL,LH : sq. LK (Eucl. m. 36). 


YW :: ML : LK. 
rect. MLjLK : sq. LK\ 


^Pappus, in lemma IX to this book: “Let triangle ABC be similar to triangle DBF, and 
triangle AGB to DEH\ the result is 

rect. BC,CG ; sq. CA : : rect. EF, FH ; sq. DF. 



“For since because of similarity 

whole angle A « whole angle D, 
and angle BAG = angle EDH, 

therefore remaining angle GAC = remaining angle HDF . 

But also angle C -angle F; 

therefore GC \ CA : ; UF ; FD 

But also BC : CA : : EF : FD*, 

therefore also compounded ratio is the same with compounded. Therefore 
rect. BC, CG : sq. CA : : rect. EF ,FH : sq. FD.** 
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ZY : YW : : transverse : upright; 

therefore also 

rect. FL,LH : sq. LK : : transverse : upii^t. 

Then let AT be dra^vn from A perpendicular to AB. Since then 
sq. EA : sq. AT :: transverse : upright (ii. 1), 

and also 

transverse : upright : : rect. FL,LH : sq. LK, 
and 

sq. FL : sq. LK> rect. FL,LH : sq. LK, 

therefore also 

sq. FL : sq. LK>sq. EA : sq. AT. 

And the angles at A and L are right angles; therefore , 

angle F< angle E. '' I 

Then let angle AEC be constructed equal to angle LFK ; therefore EC will mWt 
the section (ii. 2). Let it meet it at C. Then let CD be drawn tangent from C 
(ii. 49), and let CG be drawn perpendicular; then \ 

transverse : upright : : rect. EG,GD : sq. CG (i. 37). \ 

Therefore also '■ 

rect. FL,LH : sq. LK : : rect. EG,GD : sq. CO 
therefore triangle KFL is similar to triangle ECG, and triangle KHL to tri- 
angle CGD, and triangle KFH to triangle CED. And so 
angle ECD = angle FKH = angle Q. 

And if the ratio of the transverse to the upright is equal to equal, KL 
touches the circle FKH (Eucl. in. 37), and the straight line joined from the 
center to K will be parallel to FH and itself will do the problem. 


Proposition 62 

If a straight line touches an ellipse making an angle with the diameter drawn 
through the point of contact, it is not less than the angle adjacent to the one con- 
tained by the straight lines deflected at the middle of the section. 

Let there be an ellipse whose axes are AB and CD, and center E, and let AB 
be the major axis, and let the straight line 
GFL touch the section, and let AC, CB, and 
FE be joined, and let BC be produced to L. 

I say that angle LFE is not less than angle 
LCA. 

For FE is either parallel to LB or not. 

Let it first be parallel; and 
AE=-EB-,.. 

therefore also 

AH=HC. 

And FE is a diameter; therefore the tangent at F is parallel to AC (ii. 6). But 
also FE is parallel to LB) therefore FHCL is a parallelogram, and therefore 

angle LFH as angle I/)H. 

And since AE and EB are each greater than EC, angle ACB is obtuse; thei^ 
fore angle LCA is acute. And so also angle LFE. And therefore an^e OFE is 
obtuse. 

.Then let EF not be parallel to LB, and let FK be drawn perpendicular; 
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therefore LBE is not equal to angle FEA. But 

rt. angle at E^rt. angle at K; 
therefore it is not true that 

sq. BE : sq. EC : : sq. EK : sq. KP. 

But 

sq. BE : sq. EC : : rect. AE,EB : sq. EC : : transverse : upright (i. 21 ) 
and 

transverse : upright : : rect. GK,KE : sq. KF (i. 37). 

Therefore it is not true that 

rect. GK,KE : sq. KF : : sq. KE : sq. KF. 

Therefore GK is not equal to KE. Let there be laid out a segment of a circle 




MUN admitting an angle equal to angle ACB (Eucl. iii. 33) ; and angle ACB is 
obtuse; therefore MUN is & segment less than a semicircle (Eucl. ni. 31). Then 
let it be contrived that 


GK:KE:: NX: XM, 

and from X let UXY be drawn at right angles, and let NU and UM be joined, 
and let MN be bisected at T, and let OTP be drawn at right angles; therefore 
it is a diameter. Let the center be R, and from it let RS be drawn perpendicular, 
and ON and OM be joined. Since then 

angle MON = angle ACB, 

and AB and MN have been bisected, the one at E and the other at T, and the 
angles at E and T are right angles, therefore trian^es OTN and BEC are 
similar. Therefore 

sq. TN : sq. TO iisq. BE : sq. EC. 

And since 


TR^SX, 


and 


RO>SU, 


therefore 


RO : TR>SU : SX; 


and ctmvertendo 

RO : OT<SU ; UX. 

And, doubling the antecedents, therefore 

PO:TO<YU:VX. 


And aeparando 


PT : TO<YX : UX. 
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But 

PT : TO : : sq. TN : sq. TO : : sq. BE : sq. EC : : transverse : upright (i. 21), 
and 

transverse : upright : : rect. OKJCE : sq. KF (i. 37); 

therefore 

rect. GK,KE : sq. KF<YX : XU 

<rect. YX,XU : sq. XU 
<rect. NX,XM : sq. XU. 

If then we contrive it that 

rect. GKyKE : sq. KF : : rect. MX^XN : some other, 
it will be greater than the square on XU. Let it be to the square on XW. Since 
then 

GK:KE::NX:XMy j 

and KF and YW are perpendicular, and 

rect. GK,KE : sq. KF : : rect. MX,XN : sq. XW, 

therefore 

angle angle MWN. ^ 

Therefore 

angle MUN or angle ^CJ5> angle GFE, 
and the adjacent angle LFH is greater than angle LCH. 

Therefore angle LFH is not less than angle LCH. 

Proposition 53 (Problem) 

Given an ellipse, to draw a tangent which will make with the diameter drawn 
throv^h the point of contact an angle equal to a given acute angle; then it is re* 
quired that the given acute angle be not less than the angle adjacent to the angle 
contained by the straight lines deflected at the middle of the section. 

Let there be the given ellipse whose major axis is AB and minor axis CD, 
and center E, and let AC and CB be joined, and let angle U be the given angle 



D 


not less than angle ACG; and so also angle ACB is not less than angle Y. 
Therefore angle U is either greater than or equal to angle ACG. 

Let it first be equal; and through E let EK be drawn parallel to BC, and 
through K let KH be drawn tangent to the section (ii. 49). Since then 

AE^EB, 

and 

AE:EB::AF : FC, 

therefore 

AF^FC. 
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tangent to the section at K, that is HKG, 

^ “ parallel to Gli; therefore KFCG is a 

parallelogram; and therefore 

A ^ 1 . «»Rle G/vP=anglc GCi?. 

And angle GCF is equal to the given angle, that is U; therefore also 

angle GA^= angle I/. 

Then let 

. , angle G>angle AGG; 

then inversely 

T , .j angle F<angloAGB. 

Let a circle be laid out, and let a segment bo taken from it, and let it be MNP 
, “S’® “d ’ct MP be bisected at 0, and from 0 

fore “S’®® be joined; thero- 

angle MNP <anglc ACB. 

But 

angle MAro=half angle MNP, 

and 

angle ACJS=half angle ACB; 

therefore 

angle MiVO< angle ACE. 

And the angles at E and 0 arc right angles, therefore 

AE : EC>6M : ON. 



And so also 

sq. AE : sq. EOsq. MO : sq. NO. 

But 

sq. AG=rcct. AE,EB, 
and 

sq. MO = root. MO, OP=Tect. NO, OR (Eucl. iii. 35); 

therefore 

rect. AE,EB : sq. EC or transverse : upright (i. 2l)> RO : ON. 




m 
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transverse : upright : : QA ' : A'X\ 
and let QX' be bisected at Y'. Since then 

transverse : upright>fiO : ON, 

idso 

QA > : A'X'>RO : ON. 

And componendo 

QX' : X'A'>RN : NO. 

Let the center of the circle be W ; and so also 

Y'X' :X' A' >WN : NO. 

And separando 

A'r:A'X'>WO:ON. 

Ihen let it be contrived that 

AT' : A'X ' : : iro : less thaii ON 
such as 10, and let IX and XT and WZ be drawn parallel. 

Therefore 

A'Y':A'X'::WO:OI::ZS:SX; 

and componendo \ 

rX ' : X'A' ::ZX: XS. 

And doubling the antecedents, 

QX' : X'A' ::TX: XS. 

And separando 

QA' : A'X' or transverse: upright : : TS : SX. 

Then let MX and XP be joined, and let angle AEK be constructed on straight 
line AE at point E equal to angle MPX, and through K let KH be drawn 
touching the section (ii. 49), and let KL be dropped ordinutewise. Since then 

angle il/PX* angle AEK, 
and 

rt. angle at 5°=rt. angle at L, 

therefore triangle XSP is equiangular mth triangle KEL. * 

And 

transverse : upright ::TS: SX : : rect. TS,SX : 
sq. SX : : rect. MX,SP : sq. SX; 

therefore triangle KLE is similar to triangle SXP, and triangle MXP to 
triangle KHE, and therefore 

angle MXP — angle HKE. 

But 

angle JlfXP= angle AfjVP=an^e Y; 

therefore also 

angle HKE^m^ Y. 

And therefore 

adjacent angfe GJiCEs adjacent angle U. 

Therefore GH has been drawn across tangent to the section and making 
with the diameter KE, drawn through the point of contact, angle GKE equal 
to the ^ven angle U; and this it was required to do. 
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Proposition 1 

7/ straight lines, touching a section of a cone or circumference of a circle, meet, and 
diameters are drawn through the points of contact meeting Ow tangents, the re- 
sulting vertically related triangles will be eguol. 

Let there be the section of a cone or circumference of a circle AB, and let AC 
and BD, meeting at E, touch AB, and let the diameters of the section CB and 



DA be drawn through A and B, meeting the tangents at C and D. 

I say that 

trgl. 4M=trgl. EBC. 

For let AF be drawn from A parallel to BD; therefore it has been dropped 
ordinatewise (i. 32). Then in the case of the parabola 
pllg. il7)BF=trgl. ACF (i. 42), 
and, with the common area AEBF subtracted, 

trgl. 4i)^=trgl. CBE. 

And in the case of the others let the diameters meet at center 0, Since then 
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AF has been dropped ordinatewise, and AC touches, 
rect. FQ, (?C=sq. BG (i. 37). 



Therefore 


therefore also 


FG:GB::BG: GC; 

FG :GC.: sq. FG : sq. GB (Eucl. vi. 20). 


sq. FG : sq. GB : : trgl. AGF : trgl. DGB (Eucl. vi. 19), 

and 

FGiGC:: trgl. AGF ; trgl. AGC-, 

^ o1q/\ 

trgl. AGF : trgl. AGO:: trgl. AGF : trgl. DGB. 

Therefore 

trgl. A(7C=trgl. DGB. 

Let the common area DGBE be subtracted; therefore as remainders, 

trgl. A£Z)=trgl. CEB. 


Phoposition 2 

With the same things supposed, if some point is taken on the section or circumfer- 
ence of a circle, and through it parallels to the tangents are drawn as far as the 
diameters, then the quadrilateral produced on one of the tangents and one of the 
diameters will be equal to the triangle produced on the same tangent and the other 
diameter. 

For let there be a section of a cone or circumference of a circle AB and let 
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AEC and BED be tangents, and AD and BC diameters, and let some point 0 




be taken on the section, and GKL and GMF be drawn parallel to the tangents. 
I say that 

trgl. AIM ^quB.dr. CLGL 

For triangle GKM has been shown equal to quadrilateral Ah (i. 42, 43), let 
the common quadrilateral IK be added or subtracted, and 

trgl. i4/M = quadr. CG} 


Proposition 3 

With the same things supposed^ if two points are taken on the section or circumfer- 
ence of a circle, and through them parallels to the tangents are dravm as far as the 
diameters, the quadrilaterals produced by the straight lines drawn, and standing on 
the diameters as bases, arc equal to each other. 

For let there be the section and tangents and diameters as said before, and 
let two points at random F and G be taken on the section, and through F let 
the straight lines FHKL and NFIM be drawn parallel to the tangents, and 
through G the straight lines GXO and HPR, 

I say that 

quadr. LG=quadr. MH, 


^Eutocius, commenting, gives the proof for another and important case: “It must be 
remarked that, if the point G is taken between A and B so that the parallels are, for instance, 


m 

and 
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quadr. LJV»=quadr. BN. 

For since it has already been sho\vn that 

trgl. quadr. CG (in. 2), 

and 

ti^. d.Af/= quadr. OF (ra. 2), 

and 

trgl. i2Pd.=trgl. dAf/+quadr. PM, 

therefore also 

quadr. CG=* quadr. CP+ quadr. PM; 


MIOI and l£IK, one must draw LK to the section, at N {(w instance, and through N 




NX parallel to BD; for by what was said in the forty>ninth and fiftieth theorems of the first 
book (i. 49,60) and in the notes to them 

trgl. ICJVX-quadr. KC. 

But triangle KXN is similar to triangle KMG because MO is parallel to NX; but it is also 
equal to it because AC is a tangent, and ON is paralM to it, and MX is a diamst», and 

GK-fCiV. 

Since then trgl. KNX — quadr. KC =• trgl. KMO, 

with the common quadrilateral AO subtracted, as remainders 

trgl. A/M -quadr. CO." 

It will be noticed that, just as in the second note to i. 50, the quadrilateral C6 is to be 
opDsidered as the diSerenee betwe^ the triangles CIF and OFL. 



and sc 
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quadr. CG**quadr. Cfi^+quadr. RF. 



Let the common quadrilateral CH be subtracted; therefore as remainders 

quadr. LG = quadr. HM. 

And therefore as wholes 

quadr. L2V«= quadr. RN. 

Proposition 4 

If iwo straight lines touching opposite sections meet each, other, and diameters are 
draum through the points of contact meeting the tangents, then the triangles ai the 
tangents uriU be equal. 

Let there be the opposite sections A and B, and lot the tangents to them, AC 
and BC, meet at C, and let D be the center of the sections and let AB and CD 
be joined, and CD produced to E, and let DA and BD also be joined and pro- 
duced to F and G. 

I say that 

trgl. AGD=trgl. BDF, 

and 

trgl. ACF =tr^. BCO, 

For let HL be drawn through H tangent to the section; thaofoie it is paral* 
Id to AG (i. 44, note). And since 

AU-DH (1. 80), 
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trgl. AG2)-trgl. DHL (Eucl. vi. 19). 



But 

therefore also 
And so also 


tr^. i)J?L=:trgI. BDF (m. 1); 
trgl. AGZ)= trgl. BDF 
trgl. ACF=trgl. BCQ. 


Pboposition 5 

If two straight lines touching opposite sections meet, and some point is taken on 
either of the sections, and from it two straight lines are drawn, the one parallel to 
the tangent, the other parallel to the line joining the points of contact, then the 
triangle produced by them on the diameter drawn through the point of meeting 
differs from the triangle cut off at the point of meeting of the tangents by the tri- 
angle cut off on the tangent and the diameter drawn trough the point of contact. 

Let there be the opposite sections A and B whose center is C, and let tan- 
gents ED and DF meet at D, and let EF and CD be joined, and let CD be pro- 



duced, and let FC and EC be joined and produced, and let some point G be 
taken on the section, and through it let HGKL be drawn parallel to EF, and 
GM parallel to DF. 

I say that triangle GHM differs from triangle KHD by triangle KLF. 

■ For since CD has been shown to be a diameter of the opposite sections (n. 
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39, 38), and EF to be an ordinate to it (ii. 38; First Def. i. 5), and GH has been 



drawn parallel to and MG parallel to Z)F, therefore triangle GHM differs 
from triangle CLH by triangle CDF (i. 45, or i. 44, according to the case). And 
so triangle GHM differs from triangle KIID by triangle KLF. 

And it is evident that 

trgl. ALF=quadr. MGKD. 


Proposition 6 

With the same things supposed ^ if sonic point is taken on one of the opposite seo 
tionSy and from it parallels to the tangents ire drawn meeting the tangents and the 
diamckrSf then the quadrilateral produced by them on one of the tangents and on 
one of the diameters will be equal to the triangle produced on the same tangent and 
the other diameter. 

Let there bo opposite sections of which AEG and BED are diameters, and let 
AF and BG touch the section AB meeting each other at //, and let some point 
K be taken on the section, and from it let KML and KNX be drawn parallel 
to the tangents. 

I say that 

quadr. AF—trgl. AIN. 

Now since AB and CD are opposite sections, and AF, meeting BZ), touches 



section AB, and KL has been d^a^vn parallel to AF , therefore 
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trgl. A/Ar«quadr. KF (in. 2)^ 

Proposition 7 

With the same things supposed^ if points are taken on each of the sections^ and from 
them parallels to the tangents are drawn meeting the tangents and the diameters^ 
then the quadrilaterals produced by the straight lines drawn and standing on the 
diameters as bases will be equal to each other. 

For let the aforesaid things be supposed, and let points K and L be taken on 
both sections, and through them let MKPRY and NSTLQ be drawn parallel 
to AF, and NIOKX and YWULZ parallel to BG. 

1 say that what was said in the enunciation will be so. 



For since 

trgl. ilO/=quadr. RO (iii. 2), 

^Another and important case where the point K falls between C and D is given by Eutocius 
in his commentary to this proposition. It is as follows: . . and let CPR be drawn from C 
tangent to the section; then it is evident that it is parallel to AF and ML (i. 44, note). And 
since it has been shown in the second theorem (iii. 2) in the figure of the hyperbola that 
trgl. PiVC =quadr. LP (iii. 2, note), 
let the common quadrilateral MP be added; therefore 

trgl. MKiV»quadr. MLRC. 

Let them be added the common triangle ORE, which is equal to triangle AEF by i. 44, note 
(and I. 30), therefore 



whole trgl. MEL«trgl. MKN+trgl AEF. 
With common triangle KMN subtracted, as remainders 

trgl. AEP«quadr. KLEN. 

Let the common quadrilateral FENI be added; therefore, in whole, 

trgl. A/JV*quadr. KLFI. 

And likewise also . tr^. ROL»quadr. KNGOJ* 
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let the quadrilateral EO be added to both; therefore 
whole trgl. A£;f'=quadr. KE. 

But also 

tr^. BGB=*quadr. LE (lu. 5, note); 

and 

trgl. AEF=iTf^. BGE (in. 1); 

therefore 

quadr. LB=quadr. IKRE. 

Let the common quadrilateral NE he added; therefore as wholes 
whole quadr. TK— quadr. IL, 

and also 

quadr. KU = quadr. RL. 


Proposition 8 

With the same things supposed, instead of K and L let there be taken the 
points C and D at which the diameters hit the sections, and through them let 
the parallels to the tangents be drawn. 

1 say that 

quadr. DG — quadr. FC 

and 

quadr. X/= quadr. OT. 



For since it was shown 

trgl. AGB=trgl. HBF (iii. 1), 

and the straight line from .4 to B is parallel to the straight line from G toF/ 
therefore 

AE:EG::BE: EF; 

and convertendo 

EA:AG::EB: BF. 

And also 

CA:AE::DB: BE; 


‘For the point H falls within the angle AEB (ii. 25), and the straight line drawn from H 
to the midpoint of AB, that is 5, is a diameter (ii. 29), and must therefore pass through B 
(t. 61, end). An analogous series of propositions is found for the opposite sections: ii. 32, 
38 39 

Then, since trgl. Off A =tr^ FffB, 

therefore trgL GFB-trgl. <7FA. 

Thar bases are the same, therefore their heights are equal (Eucl. vi. 1). 
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for each is double the other; therefore ex aequali 

CA : AG ::DB: BF. 

And the triangles are similar because of the parallels; therefore 

trgl. CTA : trgl. AHG:\ trgl. XBD : trgl IIBF (Eucl. vi. 19). 
And alternately; but 

trgl. A//Gr=trgl. HBF (iii. 1); 

therefore 


trgl. CTA^irgl. XBD, 
As parts of these it was shown 

trgl. Aif(? = trgl. HBF\ 
therefore also as remainders 

quadr. DH = quadr. CH, 


And so also 


quadr. DO = quadr. CF, 
Arid since CO is parallel to AF, 

trgl. trgl. AEF, 

And likewise also 


But 

therefore also 
And also 

Therefore, as wholes, 


trgl. DAY = trgl. BEG. 
trgl. BAG = trgl. AEF (iii. 1); 

trgl. COA= trgl. DEI. 
quadr. DG= quadr. CF (above), 
quadr. A/ = quadr. OT, 


Proposition 9 


With the same things supposed, if one of the points is between the diameters, 
as A, and the other is the same with one of the points C and D, for instance C, 
and the parallels are drawn, I say that 

trgl. CAG = quadr. /lA, 
and 


quadr. LO = quadr, LM. 



And this is evident. For since it was shown 

trgl. CAO=*=trgi. AAA, 


and 

therefore also 
And so also 
and 
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trgl. AEF =quadr. KE (iii. 6, note), 
trgl. CSO =quadr. KE. 
trgl. Ci2il/=quadr. KO, 
quadr. A'C'=quadr. LO. 
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Phoposition 10 

With the same things supposed, let K and L be taken not as points at which 
the diameters hit the sections. 

Then it is to be shown that 

quadr. Lr7?F=quadr. QF/v/. 

For since the straight lines AF and BG touch, and A E and BE are diameters 



through the points of contact, and LT and KI arc parallel to the tangents, 
trgl. TUE—iv^. I/QL+trgl. EFA (i. 44). 

And likewise also 

trgl. XA/=trgl. X7?/v+trgl. BEG. 

But 

trgl. EFA =trgl. BEG (iii. 1); 

therefore 

trgl. rUA-trgl. C/QL=trgl. AA/-trgl. XRK. 

Therefore 

trgl. ri7F+trgl. XRK-ir^. XFJ+trgl. UQL. 

Let the common area KXEULY be added; therefore 
quadr. LTRY =qMa.dx. QYKI. 


Proposition 11 

With the same things supposed, if some point is taken on either of the sections, and 
from it parallels are drawn, one parallel to the tangent and the other parallel to the 
straight line joining the points of contact, then the triangle prodveed by them on thf_ 
diameter drawn through the point of meeting of the tangents diners from the irv^ 
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angle cul off on the tangent and the diameter drawn through the point of contact 
hy the triangle cut off at the point of meeting of (he tangents. 

Let there be the opposite sections AB and CD, and let the tangents AE and 
DE meet at J5, and let the center be H, and let AD and EHG be joined, and let 
some point B be taken at random on the section AB^ and through it let BFL be 
drawn parallel to A(7, and BM parallel to AE. 

I say that triangle BFM differs from triangle AKL by triangle KEF. 

For it is evident that AD is bisected by EH (ii. 39, and ii. 29), and that EH is 
a diameter conjugate to the diameter drawn through H parallel to AD (ii. 38) ; 
and so AG is an ordinate to EG (First Def. i. 6). 

Since then GEk a diameter, and AE touches, and AG is an ordinate, and, 
with point B taken on the section, BF has been dropped to EG parallel to AG, 




and BM parallel to AE, therefore it is clear that triangle BMF differs from 
triangle LHF by triangle HAE (i. 45; i. 43).^ And so also triangle BMF differs 
from triangle AKL by triangle KFE. 

And it has been proved at the same time that 

quadr. BKEM LKA 

Proposition 12 

With the same things being so, if on one of the sections two points are taken, and 
parallels are drawn from each of them, likewise the quadrilaterals produced by 
them will be equal. 

^That is, in the first ease, 

trgl. BMP •ir^. LffF+trgl. HAE (i. 46); 

in the second case, only the more general statement **difrerB’' holds true (x. 43). It will be 
noticed tibusse are different oases of x. 43 and i. 46 from those given in the text itself. 
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For let there be the same things as before, and let the points B and iT be 
taken at random on section AB, and through them let LBMN and KXOVP 




be drawn parallel to AD, and BXR and LKS parallel to AE. 
I say that 

quadr. BP=quadr. KR, 

For since it has been shown 

trgl. AOP ==quadr. KOES (iii. 11, end) 
and 

trgl. AMN — quBdr. BMER (m. 11, end), 
therefore, as remainders, either 

quadr. KP—quadr. PO = quadr. MP 
or 

quadr. J5CP+ quadr. P0 = quadr. MP. 

And, with the common quadrilateral BO added or subtracted, 

quadr. PP=* quadr. XS, 


Proposition 13 

If in conjugate opposite sections straight lines tangent to the adjacent sections 
meet, and diameters are drawn through the points of contact, then the triangles 
whose common vertex is Uie center of the opposite sections will be equal. 

Let there be conjugate opposite sections on which there are the points A, B, 
C and D, and let BE and AE, meeting at E, touch the sections A and B, and 
let H be the center, and let AH and BH be joined and produced to D and C- 
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I say that 

trgl. BFi?=trgl. 

For let AK and LIIM be drawn through A and H parallel to BE, Since then 
BFE touches the section B, and DHB is a diameter through the point of con- 
tact, and LM is parallel to BE, LM is a diameter conjugate to diameter BD, 
the so-called second diameter (ii. 20) ; and therefore AK has been drawn or- 
dinatewise to BD, And AG touches; therefore 

rcct. AF,//G=sq. BH (i. 38). 



Therefore 


KH:HB:: BH : GH. 


But 

therefore also 


KH :HB:: KA :BF::AH: HF; 


AH : HF ::BH: GH. 

And the angles BHF and GlIF are equal to two right angles; therefore 

trgl. AGH =trgl. BHF. 


Proposition 14 

With the same things supposed, if some point is taken on any one of the sections, 
and from it parallels to the tangents are drawn as far as the diameters, then the 
triangle produced at the center will differ from the triangle prodmed about the 
same angle by the triangle having the tangent as base, arid center as vertex. 

Let the other things be the same, and let some point X be taken on section 
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J5, and through it let XRS be drawn parallel to AG and XTO parallel to BE. 
I say that triangle OUT differs from triangle XST by triangle HBF, * 
For let AU be (^ra^vn from A parallel to BF. Since then, because of the same 
things as before, LHM is a diameter of the section AL, and DHB is a second 
diameter and conjugate to it (ii, 20), and AG is a tangent at A, and AU has 
been dropped parallel to LM, therefore 

AU ; UG comp. HU : UA^ 
transverse side of figure on LM : upright (i. 40). 

But 

AU: UG::XT:TS, 

and 

HU : UA ::HT:TO: HB : BF, 

and 

transverse side of figure on LM : upright : : 
upright side of figure on BD : transverse (i. 60). 

Therefore 

XT : TS comp. HB : BFy upright side of figure on BD : transverse 
or 

XT : TS comp. II T ; TOy upright side of figure on BD : transverse. 

And by things shown in the forty-fir.st theorem of the first book (i. 41), triangle 
THO differs from triangle XTS by triangle BFIL 
And so also by triangle AGH (iii, 13). 

Proposition 15 ^ 

If straight lines touching one of the conjugate opposite sections meety and diameters 
are drawn through the points of contact y and some point is taken on any one of the 
conjugate sectionSy and from ii parallels to the tangents are drown as far as the 
diameters y then the triangle produced by them at the section is greater than the 
triangle produced at the center by the triangle having the tangent as base and the 
center of the opposite sections as vertex} 

Let there be conjugate opposite sections A By GSy T, and X, whose center is 
Hy and let ADE and BDC touch the section ABy and let the diameters AHFW, 
and BUT be drawn through the points of contact A and By and let some point 
S be taken on the section GSy and through it let SFL be drawn parallel to BC 
and SU parallel to AE. 

I say that 

trgl. SLl7=trgl. //LF+trgl HCB 

For let XHG be drawn through II parallel to BCy and KIG through G parallel 
to AEy and SO parallel to BT; then it is evident that XG is a diameter conju- 
gate to BT (ii, 20), and that SO being parallel to BT has been dropped ordi- 
natewise to HGO ^irst Def. i. G), and that SLUG is a parallelogram. 

Since then BC touches, and BH is through the point of contact, and AE is 
another tangent, let it be contrived that 

DB:BE::MN: 2BC\ 

therefore MN is the so-called upright side of the figure on BT (i. 50). Let MN 
be bisected at P; therefore 

^This proposition comes as a climax to a long series, and shows that the conjugate opposite , 
sections taken as a unit have the same property as the other conic sections. The conjugate 
opposite sections seem to be a sort of fifth section. 
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DB : BE ::MP: BC. 

Then let it be ccmtrived that 

XG:TB::TB:B-, (a) 



then R also will be the so-called upright ride of the figure applied to XO 
(I. 16, 60). 


Since then 


therefore 


because 


therefore 


Alternately 


DB : BE ::MPi BC, 

DB : BE : : sq. DB : rect. DB,BE, 

MP :BC:: rect. MP, BH : rect. CB,BH, 
sq. DB : rect. DB,BE : : rect. MP, BH : rect. CB,BH. 
rect. MP, BH =Bq. HG, 
sq. XG^rect. TB,MN (i. 16) 
rect. fourth rect. TB,MN 

sq. fl6*fourth sq. XG', 
sq. DB : rect. DB,BE : ; sq. HG : rect. CB, BH. 
sq. DB : sq. HG : : rect. DB,BE : rect. CB,BH. 


sq. DB : sq. HG ; : ti^l. DBE : ti^l. GHI; 
for they are similar; and 

rect. DB, BE : rect. CB, BH : ; trgl. DBE : trgl. CBH; 

iliorof 01^ 

trgl. DBE : trgl. GHI : : tigl. DBE : trgl. CBH. 

Therefore 

. trgl. GH/=trgl. CBH. 


Again mnce 
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HB : BC comp. HB : MP, MP : BC, 
but 

HB-.MP::TB:MNxRiXG(ji\>ovQ,afaidiy), 

and 

MP : BC : : DB : BE (above, P) 

therefore 

HB : BC comp. DB : BE, R : XG. 

And since BC is parallel to SL, and triangle HCB is similar to triangle HLF, 
and 

HB:BC::HL: LF, 

therefore 

HL : LF comp. R : XG,DB : BE 
or 

HL : LF comp. R : XG, HG : HI. 

Since then GS is an hyperbola having XG as a diameter, and 12 as an upright 
side, and, from some point S, SO has been dropped ordinatewise, and figure 
HIG h^ been described on radius HG, and figure HLF has been described on 
the ordinate SO or its equal HL, and on HO the straight line between the cen- 
ter and the ordinate or on SL its equal the figure SLU has been described sim- 
ilar to the figure HIG described on the radius, and there are the compounded 
ratios as already given, therefore 

trgl. SLU=iTgl HLF+trgl HCB (i. 41). 


Pboposition 16 


If two straight lines touching a section of a cone or circumference of a circle meet, 
and from some point of those on the section a straight line is drawn parallel to one 
tangent and cutting the section and the other tangent, then, as the squares on the 
tangents are to each other, so the area contained by the straight lines between the 
section and the tangent wiU be to the square cut off at the point of contact. 

Let there be the section of a cone or circumference of a circle AB, and let the 
straight lines AC and CB, meeting at C, touch it, and let some point D be 
taken on the section AB, and through it let EDF be drawn parallel to CB. 

I say that 

sq. BC : sq. AC : : rect. FE, ED : sq. EA. 

For let the diameters AGH and KBL be drawn through A and B, and DMN 
through D parallel to AL) it is at once evident, that 

DK=KF (i. 46, 47), 


and 

and 


tigl. AF(?=quadr. LD (iii. 2), 
trgl. J5LC=trgl. ACH (ni. 1). 


Since then 


DK^KF 


and DE is added, 

rect. FE, ED -{-sq. DK ^sq. KE. 

And ainc" triangle ELK is similar to triangle DiVlC, 

sq. EKisq.KD: : trgl. EKL : trgl. DNK, 
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whole sq. EK : whole trgl. ELK : : 
part subtracted sq. DK : part subtracted trgl. DNK. 




Therefore also 

remainder rect. FE^ ED : remainder quadr. DL : : sq. EK : trgl. ELK 

But 

sq. EK : trgl. ELK : : sq. CB : trgl. BLC; 

therefore also 

rect. FEjED : quadr. LD : : sq. CB : trgl. LCB. 

But 

quadr. LZ)« trgl. AEG, 


and 

therefore also 
Alternately 


trgl. BLC == trgl. ACH] 

rect. FE,ED ; trgl. AEG : : sq. CB : trgl. ACH. 
rect. FE,ED : sq. CB : : trgl. AEG : trgl. ACH. 


But 

trgl. AEG : trgl. ACH : : sq. EA : sq. AC; 

therefore also 

rect. FEyED : sq. CB : : sq. EA : sq. AC. 

And alternately. 
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Proposition 17 

If two straight lines tovching a section of a cone or circumference of a circle mceU 
and two points are taken at random on the section^ and from them in the section 
are drawn parallel to the tangents straight lines cutting each other ami the line of 
the section^ then as the squares on the tangents are to each other, so will the rec- 
tangles contained by the straight lines taken similarly. 

Let there be the section of a cone or circumference of a circle AB] and tan- 
gents to AB, AC and CB, meeting at C; and let points D and E be taken at 
random on the section, and through them at EFIK and DFGH be drawn paral- 
lel to -4C and CB. 

I say that 

sq. CA : sq. CB : : rect. KF, FE : rect. IlF, FD. 

For let the diameters ALMN and BOXP be drawn through A and B, and let 
the tangents and parallels be produced to the diameters, and let DX and EM 
be drawn from D and E parallel to the tangents; then it is evident that 
KI=^IE, HG^GD (I. 46, 47). 

Since then KE has been cut equally at I and unequally at F , 
rect. KF,FE+sq. FJ=sq. El (Eucl. ii. 5) 
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part subtracted sq. IF : part subtracted trgl. FIL. 
Therefore also 

remainder rect. KF, FE : remainder quadr. FM : : whole 
sq. El : whole trgl. IME 
But 

sq. El : trgl. IME : : sq. CA : trgl. CAN : 

Therefore 


But 


rect. KF, FE : quadr. FM : : sq. CA : trgl. CAN. 


and 


trgl. CAAf=trgl. CPB (in. 1), 


quadr. quadr. FX (ra. 3); 
therefore • 

rect. KF, FE ; quadr. FX : : sq. CA : trgl. CPB. 
Then likewise it could be shown that 

rect. HF, FD : quadr. FX : : sq. CB : trgl. CPB. 

Since then 


rect. KF, FE : quadr. FX : : sq. CA : trgl. CPB, 

and inversely 

quadr. FX : rect. HF, FD : : trgl. CPB : sq. CB, 
therefore ex aequcdi 

sq. CA : sq. CB : : rect. KF, FE : rect. HF, FD. 


Proposition 18 

If two straight lines touching opposite sections meet, and some point is taken on 
either one of the sections, and from it some straight line is drawn parallel to one of 
the tangents cutting the section and the other tangent, then as the squares on the 
tangents are to each other, so wiU the rectangle contained by the straight lines 
between the section and the tangent be to the square on the straight line cut off at 
the point of contact. 

Let there be the oppoate sections AB and MN, and tangents ACL and BCH, 
and through the points of contact the diameters AM and BN, and let some, 
point D be taken at random on the section MN, and through it let EDF be 
drawn parallel to BH. 



Isay that 

sq. BC : sq. CA : : rect. FE, ED : sq. AE. 

For let DX be drawn through D parallel to A£. Since then AB is an hyper* 
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bola aad BN Jts diameter and BH a tangent and DF parallel to BH, ibereSare 

FO^OD (i. 48). 

And ED is added: therefore 

rect. FE, ED+aq. 2)0 >=8q. EO (Eucl. n. 6). 

And »nce EL is parallel to DX, triangle EOL is similar to triangle DXO. 
Thetdote 


whole sq. EO : whole trgl. EOL : : 
part subtracted sq. DO : part subtracted trgl. DXO] 
therefore also 

remainder rect. DE, EF : remainder quadr. DL : : sq. EO : trgl. EOL. 
But 


sq. OE : trgl. EOL : : sq. BC : trgl. BCL] 

therefore also 


rect. FE, ED : quadr. DL : : sq. BC : trgl. BCL, 

And 


and 

therefore 
But also 
therefore 


quadr. 2)L= trgl. AEG (in. 6, note), 

trgl. BCL = trgl. ACH (iii. 1); 

rect. FE,ED : trgl. AEG : : sq. BC : trgl. ACH. 

trgl. AEG : sq. EA : : trgl. ACH : sq. AC; 
ex aequali 

sq. BC : sq. AC : : rect. FE,ED : sq. EA.^ 


^Eutocius gives an alternative proof of Apollonius^ demonstrating another and important 
case: “For let there be the opposite sections A and B, and tangents to them AC and CB 
meeting at C, and let D be taken on section B, and through it let F!DF be drawn parallel 
to AC. I say that 

sq. AC : sq. CB : : rect. EF,FD : sq. FB. 

“For let AHG be drawn as a diameter through A, and through B and C» GK and BL 
parallel to EF, Since then BH touches the hyperbola at B, and BL has been drawn ordinate- 
wise, AL:LG::AH: HG (i. 36). 
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pBOPOsmoN 19 

If two straighi lines touting opposite sections meet, and paraUds to (he tangents 
are drawn cutting each other and (he section, then, as the squares on (he tangents 
are to each dOier, so will the rectangle contained by the straighi lines between (he 
section and the point of meeting of the straight lines be to the rectangle coniained by 
the straight lines taken similarly. 

Let there bis opposite sections whose diameters are AC and BD and center 
in E, and let the tangents AF and FD meet at F, and let GHIKL and MNXOL 
be drawn from any points parallel to AF and FD. 

I say that 

sq. AF : sq. FD : : rect. GL,LI : rect. ML,LX. 



Let IP and XR be drawn through X and I parallel to AF and FD. 

BH touches the hyperbola at B, and BL has been drawn ordinatewise, 
AL:LG: : AH :HG {i,3Q) 

And since 

sq. AF : trgl. AFS : :sq.HL: trgl. HLO : : sq. HI : trgl. HIP, 
therefore . 

remainder rect. GL,LI : remainder quadr. IPOL : : sq. AF : trgl. AFS. 
But 

trgl. AF/S=trgl. DTF (in. 4), 

and 

quadr. IPOL = quadr. KRXL (in. 7); 

therefore also 

sq. AF i trgl. DTF : : rect. GL,LI : quadr. KRXL. 

But 

trgl. DTF : sq. FD : : quadr. KRXL : rect. ML,LX (likewise); 
and therefore ex aequcdi 

sq. AF : sq. FD : : rect. GL,LI : rect. ML, LX. 

PnoposmoN 20 

If two draight lines touching opposite sections meet, and through the point of 
meeting some straight line is drawn parallel to the ^aight line joining the poinib 
of contact and meeting each of the sections, and some other straight line is drawn 
parallel to the same straight line and cutting the sections and the tangents, then, as 
the redangle coniained by the straight Unes drawn from Oie point of meeting to 
"cut the sections is to the sgaope on the tangent, so is (he rectangle coniained by (he 
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straight Urns between the eecldom and the tangent to the square on the straight Uns 
cutoff at the point of contact. 

Let there be the opposite sections AB and CD whose center is E and tangents 
AF and CF, and let AC be joined, and let EF and AE be joined and produced, 
and let BFH be diuwn through F parallel to AC, and let the point K be taken 
at random, and through it let KLSMNX be drawn parallel to AC. 

I say that 

rect. BF, FD : sq. FA : : rect. KL,LX : sq. AL. 



For let KP and BR be drawn from K and B parallel to AF. Since then 
sq. BF : trgl. BFR : : sti. KS : trgl. KSP : : sq. LS : trgl. LSF, 

and 


and 

and 

and 

therefore 

And 

then 


sq. KS : trgl. KSP : : 
remainder rect. KL, LX (Eucl. n. 5) : 
remainder quadr. KLFP (Eucl. v. 19). 

sq. fiF=rect. BF, FD (ii. 39, 38), 

trgl. BRF— trgl. AFH (in. 11 and special case), 

quadr. KLFP =‘trg\. ALN (iii. 5), 

rect. BF, FD : trgl. AFH : : rect. KL,LX : trgl. ALN. 

trgl. AFH : sq. AF : : trgl. ALN : sq. AL\ 

rect. BF, FD : sq. FA : : rect. KL,LX : sq. AL. 


PBOFOsrnoN 21 . 

With the same things supposed, if two povnts are taken on the section, and through 
them straight lines are drawn, the one parallel to the tangent, the otheir pommel to 
the straight line joining the points of contact, and cuding each other arid the seo- 
turns, then, as the rectangle contained by the straight Unee dram from the point 
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of meeting to cut (he eectione istotiie aqmre on the tangent, ao v)3l (he reebmffie 
contained by the etraight lines between the sections and the point of meeting 6e to 
the reeUmgle contained by the etraight lines between the section and tie point of 
meeting. 

For let there be the same things as before, and let points Q and K be taken, 
and throng them let NXGOPR and KST be dra\m parallel to AF, and OLM 
and KOWIYZQ paraUel to AC. 

I say that 

rect. BF, FD leq. FA:: rect. KO,OQ : rect. NO,OG. 



For since 

sq. AF : trgl. AFH : : sq. AL : trgl. ALM : : sq. XO : trgl. XOZ 
and 

sq. XO : ti«l. XOZ : : sq. XG : trgl. XGM, 
therefore whole sq. XO : whole trgl. XOZ : : 

part subtracted sq. XG : part subtracted trgl. XGM, 
therefore also 

remainder rect. NO,OG : remainder quadr. GOZM : : sq. AF : trgl. AFH. 
But 

trgl. AFH=tTg^. BUF (ni. 11, end, special case), 

and. 

quadr. GOZM = quadr. KORT (ni. 12); 

therefore 

sq. AF : trgl. BFU : : rect. NO,OG : quadr. KORT. 

But it was ^ovm (in the course of in. 20) trgl. BUF : sq. BF or rect. BF, FD 
(n. 39, 38)": : quadr. KORT : rect. KO-, OQ; 
therefore ex aequali 

sq. AF : rect. BF, FD : : rect. NO,OG : rect. KO,OQ. 

And inversely 

rect. BF, FD : sq. FA : : rect. KO,OQ : rect. N0,00. 
PROPOsmoN 22 

If tieo paraBd etraight tinea touch oppoeiie sections, and any tircdght tines are 
Sramn cutting each otier, and tie eectione, one pardlld to tie tangent, the atier 
pttrcdld to tie straight line joining tie points of contact, then as the transveKsesidc 
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of ^fiffimm ihe straight tine joining the points of contact is to the lOright, 
so the rectangle eontamed by the Haight lines between the sections and the point 


and the point of meeting, 

there be the opposite sections A and B, and let AC and BD be parallel 
and tenant to them, and let AB be joined. Then let BXQ be drawn across 
parallel to AB and KELM parallel to AC. 

I say that 

AB : upright side of the figure : : rect. QE,EX : rect. KE,EM. 

Let XN and GF be drawn through G and X parallel to AC. 



For ance AC and BD are parallels tangent to the sections, AB is a diameter 
(n. 31), and KL, XN, and OF are ordinates to it (i. 32); then (i. 21) 

AB : upright side : : 

rect. BL,LA : sq. LK : : rect. BN,NA : sq. NX or sq. LK 
Therefore 

whole rect. BL,LA : whole sq. LK : : 
part subtracted rect. BN, NA : part subtracted sq. LE, 
or 

rect. BL,LA : sq. LK : : rect. FA, AN : sq. LE, 
for 

NA=BF (i. 21); 

therefore also 

remainder rect. FL,LN : remainder rect. KE,EM : : AB : upri^t. 

But 

veet. FL,LN =Tect. GE, EX; 

tiier^ore 

AB the transverse side of figure : upri^t : : 
rect. GE,EX : rect. KE,EM. 


PBOPOsmoK 23 

If in conjugate opposite sections two straight lines towMng contrary kcUom meet 
in any one- section at random, and any straight lines are drawn parallel to Oie 
tarigents and cutting each other and the other opposite sections, then, as the squares 
on the tangents are to eadt other, so ttie redangle contained by the Oraight lines 
between the sections and the point of meeting wtU be to the rectangle contained hit 
the straighi lines similarly ttdeen. ; .•/. 
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Let there be the conjugate opposite sections AB, CD, EF, and OH, and tibeir 
center K, and let AWCL and EYDL, tangents to the sections AB and EF 



sq. EL : sq. LA : : rect. HX,XS : rect. GX,XD. 

For let ST be drawn through S parallel to AL, and OU from 0 parallel to 
EL. Since then BE is a diameter of the conjugate opposite sections AB, CD, 
EF and OH, and EL touches the section, and US has been drawn parallel to it, 
HP— PS (n. 20; First Def. i. 5), 
and for the same reasons 

OM^MO 

And since 

sq. EL : tr^. EWL : : sq. PS : trgl. PTS : : sq. PX : trgl. PNX, 

also 

remainder rect. HX,XS : remainder quadr. TN,XS : : sq. EL : trgl. WLE. 
But 

trgl. EWL— ALY (iii. 4), 

and 

quadr. rJVX/S= quadr. XRUO (ni. 15);* 

sq. EL : trgl. ALY : : rect. HX,XS : quadr. XRUO. 

But 

trgl. AYL :aq. AL : : quadr. XRUO : rect. OX,XO (sam^ way); 
therefore ex aequali 

sq. EL : sq. AL : : rect. HX,XS ; rect. GX,X0. 

- Proposition 24 

If in conjugate opposite sections two straight lines are drawn from the center 
trough to the 8e(^ion8, and one of them is taken as the transverse diameter and the 
oOur as the upright diameter, and any straight lines are drawn parallel to the two 
diameters and meeting each other and the sections, and the point of meeting of the 
Straight lines is the place between the four sections, then the rectangle contain^ by 

. iThip is the case of m* 15 where the tangents are one to eaen of the opposite aectiona 
(^rnpare with the two oases of ni. 12 and in. 18. 

Fi#r trgl. PSP— trgl. KPB=trgl. ANK (m. 16), 

and tr«^. MOU-trgl. MATE -trgl. ANK (m. 16). 
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the segmente of the paraUel to the transverse diameter together with the rectarvfie 
to which the rectangle contained by the segments of the paralld to the upright 
diameter has the ratio which the square on the upright diameter has to the square on 
the transverse, will be equal to twice the square on the half of the transverse. 

Let there be the conjugate opposite sections A, B,C and D whose center is 
E, and from E let the transverse diameter AEC and the upright diameter DEB 
be drawn through, and let FGHIKL and MNXOPR be drawn parallel to AC 
and DB and meeting each other at X ; and first let X be within the angle SEW 
or the angle VET. 

I say that the rectangle FX, XL together with the rectangle to which the 
rectangle RX, XM has the ratio which the square on DB has to the square on 
AC, is equal to twice the square on AE. 

For let the asymptotes of the sections SET and UEW be drawn, and 
through A, SGAW tangent to the section. 

Since then 

rect. <SA,AlF=sq. DE (i. 60; n. 1), 



therefore 

And 

But 

and 

therefore 

But 

therefore 


rect. SA,AW : sq. EA : : sq. DE : sq. EA. 
rect. SA,AW ; sq. AE comp. SA : AE,WA : AE. 
SA:AE::NX:XH 
WA:AE::PX: XK; 
sq. DE : sq. AE comp. NX : XH,PX : XK. 
rect. PX,XN : rect. KX,XH comp. NX i XH,PX x XK, 
sq. DE : sq. AE : : rect. PX,XN : rect. KX,XH. 


Therefore also ^ 

sq. DE '. sq. AE : : sq. Z)F+rect. PX,XN x sq. AS+rect. KX,XH. 

sq. 2)F=rect. PM,MN (ii. ll)=rect. RN,NM (n. 16), 

' sq. AS=rect. KF,FH (n: 11) *rect. LH, HF (n. 16); 
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tboefore 

sq. DE : sq. AE : : rect. PX,XN+Kct. RN,NM : 
rect. KX,XH+Te<st.LH,HF 

And 

rect. PX,XN+Twt. RN,NM^rect. RX,XM-^ 

therefore 

sq. DE : sq. AE : : texst. RX,XM : rect. KX,XH+Te<st. KF, FH. 

Then it must be shown that 

rect. FX,XL+rect. KX,XH+rQai. XF,Fir=2.sq. AE. 

Let the common square AE, that is rectangle KF, FH, be subtracted; therefore 
it rmnains to be shown that 

rect. FX,XL-\-wA. KX,XH’*‘WC\. AE. 

And this is so; for , 

rect. FX,XL+t&ii. KX,XH:=rect. LH,HF,f 
rect. FX,XL+Tect. KX,XH’^rect. KF,FH (ii. 16), 

=Bq. AE (n. 11). 

Then let the straight lines FL and MR meet on one of the asymptotes at^. 
Then 

rect. FH,HL=sci. AE, 

and 

rect. MHiHR^sq. DE (n. 11, 16); 

therefore 

sq. DE : sq. AE : : rect. MH,ER : rect. FH,HL. 



And so we want twice rectan^e FH,HL to equal twice the square on AE. 
And it does. 

*For RPmNM (n. 8), 

and RO~‘OM (n. 3), 

therefore PO^ON. 

But rect. PX, XN +Btl. OX -sq. ON (Eud. n. 5), 

and, for the same reasons, 

rect. IWjiVJIf-HKj. OiV—sq. OAf, 
and rect £X',jLAf+8q. OXi^sq. OAf. 

Hence rect. fiAr.iVilf+Bq. OAra-rect. RX,XAf+sq. OX, 

and, adding equals to equals, 

rect. RN,NM+bci. OlV+reot. PX,XJV'+sq. OX —rect JSX.XAf +sq. OX+sq. OAf. 
Subtracting the connnon squares, 

rect. BN,NM+net. PX,XAr— rect. BX,XM. 
fBy the same manner of prod as in the note aboye, but using also Euclid n. 6, because of 
the different podtion ot tiie point X. 



CONICS ra m 

And let the pmt X be within the angle SEK or angle WET, Then ffitwriee 
by the composition of ratios. 

sq. DB : sq. AB : : rect. PX,XN : rect. KX,XH. 

And 

eq-DE’<^Tect.PM,RN=-‘T&it.RN,NM, 

and 

sq. AL» rect. FH,HL; 

therefore 

rect. RN,NM : rect. FH,HL : : 



part subtracted rect. PX,XN : part subtracted rect. KX,XH, 
Therefore also 

rect. RN,NM : rect. FH,HL : ; 
remainder rect. RX,XM : remainder (sq. AB-rect. KX,XH) 
Therefore it must be shoivn that 

rect. FX.XL+iaq. AB-rect. KX,XH)==‘2 sq. AB. 

Let the common square on AB, that is rectangle FH, HL, be subtracted; 
therefore it remains to be shown that 

rect. BX,XB+(sq. AB-rect. KX,XH)=Bq. AB. 

And tMs is so; for 

rect. KX,XH+eq. AB-rect. KX,XH’^sq. AB. 
pBOPOsmoN 25 

With the same tlungs supposed, let the p<nnt of meeting of the putdlels to 
AC and BD be within one of the sections D and B, as set out below, at X. 

I say that the rectangle contained by the segments of the paralld to the 
transverse, that is rectangle OX,XN, will be greater than the rectangle to 
which the rectangle contained by the segments of the parallel to the upriidit 
diameter, that is rectangle jRX,XM, has the ratio which the square <m the 
upright diameter has to the square on the transverse by twice the square on 
the half of the transverse. 

For, for the same reasons, 

sq. DE ; sq. AB : : rect. PX,XH : rect. SXjXL. 

sq. BB^rect. PM,MH, 

sq. AB-rect. LO,OS (n. 11); 


and 

and 



m 

And since 
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PKMH : rect. L0,08. 
whole rect. PX.XH : whole rect. LX,XS : : 



remainder rect. RX,SM : remainder rect TX 
Therefore it must^L ^wn^thl't^' 

Let the common l^^i^IeTXXpi 

that be subtracted; therefore it must be shown 

And it is (n. 2sT' ‘o m. 24) =2 sq. AE. 


^ VOIXAUJN 

A and C, as^sff Sit'S?*i!hen t£^^ “■* f '!j*bin one of the sections 

parallel to the transverse, that is rectang?f LX segments of the 

tengle to which the rectangle contained hv th ‘ban the rec- 

that k rectan^e EX. ZG, hi 2 SS th'!^ ‘be other parallel 

eter has to the square on the transverse bv WeTif upright diam- 
transverse. averse by twice the square on half of the 

For, since for the same reasons as before 

sq. : sq. AE : : rect. IFJf, Ar5 ; rect. KX,XH, 


whole rect. RAr,XG» : whole rect. KX,X1I+sq AE • • 
TWoh, it must belZtlt *“ ' “*• ' ' ’ 

^oryn. 11 ncUWG.OS^eq.DE; 

Therefore by the first note to m. 24 ^cTif 1 i”' 
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Let the common square on AE be subtracted; therefore it remains to be 
shown that 



rect. LZ,XF+sq. AJS^-rect. KX,XH 
or 

rect. LX,ZF+rect. LJ?,i?F=rect. KX,XH. (ii. 16, 11). 

And it is, for 

rect. LH,n/?’+rect. LX,ZF=rect. KX,XH} 

Proposition 27 

// the conjugate diameters of an ellipse or circumference of a circle are drawn, and 
one of them is called the upright diameter and the other the transverse, and two 
straight lines, meeting each other and the line of the section, are drawn parallel to 
them, then the squares on the straight lines cut off on the straight line drawn paral- 
lel to the transverse between the point of meeting of the straight lines and the line 
of the section plus the figures described on the straight lines cut off on th>e straight 
line drawn parallel to the upright diameter between the point of meeting of the 
straight lines and the line of the section, figures similar and similarly situated to 
the figure on the upright diameter, will be equal to the square on the transverse 
diameter. 

For let there be the ellipse or circumference of a circle ABCD, whose center 
is E, and let two of its conjugate diameters be dra\vn, the upright AEC and the 
transverse BED, and let NGFH and KFLM be drawn parallel to AC and BD. 

I say that the squares on NF and FH plus the figures described on KF and 
FM, similar and similarly situated to the figure on AC will be equal to the 
square on BD. 

Let NX be drawn from N parallel to AE; therefore it has been dropped or- 
dinatewise to BD. And let BP be the upright side. Now since 
BP :AC::AC: BD (i. 16), 

therefore also 

BP :BD:: sq. AC : sq. BD. 

And 

sq. BD»figure on AC; 

therefore 

BP : BD : : sq. AC : figure on AC. 


I T hin is another case of the first note to in. 24. 
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Bq. AC : figure onAC :: 

eq. NX ; figure on NX ramilar to the figure on ilC (Eucl. vi. 22); 




therefore also 

BP : BD : : sq. NX : figure on NX similar to the figure on AC. 

And also 

BP : BD ; ; sq. NX ; tect. BX,XD (i. 

therefore 

figure on NX or FL amilar to the figure on AC =rect. BX,XD. 

Then likev^ we could show that 

figure on KL similar to the figure on AC =rect. BL,LD. 

And ance the straight line NH has been cut equally at G and unequally at F, 
sq. HF+eq. Fi\r'*2Isq. ffC+sq. GF]=2[8q. NG+sq. GF] (Eucl. vi. 9). 
Then for the same reasons also 

sq. ilfF+sq. FK •=2(sq. KL+aq. LF], 

and the figure on MF and FK similar to the figure on AC are double the 
similar figures on KL and LF. 

And 

figure on .XL+figure <mi FL =rect. BX,XD+rect. BL,LD (above), 
and 

sq. JVG+sq. GF^sq. XF+sq. FL; 

therefore 

sq. JVF+sq. FF+figures on KF and FM similar to the figure on AC =» 
2[rect. BX,XD+rect. BL,LD+sq. XF+sq. FL]. 

And since the straight line BD has been cut equally at F and unequally at X, 
reot. FX,XiJ+sq. XF*sq. BE (Eucl. u, 5), 

And likewise also ~ 

rect. FL,LD+sq. LF=*sq. FF; 

and BO 

rect. BX,XD+rect. BL,LD+sq. XF+sq. LE—2 sq. BE. 
Therefore the squares on NF and FH together with figures on KF and FM 
dmilar to the figure on CA are double the square on BE. But also 
. , sq. B£!»2 sq. FF; 

thfflefore the squmes on NF and FH plus the figures on KF and FM similar 
|o the figure on- AC are equal to tirn square tm FF. 
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pROPosmoN 28 

If in conjugate opposite sections conjugate diameters are drawn^ and one of ihem 
is called the upright^ and the other the transverse, and two staighi lines are drawn 
parallel to them and meeting each other and the sections, then the squares on fAe 
straight lines cut off on the straight line drawn parallel to the upright between the 
point of meeting of the straight lines and the sections have to the squares on the 
straight lines cut off on the straight line drawn parallel to the transverse between the 
point of meeting of the straight lines and the sections the ratio which the square on 
the upright diameter has to the square on the transverse diameter. 

Let there be the conjugate oppasite sections A, B,C, and D and let AEC 
be the upright diameter and BED the transverse, and let FGHK and LGMN 



be drawn parallel to them and cutting each other and the sections. 

I say that 

sq. LG+sq. GN : sq. FG+sq. GK : : sq. AC i sq. BD, 

For let LX and FO be drawn ordinatewise from F and L; therefore they are 
parallel to AC and BD. And from B let the upright side for BD, BP, be drawn; 
then it is evident that 

PBiBD:: sq. AC : sq. BD (i. 16) : : sq. AE : sq. EB : : 
sq. FO : rect. BO,OD (i. 21) : : rect. CX, XA : sq. LX (i. 60, 21). 
Therefore as one of the antecedents is to one of the consequents, so are all of the 
antecedents to all of the consequents (Eucl. v. 12); therefore 
sq. AC isq.BD:: rect. CX, XA+sq. AF+sq. OF : rect. DO, OB+eq. BE, 

4-sq. LX 


at 

But 

and 

therefore 


sq. AC : sq. BD : : rect. CX, ZA+sq. AE+sq. EH 
rect. Z)0,0i5"t"sq. BE-\~bci. ME. 

rect. CX,XA+8q. A£«sq. XE, 

rect, DO, OB+eq. BE =aq. OE (Eud. n. 6)j 


so AC'.eq.BD:: sq. XE+aq. EH : sq. OE+sq. EM : : 
^sq. LM+sq. MO : sq. FH+eq. HO. 

And, as has been shown, r ittrA 

sq. ATG+sq. (3*L-2[8q. LAf+sq. AfG], 
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Bq. FG+aq. GiC=2[sq. FH+aq. HG\ (Eucl. n. 9); 
therefore also 

sq. AC : sq. BD : : sq. NO+aq. GL : sq. FG+aq. GK. 


Proposition 29 

Wiik ihe same things supposed, if the parallel to the upright diameter cuts the 
asymptotes, then the squares on the straight lines cut off on the straight line drawn 
paraUd to the upright between the point of meeting of the straight lines and the 
asymptotes plus the half of the square on the upright diameter has to the squares on 
the straight lines cut off on the straight line drawn parallel to the transverse be- 
tween the point of meeting of the straight lines and the sections the ratio which the 
square on the upright diameter has to the square oft the transverse. i 

For let there be the same things as before, and let NL cut the asjunptoteaat 
X and 0. \ 

It is to be shown that > 

sq. XG+sq. GO+half sq. AC : sq. FG+sq. GK : : sq. AC : sq. BD, 
or 


sq. XG+sq. GO+2 sq. AE : sq. FG+sq. GK : : sq. AC : sq. BD. 



For since 

therefore 

And 


LX=ON (n. 16), 

sq. LG+sq. GiV^+2 rect. NX,XL=aq. XG+sq. G0;» 
sq. XG+sq. GO+2 sq. AF»sq. LG+sq. GJV. 


sq. LG+sq. GN : sq. FG+sq. GK : : sq. AC : sq. BD (in. 28); 
therefore also 


sq. XG+sq. GO+2 sq. AE : sq. FG+sq. GK : : sq. AC : sq. BD. 


‘For 

OM=ikfX. 

Therefore, as in a lemma of Pappus, since 

2 rect. NX,XL+2 sq. MX =2 sq. ML (Eud. n. 5), 
adding the common square on OM, 

2 rect. NX,XL+2 sq. MX+2 sq. G'Jf-2 sq. ML+2 sq. GM. 

And 


2 sq. ilfL+2 sq. GM -sq, NG+aq. W 
aiid 

a 2 sq. AfZ-h2 sq. GM »sq. OG+sq. GX (Eucl. n. 9). 

Therefore as above. 
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Proposition 30 

If two straigM lines towiking an hyperbola meety and through the points of eoniaet 
a straight line is producedy and through the point of meeting a straight line is 
drawn parallel to some one of the asymptotes and cutting both the section and the 
straight line joining the points of conlady then the straight line between the point of 
meeting and the straight line joining the points of contact will be bisected by the 
section} 


B N /M 


Let there be the hyperbola 
ABCy and let AD and DC be 
tangents and EF and FG 
asymptotes, and let AC be 
joined, and through D paral- 
lel to FE let DKL be drawn. 
I say that 

DK^KL. 

For let FDBM be joined 
and produced both ways, and 
let FH be made equal to jBF, 
Q and through the points B and 
K let BE and KN be drawn 
parallel to AC; therefore they have been dropped ordinate wise (ii. 30, 5, 7). 
And since triangle BEF is similar to triangle DNK, therefore 

sq. DN : sq. NK : : sq. BF : sq. BE, (a) 


therefore also 


sq. BF : sq. BE : : HB : upright (ii. 1); 
sq. DN : sq. NK ::HB: upright. 


therefore also 
Therefore 


HB : upright : : rect. HN,NB ; sq. NK (i. 21); 
sq. DN : sq. NK : : rect. MNyNB : sq. NK, 
rect. HNyNB^sq. DN, 


^The propositions from 30 to 34 inclusive are one special case, and propositions 36 and 36 
are another special case of proposition 37. The first group takes the line drawn through the 
intersection of the tangents as parallel to an asymptote. The second group takes one 
of the tangents as an asymptote. Proposition 34, lying between, is special in both 

these ways. . r, j » j x w 

In proposition 37 wo have the line CF divided by the section at D and F, and at E 
by the straight line joining the points of contact, in such a way that 

CF:CD::FE:ED, 

This is the same form of the harmonic proportion as we found in i. 34, and DF is the 

harmonic mean between CF and FE, . - ^ ^ j 

If we argue by analogy from this proportion, treating mfimty as a de tote magnitude, 
and two such infinities as would occur here as equal and subject to the ge^al 
of magnitudes, we can immediately deduce the special cases of propositions mo 36. Thus 
in the case of the first group, CF and FE both become infinite, therefore CD is equal to 
ED. 
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And also 
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rect. MF,FD^eq. FB (i. 37), 

because AD touches and AM has been dropped ordinatewise; and so 
rect. HN,NB+sq. FB=rect. MF,FD+sq. DN. 

But 

rect. HN^B+eq. FS—sq. FN (Eucl. nv 6); 

and therefoie 

rect. AfF, FB+sq. BA’’ =sq, FiV, 

Therefore DM has been bisected at AT with BF added (Eucl. n. 6). And KN 
and LM are parallel; ther^ore 

DK^KL. 

PnoposmoN 31. i 

// iiDO atratghi lines touching opposite sections meet, and a straight line is proquced 
trough the points of contact, and through the point of meeting a straight l^ is 
dravon parallel to the asymptote and cutting both the se/dion and the straight \ine 
joining the points of contact, then the straight line between the point of meeting hnd 
the straight line joining the points of contact will be bisected by the section. \ 
Let there be the opposite sections A and B, and tangents AC and CB, and 
let AB be joined and produced, and let FE be an asymptote and through C let 
C6H he drawn parallel to FE. 

I say that 

CG^GH. 



Let CE be joined and produced to B, and through E and G let NEKM and 
GX be drawn parallel to AB, and through G and K let KF and GL be drawn 
parallel to CD. 

Since triangle KFE is rimilar to triangle MLG, 

sq. KE : sq. KF : : sq. ML ; sq. LG. 

And it has been i^own 

sq. KEKE : sq. KF : : rect. NL,LK : sq. LG (a and fi of ni. 30); 
therefore 

rect. NL,LK ^aq. ML. 

Let the square on KE be added to each; ther^ore 
•i rect. NL,LK+aq. ItB-sq. L£?=Bq. GZ=8q. ML+sq. KE. 

And 

sq. GX : sq. AfL+sq. KE : : sq. XC : sq. LG+sq. KF (Eucl. vi. 4; v. 12); 
ther^ore 

* sq. ZC—sq. IG+sq. XF. 


And 

and 
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sq. LG^sq. XE 
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sq. JrF«sq. on half of second diameter (n. 1), 

«rect. CE,ED (i. 38); 

therefore 

1^. -SiCsssq. ZiS+rect. CE^ED, . , 

Therefore the straight line CD has been cut equally at X and unequally at E 
(Eucl. II. 5). 

And DH is parallel to GX\ therefore 

CG^GH. 


Proposition 32 


If two straight lines tovxMng an hyperbola meet, and a straight line is produced 
through the points of contact, and a straight line is drawn through the point of 
meeting of the tangents parallel to the straight line joining the points of contact^ 
and a straight line is drawn through the midpoint of the straight line joining the 
points of contact parallel to one of the asymptotes, then the straight line end off 
between this midpoint and the parallel will be bisected by the section. 

Let there be the hyperbola ABC, whose center is D, and asymptote DE, and 
let AF and FC touch, and let CA and FD be joined and produced to G and H; 

then it is evident that 
AH^HC, 

Then let FK be drawn 
through F parallel to AC, 
and HLK through H parar 
llel to DE, 

I say that 

KL^HL, 

Let LM and BE be drawn 
through B and L parallel to 
AC\ then, as has been al- 
ready shown (ni. 30, a, 
and conclusion), 
sq. DB : sq. BE : : sq. HM : sq. ML : : rect. BM,MG : sq. ML\ 
therefore 



rect. GMyMB^sq. MH, 


And also 

rect HD,DF--^q, DB, 

because AF touches, and AH has been dropped ordinatewise (i. 37) ; therefoie 
rect. GM,MB^^q, DB^roci, HD,DF-\-sq, MH^sq, DM (Eucl. ii. 6). 
Therefore FH has been bisected at M with DB' added. And KF and LM are 
parallel: therefore 

KL^LH. 


Proposition 33 

If two straight lines touching opposite sections meet, and one straight line is pro^ 
duced through the points of contact, and another stradghi Une is drawn ^ough iAe' 
point of meeting of the tangenls parallel to the straight line joining the points of 
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eonUust, and still another straighl line is drawn through the midpoini of the straight 
line joining the points of contact parallel to one of the asymptotes and meeting the 
section, and the paratUi drawn through the point of meeting, then the straight line 
between the midpoint and the parallel wiU be bisected by the section. 

Let there be the opposite sections ABC and DEF, and tangents AG and DG 
and center H, and as 3 rmptote KH, and let HG be joined and produced, and 
also let ALD be joined; then it is evident that it is bisected at L (n. 30). Then 
let BHE and CGF be drawn through G and H parallel to AD, and LMN 
through L parallel to HK. 



I say that 

LM^MN. 

For let EK and MX be dropped from E and M parallel to GH, and MP 
through M parallel to AD. 

Since then through things already shown (in. 30, a and /3) 
sq. HE : sq. EK : : rect. BX,XE : sq. XM, 

therefore 

sq. HE : sq. EK : : rect. J5X,XF+sq. HE : sq. KE+sq. XM. (Eucl. v. 12) 
or 

sq. HE : sq. EK : : sq. HX : sq. KE+sq. XM (Eucl. n. 6). 

But it has been shown (i. 38; ii. 1) 

sq. EK^^vect. GH,HL 
and 

sq. A’ilf=sq. HP; 

therefore 

sq. HE : sq. EK : :sq. HX or sq. MP : rect. GH,HL+8q. HP. 

And 

sq. HE : sq. EK : : sq. MP : sq. PL (Eucl. vi. 4); 

th^fore 

sq. MP : sq. PL : : sq. MP : rect. GH,HL-\-sq. HP. 

Therefore 

sq. PL = rect. GH,HL+Bq. HP. 

Therefore the straight line LG has been cut equally at P and unequally at H 
(Eucl. n. 5). 

And MP and GN are parallel; therefore 

> LM^MN. . 


CONICS ni 


m 


Proposition 34 


If soim point is taken on one of the asymptotes of an hyperbola, and a straight line 
from it Uruches the section, and through the point of contact a parallel to the asymp- 
tote is draum, then the straight line drawn from Ow point taken paralM to the other 
asymptote will be bisected by the section. 

Let there be the hjrperbola AB, and the as 3 rmptotes CD and DE, and let a 
point C be taken at random on CD, and through it let CBE be dra^vn touching 



And since 


the section, and tiurough B let FBO be 
draAvn parallel to CD, and through C 
let CAG be drawn parallel to DE. 

I say that 

For let All he drawn throu^ A 
parallel to CD, and BK through B 
parallel to DE. Since then 
CB^^BE (II. 3), 
therefore also 

CK=^KD 

and 

DF=FE. 


and 

and 

therefore 

Therefore 

And 

therefore also 
Therefore 


rect. KB,BF=Teet. CA,AH (n. 12), 
BF^DK^CK, 

AH=-DC, 

rect. DC,CA^xeei. GC,CK. 
DCiCK.'.GC: CA. 
CD=-2CK; 

GC=2 CA. 

CA^AG. 


Proposition 35 

With the same things being so, if from the point taken some straight line is drawn 
cutting the section at two points, then as the whole straight line is to tke .staight 
lino cut of outside, so will the segments of the straight line cut off inside be to each 
other. 

For let there be the hyperbda AB and the assrmptotes CD and DE, and 
CBE touching and HB parallel, and through C let some straight line CALFO 
be drawn across cutting the section at A and F . 

I say that 

FC ; CA ::FL: AL. 

Fot let CNX, RAM, OPBR, and FU be drawn throu^ C, A, B and F 
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parallel to DE\ and APS and TFRMX t^ougli A and F parallel to CD, 
Since then 

AC^FO in. 8 ), 

therefore also 


But 
therefore also 
And so also 
And since 
als6 

therefore 

And 

and 

and 

and 

therefore also 

But 

for 

and 

therefore 

and 


A:A«!rG(Eucl. VI. 4), 
KA^DS; 
TG^DS. 
CK^DU. 
CK^DU, 
DK^CU; 



CU : CK : : FC : AC, 

FC : AC : : MK : KA, 

MK:KA: : pllg. MD : pllg. DA (Eucl. vi. 1), 
DK:CK:: pllg. HK : pllg. KN; 
pllg. MD : pllg. DA : : pllg. HK : pllg. KN. 
pllg. DA = pllg. DB (II. 12)= pllg. ON; 
CB^BE (ii. 3), 

DO«OC; 

pllg. MD : pllg. ON : : pllg. HK ; pllg. KN. 


remainder, pllg. MH : remainder pllg. BK : : whole pllg. MD : whole pllg. ON 
And since 

pllg. DA = pllg. DB, 
let the common parallelogram DP be subtracted; 
therefore " ^ 

pllg. iCP*«pllg. PH. 

Let the common parallelogram AB be added; therefore 
whole pllg. BX= whole pllg. AH. 
therefore ^ 

pllg. MD : pllg. DA : ! pllg. MH : pllg. AH, 

But 

pUg. MD : pllg. DA::MKiKA::FC:AC, 

mi ;■ ■ 


I 
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pHg. MH : pllg. AH : :MW:WA: :FL : LA; 

therefore also 

FC : AC ::FL: LA. 

Proportion 36 

Wiffi the same things being so, if the straight line drawn across from Ae poiKt 
neither cuts the section at two points nor is paraUd to the asymptote, it will meet the 
opposite section, and as Oie whole straight line is to the straight line between the 
section and the parallel through the point of contact, so wUl the straight line be- 
tween the opposite section and the asymptote be to the straight line between the 
asymptote and the other section. 

Let there te the oppoRte sections A and B whose center is C and asymptotes 
DE and FG, and let some point 6 be taken on CG, and from it let QBE be 
drawn tangent, and GH neither parallel to CE nor cutting the section in two 
points (i. 26). 

It has been shown that GH produced meets CD and therefore also section A. 
Let it meet it at A, and let KBL be drawn throu^ B parallel to CG. 

I say that 

AK:KH::AG: GH. 



For let HM and AN be drawn from the points A and H parallel to CG, and 
BX, GP, and RHSN from B, G and H parallel to DE. Since then 

AD^GH (n. 16), 

AG:GH::DH :HG 


But 

and 

And therefore 

Bu« 

and 


AG:GH::NS:SH, 
DH:GH::C8i 56; 
NS:SH::C8:8G. 

NS :8H:: pllg. NC ; pllg. CH, 
CS:8G:: pllg. RC : pllg. R6-, 


therefcne also 

pllg. NC : pllg. CH : : pllg. RC : pllg. 
And as one^ W one ao are ^ to all; therefme’ 


pllg. Arc ; 
And since 

also 

and 

Mi 

tberefore also 

Therefore 

pllg. NC 
pr 

But 

since also 
and 

Therefore 

But 

and 

therefore also 


APOLWNIUS OF PEROA 

pl^g. CS : : vl^>le pUg. NL, : whde pllg. CAF+pUg. RO. 
EB^BQ, 

LB^BP 

pUg. LX -pllg. BO. 
pllg. LX -pllg. CH (II. 12); 
pllg. BC-pllg. CH. 

; pl^. CH : : whole pllg. NL : whole pUg. BG+pllg. RO 

• A* 

pllg. NC : pllg. CH : : pllg. NL : pllg. RX. 
pllg. «X.-pllg. LH, 
pllg. C^-pllg. BC (n. 12), 
pllg. ilfJ5=pllg. XH. 

pUg. NC : pllg. CII : : pllg. NL : pllg. LH. 
pllg. NC : pllg. CH::NS : SH .‘.AO: OH, 
idlg. NL : pllg. LH ::NR:RH ::AK: KH-, 
AK:KH::AO : OH. 


Proposition 37 

If two straight lines touching a section of a cone or circumference of a circle or 
opposite sections med, and a straight line is joined to their points of contact, and 
from the point (4 fttegtwg of the tangents some straight line is drawn across cutting 
the line {of the section) at two points, then as the whole straight line is to the 
straight line cut off outside, so wiU the segments produced by the straight line joining 
the points of contact be to each other. 

Let there be the section of a cone AB and tangents AC and CB and let AB 
be joined, and let CDEF be drawn across. 

I say that 

CF : CD ::FE: ED. 

Let the diameters CH and AK be drawn through C and A, and through F 
and D, DP, FR, LFM and NDO parallel to AH and LC. Since then LFM is 
parallel to XDO, 

FC : CD : : LF : XD : :FM : DO : :LM :XO; 

and therefore 

sq. LM : sq. XO : : sq. FM : sq. DO. 
sq. LM : sq. XO : : tigl. : trjd- XPO (EucL vi. 19), 


But 



CONICS m 


773 


and 

,, , , Bq. FJIf : sq. DO : : trgl. FRM : trgl. DPO: 

therefore also 

trgl. LMC : trgl. XCO : : trgl. FRM : trgl. DPO : : 
: : remainder quadr. LCRF : remainder quadr. XCP 


But 

and 


quadr. trgl. ALK (m. 2; in. 11), 

quadr. ZCPD =tigl. ANX (ra. 2; ni. 11); 


L 




therefore 

sq. LM : sq. XO : : trgl. ALK : ANX. 

But 

aq. LM : sq. XO : : sq. FC : sq. CD, 
and 

trgl. ALK : trgl. ANX : : sq. LA : sq. AX : : sq; FE leq. SD; 
therefore also 


And therefore 


sq. PC : sq. CD : : sq. FE : sq. ED. 
FC : CD ::FE: ED. 



PROPOsmoN 38 


Wiih the same things being so, if some straight line is drawn through the yoini, of 
meeting of the tangents parallel to the straight line joining the points of cmtact, 
and a straight line drawn through the midpoint of the straight line joining the 
points of contact cuts the section in two points arid the straight line through the 
point of meting paraUel to the straight line joining the points of contact, then as 
the whole hkaight line drawn across is to the straight Une cut off outside between the 
section, and the paraUel, so vM the segments produced by the straight line joined 
to the points of contact be to each other. 

Let there be the section 


AB and tangents AC and BC 
and AB the straight line jdn- 
ing the points of contact, and 
AN and CM diametetd; them 
it is evident that AB has been 
bisected at E (n. 30, 39).’ 

Let CO be drawn from C 
parallel tOi AB, and let 
FBDO be drawn across 
throng E. 

I say that 

,FO : OD : : FE : ED. 




Fot let LFKM end DBOXN be 
drawn through F and D parallel to 
AB, and through F Mid G, FR and 
OP parallel to LC. Then likewise as 
before (ni. 37) it will be shown that 
sq. LM :Bq.XH::sq. LA: sq. AX. 
And 

sq. LM : sq. XH : : sq. LC : sq. CX : : 

sq, FO : sq. OD, 

and 

sq, LA : sq. AX : ; sq. FE : sq. ED; 
therefore 

sq. FO : sq. OD sq. FE : sq. ED, 
and 

F0 :0D : :FE : ED. 
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PsoposmoN 39 

If two straight lines touching opposite sections meet, and a straight, ling .ie prp^ 
duced through tl^e points of contact, and a straight. Um drawn from the point of 
meeting of the tangents cuts both of the sections and the straight tine joining the 
points of contad, then as the whole draight tine drawn aerate is to the straight tine 
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cut off outside between the section and the straight line joining the points of eon- 
tact, so will the segments of the straight line produced by the segments and the point 
of meeting of the tangents be to each other. 

Let there be the opposite sections A and B whose center is C and tangents 
AD and DB, and let AB and CD be joined wd produced, and tiirough D let 
some straight line EDFG be drawn across. 

I say that 

EC :GF :: ED : DF. 

For let AC be jdned and produced, and through E and F let EH8 and 
FLMNXO be drawn parallel to AB, and parallel to AD, EP and FR. 

Since then FX and ES are parallel, and EF, XS, and HM have been drawn 
through to them, 

EH:HS::FM: ,• 

And alternately 

EH :FM::HS: MX-, 

therefore also 

sq. EH : sq. FM : : sq. HS : sq. MX. 



But 

sq. EH : sq. FM : : trgl. EHP : trgl. FRM, 

and 

sq. HS-.eq.MX:: trgl. DHS : trgl. XMD; 

therefore also 

tr^. EHP : trgl. FRM : : trgl. DHS : trgl. XMD. 

And 

trgl. XHP-tigJ. ASX+tigl. DHS (m. 11), 



and 
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trgl. FJ2M-trgl. AXAT+trgl. XMD {ta, 11); 

therefore 

trgl. DHS : trgl. XMD : : trgl. ASX+trgl. DHS : trgl. AXAT+trgl. XMD, 
and 

remainder trgl. ASK : remainder trgl. ANX : : trgl. DHS : trgl. XMD. 

But 

trgl. ASK : trgl. ANX : : sq. KA : sq. AN ; : sq. EG : sq. FQ,* 

and 

trgl. DUS : trgl. XMD : : sq. HD : sq. DM : : sq. ED : sq. DF. 
Therefore also 

EG :FG-.: ED: DF. 

PaoposmoN 40 

With the same things being so, if a straight line is drawn through (he point of meet- 
ing of the tangents parallel to the straight line joining the points of contact, and if a 
straight line drawn from the midpoint of the straight line joining the points of 
contact cuts both of the sections and the straight line parallel to the straight line 
joining the points of contact, then as the whole straight line drawn across is to the 
straight line cut off outside between the parallel and the section, so will the straight 
line’s segments produced by the sections and the straight line joining the points of 
contact be to each other. 

Let there be the oppoate sections A and B whose center' is C, and tangents 
AD and DB, and let AB and CDE be joined; therefore 

AE^EB (II. 39). 

And from D let FDG be drawn parallel to AB, and from E, LE at random. 

I say that 

HL.LK:: HE: EK. 

From H and K let NMHX and KOP be drawn parallel to AB, and HR and 
KS parallel to AD, and let XACT be drawn through. 

Since then XAU and MAP have been drawn across the parallels XM and 
KP, 

XA'.AU ::MA:AP. 

But 

XA :AU::HE:EK‘, 

and 

HE : EK :: HN :KO 

because of the amilarity of the triangles HEN and KEO] therefore 

HN:KO::M'A: AP; 

therefore also 

sq. HN : sq. KO : : sq. MA : sq. AP. 


•For 

and 

and 

therefore ex aegtuM 


EG:TG::KA:TA, 
TG:TF: : TA : TN, 
TG-TF .TG:: TA-TN : TA', 
BG:F&::KA:AIf: 
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But 

sq. HN : sq. KO : : trgl. HRN : tr«l. K80, 
and 

Bq. MA isq.AP:: XMA : trgl. AUP; 



therefore also 

trgl, HRN : trgl. KSO : : trgl. XMA : trgl. AUP. 

And 

trgl. HNR^trgl XMA+trgl. MND (nr. 11), 
and 

trgl. .K<SO=trgl. AUP+trgl. DOP (in. 11); 

t/ll 6 r 0 !foi ^6 flilso 

ti^l. XMA+trgl. MND : trgl. At/P+tigl. DOP : : trgl. XMA : trgl. AUP; 
therefore also 

remainder trgl. NMD : remainder trgl. DOP : : whole : whole. 

But 

trgl. XMA : trgl. AUP : : sq. XA : sq. AU, 
and 

till, NMD : trgl. DOP : : sq. MN : sq. PO; 

therefore also 

sq. MN : sq. PO : : sq. XA : sq. AU. 

But 

sq. MN : sq. PO : : sq. ND : sq. OD, 
and 

sq. XA : sq. AU : : sq. HE : sq. EK, 
and 

sq. ND : sq. DO : sq. HL : sq. LK; 
therefore also — 

sq. HE : EK : : sq. HL : sq. LK. 

Therefore 


HE :EK::HL: LK. 


PBOFOBmON 41 

If three straight lines touching a parabola meet each (4her, they unU he ad in thA' 
same ratio. 

Let there be the parabola ABC, and tangmts.ALB, EEC and 2>BP. 
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I say that 

CF-.FE::ED:DA::FB: BD. 
For let be joined and bisected at 6. 



Then it is evident that the straif^t 
line from F to 0 is a diameter of the 
section, (n. 29). 

If then it goes through B, DF is 
parallel to.dC, (n. 5) andwUl be M- 
sected by EG, and therefore 
AD=DE (I. 36), 
and 

CF^FE (I. 36), 

and what was sought is apparent. 

I^et it not go throu^ B, but 
through H, and let KHL be drawn 
through H parallel to AC; therefore 
it will touch the section at H (i. 32), 
and because of things already said 
(I- 36), 

KE 


LC^LE. 

Let MNBX be drawn through B parallel to EG, and AO and CP through A 
and C parallel to DF. Since then ilfjS is parallel to EH, MB is a diametar 
(i. 40; I. 61, end); and DF touches at B; therefore AO and CP have been 
dropped ordinatewise (ii. 6; First Def. i. 4). And since MB is a diameter, and 
CM a tangent, and CP an ordinate, 

MB^BP (i. 36), 

and so also 

MF’=FC. 

And ^ce 

MF^FC 

and 

EL^LC, 

MC:CF::EC: CL; 

and alternately 

MC : EC ::CF : CL. 


But 

therefore also 


MC : EC ::XC: CG; 
CF : CL ::XC: CG. 


And 

therefore ex aequali 
mdisomertendo 


CL:EC::CGiCA; 
CAiXCiiECiCF, 
EC: FE::CA: AX; 


teparando 


CF'.FEv.XCiAX. 
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Again since MB is a diameter and AN a tangent and 


AO an ordinate, 

NB=BO (I. 35), 

and 


ND,-DA. 

And also 

EK,-,KA; 

therefore 

AE:KA::NA: DA; 

alternately 

AE:NA::KA: DA. 

But 

AE:NA::GA: AX; 

therefore also 



KA : DA ::GA: AX. 

And also 

AE:KA::CA: GA ; 

therefore, ex aequali, 

AE : DA ::CA-. AX; 

separandOy 

ED :DA-.:XC: AX. 

And it was also shown 

XC :AX: : CF : FE; 

therefore 

CF:EF::ED: DA. 

Again since 

XC:AX::CP: AO, 

and 

CP=2 BF, 

and 

CM =2 MF, 

and 

AO=2 BD, 

and 

AN^2ND, 

therefore 



XC:AX::FB:BD::CF:FE::ED: DA, 

Proposition 42 

If in an hyperbola or ellipse or circumference of a circle or opposite sections 
straight lines are drawn from the vertex of the diameter parcMel to an ordinate^ and 
some other straight line at random is drawn tangent^ it will cut off from them 
straight lines containing a rectangle equal to the fourth part of the figure to the same 
diameter. 

For let there be some one of the aforesaid sections, whose diameter is ABy 
and from A and R let AC and DB be drawn parallel to an ordinate, and let 
some other straight line CED be tangent at E, 

I say that 

rect. ACyBD^iowdth part of figure to AB, 



CX)NICSin 781 

For let its center be F, and through it let FG be drawn parallel to AC and BD. 
Since then AC and BD are pardlel, and FG k also parallel, therefore it is the 
diameter conjugate to AB (First Def., i. 6) ; and so 

sq. FG= fourth part of figure to AB (Sec. Def. i. 3). 



If then FG goes through E in the case of the ellipse and circle, 

AC^FG^BD (n. 7), 
and it is immediately evident that 

rect. .AC,i5Z)=sq. FG or fourth part of figure to AB. 

Then let it not go through it, and let DC and BA produced meet at K, and 
let EL be drawn through E parallel to AC, and EM parallel to AB. 

Since then 

rect. li:F,FL-8q. AF (i; 37), 

KF .AF :‘.AF :FL, 
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Mxd : 
inversely 
componendo or aeparando 
Therefore also 
Therefore 


KA : AL : ; KF : AF ot FB (Eud. v. 19); 
FB:KF::AL:KA‘, 

BK : KF : : LK : KA. 
DB:FH::EL: CA. 


But 


rect. DB,CA—rec,t. FH,EL, 
“rect. HF.FM, 


rect. flF,FAf=8q. F(? (i. 38), • 

“fourth figure to AB (Sec. Def. 1. 11); 

therefore also 

rect. DByCA “fourth figure to AB. 


Proposition 43 

If a tsbraight line touch an hyperbola, it will cut off from the asymptotes, beginning 
with the center of the section, straight lines containing a rectangle equal to the rec- 
tangle contained by the straight lines cutoff by the tangent at the section’s vertex at 
its axis. 

Let there be the hyperbola AB, and asymptotes CD afid DE, and axis BD, 
and let FBG be drawn through B tangent, and scnne other tangent at random, 
CAR. 

I say that 

rect. FD,DG=‘Tect. CD,DH. 

For let AK and BL be drawn from 
A and B parallel to DO, and AM and 
BN parallel to CD. Since thrai CAR 
touches, 

CA“AH(n. 3); 

and so 

CH“2Afl 

and 

CD^2AM 

and 

DR^2AK. 

Therefore 

rect. CD,DR'^i rect. KAjAM. 

Then likewise it could be sho^ 

rect. FjD,Z) 6“4 rect. . - 

But 

, rect. AH,Ailf“iect. LB, BN (n* 12). ■ . : ; 

Thffliidore also 

rect. CD, DR ’‘vect. FD, DO. 

Then likewise it could be shovtrn, even if DB were.scuue other diameter and 
nottheans. 
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PROPOBmoN 44 

If iwo^ tfraight lines tovehing an hyperbola or opposite section* meet the asymp- 
totes, men the Mraight lines drawn to the sections wtU be parallel to Ow straight line 
joining the points of contact. 



For let there be either the hyperbola or the oppoate sections AB, and asyn^ 
totes CD and DE, and tangents CAHF and EBHG, and let AB, FG, and CE 
joined. 

I say that they are parallel. 

For since 

rect. CD, 2)F=rect. GD,DE (in. 43), 

therefore 

CD:DE::GD:DF; 

therefore CE is parallel to FG. And therefore 

HF:FC::HG:GE. 

And 

FC:AF::GE:OBi 

for each is double (n. 3): therefore ex aeguali 

EQ'.GB\:HF-.FA. 

. Therefore FG is parallel to AB. 

PBOPOsmoK 45 

1/ in an hypethola or elMpse or circumference of a circle or opposite iecBomo 
straight are Iramfrom the vertex of the axis at right angl^, dnd d reilainjUe 

equal to (^ fourth part of ike figure is applied to the axis on each side and itxoesdx 
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ing by a square figure in the case of the hyperbola and opposite sections^ but defi^ 
dent in the case of the ellipse, and some straight line is drawn tangent to the section 
and meeting the perpendicular straight lines, then the straight lines drawn from the 
points of meeting to the points produced by application make right angles at the 
aforesaid points} 

Let there be one of the sections mentioned whose axis is AB, and AC and BD 





*“The points of application” are in modern terminology the foci of the conics. The circle 
is seen here as an ellipse whose two foci or focal points coincide with the center. This theory 
is, of course, a special application of Euclid vi. 28 and 29, two theorems on which depends 
one whole side of Greek geometry. 

Apollonius never speaks of the focus of the parabola, but it can be found by analogy with 
the ellipse. 

Thus in the ellipse above 

rect. AF, FB -fourth rect. AB, R 
where B is the parameter. Or 

rect. AF, (AB-AF) -fourth rect. AB,R 
or 

AF : fourth R : : AB : (AB— AF). 

Then if we consider the ellipse as its iaxis, AB gets as large as we please; we can think of it as 
approaching as near as we please to a parabola with parameter R. The ratio AB : (AB — AF) 
approaches as near as we please to equality and hence also the ratio 
AF : fourth R, At the limit we can think of the ellipse as the parabola, 
its axis AB as infinite, and AB as equal to AB-^-tAF. Then AF will be 
equal to a fourth B. Thus the focus of a parabola will be defined as the 
point on its axis at a distance from the vertex equal to one quarter of 
the parameter. Then many of the properties of the foci of the ellip^ 
can be proved analogously for the parabefia. Thus in the case of this 
proposition, FD will become parallel to CE, Hence any straight line 
from the focus of a parabola parallel to a tangent will make a right angle with tl^ straight 
line drawn froilu the focus to l^e intersection of the tangent and the perpendicular to the 
axis at tiie vertex. 
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at right ^es, and CED tangent, and let the rectangle AF,FB and the rec- 
tangle AG^GB equal to the fourth part of the figure be applied on each side 
(Eucl. VI. 28. 29), as has been said, and let CF, CO, DF, and DO be joined. 

I say that angle CFD and angle COD are each a right angle. 

For ance it has been shown 

rect. fourth figure on AB (in. 42), 

and since also 


therefore 

Therefore 


rect. AF,FB= fourth figure on AB, 
rect. AC,BD=>rect. AF, FB. 


AC:AF::FB: BD. 

And the angles at points A and B are right; therefore 

angle angle BFD (Eucl. vi. 6), 

and 

angle AFC = angle FDB. 

And since angle CAF is right, therefore 

angle ACF+angle AFC = 1 rt. angle. 
And it has also been shown that 

angle ACF=angle DFB; 

therefore 

angle AFC+angle DFB=1 ri^t angle. 

Therefore 

angle DFC=l right angle. 

Then likewise it eould also be shown 

angle COD = 1 right angle. 


Proposition 46 

With the same things being so, the straight lines joined make equal angles with the 
tangents. 

For with the same things supposed, I say that 

angle ACF=angle DCG 
and 

angle CDF = angle BDO. 

For since it has been shown 
that both angle CFD and angle 
COD are right angles (in. 45), the 
circle described about CD as a 
diameter will pass through points 
F and 0; therefore 

angle DC(?» angle DFG; 
for they are on the same segment 
of the circle. And it was shown 
, an^a DFC* angle ACF (ni. 46); 
and so 

. angle DCCr=angle ACF. 

And likewise also 

.angle CDF»an{do BDO. 
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PBOPOsmoN 47 

WUh the eame things being so, the straight line drawn from Oie point of meeHng 
of the joined sbraight lines to the point of contact voill be perpendicular to the 
tangent. 

For let the same things as before be supposed and let CG and FD meet each 
other at H, and let CD and BA produced meet at K, and let EH be joined. 

I say that EH is perpendicular to CD. 

For if not, let HL be draum from H perpendicular to CD. Since then 
an^e CDF = angle GBD <in. 46), 

and also 

rt. angle DBC =rt. angle DLH, 



ther^ore triangle DOB is anular to triangle LHD. Therefore 

GD:DH::BD: DL. 


Blit 


GD:DH::FC:CH 

becau^ the angles at F and 0 are right angles (ni. 45) and the angles at H are 
equal; but ■“ 

FC:CH::AC:CL 

because dF the similarity of the triangles AFC and LCH (m. 46) ; therefore also 


BD:DL::AC: CL. 


Altetnateljf' 


BD : AC ::DL: CL. 


But 

tiierefote dso 


BD :AC::BK:KA: 
DL .CL: : BK : KA. 
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^ therefore it wifl have been (Inq^ied 
^ ’bK:KA::BM:MA. 

thereforealso BM :MA ::DE :EC; 

• U J m. DL:CL::DE:EC; 

Se exipt bS* perpendicular nor is any other straight 


Proposition 48 
With the same things being so, it 
the point of contact to the points 
with the tangent. 


must he shown that the straight lines drawn from 
produced by the application moke equal angles 



•There is the analogous theorem for the parabola. FD becomes a straight line parallel to 



CE and CQ a straight line parallel to AB, Again HE is perpendicular to CE, and this can be 
proved rigorously as well as understood by analogy. 
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For let the same tfaings be supposed, aod let EF and EG be joined. 

I say that 

angle CEF=an^e OED. 

For since angles DGH and DEH are right angles (m. 45. 47), the circle 
described about DH as a diameter will pass through the points E and G (Eucl. 
m. 31); and so 

angle DHCf wangle DEG (Eucl. iii. 21); 
for they are in the same segment. Likewise then also 

angle CEF= angle CHF. 

But 

angle CjUF= angle DHG; 
for they are vertical angles; therefore also 

angle CEF» angle DEjG.^ I 

Proposition 49 \ 

With the same things being so, if from one of the poinls {of application) a 
pendicidar is drawn to the tangent, then the straight lines from that point to tfie 
ends of the axis make a right angle. 
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For let the same things be supposed, and let the perpendicular GH be drawn 
from G to CD, and let AH and BH be joined. 

I say that angle AHB is a right angle. 

For ance angle DBG is a right angle and also angle DHG, the circle described 
about DG as a diameter will pass through H and B, and 

angle angle BDG. 

But it was shown 

angle i4GC= angle BDG (in. 46); 

therefore also 

angle BHG=aag\e AGC=angle AHC (Eucl. ni. 21). 

And so also 


angle C/fG=angle AHB. 

But angle CHG is a right angle; therefore also angle AHB is a right angle. 


Proposition 60 

With the same things being so, if from the center of the section there falls to the 
tangent a straight line parallel to the straight line dravtm through the point of con- 
tact and one of the points {of application), then it mil be equal to one half the axis. 

For let there be the same things as before and let H be the center, and let EF 
be joined, and let DC and BA meet at K, and through H let HL be drawn 
parallel to EF. 

I say that 

HL^HB. 



For let EG, AL, LG be joined, and through G let GM be drawn parallel to 
BF. Since then 

rect. AF, FB=rect. AG, GB (See in. 45), 



TOO 

tiierefote 
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But also 
therefore also 
And BO also 


AF^QB. 

FH^HO. 

EL=LM. 


And since it was shown (m. 48) 

angle CEF<= angle DEO, 


and 

therefore also 


angle CEP <= angle EMO, 
angle angle DEO. 


And therefore 


EG^GM. 


But it was also shown 


EL^LM 




therefore OL is perpendicular to EM. And so through what was shown before 
(in. 49) angle ALB is a right angle, and the circle described about AB as a 
diameter will pass through L. And 

HA --HB; 

therefore also, since HL is a radius of the semicircle, 

HL^HB. 


Proposition 61 

If a rectangle equal to the fourth part of the figure is applied from both sides to the 
axis of an hyperbola or opposite sections and exceeding by a square figure, and 
straight lines are deflected from the resulting points of application to either one of 
the sections, then the greater of the two straight lines exceeds the less by exactly as 
much as the axis. 

For let there be an hyperbola or opposite sections whose axis is AB and 
center C, and let each of the rectangles AD, DB and AE, EB be equal to the 
fourth part of the figure, and from points E and D let the straight lines EF and 
FD be deflected to the line of the section. 

I say that 

EF^FD+AB 
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Let FKH be drawn tangent throug^i F, and QCH through C parallel to FDi 
therefore 

angle isrifG= angle KFD) 
for they are alternate. And 


therefore 

But 

ance also 

and 

and 

and therefore 
And so 


angle angle GFH (ra. 48); 

GF=GH. 

GF^GE, 

AE=BD 

AC=CB 

EC^CD; 

GH=EG. 


FE=2GH. 

And since it has been shown (in. 50) 

CH=CB* 

therefore 

FE==2iGC CB). 

But 

FD=2GC, 

and 

AB=2CB; 

therefore 

FE=FD+AB. 

And so EF is greater than FD by AB. 


Proposition 52 

If in an ellipse a rectangle equal to the fourth pari of the figure is applied from both 
sides to the major axis and deficient by a square figure, and from the points result- 
ing from the application straight lines are deflected to the line of the section, then 
tiwy wiU be equal to the axis. 

Let there be an ellipse, whose major axis is AB, and let each of the rectangles 
AC, CB and AD, DB be equal to the fourth of the figure, and from C and D let 
the strai^t lines CE and ED have been defiected to the line of the section. 

I say that 

CE-i-ED^AB. 


•For 

and, by m. 50, a line C(,X) 
Hence 


GF=‘GH, 

drawn parallel to is equal to CB. But also 
Ca)=CH. 


CH-CB. 
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Let FEH be drawn tangent, and G be c^ter and through it let GKH be 
drawn parallel to CE. Since then 

Angle CEP s= angle HEK (m. 48), 
and 

angle CEP wangle EHK, 



therefore also 

angle EHK— angle HEK. 

Therefore also 

HK=KE. 

And since 

AG=GB, 

and 

AC^DB, 

therefore also 

CG=^GD-, 

and so also 


EK=KD. 

And for this reason 

ED=2HK, 

and 

EC=2KG, 

and 


ED+EC=-2GH. 

But also 

AB^2GH (m. 50); 

therefore 

AB^ED+EC. 


Proposition 53 

If in an hyperbola or 

ellipse or dreumference of a circle or opposite sections straight 

lines are drawn from the vertex of a diameter parallel to anjordinate, and straight 
lines drawn from the same ends to the same point on the line of the section cut the 
parallels) then the rectangle contained by the straight lines cut off is equal to the 


figure on that same diameter. 

Let there be one of the aforesaid sections ABC whose diameter is AC, and 
let AD and CE be drawn parallel to an ordinate, and let ABE and CBD be 
drawn across. 

I say that 

rect. AD, EC = figure on AC. 

.For let BE be drawn from B parallel to an ordinate. 


Therefore 
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rect. AF,FC :eq. FB:: transverse ade : upright ade 
: : sq. AC : the figure (i. 21). 



But 

therefore 

But 

and 

therefore 
And also 
therefore 
Therefore 


rect. AF, FC : sq. FB comp. AF : FB,FC : FB; 
figure : sq. AC comp. FB : AF, FB : FC. 
AF:FB::AC : CE, 
FC:FB::AC: AD; 
figure : sq. AC comp. CE : AC, AD : AC. 
rect. AD,CE : sq. AC comp. CE : AC, AD : AC; 
figure : sq. AC : : rect. AD, CE ; sq. AC. 
rect. AZ),C'^=' figure on AC. 


Proposition 54 

If two tangents to a section of a cone or to a circumference of a circle meet, and 
through the points of contact paraUels to the tangents are drawn, and from the 
points of contact, to the same point of the line of the section, straight lines are drawn 
across cutting the parotids, then the rectangle contained by ffw straight lines cut 
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off to the square on the straight line joining the points of contact has a raUo ctMtr 
pounded of the ratio whach the inside segment line joining the point of meeting of 
the tangents and the midpoint of the straight line joining the points of contact has in 
square to the remainder, and of the ratio which the rectangle contained by the tan- 
gents has to the fourth part of the square on the straight line joining the points of 
contact. 

Let there be a section of a cone or circumference of a circle ABC and tan- 
gents AD and CD, and let AC be joined and bisected at E, and let DBE be 
joined, and let AF be drawn from A parallel to CD, and CO from C parallel to 
AD, and let some point H on the section be taken, and let the straight lines AH 
and CH be joined and produced to G and F. 

I say that 

rect. AF, CO : sq. AC comp. sq. EB : sq.< BD, rect. AD, DC. j 

fourth sq. AC or rect. AE,EC. \ 

For let KHOXL be drawn from H parallel to AC, and from B, MBN parall^ 
to AC; then it is evident that MN is tangent (u. 29, 5, 6). Since then 

AE=EC, 

also 

MB=BN. 

and 

KO^OL 

and 


HO=OX (n. 7) 
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KH’^XL. 

Since then MB and MA are tangents and RBL has been drawn pandlel td 
MB, 

* sq. AM : sq. MB : : sq. AK : rect. 

XK,KH (m. 16) 
or 

sq. AM : rect. MB, BN : : sq. AK : 
rect. LH,HK. 

And 

rect. NC,AM : sq. AM : : rect. LC, 
AK : sq. AK (Eucl. vi. 2; v, 18); 
therefore ex aequali 
rect. NC,AM : rect. MB, BN : : 
rect. LC,AK : rect. LH,HK. 

But 

rect. LC,AK : rect. LH,HK comp. 
LC : LH,AK : HK 



rect. LC,AK : rect. LH,HK comp. FA : AC,OC : CA 
which is the same as 

rect. GC,FA : sq. CA. 
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rect. NC^AM : rect. MB^BN : : rect. GCyFA : sq. CA. 

But, with the rectan^e ND^DM taken as a mean, 

rect. NCfAM : rect. MB, BN comp. 

rect. NC,AM : rect. ND,DM, rect. ND,DM : rect. MB,BN^f 
therefore 

rect. GCy FA : sq. CA comp. 

rect. NCyAM : rect. ND,DM, rect. ND,DM : rect. MB, BN. 

But 

rect. NC,AM : rect. ND,DM : : sq. EB : sq. BD, 
and 

rect. ND,DM : rect. NB,BM : : rect. CD, DA : rect. CE,EA; 
therefore * 

rect. OC,FA : sq. CA comp. sq. BE : sq. BD, rect. CD, DA : rect. CE,EA 

Proposition 55 

If two straight lines touching opposite sections meet, and through the point of 
meeting a straight line is drawn parallel to the straight line joining the points of 
contact, and from the points of contact parallels to the tangents are drawn ojcross, 
and straight lines are produced from the points of contact to the same point of one 
of the sections cutting the parallels, then the rectangle contained by the straight lines 
cut off will have to the square on the straight line joining the points of contact the 
ratio which the rectangle contained by the tangents has to the square on the straight 
line drawn through the point of meeting parallel to the straight line joining the 
points of contact, as far as the section. 

Let there be the opposite sections ABC and DEF, and tangents to them AG 
and GD, and let AD be joined, and from G let CGE be drawn parallel to AD, 
and from A, AM parallel to DG, and from D, DM parallel to AG, and let some 
point F be taken on the section DF, and let ANF and FDH be joined. 

I say that 

sq. CG : rect AG,GD : : sq. AD : rect. HA,DN. 

For let FLKB be drawn through F parallel to AD, 
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Since then it has been shown that 

sq. EO : sq. 6D : : rect. BL, LF : sq. DL (m. 20), 

and 

CG^EG (n. 38), 

and 

BK^LF (u. 38), 

therefore 

sq. CO : sq. GD ; : rect. KF, FL : sq. DL. 

And also 

sq. GD : rect. AG,GD : ; sq. DL : rect. DL,AK (Eucl. vi. 2, 1); 
therefore ex aequali 

sq. GC : rect. AG, GD : : rect. KF, FL : rect. DL,AK. 

But 

rect. KF, FL : rect. DL,AK comp. KF : AK, FL : DL. 

But 

KF:AK::AD: DN, 

and 

FL:DL::AD:HA; 

therefore 

sq. CG : rect. AG,GD comp. AD : DN, AD : HA. 

And also 

sq. AD : rect. HA,DN comp. AD : DN, AD : HA; 

therefore 

sq. CG : rect. AG,GD : : sq. AD : rect. HA,DN. 

Proposition 56 

If two straight lines touching one of the opposite sections meet, and paraUds to 
tJie tangents are drawn through the points of contact, and straight lines cutting the 
parallels are drawn from the points of contact to the same point of the other section; 
then the rectangle contained by the straight lines cut off will hca>e to the square on 
the straight line joining the points of contact the ratio compounded of the ratio 
which, of the straight line joining the point of meeting and the midpoint, that part 
between the midpoint and the other section has in square to that part between the 
same section and the point of meeting, and of the ratio which the rectangle eon- 
tained by the tangents has to the fourth part of the square on the straight line join- 
ing the points of contact. 

Let there be the oppoate sections AB and CD whose center is 0, and tan- 
gents AEFG and BEHK, and let AB be joined, and bisected at L, and let LE 
be joined and drawn across to D, and let AM be drawn from A parallel to BE, 
and BN from B parallel to AE, and let some point C be taken on the section 
CD, and let CBM and CAN be joined. 

I say that 

rect. MA, BN : sq. AB comp. sq. LD : sq. DE, rect. AE, EB : 
fourth sq. AB or rect. AL, LB. 

For let GCK and HDF be drawn from C and D parallel to AB; then it is 
evident that 

HD’^DF, 

and 

KXmXG, 
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XC^XP; 



and so also 

CK=GP. 

And since AB and DC are opposite sections, and BEH and HD are tangents, 
and KG is parallel to DH, therefore 

sq. BH : sq. HD : : sq. BK : rect. PK, KC (in. 18, note). 

But 

sq. HD -rect. HD,DF, 
rect. PK, iCC=rect. KC,CG. 

Therefore 

sq. BH : rect. HD, DP : : sq. BK : rect. KC, CG. 

And also 

rect. FA,BH : sq. BH : : rect. GA,BK : sq. BK; 
therefore ex aeqyali 

rect. FA,BH r rect. HD,DF : : rect. GA,BK : rect. KC,CG. 

And, with rectan^e HE, EF taken as a mean, 

rect. FA, BH : rect. HD, DF comp, 
rect. FA,HB : rect. HE,EF, rect. HE, EF : rect. HD,DF; 

and 

rect. FA, HB : rect. HE, EF : : sq. LD : sq. DE, 
and 

reet. HE,'EF : rect. HD, DF : : rect. AE, EB : rect. AL, LB; 
tiierefore 

rect OA,BK : rect. KC, GG comp. sq. LD : sq. DE, rect. AF,FB : 

■ rect. AL, LB. ~ 

And 

rect. GA,BK : rect. KC,CG comp. BK : KC,GA : CG. 

But ’ 

BK : KC : : MA : AB, 

and 

GA:CG::BN: AB; 

therefore 

rect. MA, BN : sq. AB comp. MA : AB, BN : AB 
comp. sq. LD : sq. DE, rest. AE, EB : rect. AL, LB. 
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Trakslatob’s Appendix on THBEE-and 
Four-Line Loci 

The three-line locus property of conics is easily deduced for the ellipse, hy- 
perbola, parabola and circle from iii. 54; aud for the opposite sections from 
III. 55 and 56. The three-line locus property of comes can be stated thus. Any 
conic section or circle or pair of opposite sections can be considered as the locus 
of points whose distainces from three given fixed straight lines (the distances 
being either perpendicular or at a given constant angle to each of the given 
straight lines, although the constant angle may be different for each of the 
three straight lines) are such that the square of one of the distances is always 
in a constant ratio to the rectangle contained by the other two distances. 

It is shown in iii. 54 that in the case of conic sections and circles 
rect. AF, CG : sq. AC comp. sq. EB : sq. BD^ rect. AD, DC : fourth sq. AC. 
Now if we consider the straight lines AD, DC, and AC as fixed and given and 
therefore straight line DE fixed and given as bisecting AC, then it is evident 
that the straight lines AC, EB, BD^ AD, DC, and therefore the squares on 
them and the rectangles contained by them, are also fixed and given. Then 
although as the point H is taken at different points along the conic, the strai^t 
lines AF and CG change in magnitude, nevertheless the magnitude of the rec- 
tangle AF, CG, because of the above proportion remains constant. 

For let HX be drawn parallel to DF, and HY to AD, and HZ to DC. Then 
HX is the distance from H to AC at a given angle, and A Y because of parallels 

represents the distance from H to 
AD at another given angle, and ZC 
represents the distance from H to 
DC at another given angle. Then 
by similar triangles 

CZ:ZH::AC: AF, 
AY:YH::AC:CG; 
therefore compounding 
rect. CZ, AY : rect. ZH, YH : : sq. 
AC: rect. AF,CG. 

Now we have seen that the rec- 
tangle AF, CG is a constant mag- 
nitude as the point H changes, 
and the square on AC is constant; 
therefore their ratio is constant. 
Therefore 

rect. CZ,AY : rect. ZH, YH is a 

constant ratio (I) 

Again by similar triangles 
ZH : HX : : CD : DE, 
YH:HX:: AD : DE; 
therefore compounding 
TOci ZH,YH :&q.HX :: rect. CD, 
AD : sq. DE. 

But rectangle CD, AD and the 
square on DE are constant imagnir^ 
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tudes as the point H changes; therefore their ratio is constant. Therefore 

rcct. ZH, YH : sq. HX is a constant ratio (2) 

Compounding (1) and (2), we get a constant ratio, that is 
rcct. CZyAY : sq. HX is a constant ratio. 

In other words, as the point H 
changes, the rectangle contained 
by the distances from H to two of 
the given straight lines (at given 
angles to those straight lines) has 
a constant ratio to the square on 
the distance to the third straight 
line (at a given angle to that 
straight line). And it can easily be 
ptoved by means of similar triangles 
that if any other three angles are 
chosen for the distances, than those 
chosen here for the demonstration, 
then the corresponding ratio will 
be constant, although not equal. 

The four-line locus property can be easily deduced from the three-line. If to 
any conic section we construct four tangents AG, BE, AI, and EC, and the 
straight lines FG, GI, ID, and DF, joining the points of contact; and draw the 
distances from any point H on the conic to these straight lines at any given 
angles (perpendiculars are convenient), then by the three-line locus property 
with respect to triangle FBG for any point H on the conic 

rect. HXjHV : sq. HP is constant; (a) 



with respect to triangle AIG 

rect. HX, HY : sq. HR is constant; (jS) 

with respect to triangle DCI 

rect. HY,HZ : sq. HS is constant; (7) 

with respect to triangle EFD 

rect. HZ,HV : sq. HQ is constant (6) 

It will be noticed that we have taken in succession a pair of adjacent tangents 
and the straight line joining their points of contact. It will also be noticed that 
the rectaiigles in the four ratios present a cyclical arrangement, so that if the 
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inverse of (a) is compounded with (jS), and the inverse of ( 7 ) with ( 6 ), we would 
have two constant ratios 

pllpd. HY, HP, HP : pllpd. HV, HR, HR, (c) 

pllpd. HV, HS, HS : pllpd. HY, HQ, HQ (J-) 

Again compounding the first of these with the second, we would have finally 
rect. HP , HS ; rect. HQ, HR, a constant ratio. 

And this is the property of the four-line locus, namely the locus of points H 
such that the rectangle contained by the distances from points H to any two 
given fixed straight lines FO and ID has to the rectangle contained by the 
distances from H to two other fixed straight lines, IG, FD, a constant ratio. 

The rigorous method of effecting these compoundings is as follows. For in- 
verting (a), by Eucl. xi, 32 we have the constant ratios 

sq. HP : rect. HX,HV : ; pllpd. HP, HP, HY : pllpd. HX,HV, HY, 
rect. HX,HY : sq. HR : : pllpd. HX,HY, HV : pllpd. HR,HR,HV. 
Hence, by definition, the ratio (a constant one) compounded of these two is 
pllpd. HY, HP, HP : pllpd. HV, HR, HR. 

And in the same way we find the constant ratio compounded of the inverse of 
( 7 ) and (S). Now 

pllpd. HY, HP, HP : pllpd. HV, HR,HR comp. HY : HV, sq. HP : sq. HR, 
pllpd. HV, HS,HS : pllpd. HY, HQ,HQ comp. HV : HY, sq. HS : sq. HQ. 
IF then we take two lines M and N such that 

HP.HR-.-.HR.M, (yi) 

HS:HQ::HQ:N, (0) 

then 

sq. HP : sq. HR::HP:M, 
sq. HS-.eq.HQi-.HS: N. 

Hence 

ratio comp. HY : HV, sq. HP : sq. HR ratio comp. HY : HV, HP : M 
ratio comp. HV : HY, sq. HS : sq. HQ ratio comp. HV : HY, HS : N. 
But 

rect. HY,HP : rect. HV,M comp. HY : HV, HP : M, 
rect. HV,HS ; rect. HY,N comp. HV : HY, HS : N\ 
and 

pUpd. HY, HP,HS : pllpd. HV, M,HS:: rect. HY,HP : rect. HV,M, 
pllpd. HV, H5,lM : pllpd. HY, N,M : : rect. HV,HS : rect. HY,N] 
and these are constant ratios. Hence compounding, we get the constant ratio 
pllpd. HY, HP, HS : pllpd. HY, N,M, 
which is the same as the constant ratio 

rect. HP, HS : rect. AT.'M. 

Now, taMng L and 0 as some constants, 

rect. HP, HS : rect. N,M’.:L:0 
and 

rect. HP,'HS : rect. HR, HQ : : rect. HR, HQ : rect. M,N. 
by compounding (ij) and (fi). But equal ratios have equal duplicate ratios 
(Heath’s note to Euclid, vi, 22 ) and hence 

rect. HP, HS : rect. HR, HQ ia constant. 

In the case of opposite sections, it is shown in in. 56 
rect. MA,BN : sq. AB comp. sq. LD : sq. DE, rect. AE,EB : fourth sq. AB. 
it is evident for the same reasons as before that for dififetmit pmnts C the 
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magiutudeB MA and BN may change, but the rectangle MA,BN is a constant 
magnitude. 

For as before, let CX be drawn paraM to DE, CY to EA,CZ to EB. By 
ramilar triangles s 

AY : YC ::AB: BN, 

BZ:ZC::AB: MA‘, 

theref(ne compounding 

rect. AY,BZ : rect. YC,ZC : : sq. AB : rect. MA,BN. 

Since rectangle MA,BN is constant as C changes, and also the square on AB 
is constant, therefore 

rect. AY,BZ: rect. YC,ZC is a constant ratio (1) 

Again by amilar triangles 

ZC:CX::EB: EL] 



rect. YC, ZC : sq. CX : : rect. EB,EA : sq. EL. 

Hence 


rect. YC, ZC ; sq. CX is a constant ratio (2) 

Compounding (1) and (2) we have a constant ratio 

rect. AY,BZ : sq. CX. 

But A Y and BZ are equal to CA' and CB', the distances from C. This is the 
property of the three-line locus of section C with respect to the straight lines 
EA and EB tangents to the other section, and EB the straight line joining 
their points of contact. And ro one oppoate section is a three line-locus to the 
talents to the other of the opposite sections. That it is also a four-line locus 
could be shown in the same way as before. 

Again from iiii 55 we can conclude that both of the opposite sections to- 
gether are a three-line locus to the triangle formed by a tangent to each of the 
sections and the straight line joining their points of contact. For m. 56 
rect. HA,DN : sq. AD : : rect. AO,OD : sq. CO. 

Now once the three last terms df this proportion are evidently constants as the 
pdnt F changes, tiberefore also, altiiough HA and DN change with F, yet rec- 
isAf^HA, DN remains constant in magnitude. Then reprodudng the figure of 
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ra. 66, we drop PF parallel to DL, and FZ to KA, and to GE, where JS i$ 

Ine midpoint of AD. Then by similar triangles 



YD:FY::AD: HA, 

AZ:FZ-.:AD: DN; 

therefore compounding 

rect. YD, AZ : rect. FY, FZ : : sq. AD : rect. HA, DN. 

But the last two terms are constant, therefore 

rect. YD, AZ : rect. FY, FZ is a constant ratio (1) 

Again by similar triangles 

FY:FX::DG: EG, 

FZ:FX::AG: EG; 

therefore compounding 

rect. FY, FZ : sq. FX : : rect. DG,AG : rect. ED, EG. 

But the last two terms are constant, therefore 

rect. FY, FZ : sq. FX is a constant ratio (2) 

Compounding (1) and (2), we see that 

rect. YD,AZ : sq. FX is a constant ratio. 

But this is the definition of a three-line locus that the rectan^e contamed by 
the distances from any point on the locus to two fixed straight lines have to the 
square on the distance to a third fixed straight fine a constant ratio. But 

D7=LF, 

AZ=KF, 

and FX is the distance from F to AD. And so the ratio fulfills the definition. 

Furthermore, if we consider B the point of intersection of the straight line 
KF, draivn parallel to AD, with the other opposite section, and draw BS paral- 
lel to FY, BR to FX, and BT to FZ, since they are parallels between parallels, 

BB=FX, 

KF=AZ, 

TA^BK. 
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But it was diown in the course of iii. 55 that 

BK^LF, 

BL^KF, 

Hence 

TA^BK^YD^LF, 

AZ^KF=-BL, 

Therefore 

rect. LFf KF : sq. FX : : rect. BK, BL : sq. BR. 

Hence any point B on one opposite section fulfills the same constant ratio with 
respect to its distances from the three fixed lines AD, GD, and AG as any point 
F on the other opposite section. 

It can be similarly deduced that the opposite potions are together a four- 
line locus with respect to any four fixed straight lines joining points, two pn 
each section (the points being four points of contact of four tangents, and tne 
straight lines, the straight lines joining them). \ 



To sum up, a parabola, ellipse, circle, and hyperbola are three-line loci with 
respect to any two tangents to them and a straight line joining the points of 
contact. One opposite section is also a three-line locus with respect to any two 
tangents to the other section together with the straight line joining their 
points of contact. The two opposite sections together are a three line-locus 
with respect to two tangents, each to one of the sections, together with the 
straight line joining their points of contact. 

The parabola, ellipse, circle, and hyperbola are four-line loci with respect to 
any inscribed quadrilateral. One opposite section is also a four-line locus with 
respect to any quadrilateral inscribed in the other section. The two opposite 
sections together are a four-line locus to any four straight lines joining four 
points, two lying on each opposite section. ^ 
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BIOGRAPHICAL NOTE 
Nicomachus, ft . c . A.D. 100 


Nicomachus op Geeasa flourished around the end of the first century of our 
era. In one of his surviving books, the Introduction to HamionicSj he mentions a 
certain Thrasyllus, presumably Thrasyllus of Mendes, a writer on music, who 
lived in the reign of Tiberius. Another book by Nicomachus, the Introductim to 
Arithmetic^ was translated into Latin by Apuleius under the Antonines. This 
places the life of Nicomachus somewhere between the middle of the first cen- 
tury and the middle of the second century. Perhaps the fact that Ptolemy, 
whose recorded astronomical observations were made between a.d. 127 and 
151, is not mentioned in the Introduction to Harmonics makes it probable that 
he was not yet famous at the time Nicomachus was writing. 

The manuscripts of Nicomachus’ books and the scholia call him ‘‘of Gerasa-.” 
The best known city of that name was in Palestine and was primarily Greek. 
However, it can hardly be supposed that Nicomachus received all of his philo- 
sophical and mathematical education at Gerasa. He probably studied at Alex- 
andria, at this time the center of mathematical studies and of Neo-Pythagor- 
eanism. Jamblichus says of Nicomachus: “The man is great in mathematics, 
and had as instructors those that were most skilled in the subject.” 

Nothing is known of the personal life of Nicomachus except what is said or 
implied in the dedication of the Introduction to Harmonics to an unknown lady: 
“But I must spur on all my zeal, most noble and august lady, since it is you 
that bid me. . . . And, if the gods are willing, just as soon as I shall have leisure 
and a rest from my journeyings, I will compile for you a better and more de- 
tailed Introduction dealing with this very subject . . . and, so that you may the 
more easily follow the argument, 1 will take my beginning, say, from the same 
point as that at which I began your instruction when I was expounding the 
subject to you.” 

Nicomachus appears to have been an important member of the Neo-Pytha- 
gorean group, though his extant writings would seem to indicate that he was a 
popularizer and a compiler of manuals and not the head of a school. Besides the 
Introduction to Arithmetic and the Introduction U> Harmonics^ he also wrote a 
book on the mystical doctrine of number called Theohgoumena Arithmeticae, 
which is one of the best sources on Neo-Pythagoreanism; extracts and para- 
phrases of this work survive in a later anonymous work of the same name and 
in the BMiotheca, a collection of extracts from ancient works made in the ninth 
century by Photius, patriarch of Constantinople. Nicomachus also wrote an 
Introduction to Oeometry and a Life of PythagoraSj which have not survived, and 
a larger work on music, possibly that promised in the dedication to the Intro^ 
duction to Harmonics^ of which we have only fragments. He may have written a 
book on the interpretation of Plato, though the evidence for it is slight, and 
also an Inlroductwn to Astronomy, thereby completing the quadriyial series. 

The success of the IrUroduclion to Ari^metk must have been immediate. It 
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was used as a text book throughout later antiquity and, in the Latin para- 
phrase of Boethius, throughout the Middle Ages. It had a host of commenta- 
tors. In the Philopatris, attributed to Lucian, a character says: “You reckon 
like Nicomachus.’^ This remark lends itself to more than one interpretation, 
but in any case it is evidence of his fame. Nicomachus also appears to have 
been considered one of the “golden chain,” or succession, of tnie philosophers; 
for Proclus, the fifth century Neo-Platonist, who belonged to that “chain,” 
claimed, on the basis of a dream, that he had within him the soul of Nicomachus. 
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BOOK ONE 


CHAPTER I 

[1] The ancients, who under the leadership 
of Pythagoras first made science systematic, 
defined philosophy as the love of wisdom. In- 
deed the name itself means this, and before 
Pythagoras all who had knowledge were called 
*‘wise” indiscriminately— a carpenter, for ex- 
ample, a cobbler, a helmsman, and in a word 
anyone who was versed in any art or handi- 
craft. Pythagoras, however, restricting the title 
so as to apply to the knowledge and compre- 
hension of reality, and calling the knowldge 
of the truth in tWs the only wisdom, naturally 
designated the desire and pursuit of this knowl- 
edge philosophy, as being desire for wisdom. 

[2] He is more worthy of credence than those 
who have given other definitions, since he makes 
clear the sense of the teim and the thing de- 
fined. This *‘wisdora^^ he defined as the knowl- 
edge, or science, of the truth in real things, con- 
ceiving “science’' to be a steadfast and firm 
apprehension of the underlying substance, and 
“real things” to be those which continue uni- 
formly and the same in the universe and never 
depart even briefly from their existence; these 
real things would be things immaterial, by shar- 
ing in the substance of which everything else 
that exists under the same name and is so called 
is said to be “this particular thing,” and exists. 

[S] For bodily, material things are, to be 
sure, forever involved in continuous flow and 
change — in imitation of the nature and pecul- 
iar quality of that eternal matter and substance 
which has been from the beginning, and which 
was all changeable and variable throughout. 
The bodiless things, however, of which we con- 
ceive in connection with or together with imtr 
ter, such sisqualities, quantities, configurations, 
largeness, smallness, equality, relations, actu- 
alities, dispositions, places, times, all those 
things, in a word, whereby the qualities found 
in each body are comprehended— all these are 
of themselves immovable and unchangeable, 
but accidentally they share in and partake erf 
the affections of the body to which they beLoz^. 


[4] Now it is with such things that “wisdom” 
is particularly concerned, but accidentally also 
with things that share in them, that is, b^^ies. 

CHAPTER II 

[1] Those things, however, are immaterial, 
eternal, without end, and it is their nature to 
persist ever the same and unchanging, abiding 
by their own essential being, and each one of 
them is called real in the proper sense. But 
what are involved in birth and destruction, 
growth and diminution, all kinds of change and 
participation, are seen to vary continually, and 
while they are called real things, by the same 
term as tiie former, so far as they partake of 
them, they are not actually real by their own 
nature ; for they do not abide for even the short- 
est moment in the same condition, but are al- 
ways passing over in all sorts of changes. [2] 
To quote the words of Timaeus, in Plato, ^ 
“What is that which always is, and has no 
birth, and what is that which is always becom- 
ing but never is? The one is apprehended by 
the mental processes, with reasoning, and is 
ever the same; the other can be guess^ at by 
opinion in company with unreasoning sense, a 
thing which becomes and passes away, but 
never really is.” 

[3] Therefore, if we crave for the goal that 
is worthy and fitting for man, namely, happi- 
ness of life^— and this is accomplished by phil- 
osopby alone and by nothing else, and philoso- 
phy, as I said, means for us desire for wisdom, 
and wisdom the science of the truth in things, 
and of things some are properly so called, others 
merely share the name— it is reasonably and 
most necessary to distinguish and systematize 
the accidental qualities of things. 

[4] Things, then, both those properly so 
called and those tibat simply have the name, 
are some of them unified and continuous,, for 
example, an animal, the universe, a tree, aitd 

27. 

>The word used by Nieomachus, Is 
once emi^oyed by Aristotle in the Elhics^ L & 
1098^20ff* ^ 
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the like, which are properly and peculiarly 
called * 'magnitudes’’; others are discontinuous, 
in a side-by-side arrangement, and, as it were, 
in heaps, which are called "multitudes,” a 
flock, for instance, a people, a heap, a chorus, 
and the like. 

[S] Wisdom, then, must be considered to be 
the knowledge of these two forms. Since, how- 
ever, all multitude and magnitude are by their 
own nature of necessity infinite — for multitude 
statis from a definite root and never ceases in- 
creasing; and magnitude, when division begin- 
ning with a limited whole is carried on, cannot 
bring the dividing process to an end, but pro- 
ceeds therefore to infinity— and since sciences 
are always sciences of limited things, and never 
of infinites, it is accordingly evident that a sci- 
ence dealing either with magnitude, per se, or 
with multitude, per se, could never be formu- 
lated, for each of them is limitless in itself, mul- 
titude in the direction of the more, and magni- 
tude in the direction of the less. A science, how- 
ever, would arise to deal with something sepa- 
rated from each of them, with quantity, set off 
from multitude, and sise, set from magni- 
tude. 

CHAPTER III 

[1] Again, to start afresh, since of quantity 
one kind is viewed by itself, having no relation 
to anything else, as "even,” "odd,” "perfect,” 
and the like, and the other is relative to some- 
thing else and is conceived of together with its 
relationship to another thing, like "double,” 
"greater,” "smaller,” "half,” "one and one- 
half times,” "one and one-third times,” and so 
forth, it is clear that two scientific methods will 
lay hold of and deal with the whole investiga- 
tion of quantity ; arithmetic, absolute quantity, 
and music, relative quantity.* 

[^] And once more, inasmuch as part of 
"size” is in a state of rest and stability, and 
another part in motion and revolution, two 
Other sciences in the same way will accurately 
treat of “size,” geometry the part that abides 
and is at rest, astronomy that which moves and 
revolves. 

[S] Without the aid of these, then, it is not 
possible to deal accurately with the forms of 
being nor to discover the truth in things, knowl- 
edge of which is wisdom, and evidently noteven 
to philosophize properly, for "just as painting 
contributes to the menial arts toward correct- 
ness of theory, so in truth lines, numbers, har- 
monic intervals, and the revolutions of circles 

«a. Aristotle, Mel., IV. 15. 1020*’ 26. 


bear aid to the learning of the doctrines of wis- 
dom,” says the Pythagorean Androcydes. [4] 
Likewise Archytas of Tarentum, at the begin- 
ning of his treatise On Harmony, says the same 
thing, in about these words: "It seems to me 
that they do well to study mathematics, and 
it is not at all strange that they have correct 
knowledge about each thing, what it is. For if 
they knew rightly the nature of the whole, they 
were also likely to see well what is the nature 
of the parts. About geometry, indeed, and arith- 
metic and astronomy, they have handed down 
to us a dear understanding, and not least also 
about music. For these seem to be sister sci- 
ences; for they deal with sister subjects, the 
first two forms of being.” I 

[S] Plato, too, at the end of the thirteenth 
book of the Lawe, to which some give ihe title 
The Philosopher, because he investigates and 
defines in it what sort of man the real philoso- 
pher should be, in the course of his summary of 
what had previously been fully set forth and 
established, adds: "Every diagram, system of 
numbers, every scheme of harmony, and every 
law of the movement of the stars, ought to ap- 
pear one to him who studies rightly; and what 
we say will properly appear if one studies all 
things looking to one principle, for there will 
be seen to be one bond for all these things, and 
if any one attempts philosophy in any other 
way he must call on Fortune to assist him. For 
there is never a path without these; this is the 
way» these the studies, be they hard or easy; 
by this course must one go, and not neglect it. 
The one who has attained all these things in 
the way I describe, him I for my part call wis- 
est, and this I maintain through thick and 
thin.” [6] For it is clear that these studies are 
like ladders and bridges that carry our minds 
from things apprehended by sense and opinion 
to those comprehended by the mind and un- 
derstanding, and from those material, physical 
things, our foster-brethren known to us from 
childhood, to the things with which we are un- 
acquainted, foreign to our senses, but in their 
immateriality and eternity more akin to our 
souls, and above ail to the reason which is in 
our souls. 

[7] And likewise in Plato’s Republic, when 
the interlocutor of Socrates appears to bring 
certain plausible reasons to bear upon the 
mathematical sciences, to show that they are 
useful to human life; arithmetic for reckoning, 
distributions, contributions, exchanges, and 
partnerships, geometry for sieges, the found- 
ing of cities and sanctuaries, and the par^tion 
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of land, mufflo for festivals, entertainment, and 
aie worship of the gods, and the doctrine of the 
spheres, or astronomy, for farming, navigation 
and other undertakings, revealmg beforehand 
the proper procedure and suitable season, Soc- 
rates, reproaching him, says: ‘*You amuse me, 
because you seem to fear that these are useless 
studies that I recommend; but that is very dif- 
ficult, nay, impossible. For the eye of the soul, 
blinded and buried by other pursuits, is re- 
kindled and aroused again by these and these 
alone, and it is better that this be saved than 
thousands of bodily eyes, for by it alone is the 
truth of the universe beheld.'*^ 

CHAPTER IV 

[1] Which then of these four methods must 
we first learn? Evidently, the one which natu- 
rally exists before them all, is superior and takes 
the place of origin and root and, as it were, of 
mother to the others. [2] And this is arithme- 
tic,* not solely because we said that it existed 
before all the others in the mind of the creating 
God like some univeiml and exemplaiy plan, 
relying upon which as a design and archetypal 
example the creator of the universe sets in order 
his material creations and makes them attain 
to their proper ends; but also because it is nat- 
uially prior in birth, inasmuch as it abolishes 
other sciences with itself,® but is not abolished 
together with them. For example, “animal^* is 
naturally antecedent to “man,” for abolish “an- 
imal” and “man” is abolished; but if “man” 
be abolished, it no longer follows that “animal” 
is abolished at the same time. And again, * Wn” 
is antecedent to “schoolteacher”; for if “man” 
does not exist, neither does “schoolteacher,” 
but if “schoolteaclier” is nonexistent, it is still 
possible for “man” to be. Thus since it has the 
property of abolishing the other ideas with it- 
self, it is likewise the older. 

[S] Conversely, that is cidled younger and 
posterior which implies the other thing with 
itself,^ but is not implied by it, like “musician,” 
for this always implies “man.” Again, take 
“horse” ; “animal” is always implied along with 
“horse,” but not the reverse; for if “animal” 
exists, it is not necessary that “horse” should 
exist, nor if “man” exists, must “musician^* 
also be implied. 

527 ff , 

*Hato, Rep.f 522. 

»Cf. below II. 22. 8. Cf. Aristotie, lOlO* 
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Top,, IL 4. IIP 26 ff. 


m 

U] So it is with the foregoing sciences; if 
geometry exists, arithmetic must also needs be 
implied, for it is with the help of this latter 
that we can speak of trian^e, quadrilateral, 
octahedron, icosahedron, double, eightfold, or 
one and one-half times, or anything else of the 
sort which is used as a term by geometry, and 
such things cannot be conceived of without the 
numbers that arc implied with each one. For 
how can “triple” exist, or be spoken of, unless 
the number 3 exists beforehand, or “eightfold” 
without 8? But on the contrary 3, 4, and the 
rest might be without the figures existing to 
which they give names. [5] Hence arithmetic 
abolishes geometry along with itself, but is not 
abolished by it, and while it is implied by ge- 
ometry, it does not itself imply geometry. 

CHAPTER V 

[1] And once more is this true in the case of 
music; not only because the absolute is prior to 
the relative, as “great” to “greater” and “rich” 
to “richer” and “man” to “father,” but also 
because the musical haimonies, diatessaron, 
diapente, and diapason, am named for num>- 
bers; similarly all of their harmonic ratios are 
arithmetical ones, for the diatessaron is the 
ratio of 4:3, the diapente that of 3:2, and 
the diapason the double ratio; and the most 
perfect, the didiapason, is the quadruple 
ratio. 

f£] More evidently still astronomy attains 
through arithmetic the investigations that per- 
tain to it, not alone because it is later than 
geometry® in origin — for motion naturally 
comes after rest — ^nor because the motions of 
the stars have a perfectly melodious harmony, 
but also because risings, settings, progressions, 
retrogressions, increases, and all sorts of phases 
are governed by numerical cycles and quanti- 
ties. 

[3] So then we have rightly undertaken first 
the systematic treatment of this, as the science 
naturally prior, more honorable, and more ven- 
erable, and, as it were, mother and nurse of tiie 
rest; and here we will take our start for the 
sake of clearness. 

CHAPTER VI 

f i jf All that has by nature with systemaifcie 
method been arranged in the universe semns 
both in part and as a whole to have been deter- 
mined and ordered in accordance with nuBd)er| 
by the forethought and the mind of him that 


«Cf . Plato, Rep., 628. 
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€i^sated all things; for the pattern was fixed, 
like a preliminary sketch, by the domination 
of number preexistent in the mind of the world- 
creating God, number conceptual only and im- 
material in every way, but at the same time the 
true and the eternal essence, so that with refer- 
ence to it, as to an artistic plan, should be cre- 
ated all these things, time, motion, the heavens, 
the stars, all sorts of revolutions. 

[2] It must needs be, then, that scientific 
number, being set over such things as these, 
^ould be harmoniously constituted, in accord- 
ance with itself ; not by any other but by itself. 

[3] Everything that is harmoniously constitut- 
ed is knit together out of opposites and, of 
course, out of real things; for neither can non- 
existent things be set in harmony, nor can 
things that exist, but are like one another, nor 
yet things that are different, but have no rela- 
tion one to another. It remains, accordingly, 
that those things out of which a harmony is 
made are both real, different, and things with 
some relation to one another. 

[4] Oi such things, therefore, scientific num- 
ber consists; for the most fundamental species 
in it are two, embracing the essence of quan- 
tity, different from one another and not of a 
wholly different genus, odd and even, and they 
are reciprocally woven into harmony with each 
other, inseparably and uniformly, by a wonder- 
ful and divine Nature, as straightway we shall 
see. 

CHAPTER VII 

[ 1] Number is limited multitude or a com- 
bination of units or a flow of quantity made up 
of units ; and the first division of number is even 
and odd. 

[2] The even^ is that which can be divided 
into two equal parts without a unit intervening 
in the middle ; and the odd is that which cannot 
be divided into two equal parts because of the 
aforesaid intervention of a unit. 

[3] Now this is the definition after the ordi- 
nary conception; by the Pythagorean^ioctrine, 
however, the even number is that which admits 
of division into the greatest and the smallest 
parts at the same operation, greatest in size 
and smallest in quantity, in accordance with 
the natural contrariety of these two genera; 
amd the odd is i^t which does not allow this 
to be done to it, but is divided into two unequal 
parts. 

{ f4JtInstUI.ipotherway,bytheancientdefi- 
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nition; the even is that which can be divided 
alike into two equal and two unequal parts, ex- 
cept that the dyad, which is its dementary 
form, admits but one division, that into equal 
parts; and in any division whatsoever it brings 
to lij^t only one species of number, however it 
may be divided, independent of the other. The 
odd is a number which in any division whatso- 
ever, which necessarily is a division into un- 
equal parts, shows both the two species of num- 
ber together, never without intermixture one 
with another, but always in one another’s com- 
pany. 

[6] By the definition in terms of each other, 
the odd is that which differs by a unit from the 
even in either direction, that is, toward the 
greater or the less, and the even is th^ which 
differs by a unit in either direction f^m the 
odd, that is, is greater by a unit or lete by a 
unit. 

CHAPTER VIII 

[1] Every number is at once half the sum of 
the two on either side of itself, and similarly 
half the sum of those next but one in either 
direction, and of those next beyond them, and 
so on as far as it is possible to go. [2] Unity 
alone, because it does not have two numbers 
on either side of it, is half merely of the adjoin- 
ing number; hence unity is the natural starting 
point of all number. 

[3] By subdivision of the even, there are the 
even-times even, the odd-times even, and the 
even-times odd. The even-times even and the 
even-times odd are opposite to one another, 
like extremes, and the odd-times even is com- 
mon to them both like a mean term. 

[4] Now the even-times even* is a number 
which is itself capable of being divided into two 
equal pai-ts, in accordance with the properties 
of its genus, and with each of its parts similarly 
capable of division, and again in the same way 
each of their parts divisible into two equals un- 
til the division of the successive subdivisions 
reaches the naturally indivisible unit. [ 5] Take 
for example 64; one half of this is 32, and of 
this 16, and of this the half is 8, and of this 4, 
and of this 2, and then finally unity is half of 
the latter, and this is naturally indivisible and 
will not admit of a half. 

[6] It is a property of the eyen-tiines even 
that, whatever part of it be taken, it is always 

^Euclid’s definition is: *The even-tiines even 
number is that which is measured by an even 
numbeV an even number of times” VH* 

Def.8. 
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ey^ 4 m 0 Bevenin derngnation, and at theaame 
time, by the quantity of the units in it, even- 
times even in value; and tliat neither of these 
two things will ever share in the other class. 

[7] Doubtless it is because of this that it is 
called even-times even, because it is itself even 
and always has its parts, and the parts of its 
parts down to unity, even both in name and in 
value; in other words, every part that it has is 
even-times even in name and even-times even 
in value. 

[ 8] There is a method of producing the even- 
times even, so that none will escape, but all 
successively fall under it, if you do as follows: 

[ 9] As you proceed from unity, as from a root, 
by the double ratio to infinity, as many terms 
as there are will all be even-times even, and it 
is impossible to find others besides these; for 
instance, 1, 2, 4, 8, 16, 32, 64, 128, 256, 512. . . . 

[10] Now each of the numbers set forth was 
produced by the double ratio, Iwgiiining with 
unity, and is in every respect even-times even, 
and every part that it may be found to have is 
always named from some one of the numbers 
before it in the series, and the sum of units in 
this part is the same as one of the numbers be- 
fore it, by a system of mutual correspondence, 
indeed, and interchange. If there is an even 
number of terms of the double ratio from unity, 
not one mean term can be found, but always 
two, from which the correspondence and inter- 
change of factors and values, values and fac- 
tors, will proceed in order, going first to the two 
on either side of the means, then to the next on 
either side, until it comes to the extreme terms, 
so that the whole will correspond in value to 
unity and unity to the whole. For example, if 
we set down 128 as the largest term, the num- 
ber of terms will be even, for there are eight in 
all up to this number; and they will not have 
one mean term, for this is impossible with an 
even number, but of necessity two, 8 and 16. 
These will correspond to each other as factors; 
for of the whole, 128, 16 is one eighth and con- 
versely 8 is one sixteenth. Thence proceeding 
in dther direction, we find that 32 is one fourth, 
and 4 one thirty-second, and again 64 is one 
half, and 2 one sixty-fourth, and finally at the 
extremes unity is one one-ihundred-twenty- 
eighth, and conversely 128 is the whole, to cor- 
respond with unity. , 

[11] If, however, the series consists of an 
odd number of terms, seven for example, and 
we deal with 64, there will be of necessity one 
mean term in accordance with the nature of 
the odd; Ure mean term will oorrespemd to it* 


sdf because it has no partn^; and thoso dh 
either mde of it in turn will correspond to Oiie 
another until this correspondence ends in the 
extremes. Unity, for example, will be oiie sijtty- 
fourth, and 64 the whole, corresponding 'to uni- 
ty; 32 is one half, and 2 one thirty-second: 16 
is one fourth, and 4 one sixteenth; and 8 the 
eighth part, with nothing else to correspond 
to it. 

[19] It is the property of all these tei^ 
when they are added together successively to 
be equal to the next in the series, laclring one 
unit, so that of necessity their summation in 
any way whatsoever will be an odd number, 
for tliat which fails by a unit of being equal to 
an even number is odd. [13] This observation 
will be of use to us very sliortly in the construc- 
tion of perfect numbers.^ But to take an exam- 
ple, tlie terms from unity preceding 256 in the 
series, when added together, are within 1 of 
equaling 256, and all the terms before 128, the 
term immediately preceding, are similariy equal 
to 128 save for one unit; and to the next terms 
the sums of those below them are similarly re- 
lated. Thus unity itself* is within one unit of 
equaling the next term, which is 2, and these 
two together fail by 1 of equaling the next, and 
the three together are within 1 of the next in 
order, and you will find that this goes on with- 
out interruption to infinity. 

[14] This too it is very needful to recall: If 
the number of terms of the even-times even 
series dealt with is even, the product of the ex- 
tremes will always be equal to the product of 
the means; if there is an odd number of terms, 
the product of the extremes will be equal to the 
square of the mean. P"or, in the case of an even 
number of terms, 1 times 128 is equal to 8 times 
16 and further to 2 times 64 and again to 4 
times 32, and this is so in every ctise; and with 
an odd number of terms, 1 times 64 equals 2 
times 32, and this equals 4 times 16, and this 
again equals 8 times 8, the mean term alone 
multiplied by itself. 

CHAI>TER IX 

[ 1] The even-timesodd number isoiw which 
is by its genus itself even, but is specifically op- 
posed to the aforesaid even-times even. It is a 
number of which, though it admits of the divi- 
sion into two equal halves, after the fashion of 
the genus common to it and the even-tones 
even, the halves are not immediately divl^ble 

^See Chapter 16. 

*a.onI.8.7. 
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into two equals, for example, 6, 10, 14, 18, 22, 
26, and the like; for after these have been di- 
vided their halves are found to be indivisible. 

[£] It is the property of the even-times odd 
that whatever factor it may be discovered to 
have is opposite in name to its value, and that 
the quantity of every part is opposite in value 
to its name, and tliat the numerical value of its 
part never by any means is of the same genus 
as its name. To take a single example, the num- 
ber 18, its half, with an even name, is 9, odd in 
value; its third part, again, with an odd desig- 
nation, is 6, even in value; conversely, the sixth 
part is 3 and the ninth part 2; and in other 
numbers the same peculiarity will be found. 

[3] It is possibly for this reason that it re- 
ceive such a name, that is, because, although 
it is even, its halves are at once odd. 

[4] This number is produced from the series 
beginning with unity, with a difference of 2, 
namely, the odd numbers, set forth in proper 
order as far as you like and then multiplied by 
2. The numbers produced would be, in order, 
these: 6, 10, 14, 18, 22, 26, 30, and so on, as far 
as you care to proceed. The greater terms al- 
ways differ by 4 from the next smaller ones, 
the reason for which is that their original basic 
forms, the odd numbers, exceed one another by 
2 and were multiplied by 2 to make this series, 
and 2 times 2 makes 4. 

[5] Accordingly, in the natural series of num- 
bers the even-times odd numbers will be found 
fifth from one another, exceeding one another 
by a difference of 4, passing over three terms, 
and produced by the multiplication of the odd 
numbers by 2. 

[6] They are said to be opposite in proper- 
ties to the even-times even, because of these 
the greatest extreme term alone is divisible, 
while of these former the smallest only proved 
to be indivisible; and in particular because in 
the former case the reciprocal arrangement of 
parts^ from extremes to mean term or terms 
makes the product of the former equal to the 
square or product of the latter; but inthis case 
by the same correspondence and comparison 
the mean term is one half the sum of the ex- 
tremes, or if there should be two means, their 
sum equals that of the two extremes. 

CHAPTER X 

[1] The odd-times even number is the one 
whiti^ displays the third form of die even, be- 
longing in common to both the previously men- 

KSL LS. 10. 


tioned species like a single mean between two 
extremes, for in one respect it resembles the 
even-times even, and in another the even-times 
odd, and that property wherein it varies from 
the one it shares with the other, and by that 
property which it shares with the one it differs 
from the other. 

[^} The odd-times even number is an even 
number which can be divided into two equal 
parts, whose parts also can so be divided, and 
sometimes even the parts of its parts, but it 
cannot carry the division of its parts as far as 
unity. Such numbers are 24, 28, 40; for each of 
these has its own half and inde^ the half of its 
half, and sopietimes one is found among them 
that will allow the halving to be carrifcd even 
farther among its paits. There is none, how- 
ever, that will have its parts divisible into^alves 
as far as the naturally indivisible unit. 

[S] Now in admitting more than one divi- 
sion, the odd-times even is like the even4imes 
even and unlike the even-times odd ; but in that 
its subdivision never ends with unity, it is like 
the even-times odd and unlike the even-times 
even. 

[4] alone has at once the proper qualities 
of each of the former two,* and then again prop- 
erties which belong to neither of them; for of 
them one had only the highest term divisible, 
and the other only the smallest indivisible, but 
this neither; for it is observed to have more di- 
visions than one in the greater term, and more 
than one indivisible in the lesser. 

[5] Furthermore, there are in it certain parts 
whose names are not opposed to their values 
nor of the opposite genus,® after the fashion of 
the even-times even; and there are also always 
other parts of a name opposite and contrary in 
kind to their values, after the fashion of the 
even-times odd. For example, in 24, there are 
parts not opposed in name to their values, the 
Wrth part, 6, the half, 12, the sixth, 4, and the 
twelfth, 2; but the third part, 8, the eighth, 3, 
and the twenty-fourth, 1, are opposed; and so 
it is with the rest. - 

[6] This number is produced by a somewhat 
complicated method, and shows, after a fash- 
ion, even in its manner of production, that it 
is a mixture of both other kinds. For whereas 
the even-times even is made from even num- 
bers, the doubles from unity to infinity, and 
the even-lmes odd from the odd numbers from 
3, progressing to infinity, this must be woven 

•Of. 1.9. 6. 

*a.t8.7;9*2. 
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together out of bolA claasee, as bang common 
to both, /’rj Let us Iben set forth the odd num- 
bers from 3 by themselves in due order in one 
scrios* 

3, 5, 7, 9, 11, 13, 15, 17, 19, . . . 
and the even-times even, beginning with 4, 
again one after another in a second series after 
their own order: 

4, 8, 16, 32, 64, 128, 256, . . . 
as far as you please. [8] Now multiply by the 
first number of either series— it makes no dif- 
ference which— from the beginning and in order 
all those in the remaining series and note down 
the resulting numbers; then again multiply by 
the second number of the same series the same 
numbers once more, as far as you can, and write 
down the results; then with the third number 
again multiply the same terms anew, and how- 
ever far you go you will get nothing but the 
odd-times even numbers. 

[9] For the sake of illustration let us use the 
first term of the series of odd numbers and mul- 
tiply by it all the terms in the second series in 
order, thus: 3 X 4, 3 X 8, 3 X 16, 3 X 32, and 
so on to infinity. The results will be 12, 24, 48, 
96, which we must note down in one line. Then 
taking a new start do the same thing with the 
second number, 5X4, 5X8, 5X16, 5X32, The 
results will be 20, 40, 80, 160. Then do the same 
thing once more with 7, the third number, 7X 
4, 7X8, 7X16, 7X32. The results are 28, 56, 


m 

term, or their product, should there be two. 
Thus this one species has the peculiar proper- 
ties of them both, because it is a natui^ mbfi- 
ture of them both. 

CHAPTER XI 

[1] Again, while the odd is distinguished over 
against the even in classification and has noth- 
ing in common with it, since the latter is di- 
^sible into equal halves and the former is not 
tlius divisible, nevertheless there are found 
three species of the odd,* differing from one an- 
other> of which the first is called the prime and 
incomposite,* tlrnt which is opposed to it the 
secondary and composite, and that which is 
midway between both of these and is viewed as 
a mean among extremes, namely, the variety 
which, in itself, is secondary and composite, 
but relatively is prime and inoomposite. 

[2] Now the first species, the prime and in- 
composite, is found whenever an odd number 
admits of no other factor save the one with the 
number itself as denominator, which is always 
unity; for example, 3, 5, 7, 11, 13, 17, 19, 23, 
29, 31. None of these numbers will by any 
chance be found to have a fractional part with 
a denominator different from the number it- 
self, but only the one with this as denominator, 
and this part will be unity in each case; for 3 
has only a third part, which has the same de- 
nominator as the number and is of course uni- 


Odd numbers 9 11 13 15 


Even-times even 

4 

3 

16 

32 

64 

128 

256 


12 

24 ’ 

48 

96 

192 

384 

763 

.fii 

20 

40 

80 

160 

320 

640 

1280 

Odd-times even numbers, | 

28 

56 

112 

224 

448 

896 

1792 


36 

72 

144 

288 

676 

1152 

2304 


44 

88 

176 

352 

704 

1408 

2816 


Length 


112, 224; and in the same way as far as you 
care to go, you will get similar results. 

[lOJ Now when you arrange the products of 
multiplication by each term in its proper line, 
maldng the lines parallel, in marvelous fashion 
there will appear along the breadth of the table 
the peculiar property of the even-times odd, 
that the mean term is always half the sum of 
the extremes, if there should be one mean, and 
the sum of the means equals the sum of the ex- 
tremes if two. But along the length of tfie table 
the property of the even-times even will appear ; 
for tbq product of the extremes is equal to the 
squ^G of the mean^ ^ould there be one pman 


ty, 5 a fifth, 7 a seventh, and 11 only an elev- 
enth part, and in all of them these parts are 
unity. 

[3] It has received this name because it can 
be measured only by the number which is first 
and common to all, unity, mid by no other; 
moreover, because it is produced by no other 
number combined with itself save unity alone; 
for 5 is 5X 1, and 7 is 7X 1, and the others in 
accordance with their own quantity. To be sure, 
when they are combined with themselves, o%r 

»Cf. Euclid, Elm., VII, Deff., 11-14. 

2Cf. Euclid, VU* Def. H; Aristotle, 

VIII. 2. 167“ 39. 
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ntimbers xui^t be produced, origmalobg from 
as from a fountain and a root, wherefore 
^ey are called “prime,” because they exist be- 
forehand as the beginnings of the others. For 
every origin is elementary and incomposite, in- 
to which everything is resolved and out of which 
everything is made, but the origin itself cannot 
be resolved into anything or constituted out of 
anything. 

CHAPTER XII 

[1] The secondary, composite numberi is an 
odd number, indeed, because it is distinguished 
as a member of this same class, but it has no 
elementary quality, for it gets its origin by the 
combination of something else. For this reason 
it is characteristic of the secondary number to 
have, in addition to the fractional part with 
the number itself as denominator, yet another 
part or parts with different denominators, the 
former ^ways, as in all cases, unity, the latter 
never unity, but always either that number or 
those numbers by the combination of which it 
was produced. For example, 9, 15, 21, 25, 27, 
33, 35, 39; each one of these is measured by 
unity, as other numbers are, and like them has 
a fracrional part with the same denominator as 
the number itself, by the nature of the class 
common to them all ; but by exception and more 
peculiarly they also employ a part, or parts, 
with a different denominator; 9, in addition to 
the ninth part^ has a third part besides; 15 a 
third aad a fifth besides a fifteenth; 21 a sev- 
enth and a third besides a twenty-first, and 25, 
in addition to the twenty-fifth, which has as a 
denominator 25 itsdif, also a fifth, with a dif- 
ferent denominator. 

[2] It is called secondary, then, because it 
can employ yet another measure along with 
unity, and because it is not elementary, but is 
produced by some other number combined with 
its^f or with something else; in the case of 9, 
3; in the case of 15, 5 or, by Zeus, 3; and those 
following in the same fkshion. And it is called 
composite for tl^, or some such, reason: that 
it may be resolved into those numbers out of 
which itwas m^e, since it can also be measured 

them. For;xothing riiat can be broken down 
18 inoomposite, but by all means composite. 

CHAPTER Xin 

fl] Nby imile these two species of the odd 
afe opp^#^ to each other a third one^ is con- 

' ^ ■ ■ , 1 ' 

HXa^d. -Btemento. VII. Def. 


cdved of between fihem, deriving, as It ^#sre, 
its specific form from them both, namdy the 
number which is in itself second^ and com- 
posite, but relatively to another number is 
prime and incomposite. This exists when a num- 
ber, in addition to the common measure, unity, 
is measured by some other number and is ^ere- 
fore able to admit of a fractional part, or parts, 
with denominator other than the number itself, 
as well as the one with itself as denommator. 
When this is compared with another number 
of similar properties, it is found that it cannot 
be measured by a measure common to the oth- 
er, nor does it have a fractional part with the 
same denominator as those in the other. As an 
iUustratidn^ let 9 be compared with 2(5. Each 
in itself is secondary and composite, lit rela- 
tively to each other they have only uni^y as a 
common measure, and no factors in them have 
the same denominator, for the third part in the 
former does not exist in the latter nor is the 
fifth part in the latter found in the former. 

[2] The production of these nuihbers is called 
by Eratosthenes the “sieve,” because we take 
the odd numbers mingled together and indis- 
criminate and out of them by this method of 
production separate, as by a kind of instrument 
or sieve, the prime and incomposite by them- 
selves, and tiie secondary and composite by 
themselves, and find the mixed class by them- 
selves. 

[S] The method of the “sieve” is as follows. 
I set forth all the odd numbers in order, begin- 
ning with 3, in as long a series as possible, and 
then starting with the first I observe what ones 
it can measure, and I find that it can measure 
the terms two places apart, as far as we care 
to proceed. And I find that it measures hot as 
it chances and at random, but that it will meas- 
ure the first one, that is, the one two places re- 
moved, by the quantity of the one that stands 
first in the series, that is, by its owm quantity, 
for it me^ures it 3 times; and the one two 
places froih this by the quantity of the second 
in order, for this iLwill measure 5 times; and 
again the one two places farther on by the quan- 
tity of the third in order, or 7 times, and, the one 
two places still farther oh by the quantity of 
the fourth in order, or 9 times, a-nd so ad infinir 
turn in the same way. . . , , 

[4] Then taldng a frei^ start I come w the 
second number and observe whort it cap meas- 
ure, and find that it measures all tW ^nns 
four places apart, the first by the quantity of 
the first in order, or 3 times; the second by that 
of the second, or 5 times; the third ty' ihat of 
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the third, or 7 imes; and in this older od infi- 
nUum. 

[5] Again, as before, the third term 7, taking 
over the measuring function, will measure 
terms six places apart, and the first by the 
quantity of 3, the tot of the series, the second 
by that of 5, for this is the second number, and 
the third by that of 7, for this has the third 
position in the series. 

[6] And analogously throughout, this proc- 
ess will go on without interruption, so that the 
numbers will succeed to the measuring func- 
tion in accordance with their fixed portion in 
the series; the interval separating terms meas- 
ured is determined by the orderly progress of 
the even numbers from 2 to infinity, or by the 
doubling of the position in the series occupied 
by the measuring term, and the number of 
times a term is measured is fixed by the orderly 
advance of the odd numbers in series from 3. 

[7] Now if you mark the numbers with cer- 
tain signs, you will find that the terms which 
succeed one another in the measuring function 
neither measure all the same number— and 
sometimes not even two will measure the same 
one — nor do absolutely all of the numbers set 
forth submit themselves to a measure, but some 
entirely avoid being measured by any number 
whatsoever, some are measured by one only, 
and some by two or even more. [8] Now these 
that are not measured at all, but avoid it, are 
primes and incompowtes, sifted out as it were 
by a sieve; those measured by only one mea^ 
ure in accordance with its own quantity will 
have but one fractional part with denominator 
different from the number itself, in addition to 
the part with the same denominator; and those 
which are measured by one measure only, but 
in accordance with the quantity of some other 
number than the measure and not its own, or 
are measured by two measures at the same 
time, will have several fractional parts with 
other denominators besides the one with the 
same as the number itself ; these will be second- 
ary and composite. 

[S]- The third division, the one common to 
both the former, which is in itself seconds^ 
and composite but pjpmary and incomposite in 
relation to another, will consist of the numbers 
produced when sonpie prime and incomposite 
number measures them in accordance with its 
own quantity, if one thus produced be compared 
to another of idmilar origin. For example, if 9, 
which was produced by 3 measuring by its own 
quimtity,.for it is 3 times 3, be compared wi& 
23, wUqh was produced frmn 5 measuring by 


its own quantity, for it is 5 times 3, these 
bers have no common measure except unity. ; 

[10] We shall now investigate how wo may 
have a method^ of discerning whether numbers 
are prime and incomposite, or secondary and 
composite, relatively to each other, since ot the 
former unity is the common measure, but» of 
the latter some other number also besides uni- 
ty; and what this number is. 

[11] Suppose there be given us two odd num- 
bers and some one sets the problem and directs 
us to determine whether they are prime and 
incomposite relatively to each other or second- 
ary and composite, and if they are secondary 
and composite, what number is their common 
measure. We must compare the given numbers 
and subtract the smaller from the larger as 
many times as possible; then after this sub- 
traction, subtract in turn from the other as 
many times as possible ; for this changing about 
and subtraction from one and the other in turn 
will necessarily end either in unity or in some 
one and the same number, which will necessar- 
ily be odd. [12] Now when the subtractions 
terminate in unity they show that the numbers 
are prime and incomposite relatively to each 
other; and when they end in some other num- 
ber, odd in quantity and twice produced, then 
say that they are secondary and composite rel- 
atively to each other, and that their common 
measure is that very number which twice ap- 
pears. 

For example, if the given numbers were 23 
and 45, subtract 23 from 45, and 22 will be the 
remainder; subtracting this from 23, the re- 
mainder is 1, subtracting this from 22 as many 
times as possible you will end with unity. 
Hence they are prime and incomposite to one 
another, and unity, which is the remainder, is 
their common measure. 

[IS] But if one should propose other num* 
bers, 21 and 49, 1 subtract the smaller from the 
larger and 28 is the remainder. Then again 1 
subtract the same 21 from this, for it can be 
done, and the remainder is 7. This I subtract 
in turn from 21 and 14 remains; from which 1 
subtract 7 again, for it is possible, and 7 will 
remain. But it is not posfflble to subtract 7 from 
7; hence the tennination of the process with a 
repeated 7 has been brou^t about, and you 
may declare the ori^nal numbers 21 and 49 
secondary and composite relatively to eadi 

^This mode of determining common factom is 
found in Euclid (VII. Ij X. 2) and is commoner 

termed tlm Euefidean method d finding ike gi^ 

est common divisor d numbers. , 
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other, and 7 their common measure in addition 
to the universal unit. 

CHAPTER XIV 

[1 ] To make again a fresh start, of the dimple 
even numbers, some are superabundant, some 
deficient, like extremes set over against each 
other, and some are intermediary between them 
and are called perfect. [^] Those which are said 
to be opposites to one another, the superabun- 
dant and deficient, are distinguished from one 
another in the relation of inequality' in the di- 
rections of the greater and the less; for apart 
from these no other form of inequality could 
be conceived, nor could evil,* disease, dispro- 
portion, unseemliness, nor any such thing, save 
in terms of excess or deficiency. For in the realm 
of the greater* there arise excesses, overreach- 
ing, and superabundance, and in the less need, 
deficiency, privation, and lack; but in that 
which lies l^tween the greater and the less, 
namely, the equal, are virtues, wealth, modera- 
tion, propriety, beauty, and the like, to which 
the aforesaid form of number, the perfect, is 
most akin. 

[S] Now the superabundant number is one 
which has, over and above the factors which 
belong to it and fall to its share, others in addi- 
tion, just as if an animal should be created with 
too many parts or limbs, with ten tongues, as 
the poet says,^ and ten mouths, or with nine 
lips, or three rows of teeth, or a hundred hands, 
or too many fingers on one hand. Similarly if, 
when all the factors in a number are examined 
and added together in one sum, it proves upon 
investigation that the number’s own factors ex- 
ceed the number itself, this is called a super- 
abundant number, for it oversteps the symme- 
try which exists between the perfect and its 
own parts. Such are 12^ 24, and certain others, 
for 12 has a half, 6, a third, 4, a fourth, 3, a 
sixth, 2, and a twelfth, 1, which added together 
make 16, which is more than the original 12; 
its parts, therefore, are greater than the whole 
itself, [i] And 24 has a half, a third, fourth, 
sixth, eighth, twelfth, and twenty-fourth, 
which are 12, 8, 6, 4, 3, 2, 1. Added together 
they make 36, which, compared to the original 
number, 24, is found to be greater than it, al- 
though made up solely of its factors^ Hence in 
this case also the parts are in excess of the 
whole. 

*Cf. 1. 17.2,4, 6; also 1. 23. 4. 

*Cf. Arist., Ethici, IL 6; 1106^ 23. 

' ' •(». Arist., Ethics, Itv 6. 1 106^ 24, 33. 

*Homer, Odyssey, 301. 86 ff. 


CHAPTER XV 

[1 ] The deficient number is one wMch has 
queries the opposite of those pointed out, and 
whose factors added together are less in com- 
parison than the number itself. It is as if some 
animal should fall shm*t of the natural number 
of limbs or parts, or as if a man should have 
but one eye, as in the poem, “And one round 
orb was fixed in his broW”; or as though one 
should be one-handed, or have fewer than five 
fingers on one hand, or lack a tongue, or some 
such member. Such a one would be called de- 
ficient and so to speak maimed, after the pe- 
culiar fashion of the number whose factors are 
less than itself, such as 8 or 14. For 8 has the 
factors half, fourth, and eighth, which are 4, 2, 
and 1, and added together they mak^7, and 
less than the original number. The parts| there- 
fore, fall short of making up the whole. [S] 
Again, 14 has a half, a seventh, a fourteenth, 
7, 2, and 1, respectively; and all together they 
make 10, less than the original number. So this 
number also is deficient in its parts, with re- 
spect to making up the whole out of them. 


CHAPTER XVI 

[1] While these two varieties are opposed 
after the manner of extremes, the so-called per- 
fect number* appears as a mean, which is dis- 
covered to be in the realm of equality, and 
neither makes its parts greater than itself, add- 
ed together, nor shows itself greater than its 
parts, but is always equal to its own parts. P'or 
the equal is always conceived of as in the mid- 
ground between greater and less, and is, as it 
were, moderation between excess and deficien- 
cy, and that which is in tune, between pitches 
too high and too low. 

[2] Now when a number, comparing with 
itself the sum and combination of all the fac- 
tors whose presence it will admit, neither ex- 
ceeds them in multitude nor is exceeded by 
them, then such a number is properiy said to 
be perfect, as one which is ^ual to its oWn 
parts. Such numbers are 6 and 28; for 6 has tiie 
factors half, third, and rixth,' 3, 2, and 1, re- 
spectively, and these added together make 6 
and are equal to the original number, and 
neither more nor less. Twenty-eight has the 
factors half, fourth, seventh, fourteenth, and 
twenty-eighth, which are 14, 7, 4, 2 and 1; these 
added together make 28, and so n^her are the 

•Euclid’s definition, Elem., Vll. 22, is: 
feet AuxdbeariSoae that is equal to its oWn parts.’ 



INTRODUCTION TO ARITHMETIC I. 


parts greater than the whole nor the whole 
greater than the parts^ but their comparison 
is in equality, which is the peculiar quality of 
the perfect number. 

[S] It comes about that even as fair and ex- 
cellent things are few and easily enumerated, 
while ugly and evil ones are widespread, so also 
the superabundant and deficient numbers are 
found in great multitude and irregularly placed 
— for the method of their discovery is irregu- 
lar— but the perfect numbers are easily enum- 
erated and arranged with suitable order; for 
only one is found among the units, 6, only one 
other among the tens, 28, and a third in the 
rank of the hundreds, 496 alone, and a fourth 
within the limits of the thousands, that is, be- 
low ten thousand, 8,128. And it is their accom- 
panying characteristic to end alternately in 6 
or 8, and always to be even. 

[4] There is a method of producing them,' 
neat and unfailing, which neither passes by any 
of the perfect numbers nor fails to differentiate 
any of those that are not such, which is carried 
out in the following way. 

You must set forth the even-times even num- 
bers from unity, advancing in order in one line, 
as far us you please: 1, 2, 4, 8, 16, 32, 64, 128, 
256, 512, 1,024, 2,048, 4,096.... Then you 
must add them together, one at a time, and 
each time you make a summation observe the 
result to see what it is. If you find that it is a 
prime, incomposite number, multiply it by the 
quantity of the last number added, and the re- 
sult will always be a perfect numlxjr. If, how- 
ever, the result is secondary and composite, do 
not multiply, but add the next and observe 
again what the resulting number is; if it is sec- 
oiiflary and composite, again pass it by and do 
not multiply; but add the next; but if it is 
prime and incomposite, multiply it by the last 
term added, and the result will be a perfect 
number; and so on to infinity. In similar fash- 
ion you will produce all the perfect numbers in 
succession, overlooking none. 

For example, to 1 1 odd 2, and observe the 
sum, and find that it is 3, a prime and iiicoin- 
posite number in accordance with our previous 
demonstrations; for it has no factor with de- 
nominator different from the number itself, but 
only that with denominator agreeing. There- 
fore I multiply it by the last number to be tak- 
en into the sum, that is, 2; I get 6, and this I 
declare to be the first perfect number in actu- 
ality, and to have those parts which are beheld 

»Or.BiioUd(XX.86}. 


in the numbers of which it is bomposed. For it 
will have unity as the factenr with denominator 
the same os itself, that is, its sixth part; and 8 
as the half, which is seen in 2, and conversely 
2 as its third part. 

[5] Twenty-eight likewise is produced by 
the same method when another number, 4, is 
added to the previous ones. For the sum of the 
three, 1, 2, and 4, is 7, and is found to be prime 
and incomposite, for it admits only the factor 
with denominator like itself, the seventh part« 
Therefore I multiply it by the quantity of the 
term lost taken into the summation, and my 
result is 28, equal to its own parts, and having 
its factors derived from the numbers already 
adduced, a half corresponding to 2; a fourth, 
to 7; a seventh, to 4; a fourteenth to offset the 
half; and a twenty-eighth, in accordance with 
its own nomenclature, which is 1 in all num- 
ber. 

[0] When these have been discovered, 6 
among the units and 28 in the tens, you must 
do the same to fashion the next. [7 ] Again add 
the next number, 8, and the sum is 15. Observ- 
ing this, I find that we no longer have a prime 
and incomposite number, but in addition to the 
factor with denominator like the number itself, 
it has also a fifth and a third, with unlike de^ 
nominators. Hence I do not multiply it by 8, 
but add the next uuml>cr, 16, and 31 results. 
As this is a prime, incomposite number, of ne- 
cf»ssity it will be multi pli^, in accordance with 
the general rule of the process, by the last num- 
ber added, 16, and the result is 496, in the hun- 
dreds ; and then comes 8,128 in the thousands, 
and so on, as far as it is convenient for one to 
follow. 

Now unity is potentially a perfect num- 
licr, but not actually; for taking it from the 
series as the very first I observe what sort it is, 
according to the rule, and find it prime and in- 
composite; for it is BO in very truth, not by par- 
ticipation like the rest, but it is the primary 
number of all, and alone incomposite. [9] I 
multiply it, therefore, by the last term taken 
into the summation, that is, by itself, and my 
result is 1; for 1 times 1 equals 1. [10] Thus 
unity is perfect potentially; for it is potentially 
equd to its own parts, the others actually. 

CHAPTER XVII 

[1] Now that we have ipven a preliminaiy 
systematic account of absolute quantity we 
come in turn to relative quantity. 

[$] Of relative quantity, then, the highest 
generic divisions are two, equality and inequal* 
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ity; fbr everything viewed in ccmiparison with 


another thing » either equal or unequal) and 
there is no third thing besides these. 

fdj Now the equal is seen, when of the things 
compared one neither exceeds nor fails short in 
comparison with the other, for example, 100 
comp^ed with 100, 10 with 10, 2 with 2, a 
mina with a mina, a talent with a talent, a cu- 
bit with a cubit, and tlio like, either in bulk, 
length, weight, or any kind of quantity. [4] 
And as a peculiar characteristic, also this rela- 
tion is of itself not to be divided or separated, 
as being most elementary, for it admits of no 
difference. For there is no such thing as this 
kind of equality and that kind, but the equal ex- 
ists in one and the same manner. [6] And that 
w^hich corresponds to an equal thing, to be sure, 
does not have a different name from it, but the 
same; like “friend,” “neighbor,” “comrade,” 
so also “equal”; for it is equal to an equal. 

[6] The unecjual, on the other hand, is split 
up subdivisions, and one part of it is the 
greater, the other the less, which have opposite 
names and are antithetical to one another in 
their quantity and relation. For the greater is 
greater than some other thing, and the less 
again is less than another thing in comparison, 
and their names are not the same, but they 
each have different ones, for example, “father” 
and “son,” “striker” and “struck,” “teacher” 
and “pupil,” and the like. 

[7] Moreover, of the greater, separated by 
a second subdivision into five species, one kind 
is the multiple, another the superparticular, an- 
other the superpartient, another the multiple 
superparticular, and another the multiple su- 
perpartient. [8] And of its opposite, the less, 
there arise similarly by subdivision five species, 
opposed to the foregoing five varieties of the 
greater, the submultiple, subsuperparticular, 
Bubsuperpartient, submultiple-superparticu- 
lar,, and submultiple-superpartient; for as whole 
answers to whole, smaller to greater, so also the 
varieties correspond, each to each, in the afore- 
said order, with the prefix sub-. 

CHAPTER XVIII 

[IJ Once more, then; the multiple is the spe- 
cies of^tbe greater first and most original by 
nature, as straightway we shall see, and it is a 
number which, when it is observed in compari- 
son witii another, contains the whole of that 
nmnber more thw once. For example, com- 
pared with unity, all the successive numbers 
beginn^ig wif^ 2 generate in their {unper order 
tibe jegular locms of the multiple; for 2, in the 


first place, is and is called the double, 3 trii^e, 
4 quadruple, and so on; for “more than Once”’ 
means twice, or three times, and so on in Ac- 
cession as far as you like. 

[5] Answering to this is the submultiple, 
which is itself primary in the smaller division 
of inequality. It is the number which, when it 
is compared with a larger, is able to measure it 
completely more than once, and “more than 
once” starts with twice and goes on to infinity. 
[3] If then it measures the larger number that 
is being compared twice only, it is properly 
called the subdoublc, as 1 is of 2; if thrice, sub- 
triple, as 1 of 3; if four times, subquadruple, as 
1 of 4, and so on in succession. 

[4] While each of these, the multiple and 
the submultiple, is gcuerically infinite',^ the va- 
rieties by subdivision and the species Vlso are 
observed naturally to make an infinite series. 
For the double, beginning with 2, ^es on 
through all the even numbers, as we select al- 
ternate numbers out of the natural series; and 
these will be called doubles in comparison with 
the even and odd numbers successively placed 
beginning with unity. [6] A\\ the numbers from 
the beginning two places apart, and third in 
order, arc triples, for example, 3, 6, 9, 12, 15, 
18, 21, 24. It is tlieir property to be alternately 
odd and even, and they themselves in the regu- 
lar series from unity are triples of all the num- 
bers in succession as far as one wishes to go on 
with the process. 

[6] The quadruples are those in the fourth 
places, three apart, for instance, 4, 8, 12, 16, 
20, 24, 28, 32, and so on. These are the quad- 
ruples of the regular series of numbers from 
unity going on as far as one finds it convenient 
to follow. It belongs to them all to be even ; for 
one needs only to take the alternate terms out 
of the even numbers already selected. Thus 
necessarily it is true that the even numbers, 
with no further designation, are all doubles, 
the alternate ones quadruples, those two places 
apart sextuples and those three places apart 
ootuples, and this series will go on, on this 
same analogy, indefinitely. 

[7] The quintuples will be seen to be those 
four places apart, placed fifth from one an- 
other, and themselves the quintuples of the 
successive numbers beginning with unity. Al- 
ternately they are odd and even, like the 
trii^es. 

CHAPTER XIX 

[1] The Buperparticular, the second spedes 
of the greater both naturally and in'toder, 
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namber that contains within itself the whole 
of the number compared with it, and some one 
factor of it besides. 

f If this factor is a half, the greater of the 
terms compared is called specifically sesquial- 
ter, and the smaller: subsesquialter; if it is a 
third, sesquitertian and subsesquitertian; and 
as you go on throughout it will always thus 
agree, so that these species also will progress 
to infinity, even though they are species of an 
unlimited genus. 

For it comes about that the first species, the 
sesquialter ratio, has as its consequents the 
even numbers in succession from 2, and no 
other at all, and as antecedents the triples in 
succession from 3, and no other. [S] These 
mii^t be joined together regularly, first to first, 
second to second, third to third— 3:2, 6:4, 9:6, 
12: 8 — and the analogous numbers to the ones 
corresponding to them in position. 

/■^j If we care to investigate the second spe- 
cies of the superparticular, the sesquitertian 
(for the fraction naturally following after the 
half is the third), we shall have this definition 
of it— a number which contains the whole of 
the number compared, and a third of it in addi- 
tion to the wiiole. We may have examples of 
it, in the proper order, in the successive quad- 
ruples beginning with 4 joined to the triples 
from 3, each term with the one in the corre- 
sponding position in the series, for example, 4: 
3, 8:6, 12:9, and so on to infinity. It is plain 
that that which corresponds to the sesquiter- 
tian but is called with the prefix sub-, subses- 
quiteartian, is the number, the whole of which 
is contained and a third part in addition, for 
example, 3:4, 6:8, 9:12, and the similar pairs 
of numbers in the same position in the series. 

[6] And we must observe the never-failing 
corollary of all this, that the first forms in each 
series, the so-called root numbers, are next to 
one another in the natural series ; the next after 
the root^forms show an interval of only one 
numbfer; the third two; the fourth three; the 
fifth four; and so on, as far as you like. [7] 
Furthermore, that the fraction after which 
each of the superparticulars is named is seen in 
<fce lesser of the root numbers, never in the 
greater. 

■ [S] jThat by nature and by no disposition of 
ouTB^the multiple is a more dementary and an 
older form thn-n tlie superparticular we shall 
shortiy^ learn, through a somewhat intri^te 
process; And here, for a simple dememstration, 
we must jnepare in regular and pwialld Hn^ 
themiAtiples specified above, according tp their 
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varieties, first the double in one line, then in a 
second the triple, then the quadruple in a thirds 
and so on as far as the tenfold multiples, so 
that we may detect their order and variety, 
their regular progress, and which of them is 
xmturaliy prior, and indeed other corollariea de- 
lightful in their exactness. Let the diagram be 
as follows: [9] 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

2 

4 

6 

8 

10 

12 

14 

16 

1$ 

SO 

3 

6 

9 

12 

15 

18 

21 

24 

27 

30 

4 

8 

12 

16 

20 

24 

28 

32 

36 

40 

5 

10 

15 

20 

25 

30 

35 

40 

45 

50 

6 

12 

18 

24 

30 

36 

42 

48 

54 

60 

7 

14 

21 

28 

35 

42 

49 

56 

63 

76 

8 

16 

24 

32 

40 

48 

56 

64 

72 

80 

9 

18 

27 

36 

45 

54 

63 

72 

81 

90 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 


[10] Let there be set forth in the first row 
the natural series from unity, and then in order 
those species of the multiple which we were 
bidden to insert. 

[11] Now then in comparison with the first 
rows bcginnmg with unity, if we read both 
across and up and down in the form of the let- 
ter gamma, the next rows both ways, them- 
selves in the form of a gamma, beginning with 
4, are multiples according to the first form of 
the multiple, for they are doubles. The first 
differs by unity from the first, the second from 
the second by 2, the third from the third by 3, 
the next by 4, those following by 6, and you 
will find that this follows throughout. 

The third rows in both directions from 9, 
their common origin, will be the triples of the 
terms in that same first row according to the 
second form of the multiple; the cross-lines like 
the letter chi, ending in the term 3 in either di- 
rection, are to be taken into consideration. [ 1^} 
The difference, for these numbers, will progress 
after the series of the even numbers, being l 2 
for the first, 4 for the next, 6 for the third; 
this difference Nature has of her own accord in- 
terpolated for us betwe^ these rows that are 
being examined, as is evident in the diagram. 

[13] The fourth row, whose common oiigin 
in bo^ directions is 16, and whose cross-lines 
end with the terms 4, es^bits the third epedes 
of multiple, the quadruple, when it is compared 
with that same first row according to corre- 
sponding positions, first term with first, seomid 
with second, third with third, and so on. Again^ 
the differences of these numbers are 3, then 
9, then 12, and the quantities that ptog:eBS% 
steps 3. These mimbem are delXKst^ 
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structure of the diagram in places just above 
the quadruples, and in the subsequent forms of 
the multiple the analogy will hold throughout* 

[14] In comparison with the second line 
reading either way, which begins with the com- 
mon origin 4 and runs over in cross-lines to the 
term 2 in each row, the lines which are next in 
order beneath display the firet species of the 
Buperparticular^ that is, the sesquialter, be- 
tween terms occupying corresponding places. 
Thus by divine nature, not by our convention 
or agreement, the superparticulars are of later 
origin than the multiples. For illustration, 3 is 
the sesquialter of 2, 6 of 4, 9 of 6, 12 of 8, 15 of 
10, and throughout thus. They have as a dif- 
ference the successive numbers from unity, like 
those before them. 

[16] The sesquitertians, the second species 
of superparticular, proceed with a regular, even 
advance from4:3,8:6, 12:9, 16:12, and so on; 
having also a regular increase of their differ- 
ences. [ 16] And in the other multiple and su- 
perparticular relations you will see that the re- 
sults are in harmony and not by any means 
inconsistent as you go on to infinity. 

[17] The following feature of the diagram, 
moreover, is of no less exactness. The terms at 
the comers are units; the one at the beginning 
a simple unit, that at the end the unit of the 
third course, and the other two units of the 
second course appearing twice; so that the 
product (of the first two) is equal/to the square 
(of the last). [18] Furthermore, in reading 
either way there is an even progress from unity 
to the tens, and again on the opposite sides two 
other progressions- from 10 to 100. 

[ 19] The terms on the diagonal from 1 to 
100 are all square numbers, the products of 
equals by equals, and those flanking them on 
either side are all heteromecic, unequal, and 
the products of sides of which one is greater 
than Uie other by unity; and so the sum of two 
successive squares and twice the heteromecic 
numbers between them is always a square, and 
conversely a square is always produced from 
the two heteromecic numbeis on the sides and 
twice the square between them. 

[£0] An ambitious p^^n might find many 
other pleasing things displayed in this diagram, 
upon which it k not how the time to dwdl, for 
we have xiot yet gained recognition of them 
from our Introdvcti&nf and so we must turn to 
the next subject. For after these two generic 
relation^ of the multiple and the supeiparticu^ 
lar and the other two, opposite to them, With 
tbs {Hdfix sub^, tte SttbiBiiltiple and the sub- 


superpaaticular, there are in the greater divi- 
sion of inequality the superpartient, and in the 
less its opposite, the subsuperparttent. 

CHAPTER XX 

[1 ] It is the superpartient relation when a 
number contains within itself the whole of the 
number compared and in addition more than 
one part of it; and ^^more than one” starts with 
2 and goes on to all the numbers in succession. 
Thus the root-form of the superpartient is nat- 
urally the one which has in addition to the 
whole two parts of the number compared, and 
as a species will be called superbipartient; after 
this the one with three parts besides the whole 
will be called supertripartient as a spepies; then 
comes the superquadripartient, the sdperquin- 
tipartient, and so forth. \ 

[ 2] The parts have their root and orifan with 
the third, for it is impossible in this ca^ to be- 
gin with the half. For if we assume thiit any 
number contains two halves of the compared 
number, besides the whole of it, we shall inad* 
voitently be setting up a multiple instead of a 
superpartient, because each whole, plus two 
halves of it, added together makes double the 
original number* Thus it is most necessary to 
start with two thirds, then two fifths, two sev- 
enths, and after these two ninths, following the 
advance of the odd numbers; for two quarters, 
for example, again are a half, two sixths a 
third, and thus again superparticulars will be 
produced instead of superpartients, which is 
not the problem laid before us nor in accord 
with the systematic construction of our science. 

[3] After the superpartient the subsuper- 
partient immediately is produced, whenever a 
number is completely contained in the one com- 
pared with it, and in addition several parts of 
it, 2, 3, 4, or 5, and so on. 

CHAPTER XXI 

[1] The regular arrangement and orderly 
production of both species are discovered when 
we set forth the successive even and odd num- 
bers, beginning with 3, and compare with them 
ample series of odd numbers only, from 6 in 
succession, first to first— that is, 6 to 3,— sec- 
ond to second — that is, 7 to 4, — third to third 
— ^that is, 9 to 5, — four^ to fourth— that is, 11 
to 6, — and so on in the same order as far as 
you like. In this way the forms of the super- 
partient and thesubsuperpartient, indue older, 
will be disclosed thrm^h the root-forms of each 
species, the superbipartient first, then the su- 
pertripartiait, superquadripartient, aDldsupe^ 
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qumtlparlient,aBdfurttoineueoe«donin am- nerically, itwfflbttveinitsaibdiviaoosacconl- 
liar maimer; for the root-forms of each iag to species a sort of diversification and 
species the onw which follow them will be pro- chan^ of names proper both to the first part 
ducM by doubly, or tnpling, both the terms, of the name and to the second. For instance, 
and in general by mmtiplying after the regular in the first part, that is, the multiple, it wUl 
forms of the multiple. double, triple, quadruple, quintuple, and 


Table of the superpartibnts 


Root-forms 

5 

3 

7 

4 

9 

5 

11 

6 

13 

7 


10 

6 

14 

8 

18 

10 

22 

12 

20 

14 


15 

9 

21 

12 

27 

15 

33 

18 

39 

21 


20 

12 

28 

16 

36 

20 

44 

24 

52 

28 


25 

15 

85 

20 

45 

25 

55 

30 

65 

35 


30 

18 

42 

24 

64 

30 

66 

36 

78 

42 


85 

21 

49 

28 

63 

35 

77 

42 

91 

49 


40 

24 

56 

32 

72 

40 

88 

48 

104 

56 


45 

27 

63 

36 

81 

45 

99 

54 

117 

63 


[S] It must be observed that from the two 
parts in addition to the whole which are con- 
tained in the greater term, we are to under- 
stand “third,** in the case of three parts, 
“fourth,” with four parts, “fifth,” with five, 
“sixth,** and so on, so that the order of nomen- 
clature is something like this: superbipartient, 
supertripartient, superquadripartient, then su- 
perquintipartient, and similarly with the rest. 

[3] Now the simple, uncompounded rela- 
tions of relative quantity are these which have 
been enumerated. Those which are compound- 
ed of them and as it were woven out of two 
into one are the following, of which the ante- 
cedents are the multiple superparticular and 
multiple BUperpartient, and the consequents 
the ones that immediately arise in connection 
with each of the former, named with the prefix 
sub-; together with the multiple superparticu- 
lar the submultiple superparticular, and with 
the multiple superpartient the subroultiple su- 
perpartient. In the subdivision of the genera 
the species of the one will correspond to those 
of the other, these also having names with the 
prefix sub-. 

CHAPTER XXII 

f I J Now the multiple superparticular is a re- 
lation in which the greater of the compared 
terms contains within itself the lesser term 
more than once and in addition some one part 
of it, whatever this may be. 

[^] As a compound, such a number is dou- 
bly diversified after the peculiarities of nomen- 
clature of its components on either side; for in- 
asmuch as the multiple superparticular is com- 
posed of the multiple and superparticular ge- 


80 forth, and in the second part, generically 
from the superparticular, its specific forms in 
due order, the sesquialter, sesquitertian, ses- 
quiquartan, sesquiquintan, and so on, so that 
the combination will proceed in somewhat this 
order: 

Double sesquialter, double sesquitertian, 
double sesquiquartan, double sesquiquintan, 
double sesquisextan, and analogously. 

Beginning once more: triple sesquialter, tri- 
ple sesquitertian, triple sesquiquartan, triple 
sesquiquintan. 

Again : quadruple sesquialter, quadruple ses- 
quitertian, quadruple sesquiquartan, quiwiru- 
ple sesquiquintan. 

Again: quintuple sesquialter, quintuple ses- 
quitertian, quintuple sesquiquartan, quintuple 
sesquiquintan, and the forms analogous to 
these ad infinitum. Whatever number of times 
the greater contains the whole of the smaller, 
by this quantity the first part of the ratio of 
the terms joined together in the multiple super- 
particular is named; and whatever may be the 
factor, in addition to the whole several times 
contained, that is, in the greater term, from 
this is named the second kind of ratio of which 
the multiple superparticular is compounded. 

[3] Examples of it are tliese: 5 is the double 
sesquialter of 2; 7 the double sesquitertian of 
3; 9 the double sesquiquartan of 4; 11 the dou- 
ble sesquiquintan of 6. You will furthermore 
always produce them in regular order, in this 
fashion, by comparing with the successive even 
and odd numbers from 2 the odd numberS) ex- 
clusively, from 5, first with first, second with 
second, third with third, and the others each 
with the one in the same position in the saies. 
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The strcees^ye terms beginning with 5 and dif- 
fering by 5 will be without exception double 
sesquialters of all the suecessive even numbers 
from 2 on, when terms in the same position in 
the series are compared ; and beginning with 3, 
if all those with a difference of 3 be set forth, 
as 3, 6, 9, 12, 15, 18, 21, and in another series 
there be set forth those that differ by 7, to in- 
finity, as 7, 14, 21, 28, 35, 42, 49, and the great- 
er be compart with the smaller, first to first, 
second to second, third to third, fourth to 
fourth, and so on, the second species will ap- 
pear, the double sesquitertian, disposed in its 
proper order. 

[4] Then again, to take a fresh start, if the 
simple series of quadruples be set forth, 4, 8, 
12, IG, 20, 24, 28, 32, and then there be placed 
beside it in another series the successive num- 
bers beginning with 9, and increasing by 9, as 
9, 18, 27, 36, 45, 54, w^e shall have revealed once 
fiiore the multiple superparticular in a specific 
form, that is, the double sesquiquartan in its 
proper order; and any one who desires can con- 
trive this to an unlimited extent. 

[5] The second kind begins with the triple 
sesquialter, such as 7:2, 14:4, and in general 
the numbers that advance by steps of 7 com- 
pared with the even numbers in order from 2. 

[ 6] Then once more, 10 : 3 is the first triple ses- 
quitertian, 20:6 the second, and, in a word, the 
multiples of 10 in succession, compared with 
the successive triples. This indeed we can ob- 
sen'e with greater exactitude and clearness in 
the table studied above, for in comparison with 
the first row the succeeding rows in order,^ 
compared as whole rows, disjday the forms of 
the multiple in regular order up to infinity when 
they are all compared in each case to the same 
first row; and when each row is compared to 
all those above it, in succession, the second row 
being taken as our starting point, all the forms 
of the superparticular are produced in their 
proper order; and if we start with the third 
row, all of those beginning with the fifth that 
are odd in the series when they are oempared 
with this same third row, and those following 
ft, will show all the forms of the superpartient 
in proper order. In the ease of the multiple su- 
peiparticular, the comparisons will have a nat- 
ion} order of their own if we start with the sec- 
ond row and compare the terms from the fifth, 
first to first, second to second, third to third, 
and so and then the terms of the seventh 
row to ^0 third, those of the ninth to the 

* 

^Eeferring to the table m Chapter 19. 


fourth, and follow the corres^nding order as 
far as we are able to go. [7] It is plain that here 
too the smaller terms have names correspond- 
ing to the larger ones, with the prefix sub-, ac- 
cording to the nomenclature given them all. 

CHAPTER XXIII 

[1] The multiple superpartient is the le- 
maining relation of number. This, and the re- 
lation called by a corresponding name with the 
prefix sub-, exist when a number contains the 
whole of the number compared more than once 
(that is, twice, thrice, or any number of times) 
and certain parts of it, more than one, either 
two, throe, .or four, and so on, besides. [^] 
These part!? are not halves, for the reasiiis men- 
tioned above, but either thirds, fourths, or 
fifths, and so on. \ 

[3] From what has already been sa|d it is 
not hard to conceive of the varieties of ^is re- 
lation, for they are differentiated in the' same 
way as, and consistently with, those that pre- 
cede, double superbipartient, double supertri- 
partient, double superquadripartient, and so 
on. For example, 8 is the double superbiparti- 
ent of 3, 16 of 6, and in general the numbers 
beginning with 8 and differing by 8 are double 
superbipartients of those beginning with 3 and 
differing by 3, when those in corresponding 
places in the scries are compared, and in the 
case of the other varieties one could ascertain 
their proper sequence by following out what 
has already been said. In this case, too, we must 
conceive that the nomenclature of the number 
compared goes along and suffers corresponding 
changes, with the addition of the prefix sub-. 

[4] Thus we come to the end of our specular 
tion upon the ten arithmetical relations for a 
first Introduction, There is, however, a method 
very exact and necessary for all discussion of 
the nature of the univeme which very clearly 
and indisputably presents to us the fact that 
that which is fair and limited, and which sub- 
jects itself to knowledge,® is naturally prior to 
the unlimited, incomprehensible, and ugly, and 
furthermore that the parts and varieties of the 
infinite and unlimited are given shape and 
boundaries by the former, and through it at- 
tain to their fitting order and sequence, and 
like objects brought beneath some seal or meas- 
ure, all gain a share of likeness to it and 
larity of name when they fall under its influ- 
ence. For thus it is reasonable that the rational 

^See 20. 2 above. 

»Cf.I.2.fi. 
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part, of the soul will be the agent which puts in 
order the krational part^ and passion and ap- 
petite, which find their places in the two forms 
of inequality, will be regulated by the reason- 
ing faculty as though by a kind of equality and 
sameness. [ 5] And from this equalizing process 
there will properly result for us the so-called 
ethical virtues, sobriety,^ courage, gentleness, 
self-control, fortitude, and the like. 

[e] Let us then consider the nature of the 
principle that pertains to these universal mat- 
ters. It is capable of proving that all the com- 
plex species of inequality and the varieties of 
these species are produced out of equality, first 
and alone, as from a mother and root. 

[7] Let thei-e be given us equal numbers in 
three terms, first, units, then two's in another 
group of three, then throe's, next four’s, five's, 
and so on as far as you like. For them, as the 
setting forth of these terms has come about by 
a divine, and not human, contiivance, nay, by 
Nature herself, multiples will first be produced, 
and among these the double will lead the way, 
the triple after the double, the quadruple next, 
and then the quintuple, and, following the or- 
der we have previously recognized, ad infini- 
turn; second, the superparticular, and here 
again the first form, the sesquialter, will lead, 
and the next after it, the sesquitertian, will fol- 
low, and after them the next in order, the ses- 
quiquartan, the sesquiquintan, the sesquisex- 
tan, and so on od infinitum; third, the super- 
partient, which once more the superbipartient 
will lead, the supertripartient will follow im- 
mediately upon it, and then will come the 
superquadripartient, the superquintipartient, 
and according to the foregoing as far as one 
may proceed. 

[8] Now you must have certain rules, like 
invariable and inviolable natural laws, follow- 
ing which the whole aforesaid advance and 
progress from equality may go on without fail- 
ure, These are the directions: Make the first 
equal to the first, the second equal to the sum 
of the first and second, and the third to the sum 
of the first, twice the second, and the third. 
For if you fashion according to these rules you 
would get first all the forms of the multiple in 
order out of the three given terms of the equal- 
ity, as it were, sprouting and growing without 
your paying any heed or offering any aid. From 
equality you will first get the double; from the 
double the triple, from the triple successively 

^Cf. Aristotle, Ethics, 1107*» 4 ff. See ibid., 
n08*4ff.;1145»>8ff. 
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the quadruple, and froxn this the quintuple in 
due order, and so on. [9] From these same mul- 
tiples in their regular order, reversed^ there aio 
immediately produced by a sort of natural ne- 
cessity through the agency of the same three 
rules the superparticulars, and these not as it 
chances and irregularly but in their proper se- 
quence; for from the first, the double, reversed, 
comes the first, the sesquialter, and from the 
second, the triple, the second in this class, the 
sesquitertian; then the sesquiquartan from the 
quadruple, and in general each one from the 
one of similar name. [10] And with a fresh 
start, if the superparticulars are set forth in 
the order of their production, but with terms 
reversed, the superpartients, which naturally 
follow them, are brought to light, the superbi- 
partient from the sesquialter, the supertripar- 
tient from the sesquitertian, the superquadri- 
partient from the sesquiquartan, and so on ad 
infinitum, [11] If, however, the superparticu- 
lars are set forth with terms not in reverse but 
in direct order, there are produced through the 
three rules the multiple superparticulara, the 
double sesquialter out of the first, the sesqui- 
alter; the double sesquitertian from the second, 
the sesquitertian, the double sesquiquartan 
from the third, the sesquiquartan, and so on. 
[1^] From those produced by the reversal of 
the superparticular, that is, the superpartients, 
and from those produced without such revers- 
al, the multiple superparticulars, there are once 
more produced, in the same way and by the 
same rules, both when the tcrnis are in direct 
or reverse order, the numbers that show the 
remaining numerical relations. 

[13] The following must suffice as illustra- 
tions of all that has been said hitherto, the pro- 
duction of these numbers and their sequence, 
and the use of direct and of reverse order. [ 14 ] 
From the relation and proportion in terms of 
the sesquialter, reversed so as to begin with the 
largest term, there arises a relation in supers 
partient ratios, the superbipartient; and from 
it in direct order, beginning with the smallest 
term, a multiple superparticular relation, the 
double sesquialter. For example, from 9, 6, 4, 
we get either 9, 15, 25 or 4, 10, 25. From the 
relation in terms of sesquitertians, beginning 
with the greatest term, is derived a superpar- 
tient, the supertripartient; beginning with the 
smallest term, a double sesquitertian. For ex- 
ample, from 16, 12, 9 comes either 16, 28, 49 
or 9, 21, 49. And from the relation in terms of 
sesquiquartans, when it is arranged to begin 
with the largest term, is derived a supeipar- 
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tient, ty gap^uadripaftient; when it starts 
with the smalteet term, a ftmltiple superpar- 
ticular, the double sesquiq(uintan; for instance, 
from 2£, 20, 16 comes either 25, 45, 81 or 16, 
36,81. 

[ 15 ] In the case of all these relations that 
are thus differentiated, and of the one from 
which both of the differentiated ones are 
derived, the last term is always the same 
and a square; the first term becomes the 
smallest, and invariably the extremes are 
squares. 

[ 16 ] Moreover the multiple superpartients 
and superpartients of other kinds are made to 
appear in yet another way out of the superpar- 
tients; for example, from the superbipartient 
relation arranged so as to begin with the small- 


est term comes the double superbipartient, but, 
arranged so as to start with the greatest, the 
superpartient ratio of 8:5. Thus from 9, 15, 25 
comes either 9, 24, 64 or 25, 40, 64. From the 
supertripartient, ^ginning with the smallest 
term, we have the double supertripartient, and, 
beginning with the largest, the ratio of 11:7. 
Thus, from 16, 28, 49 comes either 16, 44, 121 
or 49, 77, 121. [ 17 ] Again, from the superquln- 
tipartient, as, for example, 25, 45, 81, begin- 
ning with the lesser term we derive the double 
Buperquintipartient in the terms 25, 70, 196, 
but beginning with the greater a superpartient 
again, the ratio of 14:9, in the terms 81, 126, 
196. And you will find the results analogous 
and in agr^fiient with the foregoing in all suc- 
cessive cases to infinity. 
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CHAPTER I 

[1] An elomont is said to be, and is, the 
smallest thing which enters into the composi- 
tion of an object and the least thing into which 
it can be analyzed. Letters, for example, are 
called the elements of literate speech, for out 
of them all articulate speech is composed and 
into them finally it is resolved. Sounds are the 
elements of all melody; for they are the begin- 
ning of its composition and into them it is re- 
solved. The so-called four elements of the uni- 
verse in general are simple bodies, fire, water, 
air, and earth; for out of them in the first in- 
stance we account for the constitution of the 
universe, and into them finally we conceive of 
it as being resolved. 

We wish also to prove that equality is the 
elementary principle^ of relative number; for 
of absolute number, number per se, unity and 
the dyad are the most primitive elements, the 
least things out of which it is constructed, even 
to infinity, by which it has its growth, and with 
which its analysis into smaller terms comes to 
an end. [^] We have, however, demonstrated 
that in the realm of inequality advance and 
increase have their origin in equality and go on 
to absolutely all the relations with a certain 
regularity through the operation of the three 
rules.* It remains, then, in order to make it an 
element in veiy truth, to prove that analyses 
also finally come to an end in equality. Let this 
then be considered our procedure. 

CHAPTER II 

[1] Suppose then you are given three terms, 
in any ration whatsoever and in any ratio, 
whether multiple, superparticular, superparti- 
ent, or a compound of these, multiple super- 
particular or multiple superpartient, provided 
only that the mean term is seen to be in the 
same ratio to the lesser as the greater to the 
naean, and vice versa. Subtract always from 

^(ml.28.4. 

^otil. 28 . 8 . 


the mean the lesser term, whether it be firet or 
last in order, and set down the lesser term it- 
self as the first term of your new series; then 
put as your second term what remains from 
the second after the subtraction; then after 
having subtracted the sum of the new first term 
and twice the new second term from the re- 
maining number — that is, the greater of the 
numbem originally given you— make the re- 
mainder your third terra, and the resulting 
numbers will be in some other ratio, naturally 
more primitive, [e] And if again in the same 
way you subtract the remainder from these 
same terms, it will be found that your three 
terms have passed back into three others more 
primitive, and you will find that this always 
takes place as a consequence, until they are re- 
duced to equality, whence by every necessity 
it appears evident that equality is the elemen- 
tary principle of relative quantity. 

[ 3 ] There follows upon this speculation a 
most elepnt principle, extremely useful in its 
application to the Platonic psychogony® and 
the problem of all harmonic intervals; for in 
the Platonic passage we are frequently bidden, 
for the sake of the argument, to set up series of 
intervals of two, three, four, five, or an infinite 
number of sesquialter ratios, or two sesquiter- 
tians, sesquiquartans, sesquioctaves, or super- 
particulars of any kind whatsoever, and in each 
case three, four, or five of them, or as many as 
may be directed. [4] It is reasonable that we 
should do this not in an unscientific, unintelli- 
gent fashion, it may be even blunderingly, but 
artistically, surely, and quickly, by the follow- 
ing procedure. 

CHAPTER III 

[1] Every multiple will stand at the head^ 
of as many superparticular ratios correspond- 
ing in name with itself as it itself chances to be 
removed from unity, and no more nor less un- 
der any circumstances. 

*866 Plato, Tiftwm, 35 ff. 

^Refers to the table in Chapter 4, 
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[S] The doubles, then, will produce* sesqui- 
alters, the first one, the second two, the tlfird 
three, the fourth four, the fifth five, the sixth 
six, and neither more nor less, but by every 
necessity when the superparticulars that are 
generate attain the proper number, that is, 
when their number agrees with the multiples 
that have generated them, at that point by a 
divine device, as it were, there is found the 

The double ratio in the breadth of the table 

1 2 4 

3 6 

The triple ratio along 9 

the hyi^tenuse 


number which terminates them ail because it 
imturally is not divisible by that factor where- 
t>y the progression of the superparticular ratios 
went on. 

The triple ratio in the breadth 

1 3 9 27 

4 12 36 

The quadruple ratio 16 48 

on the hypotenuse 64 


From the triples all the sesquitertians will 
proceed, likewise equal in number to the num- 
ber of the generating terms, and coming to an 
end, after the independence of their advance is 
lost, in numbers not divisible by 3. Similarly the 
sesquiquartanscomefromthequadrupl€s,reach- 
ing a culmination after their independent pro- 
gression in a number that is not divisible by 4. 

[S] As an example, since doubles generate 
sesquialters corresponding to them in number, 
the first row of multiples will be 1, 2, 4, 8, 16» 
32, 64. Now since 2 is the first after unity, this 
will be the origin of one sesquialter only, 3, 
which nucttber is not divisible by 2, so-that an- 
other sesquialter might arise out of it. The first 
double, therefore, is productive of but one ses- 
quialter, and the second, 4, of two. For it pro- 
duces its own sesquialter, 6, and that of 6, 9, 
but there is none for 9 b^ause it has no half. 
£i^t, which is the third double, is father to 
sesquialters; one its own, 12; the second, 
18, the se^uialter of 12; and third, 27, that of 
18; there is no fourth one, however, because of 
the general rule, for 27 is not divisible by 2, 

*8eeI.19.2‘ 


Sixteen, the fourth double, will stand at the 
head of four sesquialters, 24, 36, 54, and finally 
81, so that they may of necessity be equal in 
number to what generated them; for 81 by its 
nature is not divisible by 2. And this, as you go 
on, you will find holds true in similar fashion to 
ib^ity. 

[4] For the sake of illustration let there be 
set down the table of the doubles, thus: 


8 16 32 64 

12 24 48 96 

18 36 72 144 The sesquialter ra- 

27 54 108 216 tio in the depth 

81 162 324 

243 486 

729 \ 


CHAPTER IV 

[1] We must make a similar table in illus* 
tration of the triple: 


81 243 729 

108 324 972 

144 432 1296 The sesquitertian 

192 576 1728 ratio in the depth 

256 768 2304 

1024 3072 

4096 

In the foregoing table we shall observe that 
in the same way the first triple, 3, stands at the 
head of but one sesquitertian ratio, 4, its own 
sesquitertian, which immediately shuts off the 
development of another like it; for 4 is not di- 
visible by 3, and hence will not have a sesqui- 
tertian. The second triple is 9, and hence will 
begin a series of only two sesquitertian ratios, 
12, its own, and 16, that of 12; but 16 cuts off 
further progress, for it is not divisible by 3 and 
hence will not have a sesquitertian.. [^] Next 
in order is the triple 27, three times removed 
from 1, for the triples progress thus: 1, 3, 9, 27. 
Therefore this number will stand at the head 
of three sesquitertian ratios and no more. The 
first is its own, 36; the second the sesquitertian 
of 36, 48; the third that of the last, 64, and tl:^ 
no longer has a third part and therefore will 
not ad^t of a sesquit^ian. The fourth leads 
a series of four sesquitertians and the fifth, of 
course, five. 

[$] Such, then, is the illustration; and for 
the other multiples let the manner of your ta- 
bles be the same. Observe that likovrise.horo, 
as we found to be true in our preirious discus- 




IKTROIWJCTION TOt arithmetic n. 


sioiii Natuieshows us that the doubles are moie 
nearly original than the triples, the triples than 
the quadruples, these latter than the quintu- 
ples, and so on throughout. For the highest 
rows of figures, across the breadth of the tables, 
if they are doubles, wilLbave doubles lying par- 
allel to them, and the numbers lying diagonal- 
ly, on the hypotenuse, will be of the next suc- 
ceeding variety, greater by 1, that is, triples, 
seen alk) in a series of parallel lines. If, how- 
ever, there are triples across the breadth, the 
diagonals will by all means be quadruples; if 
the former are quadruples, then the latter are 
quintuples, and so forth. 

CHAPTER V 

[1] It remains, after we have explained what 
other ratios are produced by combination of 
ratios, to pass on to the succeeding topics of 
the Irdrodvjctim. 

[^] Now the first two ratios of the super- 
particular, combined, produce the first ratio of 
the multiple, namely, the double; for every 
double is a combination of sesquialter and ses- 
quitertian, and every sesquialter and sesqui- 
tertian combined will invariably produce 
a double. 

For example, since 3 is the sesquialter of 2, 
and 4 the sesquitertian of 3, 4 will be the dou- 
ble of 2, and is a combination of sesquialter and 
sescjuitertian. Again, as 6 is the double of 3, we 
shall find between them some number that will 
of necessity preserve the sesquitertian ratio to 
the one and the sesquialter to the other; and 
indeed 4, lying between 6 and 3, gives the ses- 
quitertian ratio to 3 and the sesquialter to 6. 

[ 3] It was ri^tly said, then, that the double, 
when resolved, is resolved into the sesquialter 
and the sesquitertian, and that when sesqui- 
alter and sesquitertian are combined there 
arises the double, and that the first two forms 
of the superparticular combined make the first 
form of the multiple. 

[4] But again, to take another start, this 
first form of 5ie multiple which has thus been 
produced, together with the first form of the 
superparticular, will produce the next form of 
the same class, that is, the second multiple, the 
triple; for from every multiple and sesquialter 
combined a triple of necesrity arises. For ex- 
ample, as the double of 6 is 12, and the s^ui- 
alter of this is 18, then immediately 18 is the 
triple of 6; and to take another method, if I do 
Hot care to makA 12 riie mean tenn,' but rather 

the sesquialter of 6, the same result will come 
about, without deviation and harmoniously; 


m 

for while 18 is the double of 9 it will preserve 
rile triple ratio to 6. Hence from- the sesquialter 
and the double, the first forms of the superpar- 
ticular and the multiple, riiere arises by com- 
bination the second form of the multiple, the 
triple, and into them it is always resolved. [6] 
For look you; 6, which is the triple of 2, will 
have a mean term 3, which will exhibit two 
ratios, the sesquialter with regard to 2, and the 
double ratio of 6 to itself. 

But if this triple ratio, likewise, the seccmd 
form of the multiple, is combined with the ses- 
quitertian, which is the second form of the su- 
perparticular, riiere would be produced from 
them the next form of the multiple, namely, 
the quadruple, and this also will of necessity be 
resolved into them after the same fashion as 
the cases previously set forth'; and the quadru- 
ple, taking into combination the sesquiquartan, 
will make the quintuple, and, once more, the 
latter with the sesquiquintan will make the sex- 
tuple, and so on to the end. Thus the multiples 
in regular order from the beginning with the 
superparticulars in regular order from the be- 
ginning will be found to produce the next larger 
multiples. For the double with the sesquialter 
makes the triple, the triple with the sesquiter- 
tian the quadruple, the quadruple with the ses- 
quiquartan the quintuple, and as far as you 
wish to proceed no contrary result will appear. 

CHAPTER YI 

[1 ] Up to this point then we have sufficiently 
discussed relative number, by a process of se- 
lection measuring out what is easily compre- 
hended and appropriate to the nature Of the 
matters thus far introduced. Whatever remains 
to be said on this topic will be filled in after we 
have put it aside and have first discussed c^ 
tain subjects which involve a more serviceabie 
inquiry, having to do with the properties of ab- ' 
solute number, not relative. For mathematical 
speculations are always to be interlocked anc( 
to be explained one by means of another. The 
subjects which we must first survey and ob^ 
serve are concerned with linear, plane, and solid 
numbers, cubical and spherical, equilateral and 
scalene, **bridcs,^' ‘‘beams,'' “wed^," and the 
like, the tradition concerning which, to be sure, 
since they are more closely related, to magni- 
tude, is properly given in the Geometrical I n^o- 
ducHm, Yet the germs of these ideas are taken 
over into arithmetic, as the science which isithe 
moriier of geometry and more elementary Ihan 
it. For we recall tibat a short time ago we saw 
that arithmetic abolishes the othei^sniffl^eeB 
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with itself, but is not abolished by them, and 
conversely is of necessity implied by them but 
does not itself imply them. 

[iS] First, however, we must recognize that 
each letter by which we indicate a number, 
such as iota, the sign for 10, kappa for 20, and 
omega for 800, designates that number by 
man's convention and agreement, not by na- 
ture. On the other hand, the natural, unarti- 
ficial, and therefore simplest indication of num- 
bers would be the setting forth one beside the 
other of the units contained in each. For exam- 
ple, the writing of one unit by means of one 
alpha will be tlie Sign for 1 ; two units Side by 
side, that is, a series of two alphas, will be the 
sign for 2; when three are put in a line it wiU 
be the character for 3, four in a line for 4, five 
for 5, and so on. For by means of such a nota- 
tion and indication alone could the schemat- 
ic arrangement of the plane and solid num- 
bers mentioned be made clear and evident, 
thus: 

The number 1, a 

The number 2, a a 

The number 3, a a a 

The number 4, a a a a 

The number 5, a a a a a 

and further in similar fashion. 

[8] Unity, then, occupying the place and 
character of a point, will be the beginning of 
intervals and of numbers, but not itself an in- 
terval or a number, juSt as the pdnt is the be- 
ginning of a line, or an interval, but is not it- 
self line or interval. Indeed, when a point is 
added to a point, it makes no increase, for when 
an non-dimensional thing is added to another 
non-dimensional thing, it will not thereby have 
dimension; just as if one should examine the 
sum of nothing added to nothing, which makes 
nothing. We saw^ a similar thing also in the 
ease of e(|uality among the relatives; for a pro* 
portion is preserved — as the first is to the sec- 
ond, so the second is to the third— *but no in- 
terval is generated in the relation of the ex- 
tremes to each other, as there is in all the other 
relations with the exception of equality. In ex- 
actly the same way unity alone out of all num- 
ber, when it multiplies ksdf, imxiuces nothing 
greater than itself. 

Unity, thmefoie, is non-dimensional and de- 
mentary, and dimension first is found and seen 
in 2, th^ in 3, then in 4, and in succession in 
the following numbers; for ^^dimension'' is that 


which is conceived of as between two limits. 

[4] The first dimensbn is called for 
*^line” is that which is extended in one direc- 
tion. Two dimensions are called “surface,” for 
a “surface” is that which is extoided in two 
directions. Three dimensions are called “solid,” 
for a “solid” is that which is extended in three 
directions, and it is by no means possible to 
conceive of a solid which has more than three 
dimensions, depth, breadth, and length. By 
t^ese are defin^ the six directions which are 
said to exist in connection with every body and 
by whidi motions in space are distinguished, 
forward, backward,® up, down, right and left; 
for of necessity two directions opposite. to each 
other follow upon each dimension, up a4d down 
upon one, forward and backward u]^ the sec- 
ond, and right and left upon the third. \ 

[5] The statement, also, as it happens, can 
be made conversely thus: If a thing is solid, it 
has by all means three dimensions, length, 
depth and breadth; and conversely, if it has 
the three dimensions, it is always a solid, and 
nothing else. 

[6] That which has but two dimensions, 
therefore, will not be a solid, but a surface, for 
the latter admits of but two dimensions. Here 
too it is possible similarly to reverse the state- 
ment; directly stated, a surface is that which 
has two dimensions, and conversely, that which 
has two dimensions is always a surface. 

[7] The surface, then, is exceeded by the 
solid by one dimension, and the line is exceed 
by the surface by one, for the line is that which 
is extended in but one direction and has only 
one dimension, and it falls short of the solid by 
two dimensions. The point falls short of the 
latter by one dimension, and hence it has al- 
ready been stated that it is non-dimensional, 
since it falls short of the solid by three dimen- 
sions, of the surface by two, and of the line by 
one. 

CHAPTER VII 

[1] The point, then, is the beginning of di- 
mension, but not itself a dimension, and like- 
wise the beginning of a line, but not itsdf a 
line; the line is the beginning of surface, but 
not surface; and the beguming of the tw^i- 
mensional, but not itsdf extended in two dir^ 
tions. [8] Naturally, too, surface is the begin- 
ning of body, but not itself body, and likewise 
the banning of the three^imensional, but not 
itself extended in three directions. 




tQf . Plato, TimaeuSf 48,. 
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[$l Exacily the same in numbers, unity is 
the be^nning of all numb^ that advances unit 
by unit in one direction; linear number is the 
beginning of plane number, which spreads out 
like a plane in one more dimension; and plane 
number is the beginning of solid number, which 
possesses a depth' in the Ibird dimension, b^ 
sides the original ones. To illustrate and classi- 
fy, linear numbers are all those which begin 
with 2 and advance by the addition of 1 in one 
and the same dimension; and plane numbers 
are those® that begin with 3 as their most ele- 
mentary root and proceed through the next 
succeeding numbers. They receive their names 
also in the same order; for there are first the 
triangles, then the squares, the pentagons after 
these, then the hexagons, the heptagons, and 
so on indefinitely, and, as we said, they are 
named after the successive numbers beginning 
with 3. 

[4] The triangle, therefore, is found to be 
the most original and elementary form of the 
plane number. This we can see from the fact 
that, among plane figures,® graphically repre- 
sented, if lines are drawn from the angles to 
the centers each rectilinear figure will by all 
means be resolved into as many triangles as it 
has sides; but the triangle itself, if treated like 
the rest, will not change into anything else but 
itself. Hence the triangle is elementary among 
these figures; for everything else is resolved in- 
to it, but it into nothing else. From it the otheis 
likewise would be constituted, but it from no 
other. It is therefore the element of the others, 
and has itself no element. [6] Likewise, as the 
argument proceeds in the realm of numerical 
forms, it will confirm this statement. 

CHAPTER VIII 

[1] Now a triangular number is one which, 
when it is analyzed into units, shapes into tri- 
angular form the equilateral placement of its 
parts in a plane. 3, 6, 10, 15, 21, 28, and so on, 
are examples of it; for their regular formations, 
expressed graphically, will be at once triangu- 
lar and equilateral. As you advance you will 
find that such a numerical series as far as you 
like takes the triangular form, if you put as the 
most elementary form the one that arises from 
unity, so that unity may appear to be poten- 
tially a triangle, and 3 the first actually. 

[2] Their sides will increase by the succes- 

'Cf. Plato, TimaeuSt 63. 

•But <rf. Euclid, in Elenmte, VII, Def. 17. 

*Cf . Plato, Timcmg, 63 ff . 


si ve num^rs, for the dde of the one potentially 
first is unity; that of the one actually first, that 
is, 3, is 2; that of 6, which is actually second, 3; 
that of the third, 4; the fourth, 5; the fifth, 6; 
and so on. 

[S] The triangular number is produced from 
the natural series of number set forth in a line, 
and by the continued addition of successive 
terms, one by one, from the beginning; for by 
the successive combinations and additions of 
another term to the sum, the triangular num- 
bers in regular order are completed. For exam- 
ple, from this natural series, 1, 2, 3, 4, 5, 6, 7, 
8, 9, 10, 11, 12, 13, 14, 15, 1 take the first term 
and have the triangular number which is po- 
tentially first, 1, A 

L!L\ then adding the 
next term I get the triangle actually first, for 2 
plus 1 equals 3. In its graphic representation it 
is thus made up: Two units, side by side, are 
set beneath one unit, and the number* three is 
made a triangle: 



Then when next after these the following num- 
ber, 3, is added, simplified into units, and joined 
to the former, it gives 6, the second triangle in 
actuality, and furthermore, it graphically rep- 
resents this number: 



Again, the number that naturally follows, 4, 
added in and set down below the former, re- 
duced to units, gives the one in order next after 
the aforesaid, 10, and takes a triangular form: 



5, after this, then 6 , then 7, and all the num- 
bers in order, are added, so that regularly the 
Bides of each triangle wifi consist of aa many 
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mnnbeiis as have been added from the natund 
aeries to produce it: 



Side 5 Side 6 



Side? 


CHAPTER IX 

[1] The square is the next number after this, 
which shows us no longer 3, like the former, 
but 4 angles in its graphic representation, but 
is none the less equilateral. Take, for example, 
1, 4, 9, 16, 25, 36, 49, 64, 81, 100; for the rep- 
resentations of these numbers are equilateral, 
square figures, as here shown; and it will be 
similar as far as you wish to go: 



16 25 


[£] It iB true of these numbers, as it was also 
of the preceding, that the advance in their sides 
progresses with the natural series. The side of 
the square potentially Arst, 1, is 1; that of 4, 
firsf in adii^ity, 2; that of 9, actually the 
second, 3; thAt of 16^ Ihe next, actually the 


third, 4; that of the fourth, 5; of the fifths 6, 
and so on in general with all that folbw. 

[S] This number also is produced if the nat- 
ure series is extended in a line, increasing by 
1, and no longer the successive numbers are 
added to the numbers in order, as was shown 
before, but rather all those in alternate places, 
that is, the odd numbers. For the first, 1, is 
potentially the first square; the second, 1 plug 
3, is the first in actuality; the third, 1 plus 3 
plus 5, is the second in actuality; the fourth, 1 
plus 3 plus 5 plus 7, is the third in actuality; 
the neid is produced by adding 9 to the former 
numbers, the next by the addition of 11, and 
soon. * A* j 

[4] It^ these coses, also, it is a fact ihat the 
side of each consists of as many units ks there 
are numbers taken into the sum to produce it. 

CHAPTER X 

[1] The pentagonal number is one Which 
likewise upon its resolution into units and de- 
piction as a plane figure assumes the form of 
an equilateral pentagon. 1, 5, 12, 22, 35, 51, 70, 
and analogous numbers are examples. [ S] Each 
side of the first actual pentagon, 5, is 2, for 1 is 
the side of the pentagon potentially first, 1; 3 
is the side of 12, the second of those lisM; 4, 
that of the next, 22; 5, that of the next in order, 
35, and 6 of the succeeding one, 51, and so on. 
In general the side contains as many units as 
are the numbers that have been added together 
to produce the pentagon, chosen out of the nat- 
ural arithmetical series set forth in a row. For 
in a like and similar manner, there are added 
together to produce the pentagonal numbers 
the terms beginning v/ith 1 to any extent what- 
ever that are two places apart, that is, those 
that have a difference of 3. 

Unity is the first pentagon, potentially, and 
is thus depicted: 



5, made up of 1 plus 4, is the second, rimilarly 
represmit^: 


12, the third, is made up out of the two former 
numbers with 7 added to them, so that it may 
have 3 as a side, as three numbers have been 
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added to make it. Similarly the preceding pen- 
tagon, 5, was the combination of two numbers 
and had 2 as its side. The graphic representa- 
tion Of 12 is this: 



m 

numbers and corresponding variation in Ih^r 
total constitution. 

[4] In order that, as you survey all cases, 
you may have a rule generally applicable, note 
that the root-numbers of any polygonal differ 
by 2 less than the number of the angles shown 
by the name of the polygonal — that is, by 1 in 
the triangle, 2 in the square, 3 in the pentagon, 
4 in the hexagon, 5 in the heptagon, and so on, 
with similar increase. 

CHAPTER XII 


The other pentagonal numbers will be produced 
by adding together one after another in due 
order the terms after 7 that have the difference 
3, as, for example, 10, 13, 16, 19, 22, 25, and so 
on. The pentagons will be 22, 35, 51, 70, 92, 
117, and so forth. 

CHAPTER XI 

[1] The hexagonal, heptagonal, and suc- 
ceeding numbers will be set forth in their series 
by following the same process, if from the nat- 
ural series of number there be set forth series 
with their differences increasing by 1. For as 
the triangular number was produced by admit- 
ting into the summation the terms that differ 
by 1 and do not pass over any in the series; as 
the square was made by adding the terms that 
differ by 2 and are one place apart, and the 
pentagon similarly by adding terms with a dif- 
ference of 3 and two places apart (and we have 
demonstrated these, by setting forth examples 
both of them and of the polygonal numbers 
made from them), so likewise the hexagons will 
have as their root-numbers those which differ 
by 4 and are three places apart in the series, 
which added together in succession will pro- 
duce the hexagons. For example, 1, 5, 9, 13, 17, 
21, and so on; so that the hexagonal numbers 
produced will be 1, 6, 15, 28, 45, 66, and so on, 
as far as one wishes to go. 

[2] The heptagonals, which follow these, 
have as their root-numbers terms differing by 
6 and four places apart in the series, like 1, 6, 
11, 16, 21, 26, 31, 36, and so on. The heptagons 
that thus arise are 1, 7, 18, 34, 55, 81, 112, 148 
and so forth. 

[S] The octagonals increase after the same 
fa^ion, with a difference of 6 in their root- 


[1] Concerning the nature of plane polygon- 
als this is sufficient for a ^rst Introduction. Tliat, 
how’ever, the doctrine of these numbers is to 
the highest degree in accord with their geomet- 
rical representation, and not out of harmony 
with it, would l^e evident, not only from the 
graphic representation in each case, but also 
from the following: Every square figure diag- 
onally divided is resolved into two triangles 
and every square number is resolved ihto two 
consecutive triangular numbers, and hence is 
made up of two successive triangular numbers. 
For example, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 
and so on, are triangular numbers and 1, 4, 9, 
16, 25, 36, 49, 64, 81, 100, squares. [2] If you 
add any two consecutive triangles that you 
please, you will always make a square, and 
hence, whatever square you resolve, you will 
be able to make two triangles of it. 

Again, any triangle joined to any square fig- 
ure makes a pentagon, for example, the triangle 
1 joined with the square 4 makes the pentagon 
5; the next triangle, 3 of course, with 9, the 
next square, makes the pentagon 12; the next, 
6, with the next square, 16, gives the next pen- 
tagon, 22; 10 and 25 give 35; and so on 

[3] Similarly, if the triangles are added to 
the pentagons, following the same order, they 
will produce tlxe hexagonals in due order, and 
again the same triangles with the latter will 
make the heptagonals in order, the octagonals 
after the heptagonals, and so on to infinity. 

[ 4] To remind us, let us set forth rows of the 
polygonals, written in parallel lines, as follows: 
The first row, triangles, the next squares^ after 
them pentagonals, then hexagonals, then hep- 
tagonals, then if one wishes, the succeeding 
polygonals. 


Triangles 

1 

3 

6 

10 

Squares 

1 

4 

9 

16 

Pentagonals 

1 


12 

22 

Hexagonals 

1 

6 

16 

28 

Heptagonals 

1 

7 

18 

84 


15 

21 

28 

36 

64 

66 

25 

36 

49 

64 

81 

lOQ 

35 

61 

70 

92 

117 

145 

45 

66 

91 

120 

188 

190 

55 

81 

112 

148 

189 

235 
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'Yoii^b alfio set forth the succeeding polygon- 
als in similar parallel lines. 

[S] In generali you will find that the squares 
are the sum of the tnangles above those that 
oecnpy the same place in the series, plus the 
numbers of that same class in the next place 
back; for example, 4 equals 3 plus 1, 9 equals 

6 plus 3, 16 equals 10 plus 6, 35 equals 15 plus 
10, 36 equals 21 plus 15, and so on. 

The pentagons are the sum of the squares 
above them in the same place in the series, plus 
the elementary triangles that arc one place fur- 
ther back in the series; for example, 5 equals 4 
plus 1, 12 equals 9 plus 3, 23 equals 16 ^us 6, 
35 equals 25 plus 10, and so on. 

{€] Again, the hexogonals are similarly the 
sums of the pentagons above them in the same 
place in the series plus the triangles one place 
back; for instance, 6 equals 5 plus 1, 15 equals 
12 plus 3^ 28 equals 22 plus 6, 45 equals 35 plus 
10, and as far as you like. 

[7] The same applies to the heptagonals, for 

7 Is the sum of 6 and 1, 18 equals 15 plus 3, 34 
equals 28 plus 6, and so on. Thus each polyg- 
onal number is the sum of the polygonal in the 
same place in the series with one less ang^e, 
plus the trian^e, in the highest row, one place 
back in the series. 

[8] Naturally, then, the triangle is the ele- 
ment of the polygon both in figures and in 
numbers, and we say this because in the table, 
reading ^ther up and down or across, the sue- 
ceswve numbers in the rows are discovered to 
have asdiSei'ences the triangles in regular order. 

CHAPTER XIII 

[ 1] Frcnn this it is easy to see what the solid 
number is and how its series advances with 
equal sid^; lor the number which, in addition 
to fibe two dimensions contemplated in graphic 
representation in a plane, length, and breadth, 
has a third dimensimi, which some call depth, 
others thidaiew, and some height, that num- 
ber would be a sdid number, extended in three 
directions and having length, depth, and 
breadth. 

[f^] This first mak^ its appearance in the 
so-called pyramids. These are produced from 
rather bases growing to a sharp apex, 
first after the triangular form from a triang^ar 
base, second after the form of the square from 
a squfTs^ base, and succeeding these after the 
penta^nal form from a pentagonal base, then 
simfiflAy from the hexggon, heptagon, pctagrni^ 
and eo on indefinitely. 

[$J Exactly bo among the gepmetriGal solid 


figures; if one imagines three lines from the 
three angles of an equilateral triangle, equal 
in l^th to the sides of the triangle, converg- 
ing in the dimension height to one and the same 
point, a pyramid would be produced, bounded 
by four triangles, equilateral and equal one to 
the other, one the original triangle, and the 
other three bounded by the aforesaid three 
lines. [4] And again, if one conceives of four 
lines starting from a square, equal in length to 
the sides of the square, each to each, and again 
converging in the dimension height to one and 
the same point, a pyramid would be completed 
with a square base and diminishing in square 
form, bounded by four equilateral triandes and 
one square, the original one. [5] And starting 
•from a pentagon, hexagon, heptagon, aiijd how- 
ever far you care to go, lines equal in immber 
to the angles, erected in the same fashion from 
the angles and converging to one and the same 
point, will complete a pyramid named from its 
pentagonal, hexagonal, or heptagonal base, or 
similarly. 

[6] So likewise among numbers, each linear 
number increases from unity, as from a point, 
as for example, 1, 2, 3, 4, 5, and successive num- 
bers to infinity; and from these same numbers, 
which are linear and extended in one direction, 
combined in no random manner, the polygonal 
and plane numbers are fashioned — the trian- 
gles by the combination of root-numbers im- 
mediately adjacent, the square by adding every 
other term, the pentagons every third terra, 
and BO on. [7] In exactly the same way, if the 
plane polygonal numbers are piled one upon 
the other and as it were built up, the pyramids 
that are akin to each of them are produced, the 
triangular pyramid from the triangles, the 
.square pyramid from the squares, the pentag- 
onal from the pentagons, the hexagonal from 
the hexagons, and so on throughout. 

[8] The pyramids with a triangular base, 
then, in their proper order, are these: 1, 4, 10, 
30, 35, 56, 84, and so on; and their origin is the 
pilipg up of the tnanguiar numbers one upon 
the other, first I, then 1, 3, then 1, 3, 6, then 
10 in ad^tion to these, apd next 15 together 
with the foregoing, then 21 besides these, next 
38, xnd so on to infinity, 

[9] It ie (dear that the greatest number is 
conceived of as being lowest, for it is discov- 
ered to be the bpse; the next succeeding one 
is on top of it, and the next on top of that; 
until unity appears at the apex and, so to 
speak, tepers ofi the completed pyramid into 
a point. 
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CHAPTER XIV 

[1] The next pyramids in order are those 
with a square base which rise in this shape to 
one and the same point. These are formed in 
the same way as the triangular pyramids of 
which we have just spoken. For if I extend in 
series the square numbers in order beginning 
with unity, thus, 1, 4, 9, 16, 25, 36, 49, 64, 81, 
100, and again set the successiye terms, as in 
a pile, One upon the other in the dimension 
height, when I put 1 on top of 4, the firet ac- 
tual pyramid with square base, 5 is produced, 
for here again unity is potentially the first. [S] 
Once more, I put this same pyramid entire, 
composed of 5 units, just os it is, upon the 
square 9, and there is made up for me the pyra- 
mid 14, with square base and side 3 — ^for the 
former pyramid had the side 2, and the one 
potentially first 1 as a side. For here too each 
side of any pyramid whatsoever must consist 
of as many units as there are polygonal num- 
bers piled together to create it. 

[5] Again, I place the whole pyramid 14, 
with the square 9 as its base, upon the square 
16 and I have 30, the third actual pyramid of 
those that have a square base, and by the same 
order and procedure from a pentagonal, hex- 
agonal, or heptagonal base, and even gbing on 
farther, we shall produce pyramids by piling 
upon one another the corresponding pdygonal 
numbers, starting with unity as the smallest 
and going on to infinity in each case. 

[i] From this too it becomes evident that 
triangles are the most elementary; for abso- 
lutely all of the pyramids that are exhibited 
and shown, with the various polygonal bases, 
are bounded by triangles up to the ai)ex. 

[6] But lest we be heedless of truncated, bi- 
truncated, and tri-truncated pyramids, the 
names of which we are sure to encounter in sci- 
entific writings, you may know that if a pyr^ 
mid with any sort of polygon as its base, tri- 
angle, square, pentagon, or any of the succeed- 
ing polygons of the kind, when it increases by 
this process of piling up does not taper off into 
unity, it is called simply truncated when it is 
left without the natural apex that belongs to 
all pyramids; for it does not terminate in the 
potential poly^m, unity, as in some one point,: 
but in another polygon, and an actual one, dnd 
unity ia not its apex, ^t its Upper boundary 
becomes a plane figure with the same number 
of angles as the base. If, however, in addition 
to the failure to terminate in unity it d^ not 
even terminate in the pofygon next tounity and 


the first in actuality, such a pyramid » ealled 
bi-truncated, and if, still further, it does not 
have the second actiml polygon at its upper 
Ihnit, but only the one next l:^n4ath, it will be 
called tri-truncated, yes, even font thnel trun- 
cated, if it deed not have the next one aa its 
limit, or five times truncated at the next step, 
and so on as far as you care to carry the nomen- 
clature. 

CHAPTER XV 

[1] While the origin, advance, increase, and 
nature of the equilateral solid numbers of py- 
ramidal appearance is the foregoing, with its 
seed and root in the polygonal numbers and 
the piling up of them in tbar regulat order, 
there is another series of solid itumberS of a 
different kind, consisting of the so-callod cubes, 
“beams, “bricks,” “wedges,” spheres and par- 
allelepipedons, which has the order of its prog- 
ress somewhat as follows: 

[^] The foregoing squares 1, 4, 9, 16, 25, 36, 
49, 64, and so on, which are extended in two 
directions and in their graphic representation 
in a plane have only length and breadth, will 
take on yet a third dimension and be solid4 and 
extended in three directions if each is multi- 
plied by its own side; 4, Which is 2 tin^s 2, is 
again multiplied by 2, to make 8 ; 9, which is 3 
times 3, is again increased by 3 in another di- 
mension and gives 27 ; 16, which is 4 times 4, is 
multiplied by its own side, 4, and 64 results ; and 
so on with the succeeding squares throughout. 

[3] Here, too, the sides will be composed of 
as many units as were in the skies of the sqtmres 
from which they arose, in each case; the sides 
of 8 will be 2, like those of 4 ; those of 27, 3, like 
those of 9; those of 64, 4, like those of 16; and 
so on, so that likewise the side Of unity, the 
potential cube, will be 1, which is the side of 
the potential square, 1. 

In general, each square is a single plahO, and 
has four angles and four sides, while each sev- 
eral cube, having increased out of some ohe 
square multiplied by its own side, will have al- 
ways six plane surfaces, each equal to th®- origi- 
nal square, and twelve edges, each equal tb and 
containing exactly the Same number of uUits 
as each side of the ori^nal square, a»d eight 
solid angles, each of which is bounded by thrw 
edges like in each case to the sides of the origi- 
nal squafe. 

CHAPTER XVI 

[ 1 ] Now since the cube is a solid figure with 
eaual sides in all dimensions, in length, depth, 
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aiid breadtii, and is equally e^dended in all the 
nxao-called directions,^ it follows that there is 
opposed to it that which has its dimensions in 
no case equal to one another, but its depth un^ 
equal to its breadth and its length unequal to 
either of these, for example 2 times 3 times 4, 
or 2 times 4 times 8, or 3 times 5 times 12, or 
a figure which follows some other scheme of in- 
equality. 

[S] Such solid figures, in which the dimen- 
sions are everywhere unequal One to another, 
are called scalene in general. Some, however, 
using other names, call them ^ hedges,’’ for car- 
pen ters^ house-builders’ and blacksmiths’ 
wedges and those used in other crafts, having 
unequal sides in every direction, are fashioned 
so as to penetrate; they begin with a sharp end 
and continually broaden out unequally in all 
the dimensions. Some also call them sphekiakoif 
^Vasps,” because wasps’ bodies also are very 
like them, compressed in the middle and show- 
ing the resemblance mentioned. From this also 
the sphekomaf ‘*pdnt of the helmet,” must de- 
rive its name, for where it is compressed it imi- 
tates the waist of thfe wasp. Others call the same 
numbers ^^altars,” using their own metaphor, 
for the altars of ancient style, particularly the 
Ionic, do not have the breadth equal to the 
depth, nor either of these equal to the length, 
nor the base equal to the top, but are of varied 
dimensions ever 3 rwhere. 

{8] Now whereas the two kinds of numbers, 
cube and scalene, are extremes, the one equally 
extended in every dimension, the other un- 
equally, the so-called paralldepipedons are sol- 
id numl^rs like means between them. The plane 
surfaces of these are heteromecic numbers,* just 
as in the case of tbe cubes the faces were squares, 
as has been shown. 

CHAPTER XVII 

[ 1] Again, then, to take a fresh start, a num- 
ber is called heteromecic if its representation, 
when graphically described in a plane, is quad- 
rilatei^ and quadrangular, to be sure, but the 
sides are not equal one to another, nor is the 
length equal to the breadth, but they differ by 
1. Examples are 2, 6, 12, 20, 30, 42, and so on, 
for if one represents them graphically he will 
always, cons^ct them thus: 1 times 2 equals 
2, 2 times 3 equals 6, 3 times 4 equals 12, and 
Ihe HucSeeding ones dmilarly , 4 times 5, 5 times 
6, 6 limes 7, 7 tinms 8, and thus indefinitely, 

;*C!f.IL8.4. 

qShfe the following <diapt6r. 


provided only that cme side is greater than the 
other by 1 and by nO other number. If, how- 
ever, the sides differ otherwise than by l,i for 
instance, by 2, 3, 4 or succeeding numbers, as 
in 2 times 4, 3 times 6, 4 times 8, or however 
else they may differ, then no longer will such a 
number be properly called a heteromecic, but 
an oblong number. For the ancients of the 
school of Pythagoras and his successors saw 
“the other”* and “otherness” primarily in 2, 
and “the same” and “sameness” in 1, as the 
two beginnings of all things, and these two are 
found to differ from each other only by 1, Thus 
“the other” is fundamentally “other” by 1, and 
by no other immber, and for this reaijSn cus- 
tomarily “other” is used, among tho» who 
speak correctly, of two things and not o\ more 
than two. 

[ 2] Moreover, it was shown that all odd^um- 
ber is given its specific form^ by unity, and all 
even number by 2. Hence we shall naturally 
say that the odd partakes of the nature of “the 
same,” and the even of that of “the other”; 
for indeed there are produced by the succes- 
sive additions of each of these — naturally, and 
not by our decreef-^by the addition of the 
odd numbers from 1 to infinity the class of 
the squares, and by the addition of the evens 
from 2 to infinity, that of the heteromedc 
numbens.* 

[3] There is, accordingly, every reason to 
think that the square once more shares in the 
nature of the same; for its sides display the 
same ratio, alike, unchanging and firmly fixed 
in equality, to themselves; while the hetero- 
mecic number partakes of the nature of the 
other; for just as 1 is differentiated from 2, dif- 
fering by 1 alone, thus also the sides of every 
heteromecic number differ from one another, 
one differing from the other by 1 alone. . 

To illustrate, if I have set out before me the 
successive numbers in series beginning with 1, 
and select and arrange by themselves the odd 
numbers in the line and the even by themselves 
in another, there arr obtained these two series : 

1, 3, 6, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27 

2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28 . 

[4] Now, then, the beginning of the odd series 
is unity, which is of the same class as Ihe series 
and po^Beiases the nature of “the same,” and so 
whether it multiplies itsdf in two dimensions 

•Cf . Plato, TimaeuSt 85 ff. 

*Cf.I.7.2. 

•Cf. 11.18. 2 and 20. A 
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or m three it ie not made different, nor yet does 
it make any other number depart from what it 
was oripnaffy,' but keeps it just as it was. Such 
a property it is impossible to find in any other 
number. [S] Of the other series the bepnning 
is 2, which is similar in kind to this series and 
imitates “otherness*' ; for whether it multiplies 
its^ or another number, it causes a change,’ 
for example, 2 times 2, 2 times 3. 

[6] But in cases like 8 times 8 times 2, or 8 
times 8 times 3, such solid forms are called 
“bricks,” the product of a number by itself and 
then by asmaller number; if, however, a greater 
height is joined to the square, as in 3 times 3 
times 7, 3 times 3 rimes 8, or 3 times 3 times 9, 
or however many times the square be taken, 
provided only it be a greater number of times 
than the square itself, then the number is a 
“beam,” the product of a number by itself and 
then by a larger number. The “wedges,” to be 
sure, were the products of three unequal num- 
bers, and cubes of three equal ones. 

[7] Among the cubes, some of them, in addi- 
tion to being the product of three equal num- 
bere, have the further property of ending at 
every multiplication in the same number as 
that from which they began; these are called 
spherical, and also recurrent. Such indeed are 
those with sides 5 or 6 ; for however many times 
1 increase each one of these, it will by all means 
end each time in the same figure, the derivative 
of 6 in 6 and that of 5 in 5. For example, the 
product of 5 times 5 will end in 5, and so will 
5 rimes this product and if necessary, 5 times 
this again, and to infinity no other concluding 
term will be found except 6. From 6, too, in the 
same fashion 6 and no other will be the con- 
cluding term; and so 1 likewise is potentially 
spherical and recurrent, for as is reasonable it 
has the same property as the spheres and circles. 
For each one of them, circling and turning 
around, ends where it begins. And so these 
numbers aforesaid are the only ones of the 
products of equal factors to return to the same 
starting point from which they began, in the 
course of all their increases. If they increase in 
riie maimer of planes, in two dimensions, they 
are called circular, like 1, 25, and 36, derived 
from 1 rimes 1, 5 times 5, and 6 rimes 6; but if 
they have three dimensions, or are multiplied 
still further than this, they are called spherical 
solid numbers, for example 1, 125, 216, or, 
again, 1, 625, 1,296. 

H3f.IL 6.3. 

H3f. Ai^storie, On the Saul, 406>» 13. 
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CHAPTER ixyill 

{IJ Regarding the solid numbers thk h for 
the present sufficient. The physical philoso- 
phers, however, and those that take their start 
with matheinaties, c^l “the same” and *^the 
other” the principleB of the universe, and it has 
been shown that “the same” inheres in unity 
and the odd numbers, to which unity gives spe- 
cific form, and to an even greater degree in the 
squares, made by the continued addition of odd 
numbers, because in their sides they shaie in 
equality; while “the other” inheres in 2 and 
the whole even series, which is given speeifie 
form by 2, and particularly in the heteromecic 
numbers, which are made by the continued ad- 
dition of the even numbers, because of the share 
of the original inequality* and “otherness” 
which they have in the difference between their 
sides. Therefore it is most necessary further to 
demonstrate how in these two, as in origins and 
seeds, there are potentially existent all the pe^- 
culiar properties of number, of its forms and 
subdivisions, of all its relations, of polygonals, 
and the like. 

[2] First, however, we must make the dis- 
tinction whereby the oblong fpromecic) num- 
ber differs from the heteromecic. The hetero- 
mecic is, as was stated above, ^ the product of a 
number multiplied by another larger than the 
first by 1, for example, 6, which is 2 times 3, or 
12, which is 3 times 4. But the oblong is simi- 
larly the product of two differing numbers, dif- 
fering, however, not by 1 but by some larger 
number, as 2 times 4, 3 times 6, 4 times 8, and 
similar numbers, which in a way exceed in 
length and overstep the difference of 1. 

[3] Therefore, since squares are produced 
from the multiplication of numbers by their 
own length, and have their length the same as 
their breadth, properly speakmg they would be 
called “idiomecic” or “tautomecic”; for exam*' 
pie, 2 rimes 2, 3 times 3, 4 rimes 4, and the 
rest. And if this is true, they will admit in every 
way of sameness and equality, and for this 
reason are limited and come to an end; for “the 
equal” and “the same” are so in one definite 
way. But since the heteromecic numbers are 
produced by the multiplication of a number by 
not its own, but another number's length, th^ 
are therefore called “heteromecic,” and adxmt 
of infinity and boundlessness. 

[4] In this way, then; all numbm and the 

»Cf. II. 17. 2. 

*a. II. 17. 1. 
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objects in the liniverse which have been cre- 
ate with reference to them are divided and 
classified and are seen to be opposite one to sm- 
other, and well do the ancients at the very ber 
ginning of thar account of Nature make Ihe 
first subdivision in their cosmogony on this 
principle. Thus Plato^ mentions the distinction 
between the natures of ^^Hie same’’ and 
other/’ and again, that between the essence 
which is indivisible and always the same and 
the one which is divided; and Philolaus says 
that existent things must all be either limitless 
or limited, or limited and limitless at the same 
time, by which it is generally agreed that he 
means that the universe is made up out of lim* 
ited and limitless things at the same time, ob^ 
viously after the image of number, for all num- 
ber is composed of unity and the dyad, even 
and odd, and these in truth display equality 
and inequality, sameness and otherness, the 
bounded and the boundless, the defined and 
the undefined. 

C0APTER XIX 

[1] That we may be clearly persuaded of 
what is being said, namely, that things are 
made up of warring and opposite elements* and 
have in all likelihood taken on harmony — and 
harmony always arises from opposites; for har- 
mony is the unification of the diverse and the 
reconciliation of the contrary-minded— -let us 
set forth in two parallel lines no longer, as just 
previously, the even numbers from 2 by them- 
selves and the odd numbers from 1, but the 
numbers that are produced from these by add- 
ing them successively together, the squares 
from the odd numbers, and the heteromecic 
from the even. For if we give careful attention 
to their setting forth, we shall admire their mu- 
tual friendship and their cofiperation to pro- 
duce and perfect the remaining forms, to the 
end that we may with probability conceive that 
also in the nature of the universe from some 
such source as this a similar thing was brought 
about by universal providence. 

[2] Let the two series then be as follows: 
That of the squares, from unity, 1, 4, 9, 16, 25, 
36, 49, 64, 81, 100, 121, 144, 169, 196, 225, and 
that of the heteromecic numbers, beginning 
with 2 and proceeding thus, 2, 6, 12, 20, 30, 42, 
56, 72, 90, no, 132, 156, 182, 210, 240, 

[8] In the first place, then, the first square 
is the fundamental multiple of the first hetero- 

*Cf . Plato, Timeaus, 35. 

^to, TimaeuSf 80. 


mecio number; the second, compared to the 
second, is its aeaquialter; the third, sesquiter- 
tian of the third; the fourth, aesquiquartan of 
the fourth; then sesquiqumtan, sesquisextan, 
and so on similarly od infinitum, Tl^ir dlfi^- 
ences, too, will increase according to the suct 
oessive numbers from 1; the difference of the 
first terms is 1, of the second 2, of the third 3, 
and so on. Next, if first the second term of the 
squares be eompai*ed with the first heteromecic 
number, the third with the second, the fourth 
with the third, and the rest similarly, they will 
keep unchanged the same ratios as before, but 
their differences will begin to progress no longer 
from 1, but from 2, remaining the same as be- 
fore, and according to the advance obsep^ed in 
the former comparison, the first to the fi^st will 
be the first, or root-form, multiple, the fccond 
to the second the second sesquialter from the 
root-form, the third to the third the thini ses- 
quitertian from the root-form, and the succeed- 
ing terms will go on in similar fashion. 

[4] Furthermore, the squares among them- 
selves will have only the odd numbers as dif- 
ferences, the heteromecic, even numbers. And 
if we put the first heteromecic number as a 
mean term between the first two squares, the 
second between the next two, the third between 
the two following, and the fourth between the 
two next succeeding, therein will be seen still 
more regularly the numerical relations in groups 
of three terms. For as 4 is to 2, so is 2 to 1 ; and 
as 9 is sesquialter to 6, so is 6 to 4; and as 16 to 
12, so is 12 to 9, and so on, with both numbers 
and ratios regularly advancing. As the greater 
is to the mean, so will the mean be to the lesser, 
and not in the same ratio, but always a differ- 
ent one, by an increase. In all the groupings, 
too, the product of the extremes is equal to the 
square of the mean; and the extremes, plus 
twice the mean, by exchange will always give 
a square. What is neatest of all, from the addi- 
tion of both there comes about the production 
of the triangles in due order, showing that the 
nature of these is more ancient^ than the origin 
of all things, thus: 1 plus 2, 2 plus 4, 4 plus 6, 
6 plus 9, 9 plus 12, 12 plus 16, 16 plus 20, and 
by this process the triangles, which give rise to 
the polygons, come forth in order. 

CHAPTER XX 

[1] Still further, every square plus its own 
side becomes heteromecic, or by Zeus, if its side 
is subtracted from it. Thus, **the other” is con- 

•Cf. n. 17. 8; 18. 1 and II. 7. 4; ef. 12.8 
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cdved of ^ being: bol^ grater and smaller than 
“the same/’ sinee it ie produced, both by addn 
tion and by sUbtracUoii, in the same way that 
the two kinds of inequ^ity^ also, the greater 
and the less, have their origin from the appli- 
cation of addition or subtraction to equality. 
[ 2] This also is sufficient evidence that the two 
forms partake of sameness and otherness, of 
otherness in an indefinite fashion, but of same^ 
ness definitely, 1 and 2 generically, but the odd 
of sameness after the manner of a subordinate 
species because it belongs to the same class as 
1, and the even of otherness because it is homo- 
geneous with 2. 

[3] There is also a still clearer reason why 
the square, since it is the product of the addi- 
tion of odd numbers, is aldn to sameness, and 
the heteromecic numbers to otherness because 
it is made up by adding even numbers; for as 
though they were friends of one another, these 
two forms share in their two rows the same dif- 
ferences when they do not have the same ra- 
tios, and conversely the same ratios when they 
do not have the same differences. For the dif- 
ference between 4 and 2 in the double ratio is 
found between 6 and 4 as a superi)articular; 
and again the difference between 9 and 6, as a 
sesquialter, is found between 12 and 9 as a ses- 
quitertian, and so on. What is the same in qual- 
ity is different in quantity, and just the oppo- 
site, what is the same in quantity is different 
in quality. [4] Again, it is clear that in all their 
relations the same difference between two 
terms will necessarily be called fractions with 
names that differ by 1, and be the half of one 
and the third of the other, or the third of one 
and the quarter of the other, or the fourth of 
one and the fifth of the other, and so on. 

[6] But what will most of all confirm the 
fact that the odd, and never the even, is pre- 
eminently the cause of sameness, is to be dem- 
onstrated in every series beginning with 1 fol- 
lowing some ratio, for examplei the double ra- 
tio, 1, 2, 4, 8, 16, 32, 64, 128, 266, or the triple, 
1, 3, 9, 27, 81, 243, 729, 2,187, atid as far as yoU 
like. You will find that of nece^ity all the terms 
in the odd places in the series are Squares, and 
no others by any device whatsoever, and that 
no square is to be found in an even place. 

But all the products of a number multiplied 
twice into itself, that is, the cubes^ which are 
extended in three dimensions and seen to rfiare 
in sameness to an even greater extent, are the 
product of the odd numbers, not the even, 1, 

^.1.1X6. 


8, 27, 64, 125, and 216, aUd those that 0 On 
anatogously, in a simple, unvaried progves^oil 
as well. For whto the successive odd nuinb^ 
are set forth ihdefinitdy beginning with 1, ob- 
serve this: The first one makes the potential 
cube; the next two, added together, the second; 
the next three, the third; the four next follow- 
ing, the fourth; the succeeding five, the fifth; 
the next six, the sixth; and so on. 

CHAPTER XXI 

[1] After this it would be the proper tiime 
to incorporate the nature of proportions, a 
thing most essential for speculation about the 
nature of the universe and for the propositions 
of music, astronomy, and g^inetry, and not 
least for the study of the works of the ancients, 
and thus to bring the Introduction to ArUhfhetic 
to the end that is at once suitable and fitting. 

[2] A proportion, then, is in the proper sense, 
the combination of two or more ratiost but by 
the more general definition the combination of 
two or more relations^ even if they are not 
brought under the same ratio, but rather a dif- 
ference, or something else. 

[5] Now a ratio^ is the relation of two terms 
to one another, and the combination of such is 
a proportion, so that three is the smallest num- 
ber of terms of which the latter is composed, 
although it can be a series of more, subject to 
the same ratio or the same difference. For ex- 
ample, 1 : 2 is one ratio, where there are two 
terms; but 2:4 is anollier similar ratio; hence 
1, 2, 4 is a proportion, for it is a combination 
of ratios, or of three terms which are obseived 
to be in the same ratio to one another. [4] The 
same thing may be observed also in greater 
numbers and longer series of terms; for let a 
fourth term, 8, be joined to the former after 4, 
again in a similar r^ation, the double, and then 
16 after 8 and so on. 

[6] Now if the same term, one and unchang- 
ing, is compared to those on either side of it, 
to the greater as eonsequent and to the lessor 
as antecedent, such a proportion is ^lled con- 
tinued; for example, 1, 2, 4 is a continued pro- 
portion as regards quality®, for 4 :2 equals 2:1, 
and conversely 1:2 equals 2:4. In quanrity, 1, 
2, 3, for example, is a continued proportion, for 
as 3 exceeds 2^ so 2 exceeds and oemverseiy, 
as 1 is less than 2, by so much 2 is less than 3. 

[6] If, however, one term answers to the 
lesser tema, and becomes its antecedent Cud a 

*Cf . Euclid, EkmenUt 7, init, 
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greater tenn, and another, not the aan^e, takes 
the place of consequent and lesser term with 
reference to the greater, such a mean and such 
a proportion is called no longer continued, but 
disjunct; for example, as regards quality, 1, 2, 
4, 8, for 2:1 equals 8:4, and conversely 1:2 
equals 4:8, and again 1:4 equals 2:8 or 4:1 
equals 8:2; and in quantity, 1, 2, 3, 4, for as 1 
is exceeded by 2, by so much 3 is exceeded by 
4, or as 4 exceeds 3, so 2 exceeds 1, and by in- 
terchange, as 3 exceeds 1; so 4 exceeds 2, or 
as 1 is exceeded by 3, by so much 2 is exceed- 
ed by 4. 

CHAPTER XXII 

[1] The first three proportions, then, which 
are acknowledged by all the apcients, Pythag- 
oras, Plato, and Aristotle, are the arithmetic, 
geometric, and harmonic; and there are three 
.others subcontrary to them, which do not have 
names of their own, but are called in more gen- 
eral terms the fourth, fifth, and sixth forms of 
mean; after which the moderns discover four 
others as well, making up the num,ber ten, 
which, according to the Pythagorean view, Is 
the most perfect possible. It was in accordance 
with this number indeed that not long ago the 
ten relations were observed to take their proper 
number, the so-called ten categories, the divi- 
sions and forms of the extremities of our hands 
and feet, and countless other things which we 
shall notice in the proper place. 

[^] Now, however, we must treat from the 
beginning, first, that form of proportion which 
by quantity reconciles and binds together the 
comparison of the terms,; which is a quantita- 
tive equality as regards the difference of the 
several terms to one another. This would be 
tiie arithmetic proportion, for it was previously 
reported that quantity is its peculiar belong- 
ing. [3] What, then, is the reason that we shall 
treat of this first, and not another? Is it not 
dear that Nature shows it forth before the rest? 
For in the natural series of simple numbers, 
beginning with 1, with no term passed over or 
omitted, the definition of this proportion alone 
is pieserved; moreover, in our previous state- 
ments,^ we demonstrate that the Arithmetical 
I fttradudim i tself is antecedent to all the others, 
because it abolishes them together with itsdf^ 
but is not abdished together with them, and 
because it is implied by them, ;but does not im- 
ply them; Thus.it is natuie> that the mean 
which shares the name of arithmetic will not 

>a.i.4.2ff. ; 


unrasonably take preisedence of the means 
which are named for the other sciences, the ge- 
ometric and harmonic; for it is plain that all 
the more will it take precedence over the sub- 
contraries, over which the first three hold the 
leadership, [i] A& the first and original, there- 
fore, since it is most deserving of the honor, let 
the arithmetic proportion have its discussion 
at our hands before the others. 

CHAPTER XXIII 

[1] It is an arithmetic proportion, then, 
whenever three or more terms are set forth in 
succession, or are so conceived, and the same 
quantitative, difference is found to exist be- 
tween the successive numbers, but not tpe same 
ratio among the terms, one to another, ^or ex- 
ample, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, U3; for 
in this natural series of numbers, examin^ con- 
secutively and without any omissions, \every 
term whatsoever is discovered to be placed be- 
tween two and to preserve the arithmetic pro- 
portion to them. For its differences as com- 
pared with those ranged on either side of it are 
equal ; the same ratio, however, is not preserved 
among them. 

[3] And we understand that in such a series 
there comes about both a continued and a dis- 
junct proportion; for if the same middle term 
answers to those on either side as both ante- 
cedent and consequent, it would be a continued 
proportion, but if there is another mean along 
with it, a disjunct proportion comes about. 

[3] Now if we separate out of this series any 
three consecutive terms whatsoever, after the 
form of the continued proportion, or four or 
more terms after the disjunct form, and con- 
sider them, the difference of them all would be 
1, but their ratios would be different through- 
out. If, however, again we select three or more 
terms, not adjacent, but separated, separated 
nevertheless by a constant interval, if one term 
was omitted in setting down each term, the 
difference in every case will be 2 ; and once more 
with three terms itwill be a continued propor- 
tion; with more, disjunct. If two terms are 
omitted, the difference will always be 3 in all 
of them, continued or disjunct; if three, 4; if 
four, 5; and so on. 

[ij Such a proportion, therefore, partakes 
in equal quantity in ite differences, but .of un- 
equal qusdity; for this reason it is enikmetic. 
If on the contrary it partook of similar quality, 
but not quantity, it would be geometric instead 
of arithmetic. 

[5] A thing is peculiar to this prpportio*^ 
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^ean is either half of, or equal to, the sum of 
the'extremes, whether the proportion be viewed 
as continuous or disjunct or by alternation ; for 
either tiie mean term with itself, or the mean 
terms with one another, are equal to the sum 
of the extremes. 

[6] It has still another peculiarity; what ra- 
tio each term has to itself, this the differences 
have to the differences; that is, they are equal. 

Again; the thing which is most exact, and 
which has escaped the notice of the majority, 
the product of the ejdiremes when compared to 
the square of the mean is found to be smaller 
than it by the product of the differences, 
whether they be 1, 2, 3, 4, or any number what- 
ever. 

In the fourth place, a thing which all previ- 
ous writers also have noted, the ratios between 
the smaller terms are larger, as compared to 
those between the greater terms. It will be 
shown that in the harmonic proportion, on the 
contrary, the ratios between the greater terms 
are greater than those between the smaller ; for 
this reason the harmonic proportion is subcon- 
trary to the arithmetic, and the geometric is 
midway between them, as it were, betw^n 
extremes, for this proportion has the ratios 
between the greater terms and those between 
the smaller equal, and we have seen that the 
equal is in the middle ground between the 
greater and the less. So much, then, about the 
arithmetic proportion. 

CHAPTER XXIV 

[1] The next proportion^ after this one, the 
geometric, is the only one in the strict sense of 
the word to be called a proportion, because its 
terms are seen to be in the same ratio. It exists 
whenever, of three or more terms, as the great- 
est is to the Uext greatest, so the latter is to the 
one following, and if there are more terms, ae 
this again is to the one following it, but they 
do not, however, differ from one another by the 
same quantity, but rather by the same quality 
of ratio, the opposite of what was seen to be 
the case with the arithmetic proportion. 

[^] For au ^mple, set forth the numbers 
beginning with 1 that advance by the double 
ratio, 2, 4, 8, 16, 32, 64> and so on, or by the 
triple ntio, 1, 3, 9, 27, 81, 243, and so on, or by 
the quadruple, or in some similar way. In each 
one of these series three adjacent terms, or four, 
or any number whatever that may be taken, 


other; as the first is to the next smaller, so is 
that to the next smaller, and again that to the 
next smaller, and so on as far as you care to go, 
and also by alternation. For instance, 2, 4, 8; 
the ratio which 8 bears to 4, that 4 bears to 2, 
and conversely; they do not, however, have the 
same quantitative difference. Again, 2, 4, 8, 16; 
for not only does 16 have the same ratio to 8 as 
before, though not the same difference, but also 
by alternation it preserves a similar relation-^ 
as 16 is to 4, so 8 is to 2, and conversely, as 2 is 
to 8, so 4 is to 16; and disjunctly, as 2 is to 4, 
so 8 is to 16; and conversely and in disjunct 
form, as 16 is to 8 so 4 is to 2; for it has the 
double ratio. 

[S] The geometric proportion has a peculiar 
property shared by none of the rest, that the 
differences of the terms are in the same ratio to 
each other as the terms to those adjacent to 
them, the greater to the less, and vice versa. 
Still another property is that the greater teims 
have as a difference, with respect to the lesser, 
the lesser terms themselves, and similarly dif- 
ference differs from difference, by the smaller 
difference itself, if the terms are set forth in the 
double ratio; in the triple ratio both terms and 
differences will have as a difference twice the 
next smaller, in the quadruple ratio thrice, in 
the quintuple four times, and so on. 

[4] Geometric proportions come about not 

only among the multiples, but also among all 
the superparticular, superpartient, and mixed 
forms, and the peculiar property of this pro- 
portion in all cases is preserved, that in the 
continued proportions the product of the ex- 
tremes is equal to the square of the mean, but 
in disjunct proportions, or those with a greater 
number of terms, even if they are not contin- 
ued, but with an even number of terms, that 
the product of the extremes equals that of the 
means. , 

[5] As an illustration of the fact that m all 
the relations, all kinds of multiples, superpar- 
ticulars, superpartients, and mixed ratios the 
peculiar property of this proportion is pre- 
served, let that suffice® and be sufficient for us 
wherein we fashioned, beginning with equali- 
ty, by the three rules all the kinds of inequality 
out of one another, when they were in both 
direct and reverse order; for each act of fash- 
ioning and each series set forth i» a geometric 
proportion with all the aforesaid properties ^ 
well as a fourth, namely, that they keep the 


K)f, Euclid, Elements^ VII, Def. 21.' 
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mme ratio in both the greater and the smalier 
terms. Moreover, if we set forth the series 
shared by bot^ heteromecie and square num- 
bers, one by one, containing the terms in both 
series, and then selecting the terms by groups 
of three beginning with I, escamine them, in 
each case setting down the last of the former 
group as the starting point of the next, we shaU 
find that from the multiple relation-~^that is, 
the double — all the kinds of superparticulars 
appear one after the other, the sesquialter, ses- 
quitertian, sesquiquartan, and so on. 

[6] It would be most seasonable, now that 
we have reached this point, to mention a corol- 
lary that is of use to us for a certain Platonic 
theorem for plane numbers are bound togeth- 
er always by a single mean, solids by two, in 
the form of a proportion. For with two con- 
secutive squares^ only one mean term is dis- 
covered which preserves the geometric propor- 
tion, as antecedent to the smaller and conse- 
quent to the greater term, and never more than 
one. Hence we conceive of two intervals be- 
tween the mean term and each extreme, in the 
relation of similar ratios. [7] Again, with two 
consecutive cubes* only two middle terms in 
proper ratio are found, in accordance with the 
geometric proportion, never more; hence there 
are three intervals, one, that between the mean 
terms compared to one another, and two be- 
tween the extremes and the means on either 
side. [8] Thus the solid forms are called three- 
dimensional and the plane ones two-dimension- 
al; for example, 1 and 4 are planes, and 2 a 
middle term in proportion, or again 4 and 9, 
two squares, and their middle term 6, held by 
the greater and holding the lesser term in the 
same ratio as that in which one difference holds 
the other. [9] The reason for this is that the 
sides of the two squares, one belonging pecu- 
liarly to each, both together produced this very 
number 6. In cubes, however, for example 8 
and 27, no longer one but two mean terms are 
found, 12 and 18, which put themselves and 
the terms in the same ratio as that which the 
differenoes bear to one another; and the reason 
of this is that the two mean tenns are the prod- 
ucts of the sides of the cubes cmnmingled, 2 
t^es 2 times 3 and 3 times 3 times 2. 

[10] In general, then, if a square takes a 
square, that is, multiplies it, it always makes 
a square; but if a square multiplies a hetero* 

32. 
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mecic number, or vice versa, it never makes a 
square; and if cube multiplies cube, a cube will 
always result, but if a heteromecie number m\d- 
tiplies a cube, or vice versa, never is the result 
a cube. In precisely the same way if an even 
number multiplies an even number, the prod*^ 
uct is always even and if odd multiplies odd 
always odd; but if odd multiplies even or even 
odd, the result will always be even and never 
odd. [11] These matters will receive their prop- 
er elucidation in the commentary on Plato, 
with reference to the passage on the so-called 
marriage number in the Republic^ introduced 
in the person of the Muses. So then let us pass 
over to the^third proportion, the so-called har- 
monic, and analyze it. 

CHAPTER XXV 1 

[1 ] The proportion that is placed in the'third 
order is one called the harmonic, which exists 
whenever among three terms the mean on ex- 
amination is observed to be neither in the same 
ratio to the extremes, antecedent of one and 
consequent of the other, as in the geometric 
proportion, nor with equal intervals, but an in- 
equality of ratios, as in the arithmetic, but on 
the contrary, as the greatest term is to the 
smallest, so the difference between greatest and 
mean terms is to the difference between mean 
and smallest term. For example, take 3, 4, 6, 
or 2, 3, 6. For 6 exceeds 4 by one third of itself, 
since 2 is one third of 6, and 3 falls short of 4 
by one third of itself, for 1 is one third of 3. In 
the first example, the extremes are in double 
ratio and their differences with the mean term 
are again in the same double ratio to one an- 
other; but in the second they are each in the 
triple ratio. 

l^] It has a peculiar property, opposite, as 
we have said,® to that of the arithmetic pro- 
portion; for in the latter the ratios were greater 
among the smaller terms, and smaller among 
the greater terms. Here, however, on the con- 
trary, those among the greater terms are great- 
er and those amongJbhe smaller terms smaller, 
so that in the geometric proportion, like a mean 
between them, there may be observed the 
equality of ratios on either side, a midground 
between greater and smaller. 

[3] Furthermore, in the arithm^ie propo^ 
tion the mean term is seen to be greater and 
smaller than those on either side by the same 
fraction of itself, but by different fractions of 

^Republic, 546 ff. 

»Cf. II. 23.6. 
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tenoB that flank it; in the harmofnio, how<« 
ever, it is the opposite^ for the middle term is 
greater and less than the terms on either side 
by different fractions of itself, bat always the 
same fraction of those terms at its sides, a half 
of them (n* a third; but the geometric, as if in 
the midground between them, shows this prop- 
erty neither in the mean term exclusively nor 
in the extremes, but in both mean and extreme. 

[4] Once more, the harmonic proportion has 
as a peculiar property the fact that when the 
extremes are added together and multiplied by 
the mean, it makes twice the product of them- 
selves multiplied by one another. 

[6] The harmonic proportion was so called 
because the arithmetic proportion was distin- 
guished by quantity, showing an equality in 
this respect with the intervals from one term 
to anotW, and the geometric by quality, giv- 
ing similar qualitative relations l^tween one 
term and another, but this form, with refer- 
ence to relativity, appears now in one form, 
now in another, neither in its terms exclusively 
nor in its differences exclusively, but partly in 
the terms and partly in the differences; for as 
the greatest term is to the smallest, so also is 
the difference between the greatest and the next 
greatest, or middle, term to the difference be- 
tween the least term and the middle term, and 
vice versa. 

CHAPTER XXVI 

[ 1] In the classification of Being previously 
set forth we recognized the relative ^as a thing 
peculiar to harmonic theory; but the musical 
ratios of the harmonic intervals are also rather 
to be found in this proportion. The most ele- 
mentary is the diatessaron, in the sesquitertian 
ratio, 4:3, which is the ratio of term to term* 
in the example in the double ratio, or of differ- 
ence to difference in that which follows, tiae 
triple, for these differences are of 6 to 2 or again 
of 6 to 3. Immediately following is the diapente, 
which is the sesquialter, 3:2 or again, 6:4, the 
ratio of term to term. Then the combination* 
of both of these, sesquialter and sesquitertian, 
the diapason, which comes next, is in the dou^ 
ble ratio, 6:3 in botii of the examples, the ratio 
of term to^ term. The following interval, that 
of the diapason and diapente together, which 
preserves the triple ratio of the two of them 
together, since it is the combination of double 

*See 1. 3. 1. 

*The examples referred to are the harmonic pro- 
portions cited in II. 25. 1. 
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and s^uialter, is as 6:2, the iati6 of term to 
t^ in the example in the triple ratio, and 
likewise of difference to difference in the same, 
and in the proportion with double ratio it is 
the ratio of the greatest term to the difference 
betw^n that term and the mean term, or of 
the difference between the extremes to the dif- 
ference between the smaller terms. The last 
and greatest interval, the so-called di-diapason, 
as it were twice the douUe, which is in the 
quadruple ratio, is as the middle term in the 
proportion in the double ratio to the difference 
between the leaser terms, or as the difference 
between the extremes, in the example in the 
triple ratio, to the difference between the lesser 
terms. 

[BJ Some, however, agreeing with Philolaua, 
believe that the proportion is called harmonic 
because it attends upon all geometric harmony, 
and tliey say that “geometric harmony” is the 
cube because it is harmonized in all three di- 
mensions, being the product of a numbcf thrice 
multiplied together. For in every cube this pro- 
portion is mirrored; there are in every cube 12 
sides, 8 angles and 6 faces; hence 8, the mean 
between 6 and 12, is according to harmonic 
proportioif, for as the extremes are to each oth- 
er, so is the difference between greatest and 
middle term to that between tiie middle and 
smallest terms, and, again, the middle term is 
greater than the smallest by one fraction of it- 
self and by another is less than the greater 
term, but is greater and smaller by one and the 
same fraction of the extremes. And again, the 
sum of the extremes multiplied by the mean 
makes double the product of the extremes mul- 
tiplied together. The diatessaron is found in 
the ratio 8:6, which is sesquitertian, the dia- 
pente in 12:8, which is sesquialter; the diapa- 
son, the combination of these two, in 12:6, the 
double ratio; the diapason and diapente com- 
bined, which is triple, in the ratio of the differ- 
ence of the extremes to that of the smaller 
terms, and the di-diapason is the ratio of the 
middle term to the difference between itself 
and the lesser term. Most properly, then, has 
it been called harmonic. 

CHAPTER XXVII 

[1] Just as in the division of the musical 
canon, when a single string is stretdied or one 
length of ^ pipe is used, with immovable ends, 
and the mid-point shifts in the pipe by means 
of the finger-holes, in the string by means of 
the bridge, and as in one way after another 
aforesaid proportions, aril^metic, geomela^io, 
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and harmonici can be produced, ao that the fact 
becomes apparent that they are iogieally and 
very properly named, since they are brought 
about through changing and shifting the mid- 
dle term in different ways, so too it is both 
reasonable and possible to insert the mean term 
that fits each of the three proportions between 
two arithmetic terms, which stay fixed and do 
not change, whether they are both even or odd. 
In the arithmetic proportion this mean term is 
one that exceeds and is exceeded by an equal 
amount; in the geometric proportion it is dif- 
ferentiated from the extremes by the same rar 
tio, and in the harmonic it is greater and smaller 
than the extremes by the same fraction of those 
same extremes. 

[iS] Let there be pven then, first, two even 
terms, between which we must find how the 
three means would be inserted, and what they 
are. Let them be 10 and 40. 

[S] First, then, I fit to them the arithmetic 
mean. It is 25, and the attendant properties of 
the arithmetic proportion are all preserved; for 
as each term is to itself, so also is difference to 
difference; they are in equality, therefore. And 
as much as the greater exceeds the means by 
so much the latter exceeds the lessef term; the 
sum of the extremes is twice the mean; the ra- 
tio of the lesser terms is greater than that of 
the greater; the product of the extremes is less 
than the square of the mean by the amount of 
the square of the differences; and the middle 
term is greater and less than the extremes by 
the same fraction of its^f , but by different frac- 
tions regarded as parts of the extremes. 

[4] If, however, I insert 20 as a mean be- 
tween the given even terms, the properties of 
the geometrical proportion come into view and 
those of the arithmetic are done away with. 
For as the greater term is to the middle term, 
so is the middle term to the lesser ; the product 
of the extremes is equal to the square of the 
m^n; the difference are observed to be in the 
same ratio to one another as that of the terms; 
neither in the extremes alone nor in the middle 
term alone does there reside the sameness of 
the fraction concerned in the relative excess 
and deficiency of the te^, but in the middle 
term and one ‘of the extiemes by turns; and 
both betw^h greater and smaller terms there 
is the same ratio. 

[5] But if 1 select 16 as the mean; again the 
propi^es of the two form^ proportions dis- 
appear and those of the harmonic are seen to 
remain fixed, with respeOt to the two even 
tenns. For as ttie greatest term is to the least, 


so is the difference of the giieater^teiins to that 
of the lemr; by what fractions, seen^as frac- 
tions of the greater term, the mean is smaller 
than the greater term, by these the same mean 
term is greater ^an the smallest term when 
they are looked upon as fractions of the small- 
est term; the ratio between the greater terms 
is greater, and that of the smaller terms, small- 
er, a thing which is not true of any other pro- 
portion; and the sum of the extremes multi- 
plied by the mean is double the product of the 
extremes. 

[6] lif however, the two terms that are given 
are not even but Odd, like 5, 45, the same num- 
ber, 25, wiH^make the arithmetic proportion; 
and the reason for this is that the t^ms on 
either side overpass it and fail to come to it 
by an equal number, keeping the same (Quanti- 
tative difference with respect to it. 15 Ifubsti- 
tuted makes the geometric proportion, ^ it is 
the triple and subtriple of each respectively; 
and if 9 takes over the function of mean term 
it gives the harmonic; for by those parts of the 
smaller term by which it exceeds, namely, four 
fifths of the smaller, it is also less than the 
greater, if they be regarded as parts of the 
greater term, for this too is four fifths, and if 
you try all the previously mentioned proper- 
ties of the harmonic ratio you will find that 
they will fit. 

[7] And let this be your method whereby 
you might scientifically fashion the mean terras 
that are illustrated in the three proportions. 
For the two terms given you, whether odd or 
even, you will find the arithmetic mean by add- 
ing the extremes and putting down half of them 
as the mean, or if you divide by 2 the excess of 
the greater over the smaller, and add. this to 
the smaller, you will have the mean. As for the 
geometric mean, if you find the square root of 
the product of the extremes, you will produce 
it, or, obseiVing the ratio of the terms to one 
another, divide this by 2 and make the mean, 
for example, the double, in the case of a quad- 
ruple ratio. For the harmonic mean, you must 
multiply the difference of the extremes by the 
lesser term and divide the product by the sunl 
of the extremes, then add the quotient to the 
lesser term, and the result will be the harmonic 
mean. 

CHAPTER XXVm 

[ 1] So much, then, concerning the th w pro- 
portions celebrated by the ancients, whiA we 
have discussed the more dearly ^and at length 
for just this reason, that they are to be itoet 
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isntli froquentily and in variaas forms in the 
writings<^ tho^ authors. The succeeding forms, 
however, we must only ei»tomize, since they 
do not occur frequently in the ancient writings, 
but are included merely for the sake of our own 
acquaintance with them and, so to speak, for 
the completeness of our reckoning. [2] They 
are set forth by us in an order based on their 
opposition to the three archetypes already de- 
scribed, since they are fashioned out of them 
and have the same order. 

[S] The fourth, and the one called subcon- 
trary, because it is opposite to, and has oppo- 
site properties to, the harmonic proportion, ex- 
ists when, in three terms, as the greatest is to 
the smallest, so the difference of the smaller 
terms is to that of the greater, for example 3, 
5, 6. For the terms compared are seen to be in 
the double ratio, and it is plain wherein it is 
opposite to the harmonic proportion; for where- 
as they both have the same extreme tenns, and 
in double ratio, in the former the difference of 
the greater terms as compared to tliat of the 
lesser preserved the same ratio as that of the 
extremes, but in this proportion just the re- 
verse, the difference of the smaller compared 
with that of the greater. You must know that 
its peculiar property is this. The product of the 
greater and the mean terms is twice the prod- 
uct of the mean and the smaller; for 6 times 5 
is twice 5 times 3. 

[i] The two proportions, fifth and sixth, were 
both fashioned after the geometrical, and they 
differ from each other thus. 

The fifth form exists, whenever, among three 
terms, as the middle term is to the lesser, so 
their difference is to the difference between the 
greater and the mean, as in 2, 4, 5, for 4 is the 
middle term, the double of 2, the lesser, and 2 
is the double of 1 — the difference of the small- 
est terms as compared with that of the largest. 
That which makes it contrary to the geometric 
proportion is that in the former,^ as the middle 
term is to the lesser, so the excess of the greater 
over the mean is to the excess of the mean over 
the lesser term, whereas in this proportion, on 
the contrary, it is the difference of the lesser 
compared to that of the greater. Nevertheless 
it is peculiar to this proportion that the prod- 
uct of the greatest by the middle term is dou- 
ble that of the greatest by the smallest, for 5 
times 4 is twice 5 times 2. 

[5] The sixth form® comes about when, in a 

KJf.II. 24. 
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group of three terms, as the greatest is to the 
mean, so the excess of the mean over the lesser 
is to the excess of the greater over the mean, 
for example 1, 4, 6, for both are in the seaqui- 
alter ratio. There is in this case also a reason- 
able cause for its opposition to the geometrical; 
for here, too, the likeness of the ratios reverses, 
as in the fifth form. 

[6] These are the six proportions commonly 
spoken of among previous writers, the three 
prototypes having lasted from the times of Py- 
thagoras down to Aristotle and Plato, and the 
three others, opposites of the former, coming 
into use among the commentators and sectari- 
ans who succeeded these men. But certain men 
have devised in addition, by shifting the terms 
and differences of the former, four more which 
do not much appear in the writings of the an- 
cients, but have been sparingly touched upon 
as an over-nice detail. These, however, we must 
run over in the following fashion, lest we seem 
ignorant. 

[7] The first of them, and the seventh in the 
list of them all, exists when, as the greatest 
term is to the least, so their difference is to ihe 
difference of the lesser terms, as 6, 8, 9, for on 
comparison the ratio of each is seen to be the 
sesquialter. 

[8] The eighth proportion, which is the sec- 
ond of this group, comes about when, as the 
greatest is to the least term, so the difference 
of the extremes is to the difference of the greater 
terms, as 6, 7, 9; for this also has sesquialters 
for the two ratios. 

[9] The ninth in the complete list, and third 
in the number of those subsequently invented, 
exists when there are three terms and whatever 
ratio the mean bears to the least, that also the 
difference of the extremes has in comparison 
with that of the smallest terms, as 4, 6, 7. 

[ 10] The tenth, in the full list, which con- 
cludes them all, and the fourth in the series 
presented by the moderns, is seen when, among 
three terms, as the mean is to the lesser, so the 
difference of the extremes is to the difference 
of the greater terms, as 3, 5, 8, for it is the 
superbipartient ratio in each pair. 

[11] To sum up, then, let the terms of the 
ten proportions be set forth in one illustration, 
for the sake of easy comprehension; 

First; 1,2, 3 Sixth: 1,4, 6 
Second : 1, 2, 4 Seventh : 6, 8, 9 
Third: 3, 4, 6 Eighth: 6, 7, 9 
Fourth : 3, 5, 6 Ninth : 4, 6, 7 
Fifth: 2, 4, 5 Tenth: 3, 5, 8 
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CHAPTER XXIX 

f Jfj It remains for me to discuss briefly the 
most perfect proportion, that which is three* 
dimensional and embraces them all, and which 
is most useful for all progress in music and in 
the theory of the nature of the universe. This 
alone would properly and truly be called har- 
mony* rather than the others, since it is not a 
plane, nor bound together by only one mean 
term, but with two, so as thus to be extended 
in three dimensions,^ just as a while ago it was 
explained that the cube is harmony. 

[S] When, therefore, there are two extreme 
terms, both of three dimensions, either num- 
bers multiplied thrice by themselves so as to 
be a cube, or numbers multiplied twice by 
themselves and once by another number so as 
to be either “beams” or “bricks,” or the prod- 
ucts of three unequal numbers, so as to be sca- 
lene, and l)etween them there are found two 
other terms which preserve the same ratios to 
the extremes alternately and together, in such 
a manner that, while one of them preserves the 
harmonic proportion, the other completes the 
arithmetic, it is necessary that in such a dis- 
position of the four the geometric proportion 
appear, on examination, commingled with both 
mean terms— as tlie greatest is to the third re- 
moved from it, so is the second from it to the 
fourth; for such a situation makes the product 
of the means equal to the product of the ex- 
tremes. And again, if the greatest term be 
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shown to differ from the one next beneath it by 
the amount whereby this latter differa from the 
least term, such an array becomes an arith- 
metic proportion and the sum of the extremes 
is twnce the mean. But if the third term frota 
the greatest exceeds and is exceeded by the 
same fraction of the extremes, it is harmonic 
and the product of the mean by the sum of 
the extremes is double the product of the ex- 
tremes. 

[5] Let this be an example of this propor- 
tion, 6, 8, 9, 12. 6 is a scalene number, derived 
from 1 times 2 times 3, and 12 comes from the 
successive multiplication of 2 times 2 times 3; 
of the mean terms the lesser is from 1 times 2 
times 4, and lihe greater from 1 times 3 mines 3. 
The extremes are both solid and three-Uimen- 
sional, and the means are of the same\ class. 
According to the geometric proportion, \as 12 
is to 8, so 9 is to 6; according to the arithiiietic, 
as 12 exceeds 9, by so much does 9 exceed 6; 
and by the harmonic, by the fraction by which 
8 exceeds 6, viewed as a fraction of 6, 8 is also 
exceeded by 12, viewed as a fraction of 12. 

[4] Moreover 8:6 or 12:9 is the diatessaron, 
in sesquitertian ratio; 9:6 or 12:8 is the dia- 
pente in the sesquialter; 12:6 is the diapason 
in the double. Finally, 9:8 is the interval of a 
tone, in the supcroctave ratio, which is the 
common measure of all the ratios in music, 
since it is also the more familiar, because it is 
likewise the difference between the first and 
most elementary intervals. 

[6] And let this be sufficient concerning the 
phenomena and properties of number, for a 
first Introduction, 




